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Interferences induced by spatially nonhomogeneous fields in high-harmonic generation
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The high-harmonic spectrum simulated in a few-cycle laser pulse with spatially nonhomogeneous field presents
two types of interferences, which characterize different plateaus in the spectrum. One of these plateaus is
discernible with the nonequidistant peaks due to the interference of short and long trajectories, while another
one is distinguished by a periodicity much larger than the laser frequency arising from trajectories modified by
the nonhomogeneous field. Beside, the continuum-continuum harmonic generation appears in the spectrogram
in the tunneling regime of the laser parameters. These features bear the tracking of classical trajectories and the
complete characterization of emission spectrum, when using nanostructures in attoscience.
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I. INTRODUCTION

Since the invention of high-harmonic generation (HHG)
using intense lasers, its generation and application have
continuously been studied in attoscience [1]. Approaching the
tunneling and barrier suppression ionization (BSI) regimes,
this process is driven by classical trajectories (quantum orbits)
[2–5]. The semiclassical formalism [6] explains HHG through
these trajectories. In a linearly polarized intense laser with
period T and periodic electric field E(t), an electron when
ionized at time ti may return to the target potential at first
return time t i1r > ti due to the change in the sign of the laser
electric field. Then it may release its kinetic energy Ki1 as
HHG at first-order return, where the corresponding trajectories
are called short and long trajectories. Moreover, some of these
trajectories pass the target potential but they may return to it
in another half cycle at the second return time t i2r > ti1r and
may release their kinetic energy Ki2. These trajectories are
called second-order return trajectories. This scenario can be
continued until the end of the laser pulse for each ionization
moment. On the other hand, these released kinetic energies,
known as bound-continuum (BC) harmonics, are generated
via interference of the wave packet (WP) associated to these
trajectories and the bound WP. In a long laser pulse, therefore,
high-harmonics � should appear at odd multiples of laser
frequency ω = 2π/T [7,8] up to 3.2Up, where Up = E0/4ω2

is the ponderomotive potential with E0 = max(|E(t)|) (atomic
units are used throughout unless otherwise stated). Further-
more, in HHG and also in the above-threshold ionization as
its conjugate process of one-particle [9–17] and correlated
few-particle dynamics [18], interference is one of the most
important phenomena for analyzing observables. Now, in
the few-cycle laser pulses as the key tool in attoscience, it
is appropriate to interpret the structure of HHG spectra in
terms of interferences by harmonic emission in the individual
half cycles [5,9,13]. This approach describes the position
of peaks, which may deviate from the odd harmonics. For
instance, considering only first-order return trajectories with
black dots in Fig. 1(a), the interference of harmonics in
two consecutive half cycles with t i1r − t

j1
r = τ2 leads to a

periodicity of (2n + 1)ω, whereas between two half cycles
alternately with t i1r − t

j1
r = τ1 it induces periodicity of nω

with n ∈ [0,1,2, . . . ] in the spectrum. The signatures of these
interferences have been observed from the attosecond pulse

trains [11,12]. In addition, the interference of harmonics
via short and long trajectories in the same half cycle with
t i1r − t

j1
r = τ3(�) is another source for the deviation of peak

positions from odd harmonics. This can be deduced from
the cutoff region with nonequidistant peaks depending on
the carrier envelope phase of the laser pulse [5,9,13] with
the experimental evidence in Ref. [19]. Now taking into
account HHG via second-order return trajectories [blue (gray)
dots in Fig. 1(a)], whose contribution is usually negligible
in the tunneling regime, two more characteristic energies
should exist in the spectrum. The short or long trajectories
in first return with those in the second return induce two-way
interferences through either different or the same emission
moments. The former induces a periodicity much larger than
the laser frequency according to the smaller time distance
between their return time (t i1r − t

j2
r = τ4(�) � τ4), while the

latter result in the continuum-continuum (CC) HHG (vertical
short-dashed light-blue [gray] arrows). These two features,
however, are not usually discernible in a sinusoidal laser
pulse due to the small probability and spreading of WP
associated to the second- or higher-order return trajectories.
Although few-cycle laser pulses are essential for controlling
the electron dynamics [20], additional modification of the
trajectories is required to observe these characteristic energies
in HHG. This can be achieved with a spatially nonhomo-
geneous field synthesized from the sinusoidal laser pulse,
which a lot of theoretical studies on HHG have recently been
reported [21–26] following the experimental investigations
[27–30]. In fact, these plasmonic fields, generated by using
appropriate nanostructures, are suitable for the manipulation
of light-matter interaction in advanced spectroscopy [31–33],
generation of extreme-ultraviolet light [34,35], and HHG
[27–30]. However, due to the overlap with emission from
the excited atoms and related ionic species, the efficiency of
HHG from a reduced sample volume is still not established
[36–38] in this method. Using mid-infrared lasers, as reported
recently [39–41], promises to increase the cutoff energy in
HHG to distinguish the fluorescence emission of the excited
atoms which occur below threshold. Moreover, these lasers
allow one to use lower intensities, which may reduce thermal
damage of the nanostructure and excitation of the ionic species
and the related incoherent emission. On the other hand, since
the theoretical simulation of HHG by nonhomogeneous fields
is characterized by modified trajectories, also the analysis
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FIG. 1. (Color online) The classical prediction of return energies
in HHG of an atom driven by a 4-cycle laser pulse for (a) homoge-
neous and (b) nonhomogeneous fields. τi with i ∈ {1,2,3,4} indicates
characteristic time distances corresponding to a certain periodicity
in the spectrum as discussed in the text. For the convenience, the
emission time is set (T ,3T ). In panel (a), the emission by the first- and
second-order return trajectories are shown with black and blue (gray)
dots respectively. These symbols are employed for closed trajectories
with earlier and later return times, respectively, modified by a spatially
nonhomogeneous field, also marked with the same characters with
and without prime (b). The vertical short-dashed light-blue (gray)
arrows indicate CC transition.

of HHG in energy [10,29,30] and time [5,39] domains
can prove and clarify the efficiency of the process. In this
respect, there are reasonable suggestions for the experimental
spectrum [30].

This work aims to study how interference fringes including
even harmonics will appear in HHG spectra when modifying
the classical trajectories by a spatially nonhomogeneous
sinusoidal field. These fields induce close trajectories, marked
with the same symbol but with and without prime in Fig. 1(b)
(q,q ′ and p,p′). The distance between their emission times
is of the same order as the shortest distances between the
emission times for the different return order trajectories in a
sinusoidal pulse τ4. Because of the probability of their WPs,
it will be shown that a regular periodicity, which is larger than
double the laser frequency, should appear in the corresponding
HHG spectrum. For the same reason, the intensity of CC HHG
[5,42] via these trajectories is discernible even in the tunneling
regime of the laser field.

The theory and methods are presented in the next section.
In Sec. III, the results are discussed and finally conclusions are
give in Sec. IV.

II. THEORY AND METHODS

The theoretical investigation of high-harmonic generation
and ionization in short laser pulses requires an appropriate
form of the laser field to fulfill the fundamentals in the equation
of motions. For the homogeneous case, the vector potential
A(t) of a N -cycle laser pulse must obey A(td ) − A(0) = 0,
implying the zero dc component at the end of the laser pulse
with a duration td = NT . In this work, an appropriate form of
A(t) for a linearly polarized laser pulse is given by

A(t) = êzA0f (t)sin(ωt + φ), (1)

where êz indicates the polarization direction, A0 is the vector
potential peak, f (t) = sin2(πt/td ) is the envelope, φ is the
carrier envelope phase, and N is the number of optical cycles
of the laser pulse. Then, the corresponding electric field
E(t) is obtained by −∂tA(t)/c. Further, after combining a
linearly polarized laser pulse with a simple linear function of
coordinate h(z) = ηz, which has been used in earlier studies
[21–26], the spatially nonhomogeneous sinusoidal field reads

E(z,t) = (1 + ηz)E(t). (2)

Although there is no well-defined vector potential for E(z,t),
one can present its impact when comparing the results obtained
with a homogeneous one. As a target, the helium atom in
the single active electron approximation has been chosen, for
which the total Hamiltonian reads

Ĥ (r,t) = Ĥ0(r) + r · E(z,t), (3)

where

Ĥ0(r) = − 1
2∇2 + V (r) (4)

is the field-free Hamiltonian containing the Laplacian oper-
ator and the screened electron-nuclear interaction V (r). The
model potential reported in Ref. [43] is employed, but the
results do not depend on the other potentials [23,44]. With
this Hamiltonian, the time-dependent Schrödinger equation
i∂t |ψ(r,t)〉 = Ĥ (r,t)|ψ(r,t)〉 in the length gauge describes the
quantum mechanical equation of motion. Having the ground
state of Ĥ0(r) from the standard techniques [45], the time-
dependent wave function |ψ(r,t)〉 within the pulse length has
been obtained by split-operator combined with Fourier spectral
and Crank-Nicolson methods in the cylindrical coordinate
system [5]. For the simulation of emission spectrum, either
the dipole moment d(t) = 〈ψ(r,t)|r|ψ(r,t)〉 or preferentially

the dipole acceleration d̈(t) = −〈ψ(r,t)| ˆ̈d(r,t)|ψ(r,t)〉 can be
used with

ˆ̈d(r,t) = [Ĥ (r,t),[Ĥ (r,t),r]]. (5)

Then, their corresponding Fourier transforms d̃(�) =
FT [d(t)] and ˜̈d(�) = FT [d̈(t)] represent the power spectrum
of HHG by |S(�)|2, where S(�) stands for d̃(�) and ˜̈d(�).
Further, the time-frequency analysis, given by

aσ (�c,t) =
∫

S(�)e−2ln(2)σ 2(�−�c)2/2ei�td� (6)

at certain σ , expresses the role of quantum orbits in HHG.
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Beside, modification of simple man’s model [46] to the case
of η �= 0 provides the classical prediction of return energies,
which examine the quantum results. Therefore, for a set of
discrete ionization times ti along a linearly polarized laser
pulse, the one-dimensional classical equation of motion

¨z(t) = −∂zr · E(z,t) (7)

with z(ti) = 0 and ż(ti) = 0 as the initial conditions has
numerically been solved to obtain the velocity ż(t) and position
z(t) in t > ti . The classical prediction of return energy for those
trajectories, which return to the core, is given by their kinetic
energy ż(tr )2/2 at their return time tr .

III. RESULTS AND DISCUSSIONS

As discussed in Sec. I, when HHG beyond the multiphoton
regime is driven by the classical trajectories, the spectrum
structure is also characterized by these trajectories. Depending
on the laser parameters, the structure of spectrum contains
different fringes, which result from the interferences of BC
HHG by these trajectories. However, there is no evidence of
CC HHG by the classical trajectories in the spectrum structure
but the time-frequency analysis allows one to observe these
harmonics in the spectrogram. According to the importance of
processes in an actual experimental measurement, this section
begins with the analysis of the spectrum structure occurring
via BC HHG and closes with the discussion on CC HHG. The
simulations in this study have been done below the BSI regime
with the similar parameters of Ref. [23] in a 4-cycle laser
pulse with ω = 0.056 and E0 = 0.19. In fact, the general
structure and the interpretation of the spectrum are independent
of the laser frequency and intensity which were used in the
earlier studies [39–41].

A. Interferences by modified trajectories

The earlier theoretical studies of HHG in a spatially
nonhomogeneous field consider mainly the increasing cutoff
energy and the multiplateau structure of the spectrum [21–23],
but this investigation focuses on the analysis of the spectrum
structure for which there is an experimental measurement for
the case of a homogeneous field [19]. To this end a typical
HHG spectrum is presented in Fig. 2, for which the same
parameters were used as for Fig. 1(b), i.e., φ = π/4, η =
0.0029, and E0 = 0.19. This figure shows the multiplateaus
and the increasing of the HHG cutoff compared to the case
of sinusoidal homogeneous field, which have previously been
reported in Refs. [21–23]. The former, however, can be divided
to (0,2.7), (2.7,6.4), and (6.4,7.3) energy intervals in the unit
of Up. Surprisingly, the second and third plateaus above 2.7Up

can be clearly characterized by different interference fringes
as shown by the linear scale in the inset. The second plateau
shows a clear and almost constant periodicity (� 	 ω). This
modulation should belong to the interference of HHG via close
trajectories modified by a nonhomogeneous field. Moreover,
in this plateau the spectrum contains a fine structure below
5Up, which is discussed subsequently. Although the relation
between the cutoffs of each plateau and the harmonic emission
from quantum orbits in the individual half cycles can be
deduced from the classical predictions, this cannot easily be
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FIG. 2. (Color online) The log-scale HHG spectrum | ˜̈d(�)|2
(black line) simulated from the dipole acceleration in a 4-cycle
laser pulse described through Eqs. (1) and (2) with η = 0.0029 and
φ = π/4. In the inset, the linear scale spectrum (blue [gray] line)
from 2.5Up to 7.5Up shows two classes of interference fringes with
high frequencies (below and above 6.4Up).

done for the interferences, because the probability of WP
for the different trajectories, which cannot be obtained from
the classical model, defines the interference structure of the
spectrum. Thus, a time-frequency analysis of the spectrum is
very useful, as shown in Fig. 3. One can see that the cutoff of
the first plateau is identified by the harmonic emission at 2T .
The spectrum in this plateau has no structure due to HHG by
several trajectories within the pulse length. But, according
to the probability of harmonic emission, the second and
third plateaus are characterized mainly by close trajectories
whose emission time is in (2.4T ,2.9T ). The interference of
harmonics by these trajectories, which induces a periodicity
of � in the spectrum, might be better understood via the
superposition principle. To this end, the electric field of the
emitted harmonics is represented by plane waves polarized in
the z direction and propagated in the x direction:

Em(t) = êzAmei[kx+�(t−tmr )] in t > tmr , (8)

with m ∈ {q,q ′} ignoring the return orders. Here, the fields are
assumed to be homogeneous, k is the wave number, and Am

is the amplitude of the emitted harmonic via trajectories. By
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FIG. 3. (Color online) The spectrogram of the spectrum in Fig. 2
is superimposed with the classical predictions of return energies:
black dots and blue (gray) triangles for BC HHG of trajectories with
earlier and later return times, respectively, and black-filled squares
for the corresponding CC HHG.
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assuming real values for the amplitudes, the intensity of the
emitted field attains the form

I (�,t) ≡ |S(�,t)|2
= |Aq |2 + |Aq ′ |2 + 2AqAq ′cos(kx + �τ ) (9)

with τ = t
q
r − t

q ′
r ≡ τ4. Considering an interference term at

x = 0, the maxima and minima of intensity in the energy
domain appear at 2nπ/τ and (2n + 1)π/τ , respectively.
Therefore, a periodicity of two times the difference of the
closest maximum and minimum, i.e., � = 2π/τ , should
appear in the spectrum. With � ≈ 0.6 	 ω at around 3Up

one obtains τ ∼ 10.4 
 T = 112, which is in good agreement
with the classical counterpart τclassic ≈ 9.9 a.u. (τ4 in Fig. 1).
As shown in Fig. 3, the harmonic emission by one of the
two trajectories with later return time (q ′) ends up at around
6Up. Then, the sinusoidal-like curvature close to 6Up smoothly
increases the time distance between the emission moments of
the two trajectories. This induces a smooth enhancement in the
periodicity around this energy at the end of the second plateau
in Fig. 2. Considering the time profile of attosecond pulses
by using an appropriate filter [5] can be an alternative way
for the actual measurement of this type of interference and
modulation. The selection of trajectories and the time window
can further be controlled by polarization gating approach [40].

In the third plateau above 6.4Up, the peak periodicity
decreases with increasing harmonic energy. This is due to the
interference of harmonics via short- and long-type trajectories
in a half cycle analogous to those in the case of η = 0 [5,9,13].
As can be seen from classical predictions in Fig. 3, this plateau
starts when HHG occurs via only one of these trajectories (q).
Then, a small part of HHG via long trajectory around the
cutoff induces nonequidistant peaks due to the interference
with harmonics from short trajectories. Notably the distance
between the emission times of short and long trajectories
needs not necessarily be the same as that in the spatially
homogeneous sinusoidal pulse. In this simulation, the energy
range of this plateau is very small, but it varies when changing
the laser parameters.

Looking at the spectrogram, there are other trajectories
which emit harmonics above 2.7Up at around 1.5T (p,p′).
Hence, other fringes with characteristic energy close to ω

are expected in the spectrum according to Eq. (6) with
τ ∼ t

q
r − t

p′
r � 0.9T ignoring the return orders. This feature,

which was related to τ1 in Fig. 1(b), is clearly seen in Fig. 4,
when enlarging the HHG spectra of Fig. 2 above 2.5UP .
The peaks are approximately separated by 2π/0.9T = 0.062
close to the driving laser frequency. Indeed, this equidistant
periodicity, which also explains how the even harmonics
in the spectrum appear [25,29,30], is very regular. Because
only two short-type trajectories (e.g., p′ and q) contribute in
HHG, where their harmonic emission proceeds approximately
parallel as a function of their return time. This regular
structure is analog to the case when short and long trajectories
are selected in an experiment to produce structured spectra
in a spatially homogeneous laser pulse [10]. It is worth
noting that the analog breaking of the Hamiltonian symmetry
occurs on the two-color high-harmonic generation approach
[47,48] for the spectral and temporal control of the attsoecond
pulse trains. Therefore, the same applications in strong field
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FIG. 4. (Color online) The enlargement of the spectrum in Fig. 2:
(a) from 2 to 3 with black line and (b) from 4 to 5 with blue (gray)
line in units of Up .

ionization, which proposed for that scheme [49,50], can also
be considered for the plasmonic field HHG. To close this
subsection, the emitted spectrum has been compared with
that obtained with homogeneous (η = 0) field in Fig. 5. For
the homogeneous field, the cutoff energy again agrees with
the classical prediction given in Fig. 1(a), when taking into
account the ionization potential of the helium atom IP � 0.9.
Regarding the spectrum structure, a few peaks above 3Up

arise via interference of harmonic emission from short and
long trajectories in the middle of the pulse. An almost regular
periodicity of 2ω in (2.5Up,3.0Up) is due to the interference
of harmonic emission in the middle of the pulse and the next
half cycle. But at lower energies, the spectrum becomes less
structured, where it presents the interference of harmonic
emission in several half cycles. The above discussions, in
good agreement with the classical model, were based on the
dipole acceleration. Because of the background, it has been
verified that this form is more appropriate for the simulation
and interpretation of the emitted spectrum [51,52]. In order to
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FIG. 5. (Color online) The log-scale HHG spectrum |d̃(�)|2
simulated from the dipole moment (blue [gray], solid line) is
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4-cycle laser pulse described through Eqs. (1) and (2) with φ = π/4;
η = 0.0029 and η = 0.0 for panels (a) and (b), respectively. For the
sake of clarity |d̃(�)|2 has been scaled by a factor of �4 with black
long-dashed line.
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consider this issue in the present work, the spectrum obtained
from the induced dipole moment |d̃(�)|2 is superimposed with
| ˜̈d(�)|2 in this figure. Compared to the intensity in the plateau
and cutoff region, the numerical background is several orders
of magnitude lower for the case of dipole acceleration than
for the case of dipole moment. There is also a discrepancy
between them, when comparing |d̃(�)|2�4 with | ˜̈d(�)|2. This
discrepancy, which is more visible in the low-energy part for
the case of homogeneous field, has been attributed to the
influence of d(NT ), ḋ(NT ) [52], the CC and Raman-type
transitions [51] in addition to the numerical background and
reflection from the boundaries in the length form of the induced
dipole moment. However, the spectra obtained with these two
forms are still in excellent agreement, which indicates the
efficient convergence of the quantum results.

B. CC HHG by modified trajectories

To accomplish the analysis of the emission processes, the
discussion proceeds with the impact of a nonhomogeneous
field on CC HHG, on which there are still no experimental
reports. Considering two WPs with energies centered on E

and E′, the matrix element of ˆ̈d(r,t) between these WPs reads

〈ψE(r,t)| ˆ̈d(r,t)|ψ ′
E(r,t)〉

≈
∫ E+�E

E−�E

∫ E′+�E

E′−�E

F(ε,E)F(ε′,E′)cε(t)cε′(t)dεε′(t)dεdε′,

(10)

where dεε′(t) = 〈νε(r)| ˆ̈d(r,t)|νε′(r)〉e−i(ε−ε′)t , νε(r) is virtual
(atom-field) state with energy ε, andF(ε,E) is a shape function
presenting the distribution of virtual states around the central
energy E. For the consistency, a small finite width 2�E is
assumed for the energy E. Now, if the WPs are considered to
be the continuum as well as in the strong-field approximation
[53], the resulting transition is called CC HHG [5,42]. For
simplicity, with F(ε,E) ≈ δ(ε − E), the so-called Dirac δ

function, this integral is reduced to

〈ψE(r,t)| ˆ̈d(r,t)|ψ ′
E(r,t)〉 ≈ W(t)e−i(E−E′)t , (11)

where W(t) = cE(t)cE′(t)dEE′(t). The probability of WPs
cE(t) has shown to be the most important factor in this
expression, which induces a beat frequency E − E′ in the

dipole acceleration. As CC HHG in the present laser param-
eters is also driven by quantum orbits, its highest intensity
occurs when different quantum orbits with different energies
return simultaneously to the target potential. Therefore, again
one can calculate the classical prediction of CC HHG by
|Kq − Kq ′ | omitting the return order, although the transition
is a pure quantum result. However, because of the lower
intensity of CC HHG compared to BC, the time-frequency
analysis is required to observe these harmonics. Looking at
Fig. 3, one can see a clear signal for CC HHG with the
classical counterpart, although the intensity of the laser pulse
is in the tunneling regime. This is in contrast to the case of
spatially homogeneous pulses, where an intensity in the BSI
regime is required [5,42]. Here the excursion and thus the WP
spreading of the trajectories together with cutoff energy are
also modified by a nonhomogeneous field (e.g., for q and q ′)
to observe a clear CC HHG. Hence, increasing the CC HHG
by manipulating classical trajectories can be considered to
be one of the important applications of the nonhomogeneous
fields in the experimental investigations. While the CC HHG
is hidden in the spectrum, in the presence of a phase matching,
considering the resulting attosecond pulses should be the most
appropriate way for an actual measurement and experimental
investigation of these harmonics [5].

IV. CONCLUSIONS

In summary, the spatially nonhomogeneous field applied in
the few-cycle laser pulse induces additional periodicities in the
HHG spectrum. These periodicities, explaining the origin of
even harmonics, have arisen from interference of harmonics
via classical trajectories. Thus the structure of spectrum can be
used for tracking these trajectories, when they will be modified
using nanostructures. In addition, the intensity of CC transition
is enhanced in the tunneling regime of the laser intensity,
which is appropriate for experimental investigation of these
harmonics in attoscience. This work presents a step toward
the full characterization of the plasmonic-field-driven high-
harmonic generation.
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