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Generation of a coherent second-harmonic beam from incoherent conical beams

P. Stanislovaitis, A. Narmontas, V. Pyragaite,* and V. Smilgevicius
Department of Quantum Electronics, Vilnius University, Saulétekio Avenue 9, Building 3, LT-10222 Vilnius, Lithuania
(Received 3 February 2014; published 14 April 2014)

Second-harmonic generation from incoherent conical beams is investigated. A theoretical description of
an incoherent conical beam is provided. It is demonstrated that in the case of noncollinear phase matching,
the spectrum of the second-harmonic beam narrows with the propagation in a nonlinear crystal. A simplified
experiment with two intersecting fundamental beams is described. Numerical simulations of the nonlinear
coupling equations are performed and good agreement with the theory is obtained.
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I. INTRODUCTION

In recent years the possibilities to generate a coherent wave
from an incoherent one by means of three-wave interaction
in a nonlinear crystal were investigated. Temporal [1-4],
spatial [5], and both [6-8] coherences are under discussion.
Experiments of optical parametric generation [1,3], oscilla-
tion [2], amplification [4,5], and second-harmonic generation
(SHG) [7,8] were proposed and performed.

Here we focus on the improvement of the spatial coherence
by the means of SHG. In Ref. [8] it was demonstrated that
the frequency spectrum of the second-harmonic (SH) wave
narrows with the propagation in a nonlinear crystal due to
the temporal walk off between the fundamental and SH
waves. One could try to make use of the spatial walk off
in the case of the spatial beams. However, there are two
transverse coordinates (x,y), while the walk off can improve
the coherence only in one direction. The solution of the
problem is the implementation of a conical beam, where
wave vectors lie on the cone surface and the spectrum is a
ring. The spatial walk off in all directions is provided by the
noncollinearity. In this article we demonstrate the possibility
to obtain a narrow-band SH beam from incoherent conical
beams.

Coherent conical beams (Bessel beams) were introduced
by Durnin [9]. Nonlinear optics of Bessel beams [10] is an
interesting research area. The experiment of optical parametric
generation by an incoherent conical pump revealed the
possibility to generate a coherent signal when the incoherence
of the pump is carried away by the idler beam [11]. The
theoretical model of the incoherent conical beam was not
provided yet. In this article, we describe the incoherent
conical beam as a superposition of intersecting incoherent
beams.

The rest of the paper is organized as follows. We start
(Sec. II) from the description of the simplified experiment
of noncollinear SHG. In Sec. III, we provide the theoretical
model of incoherent conical beams, and we describe SHG in
the case of an incoherent conical pump. The special case of two
intersecting beams is described too. In Sec. IV, the numerical
simulation of nonlinear coupling equations is performed.
Finally, conclusions are drawn in Sec. V.
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II. EXPERIMENTAL

First, we describe the experiment in which two intersecting
fundamental beams generate a SH beam. The first fundamental
beam is spatially incoherent and the second one is a coherent
beam.

The experimental setup is presented in Fig. 1. We used
two temporally coherent laser sources. Each source had the
same characteristics: 2.2 mJ pulse energy, 1 kHz frequency,
1064 nm wavelength, pulse duration approximately 75 ps.
Both sources radiate spatially coherent beams. In order to get
a spatially incoherent beam, in one of the laser beams we
put phase distortion film. The width of the coherent beam at
FWHM was 1.6 mm on the x axis and 1.2 mm on the y axis.
The angle between intersecting beams was 18° (approximately
12° in crystal). For SH generation we used 2 cm long KDP
Type-I phase matching crystal. The coherent and incoherent
beams were intersected in the yz plane, while the crystal
was positioned in such orientation that the walk off effect
occurred in the perpendicular plane (xz). To separate the
fundamental and second-harmonic output beams we used an
iris aperture. Also in order to register the intensity distribution
and angular spectra of SH beam with CCD we used neutral
filters to reduce radiation intensity. We registered generated
noncollinear SH intensity distribution in the crystal output
plane by using a 2f-2f imaging technique. The lens with
250 mm focal length was used. We put the lens 500 mm from
the crystal output plane and put a CCD camera 500 mm from
lens. To register SH angular spectra we used an f-f imaging
technique. In this case we used a lens with 500 mm focal
length.

The angular spectra of the input fundamental beams as well
as the output second-harmonic beam are depicted in Fig. 2.
Here 9;’“: denotes the angles outside the crystal. The beams
were intersected in the yz plane and the walk off takes place
in the xz plane. As we can see, the second-harmonic spectrum
can be fitted by the theoretical line, Eq. (46). In this case, the
spectral width decreases only in one direction. The direction
of the line depends on the ratio of the intersection angle of
the fundamental beams to the walk-off angle. The line can be
rotated by changing the intersection plane of the fundamental
beams, see bottom right of Fig. 2. The question may arise:
what will be the angular spectrum of the second-harmonic
beam when two conical beams interact, one consisting of the
incoherent beams placed on a ring and the second consisting
of the narrow-band coherent beams? In this case the direction
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FIG. 1. Experimental setup. PDF: phase distortion film; A:
aperture, L: lens; F: neutral filter.

of the line is undefined and as we will see from the below
theoretical consideration, the spectrum of the second harmonic
is a narrow-band central spot. In other words, the conical
configuration forces the decrease of the spectral width in all
directions.

III. THEORETICAL

Now we will describe the model of the incoherent conical
beam. It is generated from a large amount of intersecting
uncorrelated beams. Next, the second-harmonic generation
from two incoherent conical beams will be discussed.

A. Incoherent conical beam model

We assume N incoherent beams, the spectra of which
are placed on the ring. Then the complex amplitude of the
composed conical beam reads

N
A(x,y) =Y By(x,y) explifo cos(@a)x + ifo sin(¢,)y],

n=1
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FIG. 2. Experimental angular spectra of the first (top left) and
second (top right) fundamental beams as well as generated second-
harmonic beam (bottom left). White line: Eq. (46). Bottom right:
spectral lines for intersection planes rotated by the angle o with
respect to yz plane, Eq. (48).
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where ¢, =2n(n — 1)/N and B, are the propagation an-
gle and complex amplitude of the nth beam, respectively.
Bo = koby, where ky and 26, are the wave number of the
fundamental beam and cone angle, respectively. x, y are the
transverse Cartesian coordinates. Further we turn to cylindrical
coordinates r, ¢: x = rcos ¢, y = r sing. Then the complex
amplitude can be written as

N
A(r,9) =Y Bu(r,9) explifor cos(gn — ¢)]. 2

n=I

Let us define the spectral amplitude as

S(B..B,) = / / Ax.y)exp(—ifox — iB,)dxdy  (3)

or in cylindrical coordinates:

[e'e) 2
S(B8,0) = / / A(r,p) exp[—ifr cos(6 — @)]rdrde. (4)
o Jo

Here B, = Bcosf, B, = Bsinf. By the use of Jacobi-Anger
expansion:

exp(iqcosf) = Y i*Ju(q) exp(iko), (5)

k=—00

where Ji(q) is a Bessel function, we obtain

N 00 0 T 00
SBOH=> > > /02 /O rdrdgi ™' B,(r,p)

n=1 k=—o00l=—00

X Jk(Br)Ji(Bor) exp [—ik(0 — @) + il(gn — @)].
(6)

Further we will calculate the average (S*(8’,0)S(8,6)). We
need to know the correlation functions (B (x’,y")B,(x,y)).
We assume that the correlation radius of all intersecting beams
is the same and the correlation functions are Gaussian. The
beams are not correlated with each other. In this theoretical
treatment we assume that the beams are homogeneous. In
Cartesian coordinates, the correlation function can be written
as

<B:’(x,7y,)Bn(xvy)>

> (x—x)P (y—y)?
= b()ann’ €xXp <_ p2 - ;02 ’ (7)

where by is an amplitude and p is a correlation radius. &, is
the Kronecker §. In cylindrical coordinates one obtains

(B)(r',¢")B,(r,9))
1
= D38 €Xp (—p[r2 + 7% —2rr cos(p — (p/)]> . (®

Further we make use of the relation [12]

o0

explgcos®)] = Y I,(q)exp(ipt). ©)

p=—00
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where 1,,(g) is a modified Bessel function. By the use of Egs. (6), (8), and (9) we obtain

9] o) o0 2w 2
(S*(B',0")S(B.0)) =bZZ Z Z [ exp [—ik6 + ik'0’ +z(z—z)¢n/ / / f dedrdg dr'rr’

—00 k,k'=—o0l,l'=
X exp [—l(l — k) +il' = KN¢' + ipe — )] J(Br)Ji(Bor) i (B'r') i (Bor ), (2rr'  p*)
x exp(—r?/p*) exp(—r"/p?). (10)
Now we are able to integrate over azimuthal angles ¢ and ¢’. We obtain

N o)

(S*(B.0)S(B.0) =by2ry’ Y D Y expl—ik(0 — ¢,) + ik (6" — pu)]

n=1 p=—00 k,k'=—00
« / / drdr'vr' JoBr)d sk (Bor) i (B ) s (Bor Y 2rr' | 02 exp(—r2 /) exp(—r2 /). (1)
0 0

Further we make use of the summation formula [12]:
[o.¢]
exp(ipy)J,(Rr) = Z Ji(Br)Ji4p(Bor) explik(en — 6)], (12)
k=—00

where

2_p2, a2 B oy Bo— Bexpl—i(g, —0)]
R™ =B~ + B; —2BPocos(p, —0) and exp(i2y) = Bo— poxplilon —0)] (13)

So, the summations over k and k’ give

(55 0)SBO) = RemR S S explipCr — ) f / drdr'rr’

n=1 p=—00
x J,(Rr)J,(R'r) Q27 [ p*) exp(—r?/ p*) exp(—r'? / p?), (14)
where R’ and ' are obtained from Egs. (13) by replacing 8, 0 with g, 6’. We integrate over r’ by use of the relation [12]:
00 e y2— 2
/ vexp(—v?/ P, ()] (yav)dv = - exp ( T p2> Iy(2p*/2). (15)
0
So,
1 N szpz S
(S*(B,0)S(B.0) = bgp*2mY' =Y Y explip(yr — ) exp | — / rJp(Rr)Jp(R'r)dr. (16)
2 n=1 p=—00 4 0
By the use of the relation
*© , 3(R—R)
rJ,(Rr)J,(Rr)dr = — R (17
0

we can integrate over r:

; R2 2\ 8(R — R))
(S*(B'.6)S(B.0)) = bjp*(2m)* 5 Z Z explip(¥ — ¥')]exp — (18)
n=1 p=—
[
Here §(...) is a Dirac § function. The sum over p also can be we can write
calculated:
b2 N R2,2
»2 N R2,2 *r ol o _ by » 3 _R7p
(S*(B,6)8(8,0)) = 70,02(271)3 Zexp (— 4p > (5°(5.0)5(8.0)) = 2" (@m)” % ;exp( 4
- 58 — B
5(R R’) ——80 - 0. 21
PRS-y 9) X 09 @b
Since the Jacobian Here summation over n is due to R, see Eq. (13). In the case
ROy  OROY B ) of a large amount of beams N, the sum over » can be replaced
%3_9 B 3_6)% R (20) by the integral: ZnN=1 — % 02” dg,. By the use of Eqs. (13)
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and (9) we obtain the following spectral intensity:

Npp by (_ﬂ2+ﬂ§>,<2ﬂﬁo>
27 Oagr Tt P a2 )\ ap? )
(22)

G(B.0) =

where p was replaced by 2/AB, AB is a spectral radius. Here
the spectral intensity G is defined as

(S*(B',0")S(B.0)) = 30 —0) (23

2YG(B.0) (ﬂﬁﬁ)

or in Cartesian coordinates
(S*(BL.BS(Br.By)) = (27 G(By. By)S(Bx
(24)

Finally, Eq. (22) can be simplified by assuming that the cone
angle is much larger than the spectral width: 8y > AB. Then
Io(§) ~ exp(§)/+/27& and at & ~ 285/ AB* (B ~ Bo):

VLN C B Gl Vi
G(B.0) = Nl e p( A5 ) . @)
In the limit A — 0 we have
2 2m
G(B.0) = Nb(,%a(ﬁ — Po). (26)

35y iﬁ§+ﬁ§

-— = S1,

0z 2k0

3S, B+ p?

— =i =8,

0z 2ko

983 ,32 + 8} 20
= S S

aZ 2o 3 —1yPeS3 +

Solutions of the equations are the following

S1 = S10(Be,By) exp [24,%(/33 + ﬂi)z]’

Sy = S20(Bx,By) exp [i(ﬂf + ﬁ?)z],

: 24+ B2
———z—iyBz )/ dz’f:Xp(—iAkz’—iﬂXZk—ﬂ)z’
0 30

i+ B;
83(Br.By.2) = 5 exp ( 2k

— BBy — By)-

exp( tAkz)/ f dB1dBy1Si1(Bx — Bx1,By —
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So, we have obtained simple expressions (25) and (26)
for incoherent conical beams, which consist of uncorrelated
incoherent and coherent beams, respectively.

B. Nonlinear coupling equations
Let us discuss the equations of three-wave interaction,
which are given by:
dA, N i (0%A  9%A
0z 2k10 3X2 3y2

) = —0 A Az exp(i Akz),

DAy i (PAy BN
% +2k20 ( o T 8y2> o A7 Az exp(i Akz),
(B )

0z 2ksy \ 9x2 dy? ax

=20 A1 A; exp(—i Akz). 27

A Type-linteraction is assumed. A ; are complex amplitudes of
fundamental (j = 1,2) and second-harmonic (j = 3) beams.
kjo, v, Ak, o are the wave number, a walk-off angle, the phase
mismatch, and the nonlinear coupling coefficient, respectively.
As in the experiment the walk off takes place in the xz plane.
In the case of second-harmonic generation we have kjy =
koo = ko, k3o = 2ko. Further we assume that pump depletion
is weak and the right-hand terms in the first two equations are
negligible. Then for the spectral amplitudes one obtains

IByl)S2(ﬁxl aﬂyl)- (28)

+i J/ﬁxz’>

X / / dBx1dBy1S1(Bx — Br1.By — By1,2)S2(Be1, By1,2), (29)

where Sjp and Sy are the spectral amplitudes of the input fundamental beams (at z = 0). Insertion of the first two equations of

Eqgs. (29) into the third equation and integration over z’ yield

207 ,32
—¢€X
472 P

S3(;3xvﬂy,Z) =

z—lj/ﬂxz> / / dBodpon

a(ﬂxlaﬂylaﬂx’ﬂy)z

<la(ﬂxl aﬁyl aﬂx”By)Z> .
X exp B sinc

Here

B: +B;

a(ﬁxlvﬁylvﬂxsﬁy) = —Ak — k
30

+ By

> S10(Bx — Bx1,B8y — By1)S20(Bx1,By1)- (30)
(Be — Bu1)* + By — By1)* B + By
2k + 2k G
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Now we will find the expression of the spectral intensity of the second-harmonic beam. The average

(S3(Br. By 2)S3 (Bl By2)) =

X {S10(Bx — Bx1,By

72402 / / / f BordBrdBadp arz
1n 1n —_—
167 Te4 x1APy1APx2dPy2S C S Cc 3

— By1)S20(Bx1.By1)STo( By

= B2, By — By2)S3(Br2, By2))- (32)

Here a; = a(B1,By1,Bx.By) and ay = a2, By2, By, B;). We calculate the average of the fourth-order moment assuming that the
fundamental beams are Gaussian processes. The beams are assumed to be homogeneous and uncorrelated. Then the fourth-order
moment can be factorized into second-order moments and by the use of Eq. (24) we obtain:

(S10(Bx = Br1,By — By1)S20(Br1, By1)STo(By — Br2, By — By2)S20(Br2, By2))
= 167G 10(B: — Be1.By — By1)G20(Be1, By1)S(Be — Br1 — B + Bx2)8(Br1 — Be2)S(By — Byt — By + By2)d(By1 — Bya).
(33)
Finally, we obtain the spectral intensity of the second-harmonic beam:
4 G3(B.By) = 2?40’ / [ dpi1dpy1Gro(By — Bur.By — ﬂyl)Gzo(ﬂxl,ﬂ,Vl)sin&“%. (34)

We will use this expression in the further consideration.

C. Second harmonic from two incoherent conical beams

Let us assume two fundamental conical beams, one of
which is incoherent azimuthally and radially, Eq. (25). The
second is assumed to be incoherent only azimuthally, Eq. (26).
We call them the first and the second fundamental beams,
respectively. So, we insert the following expressions of the
spectral intensities of the fundamental beams into Eq. (34):

(/B2 + B2 — o)

exp | — AR ,

)27
 ABBo

Glo(ﬂxsﬁy) = Nb,

, (35)
Gao(BesBy) = Nbéﬂ—’za( B2+ B2 — fo).

These expressions were derived from Egs. (25) and (26)
by converting the cylindrical coordinates to Cartesian. The
substitution gives

477263(,3x7/3y)

1 o0 o0
=402’ N2btan 7 f / dpBy1dByi
0 Aﬁﬂo —00 J —00 Y

(/B> + B — 281 cos@ — 61) — fo)’

xexp | — N
8(:31 - ﬂO) z /32
XTSincz <E< Ak — m —+ ﬁx]/
B*+ B —2BBicos(0 —6) B}
— 1], 36
+ %o + T (36)
where By1 = B cosby, By = By sin6. Further we return to

cylindrical coordinates: [ [ dB,idBy1 — [ [ Bi1dBid6,. We
make use of the § function and integrate over ;. We obtain

(

the following integral over 6;:

G3(B.09)

= iszz —/h do
T2 MBBovT S
(/2 + B3 — 2BBo cos® — 01) — fo)’

xexp | — N
. B’ BBo cos(@ — 1)
| — s — —— | |.
xsinc |:2 <4k0 + By cos ko
(37)
Here we assumed the noncollinear phase matching:
Ak = B /ko (38)

and used the relation k35 = 2ko. We also introduced a nonlinear
interaction length L,, = 1 /o by.

In Fig. 3 the calculated spectra of the generated second-
harmonic beam are presented. The spectrum narrows during
the propagation in the nonlinear crystal. The cone angle (26) =
62 mrad) was chosen to be comparable with the walk-off angle
(y = —28 mrad). So, its influence is sufficiently large. In the
right bottom of Fig. 3 we compare the spectral widths in x
and y directions. They are not the same due to the walk off.
The walk off takes place in the x direction, so A@;"“ decreases
faster than AOP™.

We note that the angular structure of the SH beam generated
from the incoherent conical beams differs from the structure,
which was discussed in Ref. [13]. There, the coherent conical
pump beam was investigated and it was shown that the
spectrum of the generated SH beam can be factorized into two
parts: one describing the transverse phase matching (TPM)
and another arising from the longitudinal phase matching
(LPM). TPM yields the spectral width of the SH equal to
2.5/(kid), where d is the beam radius of the pump beam.
LPM in our notations reads as 8% /4ky + v, = 0. In our case,
the TPM and LPM parts can not be factorized, see Eq. (37).
The maximum of the expression is obtained at 8 = 0, so the
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FIG. 3. Theoretically calculated spectra [Eq. (37)] of the second-
harmonic beam. Bottom right: theoretically calculated spectral width
of second-harmonic beam at § =0 (A6) and 6 = /2 (AG;’”‘).
Type-1 KDP crystal, fundamental wavelength A; = 1.064 um, 65" =
2.7°, AB/ko =2 mrad, y = —28 mrad. z: 200 um (top left), 2 mm
(top right), 1 cm (bottom left).

spectrum narrows with the propagation in a nonlinear crystal.
We note that spectral width would not decrease if both pump
beams were radially incoherent, Eq. (25). One of the pump
beams has to be radially coherent.
From Egs. (37) and (35) it follows for the spectral radiance:
G:0.0) _ 2

—————— = 4N —. 39
G10(Bo.0) L2 59

n

D. Two intersecting beams

In the experiment there were only two intersecting funda-
mental beams, Fig. 1. In this case, from Eq. (21) we obtain the
following expression for the first beam:

4 2+ (By — o)’
G1o(Bx.By) = nA—ﬂzbS exp (—%) . (40)

For the second beam we obtain
Ga0(Bx,By) = 472b38(B)S(By + Bo)- (41)

The beams are intersected in the yz plane. The insertion of
Egs. (40) and (41) into Eq. (34) gives

472 G3(By,By-2) = 472240 by G ro(Be, By + ﬂo)sincz%,
(42)
where
Bith B2 (B +h . B
=—Ak——"—"2 48 Do TPV Fo
ap Iko + By + 2k + %o + e

(43)
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By the use of Eq. (38) we obtain

Bo  Bi+B;
= By —+ . 44
ap ﬂy+ﬂyk0+ ko (44)
So, in the case of two intersecting beams, the spectral intensity
of the second harmonic is

Gs(BeBy2) _ & Pthy
Gu0.py) L2 P\ Tap

. B2+ B?
x sinc? <§ |:,3xy + ﬁyf—s + W{D .

(45)

At large z the second-harmonic spectrum obeys maximum
condition at the line described by the equation:

Bx = —ByBo/(koy). (46)

This is confirmed by the experiment, Fig. 2. For the spectral
radiance we obtain:

G000 _ 45. (47)
G10(Bo,0) L2

In the case of conical beams this ratio is N times larger,
Eq. (39). The factor of 4 appears due to the factor of 2 in
the nonlinear term of the third equation of Egs. (27).
Equation (46) can generalized for the case when the
intersection plane of the fundamental beams is rotated by angle
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FIG. 4. Numerically calculated spectra of the first (top left)
and the second (top right) fundamental beams. Bottom: normalized
spectra of the first (1) and the second (2) fundamental beams
at 69" = 0. Type-I KDP crystal, fundamental wavelength A, =
1.064 pm, o™ = 2.7°, AB/ ko = 2mrad,d = 700 um, N = 32.One
simulation.
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FIG. 5. Numerically calculated spectra of the second-harmonic
beam. Type-I KDP crystal, fundamental wavelength ; = 1.064 um,
65" =2.7°, AB/ky = 2 mrad, y = —28 mrad. z: 200 um (top left),
2 mm (top right), 1 cm (bottom left). Bottom right: numerically
(gray lines) and theoretically (black lines and squares) calculated
normalized spectra at 69" = 0, z =200 um (1) and z =1 cm (2).
d =700 um, L, = 20 cm, N = 32, average of 50 simulations.

«. Then, the line obeys the following equation:

Bo cos(a)/ ko

P Besint@) ko “%)

:Bx:

IV. NUMERICAL SIMULATION

In the theoretical description of the second-harmonic
generation we have neglected the depletion of the pump beams
and have assumed that the beams are homogeneous. In the
practical situation the pump depletion could be neglected but
the beams are of finite sizes, so the walk off in long crystals
will play an important role. Here we perform the numerical
simulations of Egs. (27). In practical situation the Gaussian

PHYSICAL REVIEW A 89, 043821 (2014)

Schell model [14] should be used. Then, the amplitude of the
single beam can be written as

By(x.y) = boexp[—(x* + y*)/d’]
Ny
X Zexp(iK”x +iKyy +i&), (49)

s=1

where d is a beam envelope radius, K ., and K, are the random

number of normal distribution with variance AB/+/2, where
AB =2/p, and &; is a uniformly distributed phase. N; has to
be sufficiently large. The first fundamental beam consists of N
of such Gaussian Schell-model beams, Eq. (1), and the second
beam was constructed from N Gaussian beams of the same
radius d. The phases of the beams were random. Equations (27)
were simulated 50 times for a 1 cm long KTP crystal and the
average values were fixed. The simulations were performed by
the use of the symmetrized split-step Fourier method [15]. The
results are presented in Figs. 4 and 5. The fundamental beams
are depicted in Fig. 4. Good agreement between the numerical
(Fig. 5) and the theoretical (Fig. 3) results was obtained.

V. CONCLUSIONS

In conclusion, we demonstrated the possibility to improve
the coherence in the two-dimensional case. The spectrum of
the second-harmonic beam narrows with the propagation in a
nonlinear crystal when fundamental beams are two incoherent
conical beams. One of these beams is radially coherent and
the other is incoherent both radially and azimuthally. The
simple interpretation of the result follows from the simplified
experiment of two intersecting fundamental beams. In this
case the width of the generated second-harmonic spectrum
decreases in one direction. The spectrum is a line that can
be rotated by changing the intersection plane. In the case
of conical beams the line direction is undefined, so only the
central component of the spectrum remains.
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