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Determining an n-qubit state by a single apparatus through a pairwise interaction
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This paper shows how one can reconstruct an unknown n-qubit state by only a single apparatus. Its core
is a redistribution of the information within an extended Hilbert space by coupling the unknown system with
an assistant system through only a pairwise interaction, which results in a one-to-one mapping between the

unknown density matrix elements and the probabilities of the occurrence of the eigenvalues of a single, factorized
observable of the composite system. In such an interaction configuration, which is more feasible in experiments,
the quality of the measurement only depends on that of the subsystem consisting a of one-qubit system coupled
to a one-qubit assistant. We analyze in detail the performance of this procedure and experimentally implement it

for reconstructing an unknown two-qubit state using a four-nuclear-spin system.
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I. INTRODUCTION

In quantum mechanics, the state of a quantum system can
be completely described by a density matrix. The results of
any measurement of the quantum system can be predicted
from the density matrix. Conversely, the information carried
by the density matrix can be extracted with measurement.
Usually the process of reconstructing an unknown quantum
state by measurement is called quantum state tomography
(QST) [1]. In the last several decades, different QST schemes
have been presented including standard QST [2,3], QST
by means of a single apparatus [4-7], QST on symmetric
informationally complete positive-operator valued measure
[8-12], QST on mutually unbiased bases [13—-15], QST via
unambiguous state discrimination [16], direct QST via weak
measurement [17,18], QST via compressed sensing [19,20],
and self-calibrating tomography [21-25].

The principle of complementarity proposed by Bohr [26]
points out the issue that the measurements of certain non-
commuting observables are needed to determine a complete
quantum state. Explicitly, for an N-dimensional quantum
system, N2 — 1 parameters are required to determine its
density matrix. Measuring an observable of this quantum
system can give at most N — 1 independent parameters.
So one has to perform at least N 4+ 1 measurements with
noncommuting observables to completely reconstructing the
unknown density matrix. The simplest example is to determine
the state of a spin-1/2 particle. Its density operator can be
written in the form p = %Z?:O pi6;, where the operators
6; € {T,&x, 6y,6;},64 (@ = x, y, or z) are the Pauli operators,
and 1 is a 2 x 2 unit operator. Due to the normalization
condition and the traceless property of Pauli operators, one
has always pp = 1. The standard QST method consists of
respectively measuring the spin components along the x, y,
and z axes. By doing this, all of p; can be obtained by Tr(55;),
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which means that we get the complete information of the
quantum state.

In this paper, we focus on another method for QST by
repeated measurements of a single observable. One practical
advantage of QST with a single observable is that it avoids
some experimental uncertainties related to measurement se-
tups for incompatible observables [4-6,27,28]. An overview
on quantum state tomography with a single observable is
given in Ref. [28]. The main idea is to redistribute the
information about the unknown quantum state into an extended
system by introducing an assistant system A whose dimension
of Hilbert space is no less than the the system S, and a
one-to-one mapping is thus generated between the unknown
density matrix g and the joint probabilities to observe a single
observable. This can be done by either measuring a single
“universal” observable on an extended Hilbert space [29] or
measuring a single, factorized observable if we first let the
system § interact with the assistant A for some time under a
suitable, interactional measurement Hamiltonian [4]. For the
latter case, Allahverdyan et al. [4] determined the condition
which the optimized measurement Hamiltonian should meet
for the best determination of a two-level quantum system.
In Ref. [5], we studied in detail this type of measurement
under a Heisenberg coupling Hamiltonian and we found the
optimized measurement Hamiltonian for the simplest case, i.e.,
a one-qubit system coupled to a one-qubit auxiliary system.
We also experimentally demonstrated it using a nuclear
spin 1/2 as the system and a different nuclear spin 1/2 as
the assistant. Recently, we considered the case of a high-
dimensional quantum system and obtained the condition for
the best determination [6]. However, it is both theoretically and
experimentally difficult to achieve the optimal measurement
Hamiltonian for the best determination for a many-qubit
system.

In this paper, we generalize the previous results on the
two-level system to an n-qubit system, where the system §
interacts with the assistant A by only a pairwise interaction.
Such a simple Hamiltonian is feasible for the optimal measure-
ment, which overcomes both the theoretical and experimental
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difficulties considered in the previous research, at the price
of a small loss of the quality of the measurement. We study
the details of this procedure. As an experimental example, we
present the results of the reconstruction of the density matrix of
a two-qubit nuclear spin system in a four-nuclear-spin system,
where we consider three cases: the unknown quantum system
was initially prepared in a mixed state, a pseudo-pure product
state, and a pseudo-entangled pure state.

II. PRINCIPLE AND GENERALIZATION

Consider a large but finite number of identical quantum
systems S consisting of n spin-1/2 particles whose state can
be represented by

41

o )
pS=2_ansBs» (1)

s=0

where a complete set of base operators {B,} consists of 4"
product operators By:

By=]]6f, 0<s<4 -1 2
k=1

Here n is the total number of spins in the system under
consideration, k is an index for the spin and i € {0,1,2,3},
corresponding to the unit operator and Pauli operators
({i,&x,é),,&z}). s is the quaternary string constituted by all
of i, covering from 00...00 to 33...33. The operators (B}
satisfy

Tr(B,B,) = 2"8,,, 3)

where Tr is the trace operation and the Kronecker delta §;, = 1
when s = r, otherwise 0. Toqdetermine the state pg, we can
measure the vector ¢ = Tr(ﬁ,@s) = (co,C1, - . . ,can_p)! with
B = (By,By,...,By_1)". Note that By = 1®" is a 2" x 2"
unit operator and ¢y = 1 due to the normalization condition
Tr(ps) = 1. This procedure generally refers to the standard
QST, which involves N + 1 noncommuting observables.

Alternatively, all the c¢; can also be obtained through
QST with a single measurement apparatus by interacting the
unknown system S with an assistant system A in a known state
[4,5]. The dimension of the assistant system A must be no less
than N. The composite system S + A is initially in a product
state ,55 T4 — pg ® pa, and then the interaction between them
drives the system into an entangled state g, = U (1) ,6(‘)9 A0 (1)
after a duration 7, where the propagator U () = e~/ with the
interaction Hamiltonian H between S and A. The information
of the unknown system S is redistributed on the whole Hilbert
space of the combined system. Therefore, we can choose to
measure a single, factorized observable P = & ® 6 on the
combined system to determine the unknown state pg, where
® is pertaining to S and 6’ pertaining to A. Without loss
of generality, the observables ®® and 64 to be measured can
be their x components.

Then the jointed projectors f’q =P = c?)l@ ® 5§A) are
1 2n
Py= o [T 1+ 18], @
®l=1
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where h; takes O or 1, ¢ = hy, ... h1hg ranging from 00. .. 00
to 11...11. There are totally 4" projectors covering all of the
measurement outcomes. The repeated measurements of the
observable P give the complete set of the jointed probabilities

Pq>
pg =Tr (B,UpSH0) = Te(B,Ups ® pa0").  (5)

As a result of Eq. (1), Eq. (5) can be written in the form

41
Py =5 Y TR OB @ pn0] ©)
j=0

To determine the quantum state, we need the 4" — 1 unknown
coefficients ¢, which are related to the probabilities p, by a
transfer matrix M:

Co po
1 C1 P1
c —
M x o 2 = P2 . @)
Can—1 Par—1

The elements of linear mapping M are determined by
My =TilP,UB; ® p)U', 0<gs <4"—1. (8)

Therefore, if the determinant A of the transfer matrix M
is not zero, we can obtain the vector ¢ = (cg,cy, .. .,Can—1)"
(i.e., the unknown state pgs) by the joint probabilities p =
(Po,P1y -+ p4n_l)T. The precision of the back-calculation
depends on the size of the determinant |A| of M, roughly
o 1/]Al. Maximizing |A| will minimize the statistical error
of the estimation during the inversion of Eq. (7). Therefore,
the best determination requires us to maximize |A| by a
suitable choice of the initial condition of the assistant j4
and the propagator U(r) (i.e., the interaction Hamiltonian
H and the duration 7). Reference [4] analytically gives the
maximal value of |A| and the detailed form of U(t) for
a two-level system S when the assistant A is initially in a
pure state ps = %(T + 6;‘) or a completely disordered state
04 = %T. Although we obtained the maximal value of |A|
for an N-dimensional quantum system [6], it is difficult to
obtain the detailed form of U (7) to achieve this maximum.
The optimal evolution U(t) can be numerically searched in a
2N x 2N Hilbert space by optimal control method. Obviously
this is a substantial task.

A simple and effective method can be obtained if we
introduce a pairwise interaction between the system S and
the assistant A:

n
)i - Z Ak 9)
k=1

as shown in Fig. 1. Here k and k,, respectively, represent the
kth qubits of S and A. The evolution propagator U(t) under
the interaction Hamiltonian H after a time 7 can be written as

O@y= [] 0%*). (10)
® k=1
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FIG. 1. (Color online) Schematic diagram for measuring an
n-qubit unknown state by a single observable through a pairwise
interaction. The upper spin chain consisting of qubits 1,2,...,n is
the unknown system S, while the lower chain consisting of qubits
14,24, ...,n,1s the assistant A. The solid lines represent the pairwise
interactions between qubit k and k,,.

where U®k)(7) = e~ pertaining to the subspace
spanned by qubit k£ and its corresponding assistant qubit k. If
Fh.e assigtant state 04 has the factorable form p, = ]_[’g9 kel /SXT),
it is straightforward to find from Eq. (8) that the transfer matrix

M has a simple form:

M= ] M%), an
® k=1

where M%) is the transfer matrix of the subspace spanned
by qubits k and k,. Moreover, if the states of all the qubits of
A are equivalent, M®**) for each pair of qubits k and k, are
the same. Then we have the determinant of M,

A = det(M) = det(MERy=<4" (12)

It shows that the maximization of |A| in a 2n-qubit system
under such a pairwise interaction configuration is equivalent
to the maximization of |det(M*42)| in a two-qubit system.
This allows us to draw a conclusion that searching an
optimal evolution U(z) (i.e., H and 7 in a 2n-qubit system
under such a configuration is reduced into searching for an
optimal evolution U kk) (1) (e, Ak and 7) in a two-qubit
system. The pairwise interaction is a key prerequisite in this
scheme which is experimentally feasible. Consequently, we
can employ the result of a two-level quantum system [4,5]
for the best determination of an n-qubit system with pairwise
interaction. For a two-level quantum system, the maximum of
|A| is 1/48+/3 for a pure assistant [4,5]. Therefore, one gets

1 nx4n1
Alpax = | ——= (13)
4] (48J§>

for an n-qubit system in this case. Comparing to the result
of Ref. [6], the maximum of |A| of an N(= 2")-dimension
system for a general interaction Hamiltonian that involves all
N? — 1 independent generators of group SU(N) is

1 [ =¥
2n><4" (2,, + 1)4"—]

(14)

which mainly lies on the factor [1/2]"*# when n is very large.
Eq.uations (13) and (14) have a similar growth law with the
size n of the system, but the present scheme [Eq. (13)] has a
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slightly smaller base (ﬁ)l/ 4 ~ 0.33 than the optimal value
~1/2 for a general interaction Hamiltonian [Eq. (14)].

For a completely disordered assistant, the optimal propaga-
tor U(t) for a two-level quantum system [5] can be achieved
with the measurement Hamiltonian

A% = V2(I' £ 1) + 420 + 201 (15)

and the duration T = /4. Here I, = 64/2 (0 =x, y, or 2).
In our following demonstration experiment, we chose the
completely disordered state for the assistant that is experi-
mentally easy to prepare. In this case, the maximal size of the
determinant |A|is 1/128 [5].

III. EXPERIMENTAL IMPLEMENTATION

The experiments were carried out at room temperature
on a Bruker AV-400 spectrometer (9.4 T). The physical
system in our experiment is iodotrifluoroethylene molecules
(C,F3]) dissolved in d-chloroform. The molecular structure
and relevant parameters are shown in Fig. 2. One '*C nucleus
and three '°F nuclei represent a four-nuclear-spin system. '3C
and F; consist of the system labeled as qubit 1 and qubit
2, respectively. F, and F3 consist of the assistant labeled as
qubit 1, and qubit 2,, respectively (see Fig. 1). The natural
Hamiltonian of the four-nuclear-spin system in the double
rotating frame is

4 4
Bor =Y oy 42w Y " T 0T (16)
i=1 i<j
where w; is the chemical shift of spin i and J;; is the scalar
coupling strength between spins i and j. Note that le, IAZz, I z3,
and 1;4 correspond to le, leﬂ, fzz’ and iZZ,, in the diagram of the
molecule (Fig. 2).

Figure 3 shows the flowchart of the experiment for
measuring an unknown state by a single observable, which
is divided into three parts:

(a) Initial state preparation ps ® %i. Here in the exper-
iments, the assistant A is initially in a completely disor-
dered state. We verify this scheme for reconstructing various

15479.7Hz 2757Hz  -297.7Hz 39.1Hz G 7.9
or(2,) -42677.7Hz 64.6Hz  -129.0Hz [N 6.8s

\ o, | -33122.4Hz 51.5Hz [MOER 4.45
o @ -56445.8Hz (I 4.8s

FIG. 2. (Color online) Molecular structure and relevant parame-
ters of iodotrifluoroethylene. *C and three °F nuclei are used as a
four-qubit quantum system, and the labels in brackets near the nuclei
correspond to the qubits in Fig. 1. The diagonal and nondiagonal
elements represent the chemical shifts and the coupling constants
(in units of Hz) respectively. The spin-lattice relaxation times 7 are
21 s for 3C and 12.5 s for '°F. These parameters are measured at the
temperature 7 = 303 K.
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Initial state 5. ® 1 i
preparation Ps 4
Hamiltonian Natural Hamiltonian A,
simulation
\ and evolution Optimal Hamiltonian Hf;]
e
Measurement The joint projectors
- and readout ‘ ofx components: P,

FIG. 3. (Color online) Flowchart of the experiments. The system
S is initially in an unknown state ps and the assistant A is initially
in a completely disordered state ii. Then we drive the composite
system S + A to evolve under an optimal Hamiltonian of Eq. (19) for
a time 7 which is simulated by NMR techniques. Finally we measure
a single, factorable observable 15, i.e., their x components of Eq. (4).

quantum states pgs (a mixed state, a pseudo-pure state and a
pseudo-entangled state).

(b) Dynamical evolution U (t)=¢e under the optimal
interaction Hamiltonian A for the duration 7. We simulate the
dynamics by nuclear magnetic resonance (NMR) techniques.

(c) Measurement of the joint probabilities p, and then the
reconstruction of the unknown quantum state by the inverse

mapping.

—iAT

A. Initialization

In our experiment, the assistant A is initially in a completely
disordered state 4—1@ and then we test the scheme for three
different cases listed in Table I: when the unknown state pg
is a mixed state pg;, a pseudo-pure product state gs, and a
pseudo-entangled state pg3, respectively. In NMR quantum
information, we usually use the pseudo-pure state (PPS)

~

[30] p = 12%51 + e|y) (| instead of an ideal pure state |¢),
where & ~ 107 is the polarization. Since unitary operations
and measurement in NMR do only affect the pure state
part except for a trivial scalar factor ¢, a PPS is equivalent
to the corresponding pure state. When |i) is an entangled
state, we call the state of the system as a “pseudo-entangled
state.” Here we only consider the traceless deviation part pa
of PPS p = %i + epa [31]. For example, for the thermal
equilibrium state ps, of the system S, pa o I + yr/yci?,
where y¢ and yr are gyromagnetic ratios of nuclei '3C and
19F respectively. Their ratio is y¢/yr ~ 1:3.7415. Using the
PPS technique [30,31], we prepare a pseudo-pure product
state ps, with pa oc I + I2 4 21117 corresponding to the
pure state |00);,, and a pseudo-entangled state pg, with
Oa X 2(1:61 ff — fyl ff + IAZ1 fzz) corresponding to the entangled
state (Bell state) %(IOO) + [11))12. The pulse sequences for
the preparation are shown in Table I. With standard QST [32],
we obtained the experimental fidelities of these three prepared
deviation matrices g1, Os2, and Pg3, which are 0.997, 0.996,
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TABLE I. (Color online) Pulse sequences for preparing the three
different initial states g5 ® ii of the composite system S + A. Here
[0]% denotes a 6 rotation of qubit k around ¥ axis, Gz represents
a pulsed-field-gradient along z— axis to destroy all the transverse
magnetization generated by the radio frequency (rf) pulses, and the
delay d, = |¢| is a free evolution under natural Hamiltonian H,,,,
with the duration d,. Here we used spatial averaging method [30,34]
to prepare a PPS. Based on PPS, we prepared a pseudo-entangled state
with a pseudo-Hadamard gate and controlled-NOT gate (CNOT) [35].
CNOT(12) denotes that qubit 1 is a controlled qubit while qubit 2 is
a target qubit.

1,.2,
Psi ' +3.741502 [E} -Gz

1,.2,
[0.32057] [ﬂ ~Gz-

[]. m —d-[a]* -4, _[57”} e

—x

Ps2 L+t 20l

1
Pss  |2(D2-1i2+12) pps—[ﬂ ~CNOT (12)
v

and 0.996. The fidelity is defined by [33]

Tr(Dini P
Fo (Dini Prn) , (17

Tr (27,:) Tr (273)

where p;,; is the experimentally reconstructed density matrix
and g, is the theoretical one.

B. Hamiltonian simulation and evolution

For a completely disordered assistant, the optimal propaga-
tor for an unknown two-bit state [5] can be
y(2)

Ogp(z) = 7, (18)

pt
where the optimal Hamiltonian is
AY) = V21N + 2+ 1l + 12) 4 2(1 e + 121%)
Fava(i e+ 127 (19)

and t = 7. The optimal Hamiltonian is the Heisenberg X Z
model while the natural Hamiltonian of the sample is the
Ising model of Eq. (16). In general, if the different terms
of Hamiltonian do not commute with each other, we cannot
realize the terms sequentially. However, it is possible to
approximate the overall evolution by using Trotter’s formula
[36,37]

e(A+B)3[ — e(ABI/Z)e(BSI)e(ABI‘/Z) + 0(8t3) (20)

if the duration 67 is kept sufficiently short. Our target Hamilto-
nian of Eq. (19) can be decomposed into two non-commutative
parts,

2n
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Then the propagator of Eq. (18) can be approximately written
as

O =T T0"@0
i=1

:{@(%)m(&)@(%)} + 0617, (22

where T = mét is the whole evolution time, and

0, (%) =it [ (81) = e 1O (23)
represent the evolutions under the partial Hamiltonians.
Theoretically, more pieces m and shorter §¢ are desired for
more accuracy of the approximation. However, experimentally
we will choose an appropriate short time 8¢ to make the
approximation effective. If t = m/4 and m = 2, The resulting
approximate evolution

2
02 () = {U(%) Ux@r)l?z(%’)} (24)

has a fidelity of 0.996 with the target evolution,
where the gate fidelity is defined F (U(Slz,)t(r),l?a(?(r)) =
Te[02 (1) U55)(2)1/16 [33]. The U.(%) and U, (8t) operators
can be implemented by the free evolution and rf pulses.
Figure 4 shows the pulse sequence for approximately im-
plementing the propagator U (Si)(r). This bottom-up approach
involves a series of rf pulses and evolutions, and hence
accumulates considerable experimental errors and decoher-
ence effects. In this experiment, to improve the experimental
precision, we used an alternative way to achieve the target
propagator with engineered quantum control pulses [38—40].
It exploits the gradient ascent pulse engineering (GRAPE)
technique to synthesize U(Sf,;(r) with one single engineered
rf pulse only. Thus the error accumulation due to gate
imperfections is avoided, and the experimental fidelity for

UI (jz Ul 02
Qubit 1 = ﬂ— J— ﬂ. J_ I
Qubit2 - ﬂ-A J-A ﬂ-A J—A —
Qubit 3 - Uzz (91 ) ﬂ_ U:: (92) J_ Uzz (9‘5) ﬂ_ Uzz (62) J_ Uzz (01)_
Qubit4 — ﬂ_ J. ﬂ. J_ —
1 1
A 1 1
U.(6)= | |
[1 1
t ta

FIG. 4. (Color online) Pulse sequence for implementing

" N o i1 ila 72 % .
the propagator US$)(t). Here, U..(6;) = e OB E+EED with

93 :291 :2(3[, 02 :4«/581‘ and = IQ,'/(ZT[JHHN, Hh =
16;/2m Jxn,) — 60; /2w Jiy,)I. The local operators
U] = e*igér(izl+[i}+i;“ +i72“)efi%(1ixl‘+1ix2'+f,\l‘a+i}z‘n) and [72 =

o FUARHL LB i Fsr(F 4 P12
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the target propagator is maintained at a high level. The
GRAPE coherent control pulse for implementing 0(512,;(7,') was
theoretically obtained with a high fidelity of 0.997 and a pulse
length 8 ms.

C. Measurement and reconstruction

After the coupling evolution, we measured the x compo-
nents of the four qubits to obtain the joint probabilities p, of
the projective operators ﬁq in Eq. (4). An equivalent choice
would be the y components, while z components are infeasible
due to the symmetry properties of the evolution [5]. For this
purpose, we transferred the x components to z components
using a [%]25'1“’2“ pulse and destroyed off-diagonal elements
by a magnetic field gradient pulse G,. The populations could
then be measured by applying another reading-out pulse to
each of the qubits and measuring their free induction decays
(FIDs). The resulting pulse sequence for the readout is thus

1,2,14.24 1
T . T 13
|:—] — Gz — SWAP(1j) — |:—] — FID(”C),
2 —y 2|,

y

(25)

where j =1, 2, 1,, or 2, denotes qubit j, and SWAP(1j) is
SWAP gate between qubit 1 and qubit j. Because we used an
unlabeled sample, the molecules with a '*C nucleus are present
at a concentration of about 1% (the natural abundance). The
signals of '°F from the quantum register with the '*C nucleus
are hidden under the signals from the molecules containing the
12C isotope. Accordingly, the information of the '°F spins is
transferred to the '3C spin by a SWAP gate and read through the
13C spectrum. The measured FIDs after the reading-out pulses
along with the normalization condition ) g4 Pq = lallowsusto
reconstruct 16 diagonal elements (populations) in the density
matrix, which correspond to 16 joint probabilities p,. The
information about the state o5 was then obtained by the inverse
mapping M~

D. Experimental results

Figure 5 shows the experimentally observed NMR signals
after Fourier transformation of the corresponding FIDs for
the carbon spin for three different initial states: the thermal
equilibrium state pg;, the pseudo-pure state ps, and the
pseudo-entangled state pg3. Here fluorine’s information (Fy,
F,, F3) is detected through the '3C NMR spectra by SWAP
gates acting on '3C and !°F. The intensities of the different
resonance lines correspond directly to population differences
[41], corresponding to the joint probabilities p, of projection
operators on the x direction. We fit the NMR signals by
Lorentzian curves to obtain their intensities. From these
populations, we determine the initial condition ¢ by inverting
Eq. (7). The deduced coefficients ¢, are shown in Fig. 6, and
agree well with the theoretical ones. The average standard error
is around 4%. To further quantify the experimental states, we
calculate the state fidelities by Eq. (17). The experimental
fidelities of three initial states psi, fs2, and Jg3 reconstructed
by this method are 0.998, 0.995, and 0.987, respectively.

The experimental errors mainly come from the inhomo-
geneity of static magnetic fields, the imperfection of rf and
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FIG. 5. (Color online) Experimental '*C NMR spectra (denoted by thick blue lines) for reconstructing the three different unknown states:
the thermal equilibrium state jg;, the pseudo-pure state ps,, and the pseudo-entangled state ps; from left to right. From top to bottom are the
final information of '3C, F|, F,, and F; sequently. The intensities of different resonance lines correspond directly to population differences
between two related energy levels. Fluorine’s information is observed through the '*C NMR spectra by SWAP gates acting on '3C and '°F.
The theoretical expectations are denoted by thin red lines obtained by a NMR simulation program (NMRSIM) in Bruker’s TopSpin™ software
package. The numbers of repeated scans for ps;, fs2 and pg3 are, respectively, 32, 32, and 64.

GRAPE pulses, and the relaxation effect. In experiments,
we used 2-4 GRAPE pulses for the equilibrium state pgy,
4-5 for the pseudo-pure state Js», and 5-6 for the pseudo-
entangled state pg3. Therefore, the experimental fidelity of
Ds3 is relatively low compared to gs; and ps, due to the more

-0. 5 . L . . . . L . . m I I ]

10 11 12 13 14 15

FIG. 6. (Color online) Experimentally reconstructed coefficients
¢, from the experimentally measured joint probabilities p, by the
inverse mapping M ™! for three initial states pg;, As», and fgs. ¢, is
from 1 to 15 where ¢ is the coefficient of identity.

complex pulse sequence. The experimental time is about 38 ms
for pgs1, 42 ms for pso, and 57 ms for pg3.

IV. CONCLUSIONS

QST with a single observable appears highly attractive
since this may well have practical advantages compared
with standard QST; e.g, it is more economical, more easily
accessible in experiments, and the incomplete or noisy ex-
perimental data in quantum mechanical systems can be more
easily dealt with using standard statistical and information
theoretical methods [4]. We consider the measure scheme
of an n-qubit unknown quantum state by means of a single
observable, where a pairwise interaction is introduced as
the controlled Hamiltonian to couple the unknown system
with a known n-qubit assistant. Under this configuration, the
quality of the measurement scheme depends on that of the
subsystem consisting of two qubits; i.e., maximizing the size
of the determinant |A| in a 2n-qubit system is equivalent to
maximizing |det(M%X))| in a two-qubit system. Therefore,
the previous results can be generalized into an n-qubit case. A
simple dynamical process (e.g., by a Heisenberg X Z model or
a Heisenberg XY model) can afford a very valid determination
of pg to maximize |A| in such a pairwise interaction. This
type of interaction is always found in many physical systems:
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apart from nuclear spins (like in this work), they also occur in
quantum dots [42—44], donor atoms in silicon [45], quantum
Hall systems [46], and electrons on helium [47].

Moreover, we have experimentally demonstrated the
present scheme for obtaining a two-qubit state from the results
of repeated measurements with a single, factorized observable,
where another two-qubit system is introduced as the assistant.
We performed the experiments for the three different initial
states: the equilibrium state ggs;, the pseudo-pure state Ps,,
and the pseudo-entangled state ps3. After an evolution under a
designed pairwise interaction, we measured the x components
of the whole system S 4 A. The joint probabilities give the
initial density matrix of the system S by a one-to-one map-
ping. The experimental results are good agreement with the
theoretical exceptions. In our NMR experiments, measuring
a single observable leads to a simpler reading-out procedure,
since only x components are required. As a price, this method
requires an assistant with the same dimension and a nontrivial
system-assistant interaction. Therefore, the single-apparatus

PHYSICAL REVIEW A 89, 032103 (2014)

quantum state tomography is important for a situation with a
physically transparent measurement base and with a realistic
system-assistant interaction. We hope this practical QST with
a single observable will be useful in large-qubit systems.
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