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Electron- and positron-induced ionization of water molecules:
Theory versus experiment at the triply differential scale
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Triply differential cross sections for electron- and positron-induced ionization of the 3a1 orbital of the water
molecule are calculated within the second-order distorted-wave Born approximation. In this context, distorted-
wave functions are numerically calculated by modeling both the initial and the final channels whereas single-center
Slater-type wave functions are used for describing the molecular target. A good agreement with the existing
experimental data is observed. Differences in the trends of differential cross sections are observed for the
electron- and positron-impact ionization.
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I. INTRODUCTION

Charged particle impact ionization is an important funda-
mental collision process that plays a significant role in many
areas as diverse as plasma physics, astrophysics, atmospheric
modeling, discharge physics, and radiobiology. In this context,
let us note that the water molecule is the third most abundant
molecule on Earth and is therefore of great importance in nu-
merous multidisciplinary research fields such as radiobiology
where it is commonly used as a surrogate for living matter,
the latter being composed of water for about 60% in mass.
As an example, energetic and angular distributions resulting
from electron-induced collisions with water molecules are
commonly used in charged particle track structure codes for
modeling the radio-induced damages in biological samples [1].
In addition, the low-energy electrons—abundantly produced in
the high-energy radiation and commonly used in radiotherapy
treatment planning—have nowadays been clearly identified as
of prime importance, in particular since the observation of their
crucial role in lethal cellular lesion induction [2]. Under these
conditions, the knowledge of the collision dynamics of such
low-energy electrons with biological systems remains crucial
so as to develop robust numerical models of charged particle
tracking in biological matter.

Studying the electron-impact single-ionization process at
the most differential scale, namely, the triply differential
scale—commonly referred to as (e, 2e) process—has become
a powerful tool for investigating the complete dynamics
of the collisional process. In this context, advances on the
theoretical side have provided much support for the experi-
ments. However, many-body problems still remain unsolved,
the simple atomic hydrogen case remaining up to now the
solely three-body problem numerically solved [3]. A lot
of data are available for the single ionization of simple
atomic hydrogen to more complex atomic and molecular
targets [4–6]. Besides, more complex processes such as double
ionization, simultaneous excitation and ionization, as well as
autoionization [7–9] have also been investigated.

In the last decades, numerous theoretical models have
been developed to describe the ionization processes at var-
ious impact energies and geometries [4–13]. Each of them
uses different kinds of approximations and as a result, the

experiments play an important role in checking the accuracy
of the theoretical approximations in use. In this context,
the distorted-wave Born approximation (DWBA) appears
as one of the most reliable alternatives for modeling the
ionization process of complex many-electron systems such
as noble gas targets, and alkali and alkali-earth metals [14,15].
Indeed, the DWBA-produced results in terms of (e, 2e) triply
differential cross sections (TDCSs) have shown a reasonably
good agreement with the available experimental data (see,
for example, Ref. [16]). However, describing the low-energy
electron-induced collisions undoubtedly requires several im-
provements such as the taking account of postcollisional
interaction (PCI), the correlation-polarization effect, as well as
the electron exchange phenomenon. Once these fine effects are
included, the theoretical results have shown better agreement
with experiments for various atomic targets [14,15,17,18].
Apart from the aforementioned effects, the second-order
approximation has been designated as particularly suitable
for describing the low-energy electron-induced collisional
processes [19].

In the current study, we report on the calculation of triply
differential cross sections for electron- and positron-induced
ionization of the 3a1 molecular orbital of the H2O molecule
in coplanar symmetric kinematics within the second-order
distorted-wave Born approximation (SBA-DWBA) including
postcollision interaction (PCI).

In the sequel, we briefly outline the theoretical model and
compare our TDCSs to measurements as well as theoretical
predictions provided by the MDW (molecular distorted wave)
model [20] in coplanar symmetric kinematics for incident
electron energies 4, 10, 20, and 40 eV above the ionization
potential of the 3a1 molecular state. Then, we discuss the role
of the postcollision interaction as well as the influence of the
projectile charge on the cross-section determination (electron-
versus positron-induced ionization).

II. THEORY

The electron- and positron-induced single-ionization pro-
cess on the H2O molecule is expressed as

e−/e+ + H2O → H2O+ + e− + e−/e+. (1)
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The triply differential cross section in second Born approx-
imation for the ionization process as in Eq. (1) may be written
as

d3σ

d�1d�2dE2
= (2π )4 k1k2

k0

∑
av

|fB1 + fB2|2, (2)

where k0, k1, and k2 are the momenta of incident, scattered,
and ejected particles, respectively. The elements d�1 =
sin ξ1dξ1dφ1 and d�2 = sin ξ2dξ2dφ2 denote the solid angle
for the scattered and the ejected electron, respectively, whereas
the energy interval of the ejected electron is represented by
dE2. In the coplanar symmetric geometry used here, k0, k1,
and k2 are in the same plane (φ1 = 0 and φ2 = 180◦) while
the scattering and ejection angles are taken as equal (ξ1 = ξ2).
The incident electron energy E0 is defined by the relation
E0 = E1 + E2 + Vi , where E1 and E2 refer to the energies
of the two outgoing electrons while Vi denotes the ionization
potential of the 3a1 orbital of the water molecule. Let us note
that Eq. (2) includes a sum over final and average over initial
magnetic and spin-state degeneracy.

The first-order term in DWBA is given by

fB1 = 〈
χ

(−)
1 (k1,r1)χ (−)

2 (k2,r0)
∣∣±

(
Z

r1
− 1

|r1 − r0|
)

× ∣∣�i(r0)χ (+)
0 (k0,r1)

〉
, (3)

where the symbol ± takes into account the charge of the
projectile (“+” for positron and “–” for electron) while Z

refers to the charge of the ionized target (here Z = 1).
χ (+)

0
(k0,r1) is the distorted-wave function used for describ-

ing the incident particle while χ (−)
1

(k1,r1) and χ (−)
2

(k2,r0)
refer to the distorted-wave functions used for the two outgoing
particles. �i(r0) is the initial bound-state wave function which
is approximated as the orientation-averaged molecular wave
function for the 3a1 orbital of water molecule.

The initial-state distorted waves are generated in the initial-
state distorting potential V constituted by the nuclear contri-
bution plus a spherically symmetric approximated interaction
between the incident particle and the target electrons, while
the final-state distorted waves are obtained in the final-state
distorting potential including the nuclear contribution plus a
spherically symmetric approximated interaction between the
continuum electron and the electrons in the ion field.

The target molecular orbitals are here expressed in terms of
Slater-like functions all centered at a common origin, i.e., the
heaviest atom, and are written as

�i(r0) =
Ni∑

j=1

aijφ
ξij

nij lij mij
(r), (4)

where Ni is the number of Slater orbitals φ
ξij

nij lij mij
(r) and aij

the weight of each atomic component,

φ
ξij

nij lij mij
(r) = R

ξij

nij lij
(r)Ylij mij

(r̂), (5)

with the radial part R
ξij

nij lij
(r) of each atomic orbital given by

R
ξij

nij lij
(r) = (2ξij )2nij +1/2√

2nij !
rnij −1e−ξij r . (6)

Let us note that in Eq. (5), r̂ designates the solid angle
direction.

All the needed parameters and quantum numbers are taken
from Ref. [21] and for more details we refer the reader to
Refs. [22–26] where the current water target description was
used for describing the electron-induced ionization process.

In the current theoretical model, we have expressed the
second-order Born term as

fB2 = 〈
χ (−)(k1,r1)χ (−)(k2,r0)

∣∣V G+
0 V

∣∣�i(r0)χ (+)
0 (k0,r1)

〉
,

(7)

where G+
0 is the Green’s function defined by

G+
0 = 1

E0 − H + iε
, (8)

where H is the Hamiltonian of target defined by the relation
H = −∇2

2 ± ( Z
r1

− 1
|r1−r0| ), E0 is the incident energy, and

ε → 0+.
In addition, let us note that the distorted-wave function

used for describing the incident particle is generated in the
equivalent local ground-state potential of the water molecule
while the distorted-wave functions used for modeling the
outgoing particles are generated in the equivalent local ground-
state potential of the residual ion. Moreover, let us add that all
along the current calculations reported here we have made
a careful check to ensure that the cross sections converge
satisfactorily. Finally, let us note that the spin-averaged static-
exchange potential of Furness and McCarthy [27] as modified
by Riley and Truhlar [28] has been used for the case of
electron-induced ionization; however, the distorted waves for
the positron-impact case have been generated in the static
potential of the target. We have included PCI in our DWBA
calculations using the Ward-Macek factor (Mee) [29]. The Mee

is a multiplicative factor to include the postcollision interaction
in a simple way and is defined as

Mee = Nee|1F1(−iλ3, 1,−2k3r3ave)|2, (9)

where

Nee = γ

eγ − 1
with γ = − 2π

|k1 − k2| ,

λ3 = − 1

|k1 − k2| , (10)

r3ave = π2

16ε

(
1 + 0.627

π

√
ε ln ε

)2

.

Finally, the TDCSs including PCI are given by

d3σ

d�1d�2dE2
= Mee(2π )4 k1k2

k0

∑
av

|fB1 + fB2|2. (11)

III. RESULTS AND DISCUSSION

The TDCS calculations have been performed in doubly
symmetric coplanar kinematics, i.e., with equal outgoing
electron energies and polar angles, namely, E1 = E2 and
ξ1 = ξ2 = ξ at several incident energies, namely, 4, 10, 20, and
40 eV above the ionization potential (IP) of the 3a1 molecular
state (Vi�15 eV) of the water molecule.
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FIG. 1. Triply differential cross sections for the electron-impact ionization of the 3a1 molecular state of the water molecule in coplanar
symmetric kinematics (i.e., φ1 = 0, φ2 = 180◦, and ξ1 = ξ2 = ξ ) at several incident electron energies: 4 eV (a), 10 eV (b), 20 eV (c), and
40 eV (d) above the ionization potential (IP � 15 eV). The energies of the two outgoing electrons are shown on the respective plots. The
solid line represents the second Born distorted-wave Born approximation while the dotted line refers to the molecular distorted wave (MDW)
approximation [20]. The experimental (solid circles) and theoretical data have been both independently normalized to unity.

The TDCSs for electron-induced ionization of the water
molecule are reported in Fig. 1 as a function of the ejection
angle ξ . The solid line represents the DWBA calculations
including the second-order term (SBA) with postcollision
interaction (PCI). We compare our results with the recent
measurements of Nixon et al. (solid circles) as well as the
theoretical predictions provided by the MDW model (dotted
line) both taken from Ref. [20]. All the theoretical and
experimental data are independently normalized. In all the
cases reported in Fig. 1, we observe that the experimental data
show a strong peak at forward-scattering angles (ξ < 90◦)
and a small one at backward-scattering angles (ξ > 90◦). The
coplanar differential cross section exhibits a forward peak
and a backward peak due to single electron-electron binary
collision and double-scattering mechanism, respectively [30].
Besides, we note that the forward peak shifts towards a lower
value of ejection angle as the incident electron energy increases
from 4 eV above IP to 40 eV above IP. On the theoretical front,

a similar trend is observed with the current second-order Born
calculations except in the case of incident electron energy
4 eV above IP [Fig. 1(a)]. A reasonable agreement may be
observed between our theoretical predictions and the available
experimental data, even considering some discrepancies in
terms of magnitude as well as position for the forward- and
backward-scattering peaks. At incident electron energy 4 eV
above IP [Fig. 1(a)] our SBA-DWBA calculations produce
a forward-scattering peak at the ejection angle ξ ≈ 70◦,
i.e., slightly shifted—as well as enlarged—in comparison
to the experimental one, located at ξ ≈ 66◦. However, the
small backward-scattering peak observed experimentally is
not reproduced in our current SBA-DWBA calculations. In
Fig. 1(b), we compare our SBA-DWBA calculations to the
available experimental data at the incident electron energy
10 eV above IP. A two-peak structure is theoretically ob-
served with forward- and backward-scattering peaks located
at ejection angles ξ ≈ 49◦ and ξ ≈ 128◦, respectively. Some
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FIG. 2. Triply differential cross sections for electron- and positron-impact ionization of the 3a1 state of the water molecule in coplanar
symmetric kinematics (i.e., φ1 = 0, φ2 = 180◦, and ξ1 = ξ2 = ξ ) at several incident electron energies: 4 eV (a), 10 eV (b), 20 eV (c), and 40 eV
(d) above the ionization potential (IP � 15 eV). The energies of the two outgoing electrons are shown on the respective plots. The solid line
represents the electron-impact ionization TDCSs while the dashed line refers to the positron ones.

degree of agreement is observed with the experimental data,
in particular in the forward-peak region since the observation
also reports a forward peak located around ξ ≈ 49◦. On the
contrary, the experimental backward-scattering peak appears
as shifted towards a higher ejection angle value, namely,
around ξ ≈ 180◦. Regarding now the TDCS profile for the
ionization of the 3a1 molecular state of the water molecule at
the incident electron energy 20 eV above IP in the present
second Born approximation [Fig. 1(c)], it is interesting to
note that a three-peak structure is then observed pointing
out an additional intermediate peak observed at ξ ≈ 77◦, i.e.,
located between the forward and backward peaks sited at
ξ ≈ 40◦ and ξ ≈ 126◦, respectively. Under these conditions,
the SBA predictions exhibit a reasonable agreement with
the experimental data, the latter showing a (very) small
intermediate peak around ξ ≈ 82◦ and forward and backward
peaks located at ξ ≈ 36◦ and ξ ≈ 120◦, respectively. At the
incident electron energy 40 eV above IP [Fig. 1(d)], the

experimental TDCSs do not show a clear two-peak structure
since they exhibit a continuous increase below the ejection
angle ξ ≈ 60◦ and beyond ejection angle ξ ≈ 120◦ (the peaks
may be out of the detector ranges). On the contrary, our
SBA calculations clearly provide a two-peak structure with, in
particular, a backward peak at ξ ≈ 140◦ and a broad forward
peak at ξ ≈ 50◦; the TDCSs exhibit—as expected—a decrease
in the forward (ξ ≈ 0◦) and backward directions (ξ ≈ 180◦)
due to postcollision interaction (PCI).

To conclude, the current SBA-DWBA predictions in terms
of TDCSs have here shown relevant features—from one- to
three-peak structures—in reasonable agreement (�75%) with
the experiment, pointing out also significant differences in the
low-incident energy regime. Besides, in comparison to the
MDW results taken from Ref. [20] (dotted curves in Fig. 1),
we observe that both the calculations reproduce a two-peak
structure at incident electron energy 10 eV above IP exhibiting,
in particular, a good agreement in regards to the position of
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the forward-scattering peaks. However, discrepancies in terms
of magnitude of the backward-scattering peak are noticeable
in our SBA calculations and MDW results at incident electron
energy 10 eV above IP [Fig. 1(b)]. The MDW calculations
show good agreement with the experimental data in the
forward-peak region and also produce a smaller backward
peak at the incident electron energy 4 eV above IP [Fig. 1(a)];
however, the position of the backward-scattering peak does not
match with the experimental data. Present SBA calculations
are able to produce only a broad forward peak at this energy.
SBA calculations show improved agreement with the experi-
mental data in the forward- and backward-peak regions at the
incident electron energy 20 eV above IP [Fig. 1(c)]; however,
they also exhibit an intermediate peak, which is not observed
in the MDW calculations. At incident electron energy 40 eV
above IP [Fig. 1(d)], the disagreement between the two sets
of calculations is more important since the MDW calculations
well reproduce the experimental observation, namely, a contin-
uous increase of the TDCSs below an ejection angle ξ ≈ 60◦,
contrary to our theoretical SBA-DWBA predictions, which
clearly exhibit a forward peak around ξ ≈ 50◦ and then neg-
ligible TDCSs in the forward direction (ξ ≈ 0◦), as expected
due to the inclusion of the PCI effect into our calculations.

In Fig. 2, we report on the comparison between the
electron- and positron-induced coplanar symmetric ionization.
Differential cross sections are here again calculated at incident
particle energies 4, 10, 20, and 40 eV above the ionization
potential of the 3a1 molecular state of the water molecule.
The positron-induced TDCSs (dotted line) clearly appear as
smaller in magnitude in comparison to the electron ones (solid
line). We also observe that the positron-impact TDCSs show
a two-peak structure at the incident energy of 4 eV above IP
[Fig. 2(a)], whereas the electron-impact TDCSs show only a
broad forward peak at this energy. The experimental TDCSs
for the electron-impact case also show a two-peak structure
at this energy [solid circles in Fig. 1(a)]. This may be due
to the effect of charge on the molecular collision dynamics.
At incident energy 10 eV above IP both positron- and
electron-impact TDCSs show two-peak structure. However,
the positron-impact TDCSs are smaller in magnitude and the

peaks are shifted towards higher values of the scattering angle.
For the case of electron impact, the MDW and experimental
TDCSs also show a two-peak structure at this energy [dotted
line and solid circle in Fig. 1(b)]. As projectile energy
increases to 20 and 40 eV above IP, the backward peak of
positron-impact TDCSs becomes very small in comparison to
the electron-impact case while the forward peak shifts towards
lower values of scattering angles [Figs. 2(c) and 2(d)]. Thus,
significant differences are observed in the trends of TDCSs for
electron- and positron-impact ionization of the water molecule
in the present investigation.

IV. CONCLUSIONS

Electron- and positron-impact triply differential cross
sections have been presented for the coplanar ionization of
the water molecule at the incident electron energies 2, 10,
20, and 40 eV above ionization potential. The current work
based on the second-order distorted-wave Born approximation
produces a mixed degree of agreement with the experimental
data. Besides, in comparison to the rare experimental data
available in the literature, the reported TDCSs have shown
a reasonable agreement in terms of shape. However, we
have also observed important discrepancies when the relative
amplitudes of the forward- to the backward-scattering peaks
were compared, in particular at the lowest energy (4 eV above
IP), where MDW results are in better agreement. Differences
in the trends of TDCSs have been observed between the
electron- and positron-impact triply differential cross sections
under similar kinematical conditions. The present attempt is
useful to understand the delicate collision dynamics of water
molecule and more theoretical efforts are required to gain a
clear understanding of the complex reaction mechanism.
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