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Vibronically resolved squared form factors of a′′ 1�g
+, b 1�u, b′ 1�u

+, c3
1�u, c′

4
1�u

+, and o3
1�u of molecular

nitrogen are determined by inelastic x-ray scattering with a high resolution of 70 meV. Through a comparison with
the previous results measured by electron energy loss spectroscopy, it is found that the first Born approximation
is satisfied at an incident electron energy of 300 eV in the small momentum transfer region for a dipole-allowed
transition of b 1�u, but the first Born approximation is not reached at an impact energy of 500 eV for the
dipole-forbidden transition of a′′ 1�g

+. It is also observed from the present experimental results that the momentum
transfer dependence behavior of the excitations to b 1�u(ν ′ = 3,4) is different from that of the excitations to
b 1�u(ν ′ = 1,2), which can be attributed to the perturbation of c3

1�u to b 1�u. The present results provide
experimental benchmark data of inelastic squared form factors of molecular nitrogen.
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I. INTRODUCTION

As a main component of the earth’s atmosphere, nitrogen
has attracted the interest of physicists and chemists and
its excitation dynamic parameters have been measured and
calculated extensively. Traditionally, the excitation dynamic
parameters, such as the photoabsorption cross sections, dif-
ferential cross sections (DCSs), and the generalized oscillator
strengths (GOSs), for the valence-shell excitations of nitrogen
were measured by the photoabsorption method and electron
energy loss spectroscopy (EELS). The photoabsorption cross
section reveals the character of a wave function at large scales
because it is measured at very small momentum transfer,
whereas the wave function at all length scales can be explored
by the electron-impact method since the momentum transfers
that rely on the scattering angles can be varied in the collision
process. Especially for the high-energy electron impact, it is
generally thought that the first Born approximation (FBA) is
satisfied and the experimental DCS can be converted into a
GOS, which is proportional to the squared transition matrix
element. So for a long time the high-energy EELS has been
used as a tool to explore the structure of an atom or a
molecule, i.e., the information of wave functions of its ground
and excited states. However, recent inelastic x-ray scattering
(IXS) studies [1–3] show that the high-order Born amplitude
makes a considerable contribution to the experimental DCSs
in the electron-impact method, even at a high impact energy
of several keV. Since the FBA is nearly always satisfied in
IXS, the inelastic squared form factors (ISFFs) measured by
IXS provide an experimental benchmark to test theoretical
methods [4–8] stringently. This is the main purpose of the
present work.
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The excitation energy range of nitrogen interested in
this work is 12–13.3 eV, where the vibronic excitations
to a′′ 1�g

+(ν ′ = 0–1), b 1�u(ν ′ = 0–9), b′ 1�u
+(ν ′ = 0–4),

c3
1�u(ν ′ = 0–1), c′

4
1�u

+(ν ′ = 0–1), and o3
1�u(ν ′ = 0–1)

are located. The differential cross sections of the aforemen-
tioned transitions have been studied by EELS experiments, in-
cluding the ones carried out at low impact energies (<100 eV)
[9–20], moderate impact energies (100–600 eV) [21–24],
and high impact energies (0.6–25 keV) [3,25]. In the EELS
studies of Refs. [21,22,25] and the IXS one of Ref. [3],
the low-experimental-energy resolutions (more than 1 eV)
obstruct them to resolve the vibronic structures. The good
energy resolutions in Refs. [23,24,26] are high enough to
explore the vibronic structures of a′′ 1�g

+ and b 1�u, but the
largest momentum transfer achieved by them is relatively
small and the incident electron energies of 300–500 eV
in Refs. [23,24,26] may not be high enough to approach
the FBA. Thus high-energy EELS or IXS investigations
with high-energy resolution for the aforementioned vibronic
valence-shell excitations of nitrogen are lacking.

Compared with the large body of existing experimental
works, there are few theoretical calculations [12,27–29].
Among them, the early theoretical calculation of Chung and
Lin [27], Rozsnyai [28], and Domenicucci and Miller [29]
may not be accurate enough because of the limited calculation
ability at that time, since the strong configuration interactions
among different electronic states that result in the avoid
crossing of potential curves were not taken into account. It
is well known that for an electronic state that is perturbed by a
nearby state, e.g., B 1�+ of CO and E 3�u

− of O2, the apparent
GOSs of its different vibronic states will show apparently
different momentum transfer dependence behaviors [30–33].
Recently, a similar momentum transfer dependence behavior
of b 1�u of N2 was investigated by Heays et al. [12], who
calculated the GOS ratios of all vibronic states of b 1�u

to b 1�u(ν ′ = 2) using the coupled-channel model. In their
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calculations the strong interaction between the Rydberg state
of c3

1�u and the valence state of b 1�u was considered
carefully. However, they only calculated the GOS ratios in
the lower momentum transfer region.

The ISFF is defined as

ζ (q,ωn) =
∣∣∣∣〈�n|

N∑
j=1

exp(iq · rj )|�0〉
∣∣∣∣
2

. (1)

Here q is the momentum transfer and �0 and �n are the wave
functions of the initial and final states, respectively. The sum
is over all electrons and rj is the position vector of the j th
electron. The ISFF can be determined from the differential
cross section measured by the IXS and the high-energy EELS
under the condition that the FBA is valid:

ζ (q,ωn) = 1

r2
0
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ωf

1

|εi · ε∗
f |2

(
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d	

)
γ

= 1

4

ki
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q4

(
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d	

)
e

= q2

2ωn

f (q,ωn). (2)

The factor |εi · ε∗
f |2 comes from the polarized direction of

incident and scattered photons and it equals cos2 2θ (2θ is
the scattering angle) for completely linear polarized photons
with the polarized direction in the horizontal scattering plane.
Here r0 is the classical electron radius; ωi , ωf , and ωn =
ωi − ωf stand for the energies of the incident photon, scattered
photon, and energy loss, respectively; ( dσ

d	
)γ and ( dσ

d	
)e stand

for the DCSs measured by the IXS and the high-energy EELS,
respectively; f (q,ωn) is the generalized oscillator strength,
which is a commonly used quantity in the high-energy EELS;
and ki and kf are the momenta of the incident and the scattered
electrons respectively.

In the present paper the inelastic squared form factors for
the vibronic excitations of a′′ 1�g

+, b 1�u, b′ 1�u
+, c3

1�u,
c′

4
1�u

+, and o3
1�u of N2 are measured by high-resolution

(70-meV) IXS. The squared momentum transfer q2 is from
near 0 to 5 a.u.

II. EXPERIMENTAL METHOD

The present experiment was carried out at Taiwan
Beamline BL12XU of SPring-8. The experimental setup and
method used in this work were described in our previous
works [1,2,34,35] in detail. Briefly, the energy for the scattered
photon was fixed at 9888.8 eV, while the incident photon
energy varied, from which the energy loss is determined. The
energy resolution of this work is about 70 meV and a typical
IXS spectrum of nitrogen is shown in Fig. 1 along with the
vibronic states assigned. It can be seen clearly from Fig. 1
that the measured spectrum is vibronically resolved. In order
to determine the intensity of individual vibronic excitation, a
least-squares fitting was used to fit the experimental spectra.
In the fitting procedure, the energy positions of the vibronic
excitations were fixed to the ones summarized by Khakoo
et al. [10] and the peak profile was described by a Gaussian
function. The fitted results are satisfactory and are shown in

FIG. 1. (Color online) Typical IXS spectrum of the valence-shell
excitations of molecular nitrogen at 9◦ (q2 ≈ 0.17 a.u.). Solid lines
are the fitted curves.

Fig. 1. Because the energy interval between a′′ 1�g
+(ν ′ = 1)

and b 1�u(ν ′ = 0) is less than the present energy resolution, the
sum of their intensities was used to determine the total ISFF of
these two states. Similarly, the intensities of b 1�u(ν ′ = 4) +
b′ 1�u

+(ν ′ = 0), c3
1�u(ν ′ = 0) + b 1�u(ν ′ = 5) + c′

4
1�u

+

(ν ′ = 0) + b′ 1�u
+(ν ′ = 1), b 1�u(ν ′ = 6) + b′ 1�u

+(ν ′ = 2),
o3

1�u(ν ′ = 0) + b 1�u(ν ′ = 7) + b′ 1�u
+(ν ′ = 3), and

c3
1�u(ν ′ = 1) + b 1�u(ν ′ = 8) + c′

4
1�u

+(ν ′ = 1) + b′ 1�u
+

(ν ′ = 4) were obtained.
Herein ζ (q,ωn) for the 1s2 → 1s2p transition of helium,

which has been measured and calculated with high accuracy
and proven to be reliable [34,36–38], was measured in
small scattering angles and used to normalize the results of
nitrogen. In the normalization procedure, the different target
densities of helium (8.00 atm) and nitrogen (9.00 atm) as
well as their actual transmission rates were measured and
used to absolutize the experimental data obtained for the
same experimental conditions. The ISFFs for the valence-shell
vibronic excitations of nitrogen were determined and are listed
in Table I. The experimental errors of the ISFFs, which are
also listed in Table I and shown in corresponding figures, are
attributed to the statistics of counts, the fitting procedure, and
the normalizing procedure.

III. RESULTS AND DISCUSSION

The present ISFFs are shown in Figs. 2–5 along with the
available previous experimental results. The present results are
fitted by

ζ (q,ωn) = q2

2ωn

xM

(1 + x)(l+l′+m+5)

∞∑
m=0

fmxm

(1 + x)m
. (3)

Formula (3) is obtained by modifying a formula that is used
to fit the GOS and proposed by Lassettre and Klump [39,40]
based on Eq. (2). Here x = q2/α2, with α a quantity relevant
to the excitation energy and the ionization energy of the
target, here regarded as a fitting parameter. In addition, l

and l′ are the orbital angular momenta of the initial and final
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TABLE I. The present ISFFs determined by the IXS. The listed data are amplified a factor of 103. Data in the parentheses are the
corresponding experimental uncertainties. For clarity, the vibronic states are represented by their term names and vibrational numbers, such as
a′′ 1�g

+(ν ′ = 0) being written as a′′(0).

q2 (a.u.) a′′(0) a′′(1) + b(0) b(1) b(2) b(3) b(4) + b′(0)

0.05 0.37(0.08) 0.21(0.08) 0.59(0.08) 1.33(0.10) 2.50(0.13) 3.91(0.19)
0.11 1.16(0.12) 0.43(0.11) 1.03(0.12) 2.54(0.14) 4.42(0.18) 6.54(0.25)
0.17 2.70(0.19) 0.73(0.17) 1.57(0.18) 3.54(0.19) 6.33(0.24) 8.58(0.31)
0.26 4.77(0.33) 0.97(0.29) 1.94(0.31) 4.49(0.31) 7.00(0.33) 10.4(0.49)
0.36 5.81(0.30) 1.22(0.26) 2.18(0.27) 4.97(0.27) 7.85(0.30) 10.9(0.45)
0.48 7.79(0.31) a 2.49(0.30) 5.04(0.30) 8.47(0.34) 10.7(0.45)
0.65 8.99(0.34) 1.58(0.28) 2.55(0.29) 5.61(0.29) 9.52(0.32) 10.7(0.40)
0.85 7.99(0.35) 1.65(0.28) 2.36(0.29) 5.45(0.29) 7.42(0.31) 8.37(0.42)
1.22 6.45(0.38) 1.70(0.33) 2.26(0.33) 4.82(0.34) 6.51(0.35) 6.49(0.43)
1.65 5.37(0.47) 1.39(0.42) 1.98(0.43) 4.03(0.41) 5.74(0.43) 4.80(0.57)
2.63 5.26(0.47) 0.93(0.58) 1.41(0.57) 3.88(0.57) 5.42(0.59) 3.84(0.68)
3.55 4.32(0.65) 0.65(0.55) 2.18(0.60) 2.66(0.54) 3.71(0.58) 2.65(0.74)
4.77 3.47(0.58) 0.44(0.50) 1.54(0.53) 2.83(0.50) 4.01(0.55) 2.35(0.63)

q2 (a.u.) c3(0) + b(5) + c′
4(0) + b′(1) b(6) + b′(2) o3(0) + b(7) + b′(3) c3(1) + b(8) + c′

4(1) + b′(4)

0.05 10.9(0.47) 0.56(0.13) 1.14(0.60) 3.31(0.43)
0.11 18.0(0.59) 1.32(0.18) 2.61(0.79) 5.47(0.61)
0.17 21.3(0.61) 2.15(0.29) 3.7(1.2) 7.59(0.88)
0.26 21.2(0.66) 2.62(0.54) 4.4(2.3) 9.6(1.6)
0.36 18.8(0.56) 3.58(0.52) 5.2(2.3) 10.7(1.6)
0.48 15.3(0.55) 4.71(1.03) 6.2(2.2) 11.8(2.3)
0.65 10.6(0.45) 6.26(0.5) 9.4(1.4) 10.7(1.0)
0.85 6.17(0.46) 7.26(0.6) 10.0(2.0) 9.8(1.5)
1.22 4.59(0.51) 10.7(0.8) 9.6(1.6) 9.5(1.1)
1.65 4.86(0.66) 11.5(1.4) 10.7(2.9) 7.8(2.0)
2.63 6.48(0.92) 11.5(2.3) 12.0(3.0) 8.2(1.8)
3.55 7.19(0.94) 12.5(2.4) 10.8(6.4) 6.8(5.9)
4.77 7.00(0.83) 9.6(1.7) 10.1(4.4) 8.4(3.0)

aThis point is absent because the electron beam was aborted.

states, respectively, and M is a quantity that is relevant to the
excitation multipolarity [40,41].

FIG. 2. (Color online) The ISFFs for excitations to (a)
a′′ 1�g

+(ν ′ = 0) and (b) a′′ 1�g
+(ν ′ = 1) + b 1�u(ν ′ = 0). Dots are

the present IXS results; stars, diamonds, and squares are the EELS
results measured at incident electron energies of 300, 400, and 500 eV
by Skerbele and Lassettre [23]; and solid lines are the fitted results.

Figure 2(a) shows the present ISFF for the excitation to
a′′ 1�g

+(ν ′ = 0) along with the EELS ones of Skerbele and
Lassettre [23] and the fitted curve. It can be seen clearly that
the results of Ref. [23] are lower than the present ones and the
EELS results with the increasing impact energies are getting
larger. This phenomenon means that the FBA is not satisfied at
an impact energy of 500 eV for the excitation to a′′ 1�g

+(ν ′ =
0). Figure 2(b) shows the total ISFF of a′′ 1�g

+(ν ′ = 1) +
b 1�u(ν ′ = 0). For these two excitations moderate- or high-
energy EELS results are lacking.

Figure 3 shows the present ISFFs for the excitations to
b 1�u(ν ′ = 1–3) and b 1�u(ν ′ = 4) + b′ 1�+

u (ν ′ = 0) as well
as the EELS results measured at 300 eV by Xu et al. [24]. In
Ref. [24], the reported GOS of b 1�u(ν ′ = 4) should include
the contribution of b′ 1�+

u (ν ′ = 0) because the energy interval
is less than their energy resolution. It can be seen from Fig. 3
that the present ISFFs are in good agreement with the EELS
ones at 300 eV in the small-q2 region, i.e., q2 < 0.5 a.u. for
b 1�u(ν ′ = 1,2), q2 < 0.4 a.u. for b 1�u(ν ′ = 3), and q2 <

0.22 a.u. for b 1�u(ν ′ = 4) + b′ 1�u
+(ν ′ = 0), considering the

mutual uncertainties, which means that the FBA is reached in
these q2 region at an incident electron energy of 300 eV for
these excitations. However, the EELS results in the large-q2

range begin to oscillate evidently. This may be due to the
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FIG. 3. (Color online) The ISFFs for the vibronic excitations to
b 1�u. Closed symbols are the present IXS results: squares, ν ′ = 1;
circles, ν ′ = 2; triangles, ν ′ = 3; and stars, ν ′ = 4 [including the
contribution of b′ 1�u

+(ν ′ = 0)]. The corresponding open symbols
are the EELS results measured at an incident electron energy of
300 eV [24]. Solid lines are the fitted curves.

invalidity of the FBA in this q2 region or the very low DCSs
of the electron-impact method since it is proportional to q−4,
while IXS is free from this disadvantage, as pointed out by
Refs. [1,2,34,35].

It is well known that the intensities of different vibronic
states in one electronic state are proportional to the Franck-
Condon factors and generally the intensity ratio of any
two vibronic states belonging to the same electronic state
is independent of the momentum transfer. Figure 4 shows
the present ISFF ratios of b 1�u(ν ′ = 1,3) and b 1�u(ν ′ =
4) + b′ 1�+

u (ν ′ = 0) to b 1�u(ν ′ = 2) along with the calculated
ones by Heays et al. [12]. Although the resolution of the
present work is not high enough to resolve b 1�u(ν ′ = 4)
and b′ 1�u

+(ν ′ = 0), the contribution of b′ 1�u
+(ν ′ = 0) to

b 1�u(ν ′ = 4) in q2 < 1.2 a.u. can be ignored since the intensity
of b′ 1�u

+(ν ′ = 0) is much smaller than that of b 1�u(ν ′ = 4)

FIG. 4. (Color online) Present ISFF ratios of b 1�u(ν ′ = 1, 3, and
4) to b 1�u(ν ′ = 2). Dots, squares, and triangles represent the ratios
of b 1�u(ν ′ = 1, 3, and 4). Solid lines are the calculated results of
Heays et al. [12].

FIG. 5. (Color online) Present ISFFs for excitations to
(a) c3

1�u(ν ′ = 0) + b 1�u(ν ′=5) + c′
4

1�u
+(ν ′ = 0) + b′ 1�u

+(ν ′ =1),
(b) b 1�u(ν ′ = 6) + b′ 1�u

+(ν ′ = 2), (c) o3
1�u(ν ′ = 0) + b 1�u

(ν ′ = 7) + b′ 1�u
+(ν ′ = 3), and (d) c3

1�u(ν ′ = 1) + b 1�u(ν ′ = 8)
+ c′

4
1�u

+(ν ′ = 1) + b′ 1�u
+(ν ′ = 4). Dots are the present IXS

results and solid lines are the fitted curves.

[10,42]. It is clear from Fig. 4 that the experimental and
theoretical ratios of b 1�u(ν ′ = 1) to b 1�u(ν ′ = 2) are in good
agreement and the ratios are nearly a horizonal line, which
means that these two vibronic states follow the Franck-Condon
approximation. However, the present ISFF ratios of b 1�u(ν ′ =
3,4) to b 1�u(ν ′ = 2) vary with the momentum transfer,
which means that for b 1�u(ν ′ = 3,4) the Franck-Condon
approximation is broken and the theoretical calculations show
a similar momentum transfer dependence behavior. The reason
for this phenomenon should be due to the interactions between
b 1�u and c3

1�u, which result in the avoid crossing of these
two potential curves. Since ν ′ = 1 and 2 of b 1�u are far
from the avoid-crossing point, for these two vibronic states
their ISFF ratios observe the Franck-Condon approximation.
However, since ν ′ = 3 and 4 of b 1�u are close to the avoid-
crossing point, the corresponding ISFF ratios of ν ′ = 3 and
4 to ν ′ = 2 are dependent on the momentum transfer. Similar
phenomena were also observed and studied for the valence-
shell excitations of oxygen and carbon monoxide [30–33]. It
can also be noticed from Fig. 4 that there is a noticeable
difference between the experimental ISFF ratios of ν ′ = 3 and
4 to ν ′ = 2 and the calculated ones by Ref. [12]. The ISFF
ratios of ν ′ = 5,6,7, . . . to ν ′ = 2 calculated by Ref. [12] are
also dependent on the q2; however, limited by the present
energy resolution, we cannot obtain reliable ISFF ratios for
ν ′ = 5,6,7, . . . to ν ′ = 2. So further high-energy resolution
experimental measurements and highly accurate theoretical
calculations are strongly recommended.

Figure 5 shows the present ISFFs for vibronic excitations
that cannot be resolved at the present energy resolution; there
are no other theoretical calculation and experimental result
to compare them with. To obtain the quantitative ISFF for
individual vibronic excitation in Fig. 5, a much higher energy
resolution is needed. We hope that this kind of experiment
can be done in the near future with the development of the
third-generation synchrotron radiation.
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IV. CONCLUSION

The high-resolution IXS method was used to investigate
the ISFFs of vibronic excitations in 12–13.3 eV of nitrogen.
Since the FBA is satisfied in the IXS, the present ISFFs for
valence-shell excitations of N2 can be used as the experimental
benchmark data to test the validity of the FBA in the EELS
method. In particular, by comparing the present IXS results
with the EELS ones of Skerbele and Lassettre [23] and Xu
et al. [24], it was found that for a′′ 1�g

+ the FBA has not been
reached at an incident electron energy of 500 eV, while for
b 1�u(ν ′ = 1 − 4) the FBA is satisfied in the small-q2 region
at E0 = 300 eV. The non-Franck-Condon phenomena due to
the interaction between b 1�u and c3

1�u were observed from
the measured ISFF ratios of b 1�u(ν ′ = 3,4) to b 1�u(ν ′ = 2).
High-energy-resolution experiments and accurate theoretical
calculation are strongly recommended to explore the interac-

tions between different electronic states as well as the dynamic
behaviors of higher excited states.
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