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Global phase and frequency comb structures in nonlinear Compton and Thomson scattering
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The Compton and Thomson radiation spectra generated in collisions of an electron beam with a powerful
laser beam are studied in the framework of quantum and classical electrodynamics, respectively. We show that
there are frequency regimes where both radiation spectra are nearly identical, which for Compton scattering
relates to the process which preserves the electron spin. Although the radiation spectra are nearly identical, the
corresponding probability amplitudes exhibit different global phases. This has pronounced consequences, which
we demonstrate by investigating temporal power distributions in both cases. We show that, contrary to Thomson
scattering, it is not always possible to synthesize short laser pulses from Compton radiation. This happens when
the global phase of the Compton amplitude varies in a nonlinear way with the frequency of emitted photons. We
also demonstrate that, while the Compton process driven by a nonchirped laser pulse can generate chirped bursts
of radiation, this is not the case for the Thomson process. In principle, both processes can lead to a generation of
coherent frequency combs when single or multiple driving laser pulse collide with electrons. Once we synthesize
these combs into short bursts of radiation, we can control them, for instance, by changing the time delay between
the driving pulses.
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I. INTRODUCTION

Owing to the rapid development of high-power laser
technology, in recent years we have observed a renaissance
of theoretical interest in studying strong-field quantum elec-
trodynamics (QED) processes [1–3]. Note that proceeding
theoretical works were based on the monochromatic plane-
wave approximation [4–8]. However, with the parallel de-
velopment of computational technology, it is possible now
to extend these explorations and to study fundamental QED
processes in multichromatic laser fields [9,10] or in short
laser pulses [11–16]. New aspects of strong-field QED such
as the electron (positron) polarization effects [15,17], energy
and angular correlations [18–22], the bremsstrahlung process
at relativistically intense laser radiation [23], or electron-
positron cascades [24], are of great interest nowadays. Usually,
different types of cross sections or probability distributions
are analyzed, leaving out problems related to the phase of
probability amplitudes. However, in many cases, it is the
global phase that plays a significant role. For instance, it
is a very important parameter when studying the coherence
of high-order harmonics and the synthesis of attosecond
pulses [25–28].

In this paper, we shall study the important role played by the
global phase of probability amplitudes in nonlinear Compton
scattering [14,15] and its classical approximation—nonlinear
Thomson scattering [29–42]. For the classical theory we
discuss the conditions of its applicability. We show that, in
order to get comparable temporal power distributions from
both theories, an extra condition on the Compton phase has
to be imposed. We also propose the method of controlling the
energy distribution of emitted radiation by properly modulated
laser pulses such that it leads to the generation of coherent
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high-order-harmonics combs. In addition, we investigate
properties of the synthesized short radiation pulses.

The paper is organized as follows: In Sec. II, we define
temporal and polarization properties of the laser pulses
considered. Supplementary definitions of mutually orthogonal
and normalized triad of vectors for two (in general elliptic)
polarizations and for the direction of pulse propagation are
discussed in Appendix A. The basic theoretical scheme of
the laser-induced QED Compton scattering is presented in
Sec. III, together with the derivation of the global phase
for the Compton amplitude. We show that the total phase
can be split into the kinematic and the dynamic parts. The
kinematic phase is independent of the electron-spin degrees of
freedom (hence, it is applicable also to the Compton scattering
of spin-0 particles). While it can be derived analytically
[see Eq. (25)], the dynamic phase can be determined only
numerically. For the pulses considered in this paper, the
dynamic phase appears to be independent of the frequency
of photons generated during the process. The reader can
find more details in Appendix C. The analogous analysis
for nonlinear classical Thomson scattering is presented in
Sec. IV and Appendix B. In Secs. III and IV, we also compare
the predictions of quantum and classical approaches for the
energy distributions of emitted radiation, drawing particular
attention to the different dependence of the global phase on the
frequency of generated radiation. As we show, this is related to
the quantum recoil of electrons during the emission of photons.
We demonstrate in Sec. V that the frequency dependence of
the global phase plays a vital role in the temporal synthesis
of generated radiation. We conclude that the quantum recoil
effects result in a broader temporal distribution of radiation
power for Compton scattering as compared to the predictions
drawn from the classical theory. The interference of photons
generated in Compton scattering by a modulated laser pulse
(which consists of subpulses) is investigated in Sec. VI. In
Sec. VI, we show how the distance between the peaks in the
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energy spectrum can be controlled by the time delay of such
subpulses. Although the presented results are for Compton
scattering, we remark that a similar pattern is expected also
for classical Thomson scattering provided that the frequencies
are much smaller than the cutoff frequency for the quantum
process. The analysis of the frequency combs in the laboratory
frame is presented in Sec. VII, with special emphasis on
the partially angular-integrated energy distributions. This sort
of investigation is related to the fact that the frequency
comb structure is very sensitive to the direction of emission
of generated radiation. Because quantum calculations are
numerically demanding, in this analysis we choose frequencies
much smaller than the cutoff frequency, which ensures that the
classical calculations provide similar results. By doing this,
we show that the comb structure survives the partial angular
integration and, in principle, can be detected experimentally.
Finally, in Sec. VIII we draw some conclusions.

In analytical formulas we put � = 1. Hence, the fine-
structure constant is α = e2/(4πε0c). We use this constant
also in expressions derived from classical electrodynamics,
where it is meant to be multiplied by � when restoring the
physical units. Unless stated otherwise, in numerical analysis
we use relativistic units such that � = me = c = 1 where me

is the electron mass.

II. LASER PULSE

As in our previous investigations [14,43,44], the laser pulse
is described by the vector potential

A(φ) = A0B[ε1f1(φ) + ε2f2(φ)], (1)

where the shape functions fj (φ) vanish for φ < 0 and φ > 2π.

The duration of the laser pulse, Tp, introduces the fundamental
frequency ω = 2π/Tp such that

φ = k · x = ω

(
t − n · r

c

)
, (2)

in which the unit vector n points in the direction of propagation
of the pulse. In a given reference frame, this direction is
determined by the polar and azimuthal angles θL and ϕL,
respectively. This, according to Appendix A, settles the real
polarization vectors εj = aj and n = a3 [Eq. (A1)]. The
constant B > 0 is to be defined later. We also introduce the
relativistically invariant parameter

μ = |eA0|
mec

, (3)

where e = −|e| is the electron charge. With these notations,
the electric and magnetic components of the laser pulse are
equal to

E(φ) = ωmecμ

e
B[ε1f

′
1(φ) + ε2f

′
2(φ)], (4)

and

B(φ) = ωmeμ

e
B[ε2f

′
1(φ) − ε1f

′
2(φ)], (5)

where prime means the derivative with respect to φ.

The shape functions are always normalized such that〈
f ′2

1

〉 + 〈
f ′2

2

〉 = 1
2 , (6)

where

〈F 〉 = 1

2π

∫ 2π

0
F (φ)dφ. (7)

Note that, with such a normalization, the phase-averaged
Poynting vector equals

〈S〉 = 1

2
ε0c

(
Bωmecμ

e

)2

n. (8)

Laser pulses are also characterized by the number of
oscillations of its electric or magnetic components, Nosc.

Together with the fundamental frequency ω (or the pulse
duration Tp), they define the carrier frequency (or the central
frequency of a pulse), ωL = Noscω. For a pulse generated by
a given laser device, the carrier frequency is fixed whereas the
remaining parameters can change. Therefore, it is useful to
express the averaged intensity of the laser field, I , which is the
modulus of the averaged Poynting vector, Eq. (8), in terms of
ωL. Moreover, when comparing results for different shapes of
laser pulses we have to impose extra conditions. For instance,
by assuming that the flow of laser radiation per unit surface
and unit time (i.e., the intensity I ) for different durations of
laser pulses is independent of Nosc, we have to keep B = Nosc.

This leads to

I = m4
ec

6

8πα

(
ωL

mec2

)2

μ2 = AI

(
ωL

mec2

)2

μ2, (9)

with AI ≈ 2.3 × 1029 W/cm2. On the other hand, if we assume
that the average energy flow per unit surface (i.e., W = TpI )
is fixed, we have to put B = √

Nosc, and

W = m3
ec

4

4α

ωL

mec2
μ2 = AW

ωL

mec2
μ2, (10)

with AW ≈ 1.9 × 109 J/cm2. The latter situation could be met
in experiments, as the energy of a laser pulse and a size of the
laser focus are quite often given whereas the time duration is
changed.

In our numerical illustrations, we shall choose the linearly
polarized laser pulse, f1(φ) = f (φ) and f2(φ) = 0, and use
the shape functions with the sin2-type envelope,

f ′(φ) ∝ sin2

(
Nrep

φ

2

)
sin(NrepNoscφ + χ ), (11)

where the proportionality constant is determined by the nor-
malization condition (6). Here, χ denotes the carrier-envelope
phase, Nrep determines the number of modulations in the pulse
(or the number of subpulses), and Nosc sets the number of
cycles within the subpulse. Nrep and Nosc also establish the
central frequency ωL = NrepNoscω, which is considered to be
fixed and equal to ωL = 1.548 eV in the laboratory frame.
This corresponds to a Ti-sapphire laser beam of wavelength
λL = 800 nm. Let us also remark that, while for φ = 0 we
have f (0) = 0, for φ = 2π the vector potential has to vanish
as well. This is automatically satisfied if Nosc ≥ 2, whereas for
Nosc = 1 the envelope phase χ must be equal to 0 or π. We
also assume that B = NrepNosc, so that the averaged laser field
intensity is independent of integers Nrep and Nosc.
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III. COMPTON SCATTERING

When scattering a laser pulse off a free electron, a nonlaser
photon is detected. It is described by the wave four-vector
K and, in general, the elliptic polarization four-vector εKσ

(σ = 1,2) such that

K · εKσ = 0, εKσ · ε∗
Kσ ′ = −δσσ ′ . (12)

The wave four-vector K satisfies the on-shell mass relation
K · K = 0 and defines the photon frequency ωK = cK0 =
c|K |. As shown in Ref. [43], εKσ can be chosen as the spacelike
vector, i.e., εKσ = (0,εKσ ). The scattering is accompanied
by the electron transition from the initial (i) to the final (f)
state, each characterized by the four-momentum and the spin
projection; (pi,λi) and (pf,λf). While moving in a laser pulse,
the electron acquires additional momentum shift [14] (see
also Ref. [43]), which leads to a notion of the laser-dressed
momentum:

p̄ = p − μmec

(
p · ε1

p · k
〈f1〉 + p · ε2

p · k
〈f2〉

)
k

+ 1

2
(μmec)2

〈
f 2

1

〉 + 〈
f 2

2

〉
p · k

k. (13)

It was discussed in Refs. [14,43] that the laser-dressed
momenta (13) are gauge dependent, and therefore they do
not have clear physical meaning. Nevertheless, all formulas
derived in Ref. [14] depend on the quantity

PN = p̄i − p̄f + Nk − K, (14)

where the difference p̄i − p̄f is already gauge invariant.
We take from our previous paper [14] the derivation of

the Compton photon spectra. Hence, the frequency-angular
distribution of energy of scattered photons for an unpolarized
electron beam is given by the formula

d3EC

dωK d2
K
= 1

2

∑
σ=1,2

∑
λi=±

∑
λf=±

d3EC,σ (λi,λf)

dωK d2
K
, (15)

where

d3EC,σ (λi,λf)

dωK d2
K
= α|AC,σ (λi,λf)|2, (16)

and the scattering amplitude equals

AC,σ (λi,λf) = mecK
0√

p0
i k

0(k · pf)
AC,σ (λi,λf), (17)

with

AC,σ (λi,λf) =
∑
N

DN

1 − e−2πiP 0
N /k0

2πiP 0
N/k0

. (18)

The scattering amplitude is expressed as a Fourier series; for
the coefficients DN , the reader is referred to Eqs. (23) and (44)
in Ref. [14]. P 0

N is obtained from Eq. (14).
Equation (17) allows one to define the phase −π < �C,σ ≤

π of the Compton scattering amplitude,

�C,σ (ωK ,λi,λf) = arg[AC,σ (λi,λf)]

= arg[AC,σ (λi,λf)], (19)

which depends on the electron-spin degrees of freedom. This
phase is gauge and relativistically invariant and can be split
into two parts if we rewrite AC,σ (λi,λf) as

AC,σ (λi,λf) = eiπNeff
∑
N

(−1)NDN sinc[π (N − Neff)], (20)

where sinc(x) = sin(x)/x, and

Neff = (
K0 + p̄0

f − p̄0
i

)
/k0. (21)

With this factorization, the Compton phase becomes

�C,σ (ωK ,λi,λf) = �kin
C (ωK ) + �

dyn
C,σ (ωK ,λi,λf), (22)

where

�kin
C (ωK ) = arg(eiπNeff ) = πNeff (mod 2π ) (23)

and

�
dyn
C,σ (ωK ,λi,λf) = arg

{∑
N

(−1)NDN sinc [π (N − Neff)]

}
.

(24)

The former phase we call kinematic, because it depends only on
the kinematics of the process and it is independent of the spin
degrees of freedom (it remains the same for spin-0 particles).
The latter phase we call dynamic. In general, the dynamic
phase can be determined only numerically. However, for
linearly polarized laser pulses and linearly polarized emitted
photons (both considered in this paper) this phase is frequency
independent.

On the other hand, by applying the momenta conservation
laws (i.e., k · PN = 0 and εj · PN = 0 for j = 1,2), one can
show that

�kin
C (ωK ) = F ωTh

K

ω
(mod 2π ), (25)

where the Thomson (i.e., classical) frequency ωTh
K [45] is equal

to

ωTh
K = Neffck · pi

nK · [p̄i + μmec(〈f1〉ε1 + 〈f2〉ε2)]
, (26)

or

ωTh
K = ωK

1 − ωK /ωcut
, (27)

where

ωcut = cpi · n

nK · n
(28)

is the cutoff frequency for the Compton spectra, ωK <

ωcut [45]. In Eq. (25), F is independent of ωK ,

F = π
pi · nK

pi · n
(1 + F1 + F2 + Fsq), (29)

with

Fj = μmec〈fj 〉
(

nK · εj

nK · pi
− pi · εj

pi · n

nK · n

nK · pi

)
, j = 1,2,

(30)

and

Fsq = 1

2
(μmec)2

(〈
f 2

1

〉 + 〈
f 2

2

〉) 1

pi · n

nK · n

nK · pi
. (31)
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FIG. 1. (Color online) The energy distribution, Eq. (16), for the
non-spin-flipping Compton process (inset in upper panel presents an
enlarged portion of the distribution), and the derivative of the phase as
a function of the frequency ωK (lower panel), Eq. (19). The laser pulse
is linearly polarized in the x direction (ε1 = ex) and propagates in the
z direction. The electron beam propagates in the opposite direction.
The calculation is performed in the reference frame of electrons for the
laser-pulse carrier frequency ωL = 4.15 × 10−4mec

2, and for μ = 2,
Nosc = 16, Nrep = 1, and χ = 0. The scattered Compton photon is
emitted in the direction θK = 0.2π and ϕK = 0. In the laboratory
frame, for the Ti-sapphire laser pulse of the central frequency
1.548 eV, these parameters correspond to the electron beam’s energy
35 MeV, whereas the Compton photon of frequency 0.02mec

2 relates
to ωLAB

K = 0.134 MeV and θLAB
K = 0.986π. In the electron-beam

reference frame, the cutoff frequency is ωcut ≈ 5.24mec
2.

In Figs. 1 and 2, we show the results for the spin-conserved
(λiλf = 1) Compton process in the electron-beam reference
frame. In Fig. 1, we choose the frequencies much smaller than
the cutoff frequency, Eq. (28). One can see that, for this range
of frequencies, the derivative of the Compton phase linearly
depends on the emitted photon frequency, ωK . Since ωK �
ωcut, one can expect that the classical theory will give almost an
identical result. On the other hand, Fig. 2 presents the results
for frequencies comparable to the cutoff value. As we see,
when ωK is approaching ωcut, the derivative of the Compton
phase (and the phase itself) starts to depend nonlinearly on
the Compton photon frequency and tends to infinity when
ωK → ωcut. Moreover, as mentioned above, for the considered
linear polarizations of the laser and scattered radiation, the
Compton phase, up to a constant term (i.e., independent of
ωK ), is equal to the kinematic one.
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FIG. 2. (Color online) The same as in Fig. 1, but for ωL =
4.15 × 10−1mec

2, μ = 1, and θK = 0.99π. In the laboratory frame,
for the Ti-sapphire laser pulse of the central frequency 1.548 eV, these
parameters correspond to the electron beam’s energy 35 GeV. In the
lower panel, the thick blue (dark) line represents the derivative of
the Compton phase, Eq. (19), on which the thin cyan (gray) line is
overprinted, representing the kinematic Compton phase, Eq. (23). In
the electron frame, the cutoff frequency is ωcut ≈ 0.5mec

2.

IV. THOMSON SCATTERING

As one can check in Ref. [46], the acceleration a of an
electron in arbitrary electric and magnetic fields, E and B, is
given by the formula

a = e

me

√
1 − β2[E − β(β · E) + cβ × B]. (32)

Hence, the relativistic Newton–Lorentz equations which de-
termine the classical trajectory of accelerated electrons can be
rewritten in the form

dt(φ)

dφ
= 1

ω[1 − n · β(φ)]
,

d r(φ)

dφ
= c

ω

β(φ)

1 − n · β(φ)
,

dβ(φ)

dφ
= μ

√
1 − β2(φ)

1 − n · β(φ)
(33)

× ({ε1 − β(φ)[β(φ) · ε1] + β(φ) × ε2}f ′
1(φ)

+ {ε2 − β(φ)[β(φ) · ε2] − β(φ) × ε1}f ′
2(φ)).

Here, the phase φ = ω[t − n · r(t)/c] is used as an inde-
pendent variable instead of time t. The frequency-angular
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distribution of emitted radiation of polarization εK ,σ is given
by the Thomson formula [47] (we use the same notation for
the radiation emitted during this process as for the Compton
scattering)

d3ETh,σ

dωK d2
K
= α|ATh,σ |2, (34)

where

ATh,σ = 1

2π

∫ 2π

0
ϒσ (φ) exp

[
iωK

�(φ)

c

]
dφ, (35)

with

ϒσ (φ) = ε∗
K ,σ · nK × {[nK − β(φ)] × β ′(φ)}

[1 − nK · β(φ)]2
, (36)

and

�(φ) = ct(φ) − nK · r(φ). (37)

Here, prime means again the derivative with respect to the
phase φ.

Let us further define the position four-vector

x(φ) = (ct(φ),r(φ)). (38)

After some algebraic manipulations, we show that

ϒσ (φ) = K0 (εK ,σ · x ′′)(K · x ′) − (εK ,σ · x ′)(K · x ′′)
(K · x ′)2

. (39)

Now, we can present the Thomson formula in a manifestly
relativistic form. To do so, we define the relativistically
invariant quantities: ϒ inv

σ (φ) = ϒσ (φ)/K0 and

Ainv
Th,σ = 1

2π

∫ 2π

0
ϒ inv

σ (φ)eiK·x(φ)dφ. (40)

Hence, the frequency-angular distribution of radiated energy
equals

d3ETh,σ

dωK d2
K
= α

ω2
K

c2

∣∣Ainv
Th,σ

∣∣2. (41)

The advantage of the above formulation is that the invariant
amplitude Ainv

Th,σ can be calculated in the most convenient
reference frame (for instance, in the reference frame of initial
electrons) and afterwards transformed to another reference
frame. It also leads to the simplifications for the invariant
amplitude. Indeed, integrating by parts, we get

Ainv
Th,σ = 1

2π

[
εK ,σ · x ′

K · x ′ eiK·x
∣∣∣∣
2π

0

− i

∫ 2π

0
(εK ,σ · x ′)eiK·xdφ

]
, (42)

or, in a particular reference frame,

Ainv
Th,σ = 1

2π

c

ωK

[
− εK ,σ · β

1 − nK · β
eiωK (t−nK ·r/c)

∣∣∣∣
2π

0

+ i
ωK

ω

∫ 2π

0

εK ,σ · β

1 − n · β
eiωK (t−nK ·r/c)dφ

]
. (43)

This is an analog of Jackson’s formula (Ref. [47], Eq. 14.67),
except that the integral now is finite and presented in the

relativistically invariant form. Also, we have checked that the
integration over φ can be effectively carried out even with
the simplest trapezoid or Simpson formulas. Let us note that
the two expressions for the Thomson amplitude [i.e., Eqs. (35)
and (43)] can be also used as a test when determining classical
trajectories and evaluating the integral over φ. We define next
the phase of the complex Thomson amplitude

�Th,σ (ωK ) = arg(ATh,σ ) = arg
(
Ainv

Th,σ

)
, (44)

which is relativistically invariant but, in contrast to
the Compton scattering, independent of spin degrees of
freedom.

In order to compare predictions of the classical and the
quantum theories, let us study now the Thomson process for
the same parameters as in Figs. 1 and 2. For the parameters
relevant to Fig. 1, the classical energy distribution is identical
to the quantum energy distribution for the spin-conserved
process. The difference between these two approaches shows
up if we compare the corresponding phases, which for the
classical theory linearly depends on the frequency of the
generated radiation (meaning that its derivative is constant).
The same happens for the parameters relevant to Fig. 2, for
which the energy distribution is shown in Fig. 3. Let us
remark that the energy distributions for the Compton (Fig. 2)
and the Thomson (Fig. 3) processes, although not identical,
are still comparable in the sense that every peak or zero in
these two distributions can unambiguously be related to each
other [45]. However, the corresponding phases depend on ωK

differently. We would like to emphasize that the nonlinear
dependence of the Compton phase on the frequency of emitted
photons (contrary to the Thomson phase, which linearly
depends on ωK ) is of the quantum origin. Such a qualitative
difference between the classical and quantum results can be
associated with a change of the electron final momentum
in the Compton scattering, which introduces decoherence in
the process. This fact, although in some cases unnoticed for
the energy distribution of emitted photons, has far-reaching
consequences for the temporal behavior of radiation generated
by these two processes. This will be demonstrated in the next
section.

Our main interest in this paper is nonlinear Compton
scattering rather than its classical analog, which is nonlinear
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FIG. 3. (Color online) The same as in Fig. 2, but for Thomson
scattering. The derivative of the phase �Th,σ (ωK ) is not presented
because it is constant in the entire range of considered frequencies.
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Thomson scattering. The point is that the classical approach
is an approximation of the complete quantum theory which
takes into account the electron spin and the quantum recoil of
electrons during the scattering. The complication is that the
quantum theory does now allow for as detailed a description
of the driving laser beam as does the classical theory. Also,
it is more demanding computationally. For these reasons, we
investigate Thomson scattering for temporarily shaped laser
pulses and for parameters for which both classical and quantum
theories give either the same or different results. Our aim is to
compare both theories in the context of short pulse generation.

V. SYNTHESIS OF SHORT PULSES

It is well known that the energy distribution of generated ra-
diation can be converted into the temporal power distribution.
Currently, this is the standard technique used for the synthesis
of attosecond pulses from the coherent combs of high-order
harmonics. Here, let us consider the Thomson process and
assume that the radiation is emitted in a given space direction,
nK . In this case, the temporal power distribution in the far
radiation zone, which is remote from the scattering region by
the distance R, is given by the formula (see, e.g., Ref. [48])

d2PTh,σ (φr)

d2
K
= α

π
[ReÃ(+)

Th,σ (φr)]
2. (45)

Here,

Ã(+)
Th,σ (φr) =

∫ ∞

0
dωATh,σ (ω)e−iωφr/ω0 (46)

is related to the electric field of the scattered radiation

Eσ (φr) = e

4πε0cR
2ReÃ(+)

Th,σ (φr), (47)

where the symbol “Re” means the real value and σ labels the
polarization properties of emitted radiation. The quantity φr,
which we call the retarded phase, is defined as

φr = ω0

(
t − nK · r

c

)
= ω0

(
t − R

c

)
, (48)

with an a priori arbitrary real and positive ω0 that introduces
the time scale for the process. The retarded phase, for a given
distance R and ω0, determines the arrival time of a light signal
to the detector.

All the formulas presented in this section for the temporal
power distributions also apply to the Compton process if
in Eq. (46) the Thomson amplitude is replaced by the
corresponding Compton amplitude. In this case, the power
distribution depends not only on the polarization of emitted
radiation but also on the spin degrees of freedom of the initial
and final electrons.

For long laser pulses, the temporal power distribution could
be a very rapidly oscillating function of time. For this reason, it
is sometimes more convenient to consider the temporal power
distribution averaged over such rapid oscillations,

d2〈PTh,σ 〉(φr)

d2
K
= α

2π
|Ã(+)

Th,σ (φr)|2, (49)

and similarly for the Compton process.
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FIG. 4. (Color online) Temporal power distribution, Eq. (45),
synthesized from the energy distribution for the Thomson process,
when ω0 = ωL. The energy distribution is almost identical to that
presented in Fig. 1 in the upper panel, except that the derivative of
the Thomson phase is independent of the frequency. In the upper
panel, the power distribution is presented in a logarithmic scale and
embraces the entire time domain of the generated radiation. In the
lower panel, the enlarged part of the central peak is shown in the
linear scale. Since the temporal power distribution is proportional
to the electric field of the emitted radiation squared, we see that
the individual peaks form practically one-cycle pulses, which are
well separated from each other. The distributions are scaled to their
maximum value.

In Figs. 4 and 5, we show the synthesis of the energy distri-
bution from Thomson and Compton scattering, respectively.
We see that temporal power distributions for both classical and
quantum processes are qualitatively similar, as both consist of
a sequence of very sharp peaks. However, individual peaks in
each sequence are quite different, as presented in the lower
panels. For Thomson scattering (Fig. 4), a peak consists
practically of a single oscillation of the electric field. For
Compton scattering (Fig. 5), on the other hand, the structure
of an individual peak is more complex. Namely, it represents
a pulse of a few electric field oscillations with decreasing
period. The origin of such a chirp is the nonlinear dependence
of the Compton phase on ωK . Note that this nonlinearity is the
genuine quantum effect [45]. Therefore, the chirp appearing
in the generated radiation can be considered as a quantum
signature in collisions of a nonchirped laser pulse with free
electrons.

Frequently, only a part of the spectrum of emitted radiation
is used for the composition or detection of short laser pulses
(see, for instance, the frequency-resolved optical grating or
“FROG” technique [49]). To account for this fact a window
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FIG. 5. (Color online) The same as in Fig. 4, but for the Compton
process such that λiλf = 1. The nonlinear dependence of the Compton
phase on the frequency ωK leads to a more complex structure of a
given peak in the temporal power distribution. Instead of one-cycle
pulses, as generated from Thomson scattering, now we observe many-
cycle and chirped pulses of emitted radiation.

function (in the FROG technique it is called the gate function)
W (ω) is introduced, which picks up a part of the frequency
spectrum. The windowing of the emitted spectrum could also
be related to the properties of detectors of radiation, which can
be sensitive to frequencies from a particular range. In such a
case, we define the window-selected amplitude

Ã(+)
Th,σ (φr; W ) =

∫ ∞

0
dωW (ω)ATh,σ (ω)e−iωφr/ω0 , (50)

so that the corresponding temporal power distributions are
equal to

d2PTh,σ (φr; W )

d2
K
= α

π
[ReÃ(+)

Th,σ (φr; W )]2, (51)

d2〈PTh,σ 〉(φr; W )

d2
K
= α

2π
|Ã(+)

Th,σ (φr; W )|2, (52)

and similarly for the Compton scattering.
Figure 5 presents synthesized pulses in the case when the

nonlinear dependence of the Compton phase on the frequency
of scattered photons is small. To complement these results, we
consider now the case of a strong dependence of the Compton
phase on ωK , i.e., for parameters specified in Fig. 2. Again,
for these laser- and electron-beam parameters the derivative
of the Thomson phase over ωK is constant, which leads to
a very regular temporal power distribution of the generated
radiation (see Fig. 6). Now, the individual peaks represent
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FIG. 6. (Color online) Temporal power distribution, Eq. (45),
synthesized from the energy distribution of the Thomson process
for the laser- and electron-beam parameters specified in Fig. 3, and
for ω0 = ωL. Since the phase of the Thomson amplitude depends
linearly on ωK we obtain the train of well-separated half-cycle pulses
of emitted radiation. The distribution is normalized to its maximum
value.

half-cycle pulses. We meet a completely different situation
for the Compton process, for which the synthesis does not
lead to a sequence of well-separated short pulses as in the
case of the classical process. Instead, we obtain a broad and
irregular signal of emitted radiation, as shown in the upper
panel of Fig. 7. We want to emphasize that the reason for
such a qualitative discrepancy between the classical and the
quantum processes is the highly nonlinear dependence of the
Compton phase on the frequency of emitted photons.

A question arises: Can the window selecting help in
producing trains of short pulses? To answer this question we
consider the window function

W (ω) =

⎧⎪⎨
⎪⎩

0, ω < 0
1
2 [1 + cos(πω/ωwmax)], 0 ≤ ω ≤ ωwmax

0, ω > ωwmax,

(53)

with ωwmax = 0.2mec
2, such that it removes the irregular high-

frequency part of the energy distribution shown in Fig. 2. The
synthesized window-averaged temporal power distribution is
presented in the lower panel of Fig. 7. Indeed, we removed
an irregular part of the power distribution for large retarded
phases. However, instead of a sequence of sharp spikes
observed classically, we obtain the single pulse consisting of
many regular oscillations of the electric field. The reason being
that, for frequencies in the domain defined by the window
function, the nonlinear terms in the Compton phase are still
significant.

The great advantage of the classical approach is that
calculations can be carried out quite easily, even for an arbitrary
space- and time-dependent laser field. For this reason, the
classical approach is extensively used in plasma physics and
also in the context of ultrashort pulse generation [37–42]; even
though Thomson theory has some important shortcomings. For
instance, it does not account for the spin of electrons, which
for the high-frequency part of the spectrum starts to play a
significant role [15,45], especially for very short and intense
laser pulses. Another defect of the classical theory, which
appears to be crucial for extremely-short-pulse generation, is
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FIG. 7. (Color online) Temporal power distribution synthesized
from the energy distribution of the Compton process for the laser-
and electron-beam parameters specified in Fig. 2, and for ω0 = ωL

(upper panel). Since the phase of the Compton amplitude depends
nonlinearly on ωK the emitted radiation does not form a train
of short pulses. In the lower panel, the window-selected temporal
power distribution [i.e., Eq. (51) with the window function (53)]
is presented for ωwmax = 0.2mec

2. Although the window function
selects only a “regular” part from the energy distribution, nevertheless
the corresponding temporal power distribution also does not exhibit
a train of very short pulses. It rather represents a long pulse with
many electric field oscillations. Both distributions are scaled to their
maximum values.

that it neglects the recoil of electrons during the emission of
high-frequency photons [29]. It has been noted that the electron
recoil effects are small if

ωK � ωcut = c
n · pi

n · nK
, (54)

independently of the laser field intensity I and also of the laser
field carrier frequency ωL. On the other hand, it is well known
from the Fourier analysis that, in order to generate shorter
radiation pulses, broader energy spectra have to be used for
pulse synthesis. There are two possibilities to increase the
bandwidth of the energy distribution in Thomson or Compton
processes. Namely, one can either increase the energy of
electron beams or increase the intensity of the laser beam.
Mostly, the second scenario is used [37,39–42]. The results
presented in this section show that this scenario does not
work for sufficiently intense laser pulses such that photons
of frequencies comparable to ωcut are created with significant
probabilities. Thus, conclusions drawn from the classical
theory concerning the generation of extremely short radiation
pulses, which are synthesized from frequencies close to the
cutoff values, generally cannot be trusted.

VI. FREQUENCY COMB STRUCTURES

Discovery of the high-order harmonics in the interaction of
laser pulses with atoms [27] and their subsequent theoretical
analysis in terms of the three-step model [28] has stimulated a
number of investigations. In particular, the coherent properties
of the harmonics led Farkas and Tóth [25] to the idea of
composing attosecond pulses from at least a part of the
high-order-harmonics comb. This is a routine method used
currently in attosecond physics [26]. It was also shown that
the three-step model is not the only mechanism responsible
for high-order-harmonics generation and that such a comb
of frequencies can be effectively generated by channeling
initially unbounded electrons through crystal structures [50].
In this case the emergence of multiple plateaus in the
harmonics spectrum is due to resonance transitions between
the laser-modified Floquet–Bloch states of electrons [51]
(very recently the Floguet–Bloch states have been detected
experimentally [52]). A similar situation is met for Thomson
and Compton scattering, when the electron beam traverses the
periodic structure of a laser beam (if approximated by a plane
wave). This problem was extensively studied by Salamin and
Faisal [33–35] within classical theory.

For short laser pulses the situation is different. Instead of
sharp peaks, as observed for long pulses, we observe broad
coherent peak structures [48] extending to a few MeV. In
our recent paper we demonstrated that, within such broad
structures, it is possible to create coherent frequency combs
for both electromagnetic and matter waves [53]. The idea is
to use a modulated laser pulse, as illustrated in Fig. 8. For
instance, if we collide a sequence of two subpulses of duration
Tsub each, and delayed by Td, with a nearly monochromatic
electron beam (see, e.g., Ref. [53]), then the photons generated
by each of these subpulses can interfere with each other. As a
result, one might observe an interference pattern in the energy
distribution of emitted radiation. This is, of course, only the
motivation and it is not a priori obvious that the generated
comb structures have coherent properties similar to those of
the high-order-harmonics combs. Only a numerical analysis of
the Compton process can provide information about the phases
of peaks within the comb and whether the Compton amplitudes

e-

e- K

K K

Tsub Td

FIG. 8. (Color online) Schematic of Compton and Thomson scat-
tering induced by a single (upper cartoon) and a double laser pulse
with a time delay Td (lower cartoon). The radiation emitted from each
subpulse interferes, leading to the formation of frequency combs in
the energy distribution. The separation between peaks in the comb
can be controlled by the time delay.
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FIG. 9. (Color online) Compton energy distribution, Eq. (16), as
a function of frequency ωK for λiλf = 1. The laser beam, linearly
polarized in the x direction, propagates in the z direction and collides
with the electron beam in the head-on geometry. The distribution is
calculated in the reference frame of electrons with the laser pulse
parameters such that ωL = 4.14 × 10−4mec

2, μ = 1, Nosc = 16, χ =
0. The emitted radiation is calculated for θK = 0.3π and ϕK = 0.

The thin black line (the envelope) corresponds to Nrep = 1, the
thick dashed red line to Nrep = 2, the thick blue line to Nrep = 3,
and the distributions are divided by N2

rep. The corresponding energy
distribution for the Thomson process looks identical except that the
classical one is blueshifted by 0.2ωL.

can be synthesized to finite and well-separated pulses; this is
indeed the case for the high-order-harmonics combs. Note that
the corresponding analysis of the classical Thomson process is
insufficient. First of all, because it is only an approximation of
the quantum process. Second, as it follows from our discussion
presented above, the phase properties of these two processes
are in general different.

In Fig. 9, we present the Compton energy distribution for
a particular range of frequencies of emitted photons and for
the undelayed subpulses, Td = 0. In this case, we obtain a
broad structure which does not resemble the frequency comb.
However, for Nrep > 1 the sharp peaks appear. They tend to
become more narrow with increasing Nrep, but they appear
for the same frequencies independent of Nrep. Moreover, the
height of the individual peak scales as N2

rep, which already
indicates the coherence of the generated comb. The numerical
analysis of the phase of the Compton amplitude shows that,
at the peak frequencies, phases are equal to 0 modulo π [53].
In addition, the derivative of the Compton phase with respect
to ωK is almost constant (in the considered domain of ωK ).
This proves that the separation between the consecutive peaks
is nearly the same; hence, a coherent and equally spaced
frequency comb is created.

In the upper panel of Fig. 10, we present the power
distribution generated by a single pulse. As we see, the
broad structure represented in Fig. 9 by the envelope curve is
converted into the rapidly oscillating and modulated pulse of
radiation. The power distribution, averaged over these rapid
oscillations, is shown in the lower panel of Fig. 10. Note
that the emitted pulse has a marginal chirp, which is the
consequence of a very small nonlinearity in the dependence
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FIG. 10. (Color online) Temporal power distribution (upper
panel; Eq. (45) for Compton scattering) for an unmodulated laser
pulse, Nrep = 1. The remaining parameters are the same as in Fig. 9.
The power distribution is synthesized from the energy distribution
represented by the thin black line in Fig. 9. While this distribution
shows very rapid oscillations, in the lower panel it is averaged
over these oscillations. Both distributions are normalized to their
maximum values.

of the Compton phase on the frequency of created photons
in the considered range of energies. Next, we synthesize the
power distribution from the frequency comb generated by a
sequence of Nrep pulses. As a result, we obtain nearly identical,
well-separated, and equally spaced in time Nrep copies of the
same signal which was obtained for a single pulse. This is
presented in Fig. 11 for Nrep = 3. This proves the coherent
properties of the frequency comb generated from nonlinear
Compton (Thomson) process for this particular range of
frequencies.

In Appendices B and C we derive the diffraction formulas
for the Thomson and Compton amplitudes that prove the
“phase-matching” conditions for the peaks in the energy
distributions at which the global phases change by π. We also
show there that, although for classical theory this can happen
for the equally spaced frequencies, for quantum theory this is
not the case. The individual harmonics in frequency combs are
approximately equally separated from each other only within
finite frequency intervals, in which the nonlinear dependence
of the Compton phase on the emitted photon frequency can be
neglected.

A. Combs for delayed subpulses

The distance between peaks in the comb can be
made smaller or, equivalently, the separation between the
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FIG. 11. (Color online) Temporal power distribution averaged
over the fast oscillations in the case of Compton scattering, for the
same parameters as in Fig. 10 but for three subpulses, Nrep = 3. The
synthesis of the corresponding energy distribution, represented in
Fig. 9 by the thick blue line, leads to a train of three identical pulses.
The distribution is scaled to its maximum value.

synthesized pulses of scattered radiation can be made larger, if
subpulses are delayed with respect to each other. To illustrate
this, we have to properly define the shape function [we denote it
by fd(φ) for 0 ≤ φ ≤ 2π and 0 otherwise] for such a situation.
Hence, we divide the duration of the pulse Tp into three pieces
and, for simplicity, we assume that the outermost time intervals
are equal. Such a situation is described by the following choice:

fd(φ) =
⎧⎨
⎩

0, 0 ≤ φ ≤ ξπ

f̄ (φ), ξπ < φ < 2π − ξπ

0, 2π − ξπ ≤ φ ≤ 2π,

(55)

and 0 otherwise, where 0 ≤ ξ < 1. This shape function is
illustrated in the upper cartoon of Fig. 8. If the pulse lasts for
Tp, then the time when it does not vanish is equal to Tsub =
(1 − ξ )Tp. For the function f̄ (φ) we choose

f̄ (φ) =
√

1 − ξ f

(
φ − ξπ

1 − ξ

)
, (56)

where

f ′(φ) ∝ sin2

(
φ

2

)
sin(Noscφ + χ ), (57)

as defined by Eq. (11) for Nrep = 1. Hence, the normalization
condition, Eq. (6), remains the same. Moreover, the central
frequency of the laser field, ωL, is related to the fundamental
frequency, ω = 2π/Tp, such that

ωL = Noscω

1 − ξ
. (58)

In order to form a sequence of Nrep subpulses, as illustrated in
the lower cartoon of Fig. 8 for Nrep = 2, we have to repeat Nrep

times the function (55); this way we obtain subpulses with a
time delay Td = ξTp. Then, we need to compress them back
to the interval [0,2π ] remembering to divide the fundamental
frequency and to multiply the laser central frequency by Nrep.

We remark that, for a single pulse (Nrep = 1), the physical
situation stays the same independently of which value for ξ

we choose. The change of ξ only means that we change the
outermost time intervals, at which the electromagnetic field is
0. This means that all physical quantities including the energy
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FIG. 12. (Color online) The same as in Fig. 9, but for the delayed
sequence of driving subpulses with Tsub = Td (cf., Fig. 8). The delay
between subpulses leads to a denser distribution of peaks in the
frequency comb.

distribution of emitted radiation (and, hence, the structure and
the width of synthesized pulses) have to be the same. Only
the time of creation of those pulses is shifted. This is a strong
test for the correctness of the numerical analysis presented
here. It has to be stressed, however, that for a nonzero ξ the
numerical calculations become much longer. The reason is
that more Fourier components of the shape function have to be
accounted for in order to properly approximate the vanishing
parts of the driving pulse. The same applies to the sequence of
driving subpulses.

In Fig. 12, we present the energy distribution of generated
Compton radiation for the same laser and electron-beam
parameters as in Fig. 9. This time, however, the driving
subpulses are delayed by Td = Tsub (cf., Fig. 8); in other words
ξ = 0.5. As we see, the results for Nrep = 1 are identical.
On the other hand, the time delay between subpulses leads
to a denser distribution of peaks in the frequency comb.
Specifically, for the considered time delay the number of peaks
doubles. The temporal power distribution also looks similar to
the one shown in Fig. 11, except that the first pulse is delayed
and the time distance to the next one is doubled. A very similar
pattern is observed for Thomson scattering.

VII. COMBS IN LABORATORY FRAME

The discussion above concerned Thomson and Compton
processes when analyzed in the rest frame of electrons. This
is a convenient reference frame for fundamental theoretical
investigations, as most of geometrical degrees of freedom are
eliminated and the analysis can focus mainly on dynamical
aspects of these processes. From an experimental point of
view, it is also not a serious limitation because the radiation
generated during the collision of laser and electron beams in-
teracts directly with the same electron beam. This was the case
in the Stanford Linear Accelerator (SLAC) experiment [54] in
which electron-positron pairs had been generated by means
of the Breit–Wheeler process (see, e.g., Refs. [4,5,43]). This
takes place in the cascade problems as well [24]. This means
that properties of the generated radiation (such as chirping of
the scattered radiation or the generation of frequency combs)
can be detected indirectly by analyzing their consequences.
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Apart from this, it is interesting to investigate properties of
nonlinear Thomson and Compton scattering in the laboratory
frame. It was shown [37–42,48], for instance, that in the
laboratory frame the synthesis of generated radiation leads to
zepto- or even yoctosecond pulses. This significantly extends
the already well-developed technique for attosecond pulse
generation, which is based on the synthesis of coherent
high-order-harmonics combs [25]. The aim of this section
is to investigate the possibility of direct detection of the
frequency comb structures in the laboratory frame. In our
analysis, we consider the Thomson scattering for the laser-
and electron-beam parameters such that classical and quantum
theories give similar results for the energy distribution of
generated radiation. The reason for this limitation is that, from
the numerical point of view, the classical calculation is much
faster. A similar analysis for the Compton process is much
more time consuming and is going to be presented elsewhere
in due course.

In order to obtain a significant signal of the emitted high-
frequency radiation from Thomson or Compton scattering,
when analyzed in the laboratory frame, the energy of the
electron beam has to be sufficiently large. On the other hand,
the central frequency of very intense laser pulses is much
smaller than the rest mass of electrons. It follows from these
two facts that the majority of Thomson (Compton) radiation is
emitted into a very narrow cone. For the head-on collision of
the laser and electron beams, this radiation is emitted mostly in
the direction of the electron-beam propagation. For this reason,
it is better to parametrize the angular distribution of emitted
radiation by a new set of angles. Let us change the Cartesian
coordinates such that

(x,y,z) → (x ′,y ′,z′) = (z,x,y), (59)

which is still a right-handed system of coordinates. Next, in
the primed coordinates we introduce the polar, 0 ≤ �K < π ,
and azimuthal, 0 ≤ �K ≤ 2π , angles. Hence, we find the
following equations:

sin �K cos �K = cos θK ,

sin �K sin �K = sin θK cos ϕK , (60)

cos �K = sin θK sin ϕK ,

which uniquely define a transformation between two pairs of
angles. The scattering plane (xz), which was defined before
by two conditions, ϕK = 0 and ϕK = π , now is defined by a
single condition, �K = π/2. The same parametrization was
applied in our previous analysis of Compton scattering [14].
Note that now the measure of the solid angle is

d2
K = sin �K d�K d�K , (61)

where, for the considered head-on geometry, we can approxi-
mate sin �K by 1 if integrating over a narrow angular cone.

In Fig. 13, we present color mappings of the energy
distribution of radiation generated in the scattering plane,
�K = π/2, for up to four repetitions (Nrep = 1, 2, 3, and
4) of a driving pulse without time delay: Td = 0. The results
are for such frequencies ωK and angles �K for which most
of the energy is emitted during the process. As expected, the
energy is radiated in the very close vicinity of �K = π. For a
single pulse (Nrep = 1), we observe the formation of a broad

FIG. 13. (Color online) Color mappings of the Thomson energy
distribution produced in a head-on geometry of a laser beam and an
electron beam. The electric field of a driving pulse, linearly polarized
in the x direction, is described by the shape function (11) with
Nosc = 17, and Nrep = 1 (upper left panel), Nrep = 2 (upper right
panel), Nrep = 3 (lower left panel), Nrep = 4 (lower right panel). Its
central frequency in the laboratory frame equals ωL = 1.548 eV ≈
3 × 10−6mec

2 and the averaged intensity is determined by μ2 = 5/16.

Electrons move with momentum pi = 1000mec ez and the scattering
process occurs in the plane �K = π/2. The emitted radiation is
linearly polarized in the (xz) plane [or, equivalently, in the (x ′y ′)
plane].

hill for frequencies between 8 and 9mec
2 (i.e., around 4 MeV).

The coherent properties of such structures (which in photonic
physics are called the supercontinua [55]) were considered
elsewhere [48]. If, instead of a single pulse, we consider a

6 8 10 12
0

0.5

1

ωK/mec
2

en
er

gy
 d

is
tr

. (
ar

b.
 u

ni
ts

)

6 8 10 12
0

1

2

ωK/mec
2

en
er

gy
 d

is
tr

. (
ar

b.
 u

ni
ts

)

6 8 10 12
0

1

2

3

4

ωK/mec
2

en
er

gy
 d

is
tr

. (
ar

b.
 u

ni
ts

)

6 8 10 12
0

2

4

6

ωK/mec
2

en
er

gy
 d

is
tr

. (
ar

b.
 u

ni
ts

)

FIG. 14. (Color online) The same as in Fig. 13, but energy
distributions are integrated over the angle �K . They are normalized
to the maximum value of the energy distribution for an unmodulated
pulse (upper-left panel). The comb peaks located at the same
frequencies are clearly visible. Due to the integration over the polar
angle, which introduces incoherence into the distribution, the maxima
of the comb peaks do not scale as N2

rep. Nevertheless, the visibility of
these peaks increase with increasing the number of subpulses.
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sequence of such pulses, then these broad structures are sliced
into stripes and the coherent frequency comb is formed for a
given angle (see the discussion in the previous section). These
distributions integrated over the angle �K ,

d2EC

sin �K dωK d�K
=

∫ 2π

0
d�K

d3EC

dωK d2
K
, (62)

are presented in Fig. 14. We clearly see the formation of
the comb peaks, whose positions stay the same for different
number of subpulses. The maxima of these peaks increase with
increasing Nrep, although they do not scale like N2

rep. This is
the signature of the incoherence caused by the integration over
the angle, which also leads to the decrease of the visibility of
the comb peaks in the integrated distribution. However, due
to the large separation of these peaks and their comparable
intensities, we are convinced that they could be detected
experimentally. We remark that the survival of comb structures,
even after integrating over angles, is due to significant
collimation of the generated Thomson and Compton radiation,
which happens for highly energetic electron beams.

VIII. CONCLUSIONS

In this paper, we studied the nonlinear Thomson (classical
theory) and the Compton (quantum theory) scattering of free
electrons with temporarily finite laser pulses. We showed
that, for the Compton spin-conserved process, the energy
distribution of emitted photons can be well described by
the classical Thomson theory provided that frequencies of
generated photons are much smaller than the characteristic
cutoff frequency. However, the phases of the corresponding
classical and quantum amplitudes differ from each other. This
results in different temporal power distributions for these two
cases, although the corresponding energy distributions are
nearly identical. Our analysis showed that, contrary to the
classical theory, it is not always possible to synthesize short
pulses from nonlinear Compton scattering. The point is that
one has to choose the range of Compton photon frequencies
in which nonlinear (or, equivalently, quantum) corrections to
the Compton phase play a marginal role. This statement can
be roughly quantified by the condition that

(�ωK )2 d2

d2ωK
�C,σ (ωK ,λi,λf) � 1, (63)

for λiλf = 1, where �ωK is the frequency bandwidth used for
the synthesis of generated pulses of radiation or, in other words,
the nonlinear corrections to the Compton phase within the
frequency bandwidth are very small. The condition above is vi-
olated, for instance, for parameters specified in Fig. 1, although
the frequencies are much smaller than ωcut and the classical
and quantum energy distributions are almost identical.

In addition, we investigated a possibility of generating
coherent frequency combs from Thomson and Compton
scattering in the presence of a sequence of short subpulses.
This was motivated by the celebrated high-order-harmonics
generation and by the resulting synthesis of attosecond pulses
out of the frequency spectrum of those harmonics combs. We
showed that the separation of peaks in the Compton-based
(Thomson-based) frequency comb can be controlled by a time
delay of subpulses. Note that such a control is not possible

for the high-order harmonics, for which the distance between
peaks is not smaller than the central frequency of the driving
pulse, ωL. The possible generation of a sequence of short
pulses has also been investigated. In this context, as follows
from our previous considerations [48], the nonlinear Thomson
and Compton processes provide the unique mechanism for the
generation of zepto- or even yoctosecond pulses. Moreover,
by analyzing nonlinear Thomson scattering in the laboratory
frame, we presented a clear signature of the frequency comb in
the angle-integrated energy distribution of emitted radiation,
which could be detected experimentally.

We studied here the generation of frequency comb struc-
tures for the ideal situation when all subpulses are identical.
Such a situation can be well modeled by composing laser
pulses from a few monochromatic ones. In fact, the laser
pulse shapes considered in this paper are composed from
three monochromatic components with appropriately chosen
amplitudes, and from only two such components one can build
the sequence of identical subpulses for Nosc = 2. This fact
raises the question: How sensitive is the formation of frequency
combs if we change the relative phases of these monochromatic
components? This and similar problems are currently being
investigated and are going to be presented in due course.
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APPENDIX A: TRIADS OF UNIT VECTORS

The aim of this appendix is to settle the convention for the
polarization vectors for both the laser pulse and the radiation
emitted during Thomson or Compton scattering. Let us define
three normalized and mutually orthogonal real vectors, aj ,
j = 1,2,3, such that

a1 =
⎛
⎝cos θ cos ϕ

cos θ sin ϕ

− sin θ

⎞
⎠, a2 =

⎛
⎝− sin ϕ

cos ϕ

0

⎞
⎠,

(A1)

a3 =
⎛
⎝sin θ cos ϕ

sin θ sin ϕ

cos θ

⎞
⎠,

where θ and ϕ are the polar and azimuthal angles in an
arbitrary chosen reference frame. These vectors constitute a
right-handed basis of vectors, since

ai = εijlaj × al , (A2)

where εijl is the antisymmetric tensor such that ε123 = 1.

Moreover, an arbitrary vector V can be decomposed as

V = a1(a1 · V ) + a2(a2 · V ) + a3(a3 · V ). (A3)

Usually, we shall assume that, if the radiation propagates in
the a3 direction, then two real vectors, a1 and a2, describe two
linear polarizations of radiation. In order to account for elliptic
polarizations, we should consider two linear combinations,

aδ,1 = cos δ a1 + i sin δ a2, (A4)

aδ,2 = i sin δ a1 + cos δ a2, (A5)
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such that the orthogonality condition reads aδ,j · a∗
δ,l = δjl . In

this case, the right-handed condition, Eq. (A2), remains valid
and, for an arbitrary vector V , the following decomposition is
fulfilled:

V = aδ,1(a∗
δ,1 · V ) + aδ,2(a∗

δ,2 · V ) + a3(a3 · V ). (A6)

In particular, for δ = π/4 the vectors aδ,1 and aδ,2 correspond
to the right-handed and left-handed circular polarizations.

Note that the choice of vectors a1 and a2 in Eq. (A1) is
not unique. We can use this freedom to define another set of
vectors which determines the polarization properties of a beam
of photons propagating in different directions. If, for instance,
we have a polarizer which does not transmit radiation polarized
perpendicular to the unit vector Npol, then it is sometimes more
convenient to introduce a triad of vectors (a‖,a⊥,n) such that

a‖ = v1a1 + v2a2, a⊥ = −v2a1 + v1a2, a‖ × a⊥ = n,

(A7)

where

vi = ai · Npol√
(a1 · Npol)2 + (a2 · Npol)2

, i = 1,2. (A8)

APPENDIX B: DIFFRACTION AND GLOBAL PHASE FOR
THOMSON SCATTERING

We derive here the diffraction formula for classical Thom-
son scattering that resembles very much the diffraction grating
formula for angular distributions. For this purpose let us
consider an arbitrary pulse defined by two shape functions
f0j (φ) (j = 1,2 for two linear polarizations of the laser field)
such that they vanish outside the interval [0,2π/Nrep] together
with their first derivatives, and for Nrep = 1,2, . . . . If we define
now the shape functions fj (φ) in Eq. (1) such that

fj (φ) =
{
f0j (φ), φ ∈ [0,2π/Nrep]
0 otherwise, (B1)

then the Thomson formula, Eq. (35), defines the energy
distribution for a single pulse. Since the acceleration of
electrons for φ > 2π/Nrep vanishes, therefore the upper limit
of the integration over the phase φ can be shrunk to 2π/Nrep.

On the other hand, the shape functions

fj (φ + 2π (L − 1)/Nrep) = f0j (φ) for L = 1,2, . . . ,Nrep,

(B2)

define the pulse consisting of Nrep copies of the same subpulse.
In this situation,

ATh,σ (ωK ) = 1

2π

∫ 2π

0
dφϒσ (φ)eiωK �(φ)/c

= 1

2π

Nrep∑
L=1

∫ 2π/Nrep

0
dφϒσ

(
φ + 2π

L − 1

Nrep

)

× exp

[
i
ωK

c
�

(
φ + 2π

L − 1

Nrep

)]
. (B3)

For 0 ≤ φ ≤ 2π/Nrep,

ϒσ

(
φ + 2π

L − 1

Nrep

)
= ϒσ (φ) (B4)

and

�

(
φ + 2π

L − 1

Nrep

)
= (L − 1)�

(
2π

Nrep

)
+ �(φ). (B5)

Hence, after some algebraic manipulations, we arrive at the
diffraction formula for the Thomson amplitude,

ATh,σ (ωK ) = exp

[
i
ωK

2c
(Nrep − 1)�

(
2π

Nrep

)]

×
sin

[ωK Nrep

2c
�
(

2π
Nrep

)]
sin

[
ωK
2c

�
(

2π
Nrep

)] A(1)
Th,σ (ωK ), (B6)

where [see Eq. (34) with the comments below Eq. (B1)]

A(1)
Th,σ (ωK ) = 1

2π

∫ 2π/Nrep

0
dφϒσ (φ)eiωK �(φ)/c (B7)

is the Thomson amplitude for the single subpulse.
For particular frequencies ωK ,L that fulfill the condition

ωK ,L

c
�

(
2π

Nrep

)
= 2πL, L = 1,2, . . . , (B8)

we have the diffraction enhancement of the energy distribution
generated by Thomson scattering (similar to the diffraction
grating pattern for the angular distribution), as

|ATh,σ (ωK ,L)|2 = N2
rep

∣∣A(1)
Th,σ (ωK ,L)

∣∣2. (B9)

Moreover, for Nrep > 1, the Thomson amplitude vanishes for
ωK such that

ωK Nrep

2c
�

(
2π

Nrep

)
= πL, L = 1, . . . ,Nrep − 1, (B10)

and, for Nrep > 2, it has minor maxima if

ωK Nrep

2c
�

(
2π

Nrep

)
= πL + π

2
, L = 1, . . . ,Nrep − 2.

(B11)

This pattern is exactly observed in our numerical analysis and
is very well known for the angular distribution of radiation
passing through a diffraction grating.

The global phase of the Thomson amplitude equals

argATh,σ (ωK ) = (Nrep − 1)

[
π + ωK

2c
�

(
2π

Nrep

)]

+ argA(1)
Th,σ (ωK ), (B12)

and the determination of the phase for a single subpulse for a
general form of the shape functions and arbitrary polarizations
of emitted radiation can be done only numerically. However,
for special types of pulses considered in this paper the
analytical formula for this phase can be provided. Indeed, by
inspecting Fig. 15, together with the comments made below
Eq. (B3), one can notice the following symmetry properties,
valid for φ ∈ [0,π/Nrep],

ϒσ (φ) = −ϒσ (2π/Nrep − φ) (B13)

and

�(φ) + �(2π/Nrep − φ) = 2�(π/Nrep). (B14)
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FIG. 15. (Color online) Functions ϒσ (φ) and �(φ) for the Thom-
son amplitude. The parameters are the same as in Fig. 2 except that
Nrep = 2. These functions, for the considered laser pulse shapes,
satisfy the symmetry conditions (B13) and (B14). We draw horizontal
and vertical lines to emphasize the important symmetries of these
functions.

These relations allow us to write down the Thomson amplitude
A(1)

Th,σ (ωK ) as follows:

A(1)
Th,σ (ωK )

= 1

π
exp

[
i

(
π

2
+ �(π/Nrep)

c
ωK

)]

×
∫ π/Nrep

0
dφϒσ (φ) sin

{
ωK

c
[�(φ)−�(π/Nrep)]

}
,

(B15)

and, since �(2π/Nrep) = 2�(π/Nrep), we finally arrive at the
global phase for Thomson amplitude,

�Th,σ (ωK ) =
(

Nrep ∓ 1

2

)
π + Nrep

ωK

c
�

(
π

Nrep

)
, (B16)

where “−” is if the integral in Eq. (B15) is positive, and “+” if
negative. Therefore, we see that for laser pulses considered in
this paper the global phase is a linear function of the frequency
of emitted radiation and, moreover, for the peak frequencies
ωK ,L [Eq. (B8)], we obtain

�Th,σ (ωK ,L) = (
Nrep ∓ 1

2

)
π + NrepLπ. (B17)

Hence, up to the same constant term, the phase is 0 modulo π ,
which proves the coherent properties of the Thomson combs.
Moreover, the peak frequencies ωK ,L are equally separated
from each other, which is not the case for Compton scattering.

We remark that, in order to derive the diffraction for-
mula (B6), one has to assume that for each individual subpulse
all necessary conditions imposed on a laser pulse have to
be preserved; namely, the electromagnetic field strength and
vector potential in the beginning and at the end of a subpulse

has to vanish. Otherwise, the symmetry relations (B4) and (B5)
would not be satisfied. The same applies to the quantum case,
as it follows from the analysis presented in Appendix C. This,
in particular, excludes the case of a plane wave because, for
the single oscillation, these conditions are not satisfied.

APPENDIX C: DIFFRACTION AND GLOBAL PHASE
FOR COMPTON SCATTERING

A similar analysis as in Appendix B can be also carried
out for Compton scattering. Since in this case the formulas
are much longer, we first introduce simplified notations.
In this appendix the integers j,j ′ = 1,2 denote two linear
polarizations of the laser pulse, and we apply the Einstein
summation convention. Let us also define the following
abbreviations:

μi = μ
mec

2pi · k
, μf = μ

mec

2pf · k
, (C1)

S(+)
p (x) = p · x +

∫ k·x

0

[
eA(φ) · p

k · p
− e2A2(φ)

2p · k

]
dφ, (C2)

and the four-vector

Q = pi − pf − K. (C3)

Then the probability amplitude for Compton scattering can be
written as [14]

A(e−
piλi

→ e−
pfλf

+ γKσ ) = i

√
2παc(mec2)2

E piE pf ωK V 3
A, (C4)

where V is the quantization volume and

A =
∫

d4xe−i[S(+)
pi (x)−S

(+)
pf (x)−K·x]ū

(+)
piλi

Ĉ(k · x)u(+)
pfλf

, (C5)

with the 4 × 4 matrix function

Ĉ(k · x) =/εKσ − μifj (k · x)/εKσ /k/εj − μffj (k · x)/εj /k/εKσ

+ μiμffj (k · x)fj ′ (k · x)/εj /k/εKσ /k/εj ′ . (C6)

For finite laser pulses this expression, although finite, is not
convenient for numerical and analytical analysis. Therefore,
we apply the transformation defined in Appendix B of Ref. [14]
and originally introduced by Boca and Florescu in Ref. [12].
This transformation leads to the change of Ĉ(k · x):

Ĉ(k · x) ={
ãj fj (k · x) + b̃

[
f 2

1 (k · x) + f 2
2 (k · x)

]}
/εKσ

− μifj (k · x)/εKσ /k/εj − μffj (k · x)/εj /k/εKσ

+ μiμffj (k · x)fj ′ (k · x)/εj /k/εKσ /k/εj ′ . (C7)

Here,

ãj = 2
k0

Q0
(μipi · εj − μfpf · εj ), (C8)

and

b̃ = − k0

Q0
μmec(μi − μf). (C9)

Now, accounting for the laser-pulse-dressed electron momen-
tum, Eq. (13), we introduce the following decomposition [this
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is in fact the definition of G(k · x)]:

S(+)
pi

(x) − S(+)
pf

(x) − K · x = Q̄ · x + G(k · x), (C10)

where

Q̄ = p̄i − p̄f − K. (C11)

The purpose of this decomposition is such that the functions
G(φ) and Ĉ(φ) for the laser pulse consisting of Nrep copies
of identical subpulses satisfy, for φ ∈ [0,2π/Nrep] and L =
1, . . . ,Nrep − 1, the symmetry conditions

G(φ + 2πL/Nrep) = G(φ), (C12)

and

Ĉ(φ + 2πL/Nrep) = Ĉ(φ), (C13)

similar to Eq. (B4) for Thomson scattering. Furthermore, for
an arbitrary four-vector a, we define the light-cone variables
(n is the propagation direction of the laser beam)

a‖ = n · a, a− = a0 − a‖, a+ = a0 + a‖

2
,

a⊥ = a − a‖n. (C14)

Since (x− = k · x/k0 = φ/k0)

Q̄ · x = (Q̄+/k0)φ + Q̄−x− − Q̄⊥ · x⊥, (C15)

and

d4x = 1

k0
dφdx+d2x⊥, (C16)

we rewrite the Compton amplitude (C5) as

A = (2π )3δ(Q−)δ(2)( Q⊥)
1

k0

×
∫ 2π

0
dφ e−i(Q̄+/k0)φ e−iG(φ)ū

(+)
piλi

Ĉ(φ)u(+)
pfλf

. (C17)

Applying now the decomposition (B3) to the integral over φ

and accounting for the symmetries (C12) and (C13), we arrive
finally at the diffraction formula for the Compton amplitude,

A = exp

(
−iπ

Q̄+(Nrep − 1)

k0Nrep

)
sin(πQ̄+/k0)

sin(πQ̄+/k0Nrep)
A(1),

(C18)

where A(1) is the Compton amplitude for a single pulse. For
frequencies of emitted photons, ωK ,L with integer L, that
satisfy the condition

πQ̄+/k0Nrep = −πL, (C19)

we have the coherent enhancement of the Compton amplitude,
which leads to the quadratic, N2

rep, enhancement of probability
distributions. However, contrary to the Thomson case, these
frequencies are not exactly equally separated from each other
on the whole interval of allowed frequencies, i.e., [0,ωcut].
When ωK approaches the cutoff value ωcut the spectrum
of ωK ,L becomes increasingly denser. This means that one
can get the frequency comb for Compton scattering with
approximately equally spaced peak frequencies, only over
some limited frequency intervals.

Since for a single subpulse (see discussion in Sec. III)

argA(1) = −π
Q̄+

k0Nrep
+ �

dyn
C,σ (ωK ,λi,λf), (C20)

where �
dyn
C,σ (ωK ,λi,λf) is the dynamic phase of a single

subpulse, therefore the global phase of the Compton amplitude
equals

argA = �C,σ (ωK ,λi,λf) = −π
Q̄+

k0
+ �

dyn
C,σ (ωK ,λi,λf).

(C21)

For arbitrary laser pulses and polarizations of emitted
photons the dynamic phase can only be calculated numerically.
We have checked numerically that for laser pulses considered
in this paper the dynamic phase is independent of ωK . Hence,
for the peak frequencies ωK ,L, the global phase,

�C,σ (ωK ,L,λi,λf) = πLNrep + �
dyn
C,σ (ωK ,L,λi,λf), (C22)

is the same modulo π. This does not mean, however, that
the Compton frequency comb, contrary to the Thomson one,
is perfectly coherent. This time, the distance between the
peaks changes a little bit due to the recoil of electrons during
the emission of photons. For the low-frequency part of the
frequency spectrum these effects are rather small, but for the
high-frequency part they become significant.
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