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Quantum illumination with photon-subtracted continuous-variable entanglement
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Quantum illumination is a protocol where quantum resources are utilized to detect a low-reflectivity object
embedded in a bright thermal noise bath. For example, quantum illumination with a two-mode squeezed state
(TMSS) provides a 6 dB advantage in the error-probability exponent over the optimal classical illumination. We
here consider quantum illumination with the photon-subtracted two-mode squeezed state (PSTMSS). Our result
is twofold. First, we show that a much smaller error probability P, could be obtained, meaning that much smaller
resources will be required in quantum illumination for a fixed P.,. Second, quantum illumination with PSTMSS
appreciably outperforms its classic correspondence in both low- and high-noise operating regimes, extending the
regimes in which quantum illumination is optimal for target detection.
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I. INTRODUCTION

Quantum precise measurement [1], quantum teleportation
[2], and quantum computation [3] are important quantum
technologies which challenge current wisdom about the
limit and power of conventional informational processing.
However, environment-induced decoherence quickly destroys
the quantum entanglement underlying these techniques and
thus substantially undermines any enhancement in the quan-
tum technique. Remarkably, quantum illumination, or more
precisely quantum target detection, with its foundation based
on bipartite nonclassical correlation is quite an exception.
Lloyd shows that even in entanglement-destroying loss
and noise, one can still make substantial improvement in
the signal-to-background ratio in realistic target detections
[4].

The paradigm of Lloyd’s quantum illumination is as
follows. To detect a region where a low-reflectivity object
may be embedded, we prepare two entangled optical modes.
One is sent to irradiate the region and the other is retained as
the ancilla. Then when the light is received from the region, we
perform the optimal joint measurement on the received light
and the ancilla, achieving an effective signal-to-background
ratio of 2n/b, with n < 1 being the reflectivity of the object
and b being the average number of photons in thermal
noise. As a comparison, the signal-to-background ratio in
illumination with an unentangled single photon follows n/b.
Such an original idea has been further investigated in several
theories and experiments. Shapiro and Lloyd explored the
performance gain of quantum illumination in the multiphoton
regime [5]. Tan et al. provide a full Gaussian-state treatment of
quantum-illumination target detection [6]. Guha et al. present
two structured optical receivers that can be readily imple-
mented in proof-of-concept experiments [7]. More recently, a
quantum-illumination experiment, although slightly different
from Lloyd’s original one, has been carried out and it showed
that illumination with quantum protocol has clear advantages
over classical ones, i.e., based on classical correlations
[8].

The aim of this paper is to investigate the application of a
photon-subtraction technique for object detection. We consider
the photon-subtracted two-mode squeezed state (PSTMSS) as
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the basic quantum resource and evaluate the corresponding
minimal error probability in target detection. Actually, the
photon-subtracted state is a non-Gaussian state and our study
can be considered as the natural extension of quantum illu-
mination from Gaussian to non-Gaussian regimes. Numerical
result shows that like their advantage in quantum-state distilla-
tion [9-11] and quantum-error correction [12], non-Gaussian
quantum states support much lower error probability and are
more robust against environmental noise.

This paper is organized as follows. In Sec. II, we introduce
the model of quantum illumination with a photonic beam
splitter. In Sec. III, we consider the ideal photon-subtracted
TMSS state and derive the relevant error probability. Indeed,
ideal photon-subtracted TMSS is obtained theoretically by ap-
plying bi-side photon annihilation operators on the entangled
two-mode state. In laboratories, the practical PSTMSS state
obtained by beam-splitter coupling and on-off photon detectors
is more often discussed. Likewise, in Sec. IV we just consider
the practical PSTMSS state. Finally, the conclusions are drawn
in Sec. V.

II. QUANTUM-ILLUMINATION MODEL

Here, let us present the model of quantum illumination
with a beam splitter. Typical quantum illumination can be
explicitly shown as in Fig. 1(a). One mode of the entangled
photonic modes, say B, is used to interrogate the unknown
object hidden in the background. The reflectivity of the object,
denoted with «, is far less than 1 due to photon loss during
both up and down transmission and low-efficiency in photon
detectors. Finally, after receiving photons from the region,
we will perform joint quantum measurement on the retrieved
light and the ancilla. Conceivably, the optimal quantum joint
measurement could help to provide sufficient information to
make a judgment on the presence of the unknown target.
In fact, when the target exists, one may have a rather small
reflectivity x < 1. However, when the target is absent, we
have k¥ = 0. Thus, the task of joint quantum measurement
is to make a state discrimination between the two-mode
quantum state: p/(:]; (target exists) and pfg(target does not
exist). The optimal discrimination takes place in the process
of joint quantum measurement, which returns a dichotic result:
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FIG. 1. (Color online) (a) Schematic diagram of quantum target
detection of low-reflectivity object. (b) Simulation of quantum
illumination with a photonic beam splitter, with transmittance «
and thermal state in C mode. Joint quantum measurement is of
paramount importance in performance enhancement. The result of
quantum measurement provides dichotic information required for
target detection.

1 or 0, corresponding to the existence or absence of the
target.

The joint quantum measurement can be mathematically
formulated with the positive operator valued measurement
(POVM), usually characterized with a set of positive operators
{E,} (r =0,1). Quantum measurement is a kind of proba-
bilistic measurement and for arbitrary quantum state p, the
detecting result is in essence probabilistic, with the probability
given by

Py =Ti[pE], Py=Tr[pEo]. (D
The normalization of the probability Py + P, = 1 follows
directly from the trace-preserving condition in POVM: Ej +
E, = I, with I being the identity matrix in the Hilbert space
Hgim(p)-

We consider the most general scenario in which we have no
information on the target. We assume the two hypotheses that
the region may or may not contain a target are equally likely,
i.e., the a priori probability

po = Prob(target absent) = % )

p1 = Prob(target exist) = 1 — pg = % 3)

Averaging over both hypotheses, one may find that the error
probability is

Per = piTr[pip Eo] + poTr[pin E1 ]

= 1(1 - 3 (ols — PAR)(E1 — Ep)]). (@)

The construction of optimal {E,} for discriminating a
nonorthogonal quantum state has been clearly understood
[13—15] and the minimal error probability is

Per = 3(1 = 3]0 — P

), ®)
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with ||y || = Try/yty = Y, si(y), and s;(y) is the absolute
value of the eigenvalues [14].

To see the advantage of quantum illumination with
PSTMSS and TMSS, one should evaluate P.,; when [ )psTmss
and |Y¥)rmss as input. Correspondingly, we may obtain
the error probability PPST™SS and pIMSS However, only a
moment’s thought is needed to find that PPSTMSS gnd pIMSS
are both close to 1/2 for our quantum-illumination scheme in
Fig. 1.

To see the effect gained by quantum more clearly, a joint
state of many-copy entanglement will always be applied [4-6].
Then, the error probability with an M copy state is

e ). ©

At this point, the optimal joint measurement POVM giving the

judgment rule should be the projectors on the support of the

positive and negative parts of pg@M — f];@M

Direct evaluation of Pey p is quite a difficult task when
the dimensions of psp and M are very large. Fortunately,

the quantum Chernoff bound (QCB) [16,17] comes to the

rescue. For discrimination of the two states p/(f];@M and

pf];@M, the QCB places the following limit on the error

probability:

P = 41~ 1S

M
M _1,-ME _ 1 .
Past < Poy = 4" = H min 0.} @

with

£=—In [021121 Q] 0, = TP o U] ®

Pé”CB poses an upper bound on the error probability of
quantum target detection with joint quantum measurement
on arbitrary M copies. More important, such a QCB can be
conveniently obtained with the calculation involving single-
copy states ,0/(\1% and pg. On the other hand, the lower bound
of Per y 1s also an important figure of merit. A computable
lower bound is given by [6]

Permt 2 Perrmn = %(1 - \/1 - {Tr[/’z(xllgl/ngl/z]}ZM)'
&)

The importance of Pey pr lies in the fact that it is again

a given quantity evaluated from single-copy states pg and

pg. Although not exponentially tight, Pey p.; and Pé”CB do

provide clues to how PM behaves with exponentially growing
M. In the following, we will consider the specific scenarios
in which the ideal PSTMSS and practical PSTMSS are
involved.

III. QUANTUM ILLUMINATION WITH IDEAL PSTMSS

We now consider the quantum illumination with the state of
ideal PSTMSS. First of all, we consider the quantum state of
TMSS. In Ref. [6], TMSS is described with a covariance matrix
in phase space. Here, instead, our analysis will start from the
photon number space. In fact, the formalism in Ref. [6] applies
solely to a Gaussian state. In the non-Gaussian regime, for
example, the photon-subtracted TMSS, the photon state space
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is most powerful and straightforward. To this point, we use
the Fock state [18] {|n),n = 0,1, ...,00} as a basis for the
quantum state of the single-mode Hilbert space. For example,
the TMSS state is a superposition of infinitely many Fock
states in photon number space

(W)ap = V1 =22 A"[n)aln)s. (10)
n=0

Photon-subtracted TMSS is a modified TMSS and is
what we are mainly concerned with in the following dis-
cussions. Photon subtraction is not completely new but fre-
quently used in continuous-variable entanglement distillation
[19-27] and Bell-inequality violation [28-30]. Mathemati-
cally, ideal photon subtraction can be represented with the
photon annihilation operator @ and PSTMSS follows da ®
ag|W¥)ag. After normalization, we obtain

, OO (1 A2)3/2
WA= ) ———
HXZ(; V1+A

with A = tanh(r) and r being the squeezing parameters.

We now consider the derivation of ,0(1) and ,0(0) First,
when the target is absent we have k = 0 and the reflectivity of
the beam splitter [Fig. 1(b)] is unity. All the thermal states in
mode C will be projected onto the joint quantum measurement.
Thus, we have

(n+ DA"|n,n), an

P = Tra[| W) as (Y1 ® pn(Ns)

(1_)‘2)3 s 2n 2
=T DA D © me), (12

J

[o.ole ol )
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with pg,(Ng) being the single-mode thermal state with average
photon number Ng:

B 00 1 NB k
pm<NB)—;m(NB+I> Ykl (13)

Second, when the target is present, we have a beam
splitter of extremely low transmittance «. The unitary
transformation of modes B and C is described with V =
expfarctan[/(1 — n)/n](&Bflé — fl;;&c)}- Written in the Fock
basis |n)a|m)g, the transformation of V follows

Vinym) = ZZf,f,’”(n)ln—k—i—ZHm—i—k—E) (14)
k=0 ¢=0
with
—k+¢ k—¢
fgmm):(_ne\/(’,j)(” A [5Gy
x ()T AT (15)

Thus, the coupling between the three-mode state ABC follows
parc = VIIW)(W'| ® pn(Np)IV',

in which we use a thermal state with slightly different intensity
Ng = INTBK to represent the noise entering mode C. Such a
choice is made in order to specify the thermal noise observed
in joint quantum measurement the same as the one when target
is absent [6].

Finally at the joint measurement, we only take care of
modes A and B. By taking a partial trace over mode C, we
have

, k
(€)] a )‘2) NB ny+ny+2
=T = E E E Al +1 +1
PAB = rc[pacl w21 AZ)(N’ 1) N’ 1 Né 1 (4 )(n2 )ni)a{nsl

=0m=0

(ZZZZ nlm( )fk"Z"(K)ﬁk Li—elng — k+E)B(n2—k’+£’|> . (16)

k=0 ¢=0 k'=0¢

From Egs. (12) and (16), we can immediately evaluate
the corresponding Q, via numerical methods. Precisely, we
cannot save and process all the entries in the density matrix of
infinite-dimensional Hilbert space and one convenient way is
to truncate the photon number of the relevant quantum state to a
preassigned value D. Namely, we consider the photon number
subspace 0,1, ...,D — 1 and neglect all the contributions of
higher photon number. Such an approximation is quite suitable
particularly when the input entanglement | W), ;) is rather weak.
Of course, the larger the value D, the more information of
pg and p(]) will be preserved. In fact, to balance with the
computer resources required in the numerical simulation and
numerical convergence, a suitable D is chosen for numerical
computation.

The advantage afforded by photon subtraction can be
clearly observed by showing the dependence of the QCB for
Per yr on the number of copies M. The plots are given in
logarithmic scales in Fig. 2. For clarity, we show the QCB

(

in three different values of environment noise: (a) Ng = 10,
(b) Ng =1, and (c) Ng =0.1. Also shown is the lower
bound for error probability of detection with coherent state
|a) (classic illumination) and TMSS (quantum illumination)
[6]. In each curve (a)—(c), we choose target reflectivity to
be « = 0.01, the average of photon number in transmitted
mode N, = 0.01. Moreover, the parameter for the TMSS to
be photon subtracted still follows Ny = 0.01. This helps us to
clearly show the enhancement afforded by photon subtraction.
The solid lines in Fig. 2 denote the QCB of target detec-
tion with PSTMSS. Our numerical results are summarized
as follows:

(1) The QCB for PSTMSS is not only much smaller
than that for TMSS, P(%ESTMSS < chngs’ but also far

less than the lower bound of TMSS, P&ESTMSS < PCIZLME S

This tells us that even if the QCB fails to be exponentially

tight, the error probability P&ESTMSS is strictly smaller than
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FIG. 2. (Color online) Error probability of target detection for
coherent state, TMSS state, and PSTMSS. (a) Ny = 10, D = 20,
(b) Ny =1, D =15, (¢) Ng =0.1, D = 10. Also shown are the
lower bounds for the coherent (circle lines) and TMSS (dashed lines)
states. The reflectivity of the target (equivalently, the transmittance
coefficient of the beam splitter) is chosen: k = 0.01. For all subplots
in (a)—(c), the transmitted modes of the TMSS and coherent states
are chosen to be N, = 0.01 = sinh?(r) = ||?. Also in PSTMSS, the
squeezing parameter for the relevant TMSS still follows N; = 0.01.
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PSZ:E\,/ILSS, showing the power of quantum illumination with
photon-subtracted Gaussian state.

(2) Gaussian quantum illumination with TMSS outper-
forms the classic receiver (the classic illumination) in strong
noisy backgrounds [see Fig. 2(a)]. However, in less noisy
circumstances, for example, Ng = 1 or Ng = 0.1, the quantum
illumination with TMSS is no longer the optimal receiver,
which is explicitly demonstrated in Figs. 2(b) and 2(c). One

could see that the QCB of Pé"c’ngs even exceeds the lower

bound of the coherent state, and the advantage of quantum
illumination disappears. Fortunately, the photon-subtracted
state helps even in less noisy environments.

This leads us to investigate the mechanism under which
error probability has been reduced. As shown in Eq. (8),
the error probability in the case of a many-copy state is
not determined by the entanglement in the quantum state

of pap but by the distinction between the two states ,om

AB
and ,og. In terms of the quantum Chernoff bound, such

a distinction is further evaluated with the corresponding

- .
overlap Q™SS = Tr[p{)" o' "], Whereas in the case of

coherent-state illumination, we have no B mode and Q;?Oh =
)18 . .
Tr[,o/(%l)J pf) b]. In aless noisy environment such as Ng = 0.1,

it can be numerically shown that ming<,<; Q™SS = QIMSS

= Qs
and minp<,<1 Q" = Q5% and Q¥ > Q" and coherent-

state illumination (classic illumination with no entanglement)
performs better than quantum-state illumination (with TMSS
entanglement state), which is independently observed in
Ref. [5].

As for the state PSTMSS, it appears that error probability
with PSTMSS is always lower than with TMSS. The reason can
be tracked back to the photon-number population in Eq. (11).
Actually, we use a very weak TMSS state (Ny = 0.01), which

can be well approximated with |¥rryss) = |00) + /Ny |11).
However, with bi-side photon subtraction, we obtain the state
[¥Esiss) = 100) + 24/Ns|11). This equals a pure TMSS state
with doubled average photon number. Namely, this seems as
if we use a squeezing-double TMSS state to illuminate the
target. The error probability is no doubt reduced. It should
be noted that the doubled squeezing comes from our photon
subtraction which modulates the photon-number distribution,
not from simply increasing the average photon number Nj.
This again shows the effect of photon subtraction in quantum
target detection. It appreciably extends the regimes in which
quantum illumination is optimal for target detection.

IV. QUANTUM ILLUMINATION WITH
PRACTICAL PSTMSS

In the previous section, we considered quantum illumi-
nation with ideal photon subtraction. Physically, these are
nonphysical operations and the realistic photon annihilation
can be implemented with photonic beam splitters and “on-off”’
photon detectors [19,21]. Actually, this is the one of the most
widely used techniques in continuous-variable entanglement
distillation. After the realistic photon subtraction, a pure TMSS
state is projected into a mixed state. The mix is introduced
by the nondiscrimination of the detected photons. According
to Refs. [19,23], the state after photon subtraction can be
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FIG. 3. (Color online) Error probability of target detection for
coherent state, TMSS state, and realistic PSTMSS state. (a)
Ny =5,D=25 () Ng=0.5 D=17, (c) Ny =0.05, D = 10.
Also shown are the lower bounds for coherent (circle lines) and
TMSS (dashed lines) states. All other parameters are chosen from
Fig. 2.
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represented with

. 1 =21 =221 — A2T? &
PSTMSS() _ ( X )¢ ) Z GTym
RA-TPA+2T)
min (72,m)

x Y Ciin—kn—1(m—km-—I|
k=1

A7)

=MD

and T being the transmittance of the beam splitter in photon
subtractions. The “(r)” in Eq. (17) indicates that the state is
now a realistic PSTMSS state. Then the quantum illumination

with

with p}:%TMSS(r) can proceed the same way as the one in
Sec. III. When the target is absent, it follows
Piby = Tra[o ] ® pu(Np). (19)
However, when the target is present, we have
Py = Tre{Vph " @ pu(Vp]VTL (20)

With Eqgs. (19) and (20), we can numerically calculate Q; =
Tr[pi\ll);(r) pf;l(r_)s] and then evaluate the QCB in quantum
illumination. In Fig. 3, we compare the performance of
quantum illumination with realistic photon subtraction. Here,
the transmittance of the beam splitter is chosen as T = 0.95,
which has already been checked in a recent experiment [27].
We give a numerical evaluation of the performance of quantum
illumination with a practical photon-subtracted state. Here,
to keep the numerical convergence for simulating the mixed
state [Eq. (17)], we keep more photons in each mode. Again,
our result shows that the illumination with a realistic photon-
subtracted state still works very well to improve quantum
illumination, in both low- and high-noise operating regimes.

V. CONCLUSIONS

We demonstrate that a photon-subtracted (both ideal and re-
alistic) continuous-variable entanglement state can be applied
to the detection of a low-reflectivity object in noisy and noise-
less environments. Our result is obtained via the derivation of
anon-Gaussian quantum state in photon-number space. This is
a complement to the previous result for quantum illumination
with Gaussian states, and these non-Gaussian states can be
generated in laboratories [31]. We hope our extension of the
regime where quantum illumination outperforms the classic
illumination can be experimentally checked in the near future.
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