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Spectroscopy for a few atoms harmonically trapped in one dimension
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Spectroscopic labels for a few particles with spin that are harmonically trapped in one dimension with
effectively zero-range interactions are provided by quantum numbers that characterize the symmetries of the
Hamiltonian: permutations of identical particles, parity inversion, and the separability of the center-of-mass. The
exact solutions for the noninteracting and infinitely repulsive cases are reduced with respect to these symmetries.
This reduction explains how states of single-component and multicomponent fermions and bosons transform
under adiabatic evolution from noninteracting to strong hard-core repulsion. These spectroscopic methods also
clarify previous analytic and numerical results for intermediate values of interaction strength. Several examples,
including adiabatic mapping for two-component fermionic states in the cases N = 3–5, are provided.
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The quantum system of a few particles in one dimension,
confined by an external field and interacting via a short-range
potential, has been a touchstone model for nuclear, atomic,
statistical, and mathematical physics since the 1930s. This
system possesses enough symmetry and regularity to be
analytically tractable in many cases, but also manifests a
rich enough phenomenological structure to serve as physically
significant model for realistic systems. This class of models has
been a playground for studying the interplay of integrability
and solvability, the emergence of universality in few-body
phenomena, and the transition from few-body to many-body
physics.

This article focuses specifically on the quantum system of
N particles of mass m confined in a one-dimensional harmonic
trap with frequency ω and interacting via an effectively zero-
range potential. The Hamiltonian for the model is

Ĥ

�ω
= 1

2

N∑
i=1

(
− ∂2

∂x2
i

+ x2
i

)
+ g

∑
i<j

δ(xi − xj ), (1)

with the particle coordinates xi expressed in units of
√

�/mω.
This Hamiltonian has received intense attention recently
because it serves as a model for neutral cold atoms with
interactions tunable through the manipulation of Feshbach and
confinement-induced resonances trapped in extremely prolate,
approximately harmonic optical wells [1–4]. The model has
been used to investigate few-body and many-body properties
of one-dimensional trapped ultracold gases of bosons [5–11],
fermions [12–23], and mixtures of bosons and fermions
[24–26]. The so-called unitary limit g → ∞ of hard-core
repulsive interactions is known as the Tonks-Girardeau gas and
has been realized in the laboratory with bosons [27,28], as has
the metastable super-Tonks-Girardeau limit g → −∞ [29].
Recent experiments in which the state of a few trapped,
interacting fermions can be controlled and measured [30–33]
have generated excitement that tunable Fermi gases will allow
simulation of solid-state phenomena such as the transition to
ferromagnetism [18,21,23,34].

The solutions of Hamiltonian (1) form a complete basis
for the spatial states of N distinguishable particles, and these
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solutions can be symmetrized to account for identical bosons or
fermions, whether single species or multicomponent. An exact,
complete set of solutions of (1) are known when N = 2 for
all g [35–37], and these solutions have become the benchmark
for further theoretical investigations. For N � 3, a complete
set of exact solutions are known only for the interaction-
free case g = 0 and for the hard-core limit g → ∞.1 In
the g = 0 case, the system is equivalent to the well-known
isotropic oscillator in N dimensions. In the g → ∞ limit, N !
independent solutions can be constructed from each g = 0
fermionic solution [6,25] by generalizing the famous Bose-
Fermi mapping [38]. This mapping has also been generalized
to construct exact solutions at g → ±∞ for multicomponent
fermions [12,15], multicomponent bosons [6,8], and boson-
fermion mixtures [25].

Both sets of exact spatial solutions can be described using
a unified spectroscopic framework. The spectroscopic labels
correspond to the irreducible representations (irreps) of the
total symmetry group GN of the Hamiltonian. The group GN

is isomorphic to the direct product SN × Z2 × U(1), where SN

is permutation symmetry, Z2 corresponds to parity, and U(1) to
contact symmetry of the one-dimensional harmonic oscillator
in the separated center-of-mass variable. The symmetry group
GN holds for any interaction strength g ∈ R, so GN irrep
labels serve as quantum numbers that are respected by the
interparticle interaction for all values of g, not just for the
exact limits.

In this article I argue that these spectroscopic labels can
be used to help implement symmetrization, understand the
transformation of states under rapid or adiabatic changes in the
interaction parameter, and improve approximation schemes for
states in the intermediate interaction regime. Many previous
works have exploited the symmetry and representation theory
of SN to construct symmetrized states, e.g., [12–14,21,25],
but this treatment differs in three substantial ways. First, the
symmetrization and reduction into GN irreps in the g = 0 and
g → ∞ limits is facilitated by using the Jacobi hypercylindri-
cal coordinate system, defined below. This coordinate system

1The g → ∞ solutions are also energy eigenstates at g → −∞, but
they no longer form a complete basis due to the existence of bound
states.
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naturally incorporates the contact and dilation symmetries
(cf. [39,40]) of Ĥ . Second, a method is used to construct spatial
states with the right properties for symmetrizing multicompo-
nent spin systems that does not require explicitly constructing
the spin state. Third, and perhaps most importantly, the
group GN exhausts the symmetry of Ĥ (except for g = 0 or
g → ±∞), whereas SN does not. Therefore, for intermediate
values of g, each possible set of spectroscopic labels uniquely
identifies a distinct degenerate energy subspace, and each
subspace has the dimension of the corresponding GN irrep.

When g = 0 and g → ∞ the symmetry group of (1) is
larger than GN but contains it as a subgroup. That means
the degenerate energy eigenspaces are reducible into irreps
of GN , and they are usually not simply reducible. The
reduction problem for these two exact limits is solved in
this article. Comparing the pattern of irreps of GN at g = 0
and g → ∞ provides the generalization of the boson-fermion
mapping to multicomponent cases or mixed symmetry. Under
adiabatic evolution of the interaction strength, states follow
this mapping. The results of this method agree with recent cal-
culations by other methods [19–21,23,34]. Additionally, once
this map is known, one can construct approximate solutions
for intermediate interaction strengths from the extreme exact
cases using variational methods (cf. [11]). In a subsequent
work I will show how this same spectroscopic framework
also allows the dynamics arising from rapid variations of the
interaction parameter, or quenches, to be described accurately
and efficiently.

Finally, the spectroscopic notation developed here clar-
ifies results achieved by a variety of analytic and numer-
ical approximation methods for intermediate values of g

[9–11,17–20,22,26,41–43]. These methods typically produce
spectral graphs that are dense with crossing lines, but these
lines can be assigned unique labels with this system. When
the graphs are partitioned into GN irreps, there are no level
crossings. Exact diagonalization methods that exploit this
spectroscopic system will require fewer basis states to get
the same accuracy because there are no interaction matrix
elements between states in different GN irreps.

I. REDUCTION BY GN

The total Hilbert space for N particles with k accessible spin
components and interaction strength g is constructed as the
tensor product H = Kg ⊗ S of the spatial Hilbert space Kg ∼
L2(RN ) and the spin Hilbert space S ∼ CkN

. The Hamiltonian
Ĥ (1) acts as the identity on S, but it can be used to reduce Kg

into a direct sum of energy eigenspaces Kg

E ,

Kg =
⊗
σg(E)

Kg

E, (2)

where σg(E) is the spectrum of Ĥ for a particular g.
Because GN is a symmetry of Ĥ , the space Kg can also be

reduced into a direct sum of irreps of GN labeled by the triplet
μ = {νR,π,�p	}, i.e.,

Kg =
⊗

μ

∞⊗
τμ=0

Kg
μτμ

, (3)

where τμ labels the degeneracy of μ-type irreps. The three
labels {νR,π,�p	} of the irreps correspond to the three factors
of GN . First, the center-of-mass excitation quantum number
νR ∈ N = {0,1,2, . . .} labels the irreps for U(1). Second, the
parity quantum number 	 = ±1 labels the irrep for parity
inversion. The relative parity quantum number π = 	(−1)νR

will be used instead of 	 to remove the contribution due to
the parity from the center-of-mass excitations since inversion
of the just the center-of-mass coordinate is contained with the
U(1) symmetry factor.

The third factor of GN is the symmetric group SN . Here
I briefly summarize some notation for SN and its irreps as
necessary for this article; consult a standard reference like [44]
for details. The group SN has N ! elements corresponding to
the permutations of N objects. The set of elements of SN

decomposed into conjugacy classes for each partition �p	 of
N , e.g., for four particles there are five partitions �4	, �31	,
�22	 ≡ �22	, �211	 ≡ �212	, and �1111	 ≡ �14	. For each
conjugacy class there is also an irrep of SN , and these are
often depicted as standard Young diagrams with N boxes, e.g.,

�31	 = . The dimension of each irrep 
�p	 is the number
of standard Young tableaux for that diagram, i.e., the diagram’s
boxes are labeled such that rows of boxes always have an equal
or increasing number as one moves to the right, and vertical
boxes have always have increasing numbers. For a given N ,
the irrep �N	 is one dimensional and totally symmetric and the
irrep �1N	 is one dimensional and totally antisymmetric. All
other irreps are multidimensional. Conjugate representations,
in which rows and columns are exchanged, have the same
dimension. Within an irrep, each element of SN is represented
by a 
�p	-dimensional matrix. The traces of these matrices
are called the characters of the representation, and all ele-
ments of SN from the same conjugacy class have the same
character.

Assuming there are no other symmetries of the Hamiltonian
than GN for the parameter range 0 < g < ∞, then the degen-
eracy of any eigenvalue E is constrained to be the dimension of
an irrep of GN and there is a unique correspondence between
each energy degeneracy subspaceKg

E and a specific irrepKg
μτμ

.
This correspondence will not change as g is adiabatically
tuned within the range 0 < g < ∞, even though energy of
the subspace may vary. Therefore, the energy levels in the
subspaceKg

μ = ⊕
τμ
Kg

μτμ
do not cross or reorder as g is varied

from noninteracting to hard-core repulsion. If they did cross at
some g, this would imply an additional symmetry of Ĥ for that
particular value of interaction strength. To my knowledge there
is no analytic or numerical evidence for such an “accidental”
symmetry (see for example [41] for the three-body case), but a
proof of this assumption that GN exhausts the symmetries
of Ĥ for the parameter range 0 < g < ∞ would be most
welcome.

If there are no spin degrees of freedom, or only one spin
component is accessible, the spin Hilbert space S is one
dimensional and the decomposition of Kg into GN irreps is
the complete reduction of the problem. In that case, only the
irreps �N	 for bosons and �1N	 for fermions are physically
realizable. If the particles have multiple accessible spin
components, then there are several different ways to proceed.
One way is to reduce the spin Hilbert spaceS with respect to SN
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TABLE I. This table summarizes the decomposition of the spin
Hilbert space S ∼ C16 for N = 4 spin-1/2 particles into irreps of S4.
For example, this shows that there are three ways to construct a spin
state with s = 1 and sz = 1, and they transform among themselves
under particle permutations as the irrep �31	. In total, S can either be
decomposed as D2 ⊕ 3D1 ⊕ 2D0, where Ds is the irrep of SU(2), or
as 5�4	 ⊕ 3�31	 ⊕ �2	.

s = 2 s = 1 s = 0 Total

sz = 2 ↑ ↑ ↑ ↑ 1

sz = 1 ↑ ↑ ↑ ↓
↑ ↑ ↑
↓ 4

sz = 0 ↑ ↑ ↓ ↓
↑ ↑ ↓
↓

↑ ↑
↓ ↓ 6

sz = −1 ↑ ↓ ↓ ↓
↑ ↓ ↓
↓ 4

sz = −2 ↓ ↓ ↓ ↓ 1

Total D2 3D2 2D0

and then take its direct product with the spatial Hilbert space
Kg . Note that the total spin operator Ŝ is invariant with respect
to SN so subspaces with the same total spin and spin component
will belong to an irrep of SN . Techniques for the reduction of
a spin system are well-known [44]; an example with four
spin-1/2 fermions is provided in Table I. Then the total
Hilbert space H = S ⊗ Kg can be symmetrized to account for
fermions or bosons by taking the direct product of the SN irreps
for the spin with the SN factor of the GN irrep for the spatial
part. The reduction of the direct product of two SN irreps will
contain a single copy of �N	 if the irreps are the same and a
single copy of �1N	 if they are conjugate irreps. This method
is essentially a variation of the technique described in [12] and
extended in [21].

Another equivalent method, which is applied in the re-
mainder of this article, is to work only with the spatial states
and treat particles with different spin components as if they
were distinguishable (cf. [19]). Then, although Ĥ still has
the full SN symmetry, the physically realizable states have a
symmetry that is a subgroup of SN . For example, consider
four two-component fermions with two particles spin-up, two
spin-down. To account for symmetrization, the only possible
states are in those irreps of S4 which when reduced by S2 × S2

contain the irrep �12	 × �12	. As an example, see Table II for
the reduction of S4 with respect to all bosonic and fermionic
irreps of subgroup. See Appendix A for similar tables for
N = 3 and N = 5. The advantage of this second method is
that the symmetrized spatial states can be constructed without
explicitly constructing the spin state.

II. NONINTERACTING SOLUTIONS

At g = 0, the Hamiltonian (1) is equivalent to an N -
dimensional isotropic harmonic oscillator with U(N ) sym-
metry [45–47]. Energy subspaces K0

X ≡ K0
E have energy

E = �ω(X + N/2) with X ∈ N and degeneracy

dX
N = (X + N − 1)!/[X!(N − 1)!]. (4)

TABLE II. This table gives the reduction of S4 irreps by
subgroups to account for multicomponent bosons and fermions. The
notation (22)B means two bosons in one component, and two bosons
in another component. The case (1111) corresponds to distinguishable
particles.

Number of Component �p	
components pattern �4	 �31	 �22	 �212	 �14	
1 (4)B 1 0 0 0 0
2 (31)B 1 1 0 0 0
2 (22)B 1 1 1 0 0
3 (211)B 1 2 2 1 0

1 (4)F 0 0 0 0 1
2 (31)F 0 0 0 1 1
2 (22)F 0 0 1 1 1
3 (211)F 0 1 2 2 1

4 (1111) 1 3 2 3 1

A standard set of invariants to diagonalize the degeneracy of
K0

X are the N quantum numbers {n1,n2, . . . ,nN } representing
the excitation number for each particle treated as separable
harmonic oscillators. However, the reduction into irreps takes
the simplest form when the N -dimensional harmonic oscillator
is solved in the Jacobi hypercylindrical coordinates {R,ρ,�̂}.
The coordinate

R = 1√
N

∑
i=1

xi

is the normalized center-of-mass. The hypercylindrical radius
ρ is the distance from the R axis

ρ = 1√
N

⎛
⎝(N − 1)

∑
i=1

xi − 2
∑
i<j

xixj

⎞
⎠

1/2

and the other relative coordinates are the (N − 2) hyperangles
�̂. Note that the definitions of R and ρ are SN invariant.

Quantization in this coordinate system leads to the alternate
basis |νR,νρ,λ,{χ}〉, where νR ∈ N is the excitation quantum
number for R and νρ ∈ N is the excitation quantum number
associated for ρ. The quantum number λ is related to
the eigenvalues of the grand angular momentum operator
�̂ for the hyperangular coordinates �̂ [48]. For N > 3
the degeneracy of a λ subspace is (modifying Eq. (3.86)
from [49])

εN
λ = (N + 2λ − 3)(λ + N − 4)!/[λ!(N − 3)!]

and for N = 3, ε3
λ=0 = 1 and ε3

λ 
=0 = 2. The numbers {χ} are
the set of parameters that label an orthonormal basis for the
λ subspace. This degeneracy can be diagonalized many ways
(e.g., [48,50]), but the particular choice is not important for
the results of this article.

Note that the quantum numbers {νR,νρ,λ} are invariant
under GN , and two of the irrep labels can be immediately
determined: νR itself and π = (−1)λ. The energy expressed
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TABLE III. This table gives the degeneracy of S4 irreps in
each K0

νR,νρ ,λ subspace. To calculate for λ = 12 + λ′ add the irrep
degeneracy pattern {1,3,2,3,1} to the pattern for λ′.

λ �4	 �31	 �22	 �212	 �14	 λ �4	 �31	 �22	 �212	 �14	
0 1 0 0 0 0 7 1 2 1 2 0
1 0 1 0 0 0 8 1 2 2 2 0
2 0 1 1 0 0 9 1 3 1 3 1
3 1 1 0 1 0 10 1 3 2 2 1
4 1 1 1 1 0 11 1 3 2 3 0
5 0 2 1 1 0 12 2 3 2 3 1
6 1 2 1 1 1 13 1 4 2 3 1

in the hypercylindrical quantum numbers is �ω(νR + 2νρ +
λ + N/2). Reducing K0

X into subspaces K0
νR,νρ ,λ with X =

νR + 2νρ + λ is a straightforward arithmetic problem that
is independent of N . Each subspace K0

νR,νρ ,λ must then be
further reduced into SN irreps �p	. The key observation is that
which irreps of SN appear depends only on the grand angular
momentum λ.

Here is an outline of the λ subspace reduction method:
Assume that the reduction has already been found for all
values of λ up to X − 1. To find the reduction for λ = X,
first reduce K0

X into irreps of SN using the symmetries of
the partitions of X. For example, when N = 4 and X = 2
the partitions are (2,0,0,0) and (1,1,0,0). The first partition
corresponds to a four-dimensional particle excitation basis
that can be reduced into �4	 ⊕ �31	, the second to a six-
dimensional basis that reduces to �4	 ⊕ �31	 ⊕ �22	. Second,
decompose K0

X into K0
νR,νρ ,λ subspaces. Continuing with the

example,K0
2 = K0

2,0,0 ⊕ K0
1,0,1 ⊕ K0

0,1,0 ⊕ K0
0,0,2. One of these

will always be the subspace K0,0,X and the rest have λ for
which the SN reduction problem is already solved. Subtracting
the irreps for the values of λ < X, the only remaining irreps
will correspond to λ = X. See the results of the reduction for
N = 4 in Table III.

See Appendix B for a more detailed description of how the
λ reduction is calculated, and for tables summarizing the the
λ reduction of K0

νR,νρ ,λ for N = 3 and N = 5. For all N , when

λ = 0, the space K0
νR,νρ ,0 carries only the single irrep �N	 and

when λ = 1, the space K0
νR,νρ ,1 carries only the irrep �N−1 1	.

For N � 4, the space K0
νR,νρ ,λ will not be simply reducible for

general λ.
There are alternate methods to achieve this reduction.

For the case of N = 3, this reduction was done by the
author in [41] using explicit construction of representations
of S3 × Z2 on Jacobi hypercylindrical basis functions. For the
case of N = 4, the reduction can be performed by recognizing
that all permutations in S4 × Z2 is isomorphic to Oh, the
point symmetry group of a cube. Using well-known properties
of spherical harmonics, the characters of the representation
of these operations on λ subspaces can be calculated and
then reduced by characters of the irreps of S4 × Z2 using
standard group representation techniques. These reproduce
known results for tetrahedral harmonics from molecular
physics, cf. [51].

TABLE IV. This table incorporates the results of Tables II
and III to enumerate the degeneracy multicomponent states obeying
symmetrization rules in the space K0

νR,νρ ,λ for N = 4. Note that the
degeneracy of (1111) is ε4

λ = (2λ + 1).

Component λ

pattern 0 1 2 3 4 5 6 7 8 9 10 11 12

(4)B 1 0 0 1 1 0 1 1 1 1 1 1 2
(31)B 1 1 1 2 2 2 3 3 3 4 4 4 5
(22)B 1 1 2 2 3 3 4 4 5 5 6 6 7

(211)B 1 2 3 4 5 6 7 8 9 10 11 12 13

(4)F 0 0 0 0 0 0 1 0 0 1 1 0 1
(31)F 0 0 0 1 1 1 2 3 3 3 3 3 4
(22)F 0 0 1 1 2 2 3 3 4 4 5 5 6

(211)F 0 1 2 3 4 5 6 7 8 9 10 11 12

(1111) 1 3 5 7 9 11 13 15 17 19 21 23 25

However the λ reduction is accomplished, it completes the
decomposition of K0 into irreps of GN :

K0 =
∞⊗

X=0

K0
X,

K0
X =

⊗
νR+2νρ+λ=X

K0
νR,νρ ,λ, (5)

K0
νR,νρ ,λ =

⊗
�p	

⊗
τ�p	

K0
νR,νρ ,λ;�p	τ�p	 .

Energy eigenfunctions for g = 0 in position space
x = (x1, . . . ,xN ) can be uniquely labeled as

〈x|νR,νρ,λ; �p	,τ ; j 〉,
where τ labels the degeneracy of �p	 in the K0

νR,νρ ,λ subspace
and j labels the 
�p	-fold degeneracy within the �p	 irrep.

For single-component bosons or fermions, the spin wave
function can only be symmetric. Therefore, as long as irrep
�N	 (or �1N	) appears in the SN reduction of λ, then the
wave function 〈x|νR,νρ,λ; �N	τ 〉 (or 〈x|νR,νρ,λ; �1N	τ 〉)
has the right symmetry to represent single-component
bosons (or fermions). Multicomponent fermionic or bosonic
symmetrization can be incorporated using the direct product
of decomposition of SN or the subgroup reduction method
described in the previous section. For example, states
representing four two-component fermions, three spin-up and
one spin-down, have the symmetry subgroup S3 × S1 ≡ S3.
The S3 subgroup irrep that antisymmetrizes the three spin-up
particles is �13	. The S4 irrep �212	 reduces with respect to S3

irreps according to �212	 = �21	 ⊕ �13	. That means there is
one state within each �212	-type subspace that can represent
a three spin-up, one spin-down fermionic state, and such a
state is labeled unambiguously as |νR,νρ,λ; �212	τ ; �13	〉.
The results of this symmetrization process are summarized
for N = 4 in Table IV.

III. INFINITE REPULSION LIMIT

Configuration space can be divided into N ! sectors, each
labeled by a permutation 〈p〉 = 〈p1p2 · · · pN 〉 of {12 · · · N}.
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For example with N = 4, 〈1234〉 labels the sector with
x1 > x2 > x3 > x4. Consider any totally antisymmetric g = 0
wave function 〈x|νR,νρ,λ; �1N	〉. This function will have
nodes at the boundaries of the sectors and from it one can
construct a set of N ! orthonormal eigenfunctions of Ĥ in the
limit g → ∞, each with support on different sectors [6]:

{x|νR,νρ,λ; 〈p〉} =
{√

N !|〈x|νR,νρ,λ; [1N ]〉| x ∈ 〈p〉
0 x /∈ 〈p〉.

(6)

These form a “snippet” basis [25] for the subspaces K∞
νR,νρ ,λ

which have energy �ω(νR + 2νρ + λ + N/2). For N = 3,
there is a single fermionic state to use as a snippet base when-
ever λ = 3,6,9, . . . ,3k, . . .. For N = 4, the first few subspaces
in which a single �14	 irrep appears are λ = 6,9,10,12,13, and
for N = 5 the first few are λ = 10,13,14,15.

Reducing the subspaces K∞
νR,νρ ,λ into irreps of GN is

accomplished in the following steps. First, notice that the 2(N !)
elements γ ∈ SN × Z2 are represented on the N !-dimensional
basis |νR,νρ,λ; 〈p〉} in a natural way. The representation Û (c)
of an element c ∈ SN permutes 〈p〉 into a new order

Û (c)|νR,νρ,λ; 〈p〉} = |νR,νρ,λ; 〈p′〉}, (7)

where 〈p′〉 is the rearrangement of p corresponding to the
permutation c. Parity inversion Û	 reverses the order and pulls
out a factor of the intrinsic parity

Û	|νR,νρ,λ; 〈p〉} = (−1)νR+λ|νR,νρ,λ; 〈p̃〉}, (8)

where 〈p̃〉 = 〈pNpN−1···p1〉. Once the characters χ (γ ) of the
representation Û (γ ) are found from these definitions (see
Appendix C for more details), then the reduction into irreps
�p	π of SN ⊗ Z2 is performed using the standard formula

aμ = 1

2N !

∑
γ

χμ∗(γ )χ (γ ), (9)

where aμ is the number of times the irrep μ appears in the
compound representations with characters χ and χμ∗(γ ) is
the character of the representation of γ in the irrep μ [44].

The snippet basis vectors can be projected into irreps of
SN × Z2 within K∞

νR,νρ ,λ using the characters and standard
techniques [44]. These states are denoted |νR,νρ,λ; �p	π ,τ ; j}.
As before, τ labels the degeneracy of �p	π in the K∞

νR,νρ ,λ

subspace and j labels the degeneracy within the irrep �p	π .
For N = 4, results of this reduction are in Table V. See
Appendix C for details about characters and reductions for
N = 3 and N = 5.

TABLE V. This table gives the reduction of the 24 dimensional
subspace K∞

νR,νρ ,λ into irreps of S4 × Z2 labeled as �p	π .

Irrep Even Odd Irrep Even Odd
�p	+ λ λ �p	+ λ λ

�4	+ 1 0 �4	− 0 1
�31	+ 1 2 �31	− 2 1
�22	+ 2 0 �22	− 0 2
�212	+ 1 2 �212	− 2 1
�14	+ 1 0 �14	− 0 1

IV. MAPPING EXAMPLES AND CONCLUSIONS

To conclude, I present a few examples of states and
mappings. For N = 3, there are six possible irreps of
S3 × ZN . The subspaces K0

νR,νρ ,λ and K∞
νR,νρ ,λ are simply

reducible, i.e., each irrep �p	π only appears once for a
given {νR,νρ,λ} and there are no τ labels required. The
antisymmetric states |νR,νρ,λ; �13	〉 = |νR,νρ,λ; �13	} with
λ = 3,6,9, . . . are eigenstates for all values of g, and the
symmetric states |νR,νρ,λ; �3	〉 with λ = 0,3,6, . . . map to
|νR,νρ,λ + 3; �3	π } with π = (−1)λ (i.e., the corresponding
Girardeau states). The states |νR,νρ,λ; �21	; j 〉 (j = 1,2) can
be reduced by the subgroup S2 into a two-component bosonic
state |νR,νρ,λ; �21	; �2	〉 and a two-component fermionic
state |νR,νρ,λ; �21	; �12	〉. The ground state of the two-
component fermion sector is |0,0,1; �21	; �12	〉, and it maps
into the lowest energy state with matching irrep labels μ =
{0, − ,�21	}, which is |0,0,3; �21	−}. Explicit construction
shows this is the same state constructed in [19,23].

For N = 4, the situation is more complicated because
the subspaces K0

νR,νρ ,λ and K∞
νR,νρ ,λ are not simply reducible

and because the degeneracy ε4
λ of K0

νR,νρ ,λ grows as 2(λ + 1)
instead of staying fixed like the N = 3 case. Figure 1 shows
a schematic representation of the N = 4 fermionic ground
state snippet solutions. The one-component fermionic ground
state is |0,0,6; �14	〉 = |0,0,6; �14	+}. The two component
fermionic ground states for g = 0 are

|0,0,2; �22	; �12	×�12	〉
for the two spin-up, two-spin down configuration and

|0,0,3; �212	,�13	〉
for the three spin-up, one spin-down (or reverse) configuration.
Both of these map to K∞

0,0,6 as g → ∞, but the corresponding
S4 irreps �22	+ and �212	− are doubly degenerate so the exact
adiabatic state must be a superposition of two basis states

|0,0,6; �22	+1; �12	×�12	} and

|0,0,6; �22	+2; �12	×�12	} (10)

for the two spin-up, two-spin down configuration and

|0,0,6; �212	−1; �13	} and |0,0,6; �212	+2; �13	} (11)

for the three spin-up, one spin-down (or reverse) configuration.
The results here are consistent with state constructions using
other analytical approaches, such as [21,23,34,52], and with
numerical solutions like [20].

For N = 5, the complications brought on by the fact that the
spaces K0

νR,νρ ,λ and K∞
νR,νρ ,λ are not simply reducible become

even larger. The two component fermionic ground states are

|0,0,4; �221	,�13	×�12	〉
for three up and two down (or reverse) and

|0,0,6; �213	,�14	〉
for four up and one down (or reverse). These two states map
adiabatically into three- and two-dimensional subspaces of
K∞

0,0,10;�221	+ and K∞
0,0,10;�213	+ , respectively. Figuring out how

to identify which superposition of these symmetrized snippet

033633-5



N. L. HARSHMAN PHYSICAL REVIEW A 89, 033633 (2014)

x1 x1x2

x3 x3
x1x2 x2

x3 x3

12342134

2314

3214 3124

1324

12432143

2341

3241 3142

1342
4312 4321

4231

42134123

4132

3412 3421

2431

24131423

1432

(a)
x1 x1x2

x3 x3
x1x2 x2

x3 x3(b)

x1 x1x2

x3 x3
x1x2 x2

x3 x3(c)
x1 x1x2

x3 x3
x1x2 x2

x3 x3

00
00

0 0
0 0

(d)

x1 x1x2

x3 x3
x1x2 x2

x3 x3

00

0
0 0

0

0 0

0
00

0

(e)
x1 x1x2

x3 x3
x1x2 x2

x3 x3

00
0
0 0

0
0 0

0
00

0

(f)

FIG. 1. (Color online) These figures schematically depict the
fermionic ground states of four particles in the limit g → ∞. (a)
Configuration space is broken into 24 sectors, each with a specific
ordering of particles, e.g., 4231 → x4 > x2 > x3 > x1. Each of these
sectors is represented by a triangle and all wave functions must
be zero on the sides of the triangle. The center-of-mass and radial
components of the wave functions are not depicted in these diagrams,
just the angular part. (b) A state in �14	+: The same function is
pasted into each triangle, with the relative phase represented by
pluses and minuses. All positive-parity, single component fermionic
states, including the ground state, have this form. (c) and (d) The
two states (10) in �22	+ reduced by the subgroup S2 × S2 into
the irrep �12	 × �12	. The ground state of the two spin-up, two
spin-down configuration adiabatically maps into the space spanned
by wave functions with this form. The notation ++ and −− means
the amplitude in that section is twice as much, and zero means no
amplitude. (e) and (f) The two states (11) in �212	− reduced by
the subgroup S3 into the irrep �13	. The ground state of the three
spin-up, one spin-down configuration adiabatically maps into the
space spanned by wave functions with this form.

basis vectors are appropriate for N > 3 is the subject of
ongoing work.

In summary, I have presented a spectroscopic method based
on the reduction of energy eigenspaces with respect to the
symmetry group GN . Every state belongs to an irrep labeled
by center-of-mass excitation, relative parity, and permutation
group symmetry. This group appears to be the maximal
symmetry for 0 < g < ∞, so it can be used to construct the
map from noninteracting states to hard-core repulsive states
for multicomponent fermions and bosons. More generally, this
spectroscopic system holds promise for simplifying numerical
methods for intermediate repulsive interaction strengths and
attractive interactions, for perturbative approaches to systems
with less symmetry, and for extensions to higher dimensions.

TABLE VI. This table gives the reduction of S3 irreps by
subgroups to account for multicomponent bosons and fermions. The
notation (21)B means two bosons in one component, and one boson
in another component. The case (111) corresponds to distinguishable
particles.

Number of Component �p	
components pattern �3	 �21	 �13	
1 (3)B 1 0 0
2 (21)B 1 1 0

1 (3)F 0 0 1
2 (21)F 0 1 1

3 (111) 1 2 1
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APPENDIX A: REDUCTION OF SN BY SUBGROUPS

To account for multicomponent bosons and fermions,
irreps �p	 of SN can be reduced with respect to a subgroup
and symmetrization rules applied at that level. For example,
consider the case of N two-component fermions where
N1 have one spin component (e.g., up) and N2 have an
orthogonal spin component (down). Then fermionic states
will be in the one-dimensional irrep �1N1	 × �1N2	 of the
subgroup SN1 × SN2 ⊂ SN . Generally, each SN irrep is a
compound representation of a subgroup of SN . One can use the

TABLE VII. This table gives the reduction of S5 irreps by
subgroups to account for multicomponent bosons and fermions. The
notation (221)B means two bosons in one component, two bosons in
another component, and one in a third. The case (11111) corresponds
to distinguishable particles.

Number of Component �p	
components pattern �5	 �41	 �32	 �312	 �221	 �213	 �14	
1 (5)B 1 0 0 0 0 0 0
2 (41)B 1 1 0 0 0 0 0
2 (32)B 1 1 1 0 0 0 0
2 (311)B 1 2 1 1 0 0 0
3 (221)B 1 2 2 1 1 0 0

4 (2111)B 1 3 3 3 2 1 0

1 (5)F 0 0 0 0 0 0 1
2 (41)F 0 0 0 0 0 1 1
2 (32)F 0 0 0 0 1 1 1
2 (311)F 0 0 0 1 2 1 1
3 (221)F 0 0 1 1 2 2 1
4 (2111)F 0 1 2 3 3 3 1

5 (11111) 1 4 5 6 5 4 1
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TABLE VIII. This table gives the degeneracy of S3 irreps in
each K0

νR,νρ ,λ subspace. For λ > 3, the reductions follow the pattern

K0
νR,νρ ,λ = K0

νR,νρ ,λ−3.

λ �3	 �21	 �13	
0 1 0 0
1 0 1 0
2 0 1 0
3 1 0 1

orthogonality relation between characters of a representation
to find out whether �1N1	 × �1N2	 (or any other subgroup irrep)
appears in the reduction of some particular SN irrep. Table II
summarizes these results for N = 4, and Tables VI and VII
show corresponding results for N = 3 and N = 5.

APPENDIX B: REDUCTION OF K0
νR,νρ ,λ

The algorithm described in the main article is described in
more detail here. To find the reduction of K0

νR,νρ ,λ, first reduce

K0
X into irreps of SN using the symmetries of the partitions of

X into particle excitations. For example, when N = 4 there
are partitions with five types of symmetry:

(1) (AAAA): subgroup S4 and multiplicity 1,
(2) (AAAB): subgroup S3 and multiplicity 4,
(3) (AABB): subgroup S2 × S2 and multiplicity 6,
(4) (AABC): subgroup S2 and multiplicity 12,
(5) (ABCD): subgroup S1 and multiplicity 24.
Each K0

X subspace can be decomposed into subspaces with
basis vectors among those five types. As examples for X < 3:

(1) X = 0: partition (0,0,0,0),
(2) X = 1: partitions (1,0,0,0),
(3) X = 2: partitions (1,1,0,0), (2,0,0,0),
(4) X = 3: partitions (1,1,1,0), (2,1,0,0), (3,0,0,0).
Continuing with X = 3 and N = 4, there are four ways to

distribute the energy partitions (3,0,0,0) and (1,1,1,0) over
four particles and 12 ways to distribute (2,1,0,0). Note that
from Eq. (4), d3

4 = 20 = 12 + 4 + 4 as it should, i.e., the par-

TABLE IX. This table gives the degeneracy of S5 irreps in each
K0

νR,νρ ,λ subspace.

λ �5	 �41	 �32	 �312	 �221	 �213	 �15	
0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 1 1 0 0 0 0
3 1 1 1 1 0 0 0
4 1 2 1 1 1 0 0
5 1 2 2 2 1 0 0
6 1 3 3 2 1 1 0
7 1 4 3 3 2 1 0
8 2 4 4 4 3 1 0
9 2 5 5 5 3 2 0
10 2 6 6 6 4 2 1
11 2 7 7 7 5 3 0
12 3 8 8 8 6 4 0
13 3 9 9 10 7 4 1

TABLE X. This table incorporates the results of Table VI to
enumerate the degeneracy multicomponent states obeying sym-
metrization rules in the space K0

νR,νρ ,λ for N = 3.

Component λ

pattern 0 1 2 3 4 5 6

(3)B 1 0 0 1 0 0 1
(21)B 1 1 1 1 1 1 1

(3)F 0 0 0 1 0 0 1
(21)F 0 1 1 1 1 1 1

(111) 1 2 2 2 2 2 2

titions (3,0,0,0) and (1,1,1,0) correspond to four-dimensional
subspaces of K0

3 and (2,1,0,0) to a 12-dimensional subspace
of K0

3.
Each of these subspaces can be reduced into irreps of SN by

filling up standard Young tableaux with the available symbols.
For example, the partition (3,0,0,0) can be distributed in S4

standard Young tableaux as

0 0 0 3 and
0 0 0
3 , (B1)

the partition (1,1,1,0) as

0 1 1 1 and
0 1 1
1 , (B2)

and the partition (2,1,0,0) as

0 0 1 2 ,

0 0 1
2 ,

0 0 2
1 ,

0 0
1 2 and

0 0
1
2 . (B3)

So this means for N = 4,K0
3 can be reduced into three copies of

�4	, four copies of �31	, one copy of �22	, one copy of �212	,
and no copies of �14	, or more briefly K0

3 = ⊕
[3,4,1,1,0].

In a similar methods, one could find the following series for
N = 4: K0

0 = ⊕
[1,0,0,0,0], K0

1 = ⊕
[1,1,0,0,0], and K0

2 =⊕
[2,2,1,0,0].
The subspace K0

X can be also decomposed into the direct
sum of subspaces K0

νR,νρ ,λ, each with dimensions εN
λ . For

example,K0
1 = K0,0,1 ⊕ K1,0,0, i.e., one one-dimensional copy

with λ = 0 and one three-dimensional copy with λ = 1.
Combining these results with the above, then λ = 1 subspaces

TABLE XI. This table incorporates the results of Table X to
enumerate the degeneracy multicomponent states obeying sym-
metrization rules in the space K0

X for N = 3.

Component X

pattern 0 1 2 3 4 5 6

(3)B 1 1 2 3 4 5 7
(21)B 1 2 4 6 9 12 16

(3)F 0 0 0 1 1 2 3
(21)F 0 1 2 4 6 9 12

(111) 1 3 6 10 15 21 28
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TABLE XII. This table incorporates the results of Tables VII
and IX to enumerate the degeneracy multicomponent states obeying
symmetrization rules in the space K0

νR,νρ ,λ for N = 5. Note that the

degeneracy of (11111) is ε5
λ = (λ + 1)2.

Component λ

pattern 0 1 2 3 4 5 6 7 8 9 10

(5)B 1 0 0 1 1 1 1 1 2 2 2
(41)B 1 1 1 2 3 3 4 5 6 7 8
(32)B 1 1 2 3 4 5 7 8 10 12 14
(311)B 1 2 3 5 7 9 12 15 18 22 26
(221)B 1 2 4 6 9 12 16 20 25 30 36

(2111)B 1 3 6 10 15 21 28 36 45 55 66
(5)F 0 0 0 0 0 0 0 0 0 0 1
(41)F 0 0 0 0 0 0 1 1 1 2 3
(32)F 0 0 0 0 1 1 2 3 4 5 7
(311)F 0 0 0 1 2 3 5 7 9 12 15
(221)F 0 0 1 2 4 6 9 12 16 20 25

(2111)F 0 1 3 6 10 15 21 28 36 45 55

(11111) 1 4 9 16 25 36 49 64 81 100 121

TABLE XIII. This is the character table for S3 × Z2. The conju-
gacy classes are the normal conjugacy classes of S3 doubled by parity
inversion i. The last two rows are the characters for the representation
on the sector basis given by Û (γ ) described in the main text.

Conjugacy class

Irrep �13	 �21	 �3	 i�13	 i�21	 i�3	
�3	+ 1 1 1 1 1 1
�21	+ 2 0 −1 2 0 −1
�13	+ 1 −1 1 1 −1 1
�3	− 1 1 1 −1 −1 −1
�21	− 2 0 −1 −2 0 1
�13	− 1 −1 1 −1 1 −1

Even λ 6 0 0 0 −2 0
Odd λ 6 0 0 0 2 0

TABLE XIV. This is the character table for S4 × Z2. The conju-
gacy classes are the normal conjugacy classes of S4 doubled by parity
inversion i. The last two rows are the characters for the representation
on the sector basis given by Û (γ ) described in the main text.

Conjugacy class

Irrep �14	 �212	 �22	 �31	 �4	 i�4	 i�31	 i�22	 i�212	 i�14	
�4	+ 1 1 1 1 1 1 1 1 1 1
�31	+ 3 1 −1 0 −1 3 1 −1 0 −1
�22	+ 2 0 2 −1 0 2 0 2 −1 0
�212	+ 3 −1 −1 0 1 3 −1 −1 0 1
�14	+ 1 −1 1 1 −1 1 −1 1 1 −1
�4	− 1 1 1 1 1 1 1 1 1 1
�31	− 3 1 −1 0 −1 −3 −1 1 0 1
�22	− 2 0 2 −1 0 −2 0 −2 1 0
�212	− 3 −1 −1 0 1 −3 1 1 0 −1
�14	+ 1 −1 1 1 −1 −1 1 −1 −1 1

Even λ 24 0 0 0 0 0 0 8 0 0
Odd λ 24 0 0 0 0 0 0 −8 0 0

TABLE XV. This table gives the reduction of the six-dimensional
subspace K∞

νR,νρ ,λ into irreps of S3 × Z2 labeled as �p	π .

Irrep Even Odd
�p	± λ λ

�3	+ 0 1
�21	+ 1 1
�13	+ 1 0
�3	− 1 0
�21	− 1 1
�13	− 0 1

correspond to the irrep pattern

K0
0,0,1 = K0

1 − K0
1,0,0

=
⊕

[0,1,0,0,0],

or one copy of �31	. The K0
2 subspace has two copies of

λ = 0, one copy of λ = 1, and one copy of λ = 2, so the
five-dimensional λ = 2 subspace can be reduced into

K0
0,0,2 = K0

2 − K0
2,0,0 − K0

0,1,0 − K0
1,0,1

=
⊕

[0,1,1,0,0],

i.e., �31	 ⊕ �22	. These results for N = 4 are summarized in
the main text, and the results for N = 3 and N = 5 are in
Tables VIII and IX.

Combining these results with the calculations of
Appendix A, degeneracy tables for K0

νR,νρ ,λ and K0
X are

constructed for N = 3, andK0
νR,νρ ,λ for N = 5 in Tables X–XII

below.

APPENDIX C: REDUCTION OF K∞
νR,νρ ,λ

The character tables for SN × Z2 can be derived from the
properties of the transformations (3) and (4) in the main text.
Note that all entries in the N ! × N ! matrices Û (γ ) are 1, −1,

TABLE XVI. This table gives the reduction of the 120-
dimensional subspace K∞

νR,νρ ,λ into irreps of S5 × Z2 labeled as �p	π .

Irrep Even Odd
�p	± λ λ

�5	+ 1 0
�41	+ 2 2
�32	+ 3 2
�312	+ 2 4
�221	+ 3 2
�213	+ 2 2
�15	+ 1 0
�5	− 0 1
�41	− 2 2
�32	− 2 3
�312	− 4 2
�221	− 2 3
�213	− 2 2
�15	− 0 1
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or 0. The character of the identity is always the dimension
of the representation N !. The character of all other pure
permutations is zero because all permutations map a function
with support on a single sector to another sector so that
have orthogonal domains. The character is also zero for the
parity and for the parity times most permutations elements
for the same reason. The only other nonzero characters are
for elements π and c that reverse each other. For example,
consider the element c = (14)(23). It reverses the ordering

when 〈p〉 = 〈1234〉, 〈1324〉, 〈2143〉, 〈2413〉, 〈3142〉, 〈3412〉,
〈4231〉, or 〈4321〉. Parity inversion reverses this reversal and
therefore, the character is χ [π (14)(23)] = 8, as is the character
of the other two elements of that conjugacy class of SN ⊗ Z2.
Character tables for irreps of SN × Z2 and the Û for N = 3
and N = 4 are in Tables XIII and XIV.

The reduction of K∞
νR,νρ ,λ is presented in the main text

for N = 4. Results for N = 3 and N = 5 are presented in
Tables XV and XVI.
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Found. Phys. 28, 549 (1998).
[36] S. Jonsell, Few-Body Syst. 31, 255 (2002).
[37] A. Farrell and B. P. van Zyl, J. Phys. A: Math. Theor. 43, 015302

(2010).
[38] M. Girardeau, J. Math. Phys. 1, 516 (1960).
[39] F. Werner and Y. Castin, Phys. Rev. Lett. 97, 150401 (2006).
[40] F. Werner and Y. Castin, Phys. Rev. A 74, 053604 (2006).
[41] N. L. Harshman, Phys. Rev. A 86, 052122 (2012).
[42] J. R. Armstrong, N. T. Zinner, D. V. Fedorov, and A. S. Jensen,

Phys. Scr. T 151, 014061 (2012).
[43] P. D’Amico and M. Rontani, J. Phys. B: At. Mol. Opt. Phys. 47,

065303 (2014).
[44] M. Hamermesh, Group Theory and Its Application to Physical

Problems (Dover, New York, 1989).
[45] J. M. Jauch and E. L. Hill, Phys. Rev. 57, 641 (1940).
[46] G. A. Baker, Phys. Rev. 103, 1119 (1956).
[47] J. D. Louck, J. Math. Phys. 6, 1786 (1965).
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