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Extreme carrier shocking of intense long-wavelength pulses
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We predict a paradigm shift in the nonlinear physics associated with ultrashort long-wavelength pulse
propagation in gaseous and condensed media. Optical carrier shock formation, which profoundly modifies the
underlying optical wave form, emerges prior to the onset of the well-known self-focusing collapse singularity.
The canonical description of pulse propagation in this regime, where all nonlinear envelope descriptions fail, is
identified as the full field carrier resolved modified Kadomtsev-Petviashili (MKP) equation.
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The interaction of atoms and molecules with an intense
ultrashort laser pulse plays a decisive role in a wide range of
modern physics including higher-order harmonic generation,
pulse propagation, and filamentation in gases. While much
of the theory and experimental focus has been on near
infrared pulse propagation [1,2], new exciting phenomena have
recently been identified at longer mid-infrared wavelengths. In
high pressure capillaries, the long interaction length in concert
with filamentation of mid-IR pulses at 4 μm has been shown
to generate bright coherent keV x-rays [3]. As the bandwidth
of higher-order harmonic x-ray emission driven by mid-IR is
enormous, spanning keV bandwidths, this should be sufficient
to support few-cycle attosecond pulses. Very recently, the
possibility of zeptosecond pulse generation at even longer
wavelength pulses has been highlighted [4]. Access to these
extreme bandwidths and very high harmonics will ultimately
rely on propagation effects and precise control of longer
wavelength pulses. In particular, the prediction of zeptosecond
wave-form generation reported in Ref. [4] will need to be
reassessed given that propagation effects need to be taken
into account in light of the results presented here. Further
significant progress in this emerging field of nonlinear physics
will have to await the development of new pulsed few mJ laser
sources at wavelengths beyond the 4 μm reported in Ref. [3].

To date, much of the nonlinear evolution of near-IR pulses
can be qualitatively modeled with envelope models, which
are generalizations of the nonlinear Schrödinger equation
(NLSE), the best known being the nonlinear envelope equation
(NEE) [1]. These mathematical models belong to a universal
class of weakly nonlinear dispersive systems. While most
past and recent experiments have been limited to the visible
and near-infrared, these models provided an appropriate
framework for intense pulse propagation. However, at longer
mid-IR wavelengths the physics of the situation changes
and the relative strength of nonlinearity and dispersion are
interchanged. Moreover, the threshold for ionization rapidly
increases, making it more difficult to generate free electrons.
We shall see that these features profoundly change the nature
of pulse propagation over extended path lengths. Rather than
the blow-up self-focusing singularity dominating, we predict
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that the underlying optical carrier wave exhibits extreme shock
formation, as in the case of an ideal nondispersive medium [5].

In this article, we show that the canonical descrip-
tion of long-wavelength pulse propagation is the modified
Kadomtsev-Petviashvili equation (MKP). It is closely related
to the equation derived in the early 1980s by Kuznetsov for
acoustic waves [6], for which equation with cubic nonlinearity
various “blow up” results were found by Turitsyn and
Fal’kovich [7], and more recently numerically studied in [8].
This model was first introduced in an optics setting by Kozlov
et al. [9] who limited the discussion to one-dimensional (1D)
solitary waves associated with few-cycle pulses and, subse-
quently, by Balakin [10] who investigated its mathematical
properties relating to blow-up and shock singularity formation.
In contrast to the NLSE and its many variants, this model
is a full electromagnetic field resolved propagator. It can be
systematically derived as an asymptotic expansion of the full
vector Maxwell equations [10] or the unidirectional pulse
propagation equation (UPPE) [11], in the limit of strong
nonlinearity and weak dispersion. This stands in contrast to the
NLSE which is the canonical description of weakly nonlinear,
strongly dispersive behavior. Physically speaking, at long
wavelengths, the material dispersion landscape becomes flat
and featureless for most gases and many condensed materials
and, consequently, we expect MKP to apply.

For illustrative purposes, we will present results on the
nonlinear propagation of short-wavelength IR (SW-IR at
λ0 = 2 μm), mid-IR (λ0 = 4 μm), and long-wavelength IR
(LW-IR at λ0 = 8 μm) pulses in xenon gas, and demonstrate
with other medium models that the scenario we put forward is
indeed universal. We show that optical carrier shocks dominate
over the more traditional blow-up scenario typically associated
with NLSE and NEE, and that rather exotic wave forms can
be generated. The mechanism is akin to optical wave-form
synthesis [12], with the crucial difference being that the
process here is spontaneous. Importantly, shock formation
occurs for both ultrashort and longer pulses although the latter
case may lead to optical damage.

If E(x,y,z,τ = t − z/vg) represents the dominant com-
ponent of the electric field, then the MKP equation in
nondimensional form is
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Equation (1) shows how the right-going Riemann invariant
E of the underlying wave equation is deformed over long
distances by a combination of nonlinear, diffraction, and
dispersion influences.

In Eq. (1), LNL,LDS, and LDF correspond to the charac-
teristic lengths for the nonlinear Kerr effect, dispersion, and
diffraction, which are defined by

LNL = c

n2I0ωR

, LDS = 1

4aω3
R

, LDF = kRw2
0

2
, (2)

where n2 is the nonlinear refractive index of the material, I0

is the initial pulse peak intensity, ωR is a central frequency,
and w0 is the initial beam width at 1/e2 radius. We define L0

to be the shortest distance (usually LNL or LDF) over which
E changes. The coefficient a describes how the real part of
the linear susceptibility deviates from a constant value. The
canonical form of the MKP equation is generated from Eq. (1)
by choosing L0 = LDF and rescaling E.

Unless stated otherwise, the numerical experiments were
conducted in xenon gas at 1-atm pressure. The nonlinear
refractive index due to the instantaneous Kerr response is
n2 = 5.8 × 10−19cm2/W [13], and the dispersive relation is
taken from [14]. Ionization can safely be ignored in the
mid-IR and LW-IR regimes (for instance, λ0 = 8 μm) since
the combination of low energy photons (0.155 eV) and the
relatively high ionization potential of xenon (Ui = 12.03 eV)
would require extremely high light intensities to produce a
significant plasma density. In addition, simulations performed
with artificially increased ionization coefficients showed that
a carrier wave shock will still manifest regardless of plasma
generation and nonlinear losses (data not shown).

The input laser beam has a Gaussian spatiotemporal profile
and is launched in xenon with an initial beam waist of 2 mm
without any initial curvature. The central wavelength is λ0 =
8 μm and the pulse duration is 40 fs. The initial peak intensity
is I0 = 1 × 1013W/cm2, which corresponds to approximately
3.79Pcr in xenon, where Pcr = 3.77λ2

0/(8πn0n2) is the critical
power for self-focusing calculated for Gaussian beams. In
order to explore a wide range of parameters, two additional
wavelengths were used: λ0 = 4 μm, and 2 μm. The pulse
duration and starting peak intensity are adjusted appropriately
in order to keep the nonlinear length scale LNL constant for all
three cases. All simulations are done in radial geometry, time,
and propagation distance, being essentially three-dimensional.

Figure 1 shows the electric field of the 8-μm pulse before
and after the propagation of 5.63 cm inside xenon. We

FIG. 1. (Color online) Electric field of an 8-μm, 40-fs laser
pulse (black dashed line) undergoing self-steepening after 5.63-cm
propagation in xenon gas (red continuous line).

FIG. 2. (Color online) (a) Electric fields (at optimal distance),
and (b) corresponding spectral intensities of three laser pulses after
propagation in xenon gas. Black dotted line, λ0 = 2 μm; blue dashed
line, λ0 = 4 μm; red continuous line, λ0 = 8 μm. Horizontal axes
are normalized to pulse duration τp and fundamental frequency ω0,
respectively.

can clearly see that the electric field of the carrier wave
is undergoing self-steepening, reforming into a smooth
“shark-fin”-like shape. It is evident that the steepening of the
electric field is proportional to its amplitude, since the center
cycle is affected the most. Unlike other studies that have
shown carrier shock formation in dispersionless media, this
shock formation is predicted for a realistic dispersive medium.

In Fig. 2(a) we can see the dependence of the carrier shock
on the initial wavelength. The temporal axis is scaled by the
respective pulse durations (τp) so that the electric fields can be
compared directly. As the wavelength is increased from 2 μm,
to 4 μm, and finally 8 μm, we can see that the optical shock
becomes significantly more pronounced.

This behavior is reflected in the spectral domain, which
is shown in Fig. 2(b). As before, the horizontal axis, here
frequency, is scaled by the fundamental frequency ω0 for each
pulse, respectively. We can see that as the wavelength increases
the number of generated harmonics and their amplitudes
increase dramatically. In the case of the 8-μm beam, up to
10 odd harmonics are generated.

We identify this higher harmonic generation process as the
driving force for carrier wave shock formation. The interaction
of the generated higher harmonics with the fundamental
carrier wave has the potential to generate a field shock.
However, in order for the field shock to manifest itself and be
observable, the different harmonics must co-propagate with
the fundamental over a minimum distance, which can only be
possible in weakly dispersive materials. The increase in field
shock at longer wavelengths is therefore expected, since more
harmonics reside in the flat dispersion regime and are able to
co-propagate with the fundamental over a longer distance.

Note that although the electric field profiles for the 4-μm
and 8-μm beams are almost identical, their respective spectral
intensities differ significantly in amplitude after the third
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FIG. 3. (Color online) Characteristic lengths of various physical
effects for xenon as a function of wavelength for an input intensity
of I0 = 1 × 1013 W/cm2. Black dotted line, carrier shock dispersion
length LCSD; blue continuous line, nonlinear length scale LNL; red
dashed line, collapse distance LC .

harmonic. From this observation we can infer that most of
the steepening originates from the interaction between the
third harmonic and fundamental, since the additional higher
harmonics have only a small impact on the field shape. Addi-
tional simulations showed that when the spectrum is artificially
truncated after the third harmonic, most of the steepening seen
in the full spectral box case is preserved (data not shown).

Motivated by this observation, we introduce a new char-
acteristic length, describing the carrier wave shock dispersion
defined as

LCSD = 1

ω2
0|k′′(3ω0) − k

′′(ω0)| . (3)

LCSD is effectively a way to measure how fast the fundamental
and the third harmonic will walk off, dispersing the effect of
self-steepening on the carrier wave. Note the shock dispersion
does in fact not depend on the pulse duration of the wave
packet, which means that carrier shock formation is expected
for a wide range of pulse durations given sufficiently high peak
intensity.

We can now compare the importance of the relevant
physical effects with respect to their characteristic lengths,
namely the carrier shock dispersion LCSD, the nonlinear
length LNL, and the collapse distance LC defined in [15].
In Fig. 3 we can see the characteristic lengths plotted as
a function of wavelength for an input peak intensity of
I0 = 1 × 1013 W/cm2. Note that at a given wavelength the
effect with the shortest length scale is the one defining the
propagation. As we can clearly see, at near-IR up to 4 μm,
dispersion is dominant, which means that a carrier shock is
unlikely to occur. Since power is above the critical value,
beam collapse will occur at the distance estimated by the red
dashed line. This prediction is in agreement with the extensive
literature found for the classical femtosecond filamentation
regime for near-IR and SW-IR (700 nm–3 μm) pulses [1,2].

However, at 4 μm the blue and black lines cross, which
means that a transition from the blowup to the carrier wave
shock scenario is taking place. After 4 μm the nonlinear length
scale is the shortest of the three, and the field shock is predicted
to appear first since the walk-off between the harmonics is not
fast enough to suppress it. In this regime power is still above
critical, however, the collapse distance is much longer than
the nonlinear length scale and therefore a carrier wave shock
should always be observed.

FIG. 4. Electric field of a λ0 = 2 μm laser pulse undergoing
critical collapse in xenon gas. The input power is P = 3Pcr with
a beam waist w0 = 2 mm and pulse duration τp = 40 fs. The
spatiotemporal profile of the square of the electric field is shown
at a propagation distance of z = 66 cm. The inset shows the on-axis
field at the same propagation distance.

In the discussion so far, the shock development has been
quasi-1D due to the much longer characteristic blow-up length
scale Lc. Consequently radial points across the transverse
beam remain essentially uncoupled as the shock develops. An
interesting point to address is to see how these two classic
singularities can conspire to accelerate or mediate shock
formation in some manner. Referring to Fig. 3, we expect that
if we are below the 4-μm intersection point of nonlinear length
and shock dispersion scale, it may be possible that increasing
peak intensity associated with the development of the collapse
singularity will cause the effective nonlinear length to move
below the shock dispersion length. If so, we would expect the
blow-up to nucleate a carrier shock singularity as it develops.
Figure 4 illustrates this strong spatiotemporal coupling at a
point well along the classical collapse singularity curve where
the intensity has increased tenfold. While the shock structure is
evident in the 1D field slice (inset), it is somewhat smoothed by
the walk-off of the third harmonic arising during the adiabatic
intensity growth associated with self-focusing.

Of course an obvious way of accelerating carrier shock
development in the absence of blow-up is to simply strongly
focus the beam. The significantly increased intensity in the
focal region forces the carrier shock to appear earlier. Figure 5
shows the effect the initial phase-front curvature of f = 10 cm
has on the electric field shape after 7.33 cm of propagation in

FIG. 5. (Color online) Effect of initial curvature of f = 10 cm
on the carrier shock formation after propagation of 7.33 cm in xenon.
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FIG. 6. (Color online) Carrier shock strength as a function of
propagation distance normalized in shock dispersion lengths, for
all five noble gases. In all cases the input pulse is 20-fs long,
has a wavelength of λ0 = 4 μm and an initial peak intensity of
I0 = 5 × 1012 W/cm2.

xenon. Focusing the beam clearly accelerates shock develop-
ment leading to extreme wave forms that exhibit a radical
departure from a sinusoidal shape. Now the electric field
signal polarity switches extremely quickly within a fraction
of the fundamental optical cycle. Similar field shapes were
obtained recently in [12,16] through synthesis of appropriately
modulated higher harmonics, for 3.5-ns pulses at low power.
In our case, however, the wave packets are spontaneously
generated in the medium, and carry over 3Pcr at 40-fs duration.
This observation suggests a means of controlling optical carrier
wave forms for future studies in extreme nonlinear optics.

We performed additional simulations for other noble gases
with roughly the same input parameters, in order to verify
that this propagation regime is indeed quite generic. The
results can be seen in Fig. 6, where the maximum of the
derivative of the field is plotted as a function of propagation

distance, normalized in terms of LCSD so that the curves for the
different gases can be directly compared. As we can see xenon
is clearly the optimal medium of the five to observe carrier
field shock. However, almost all other noble gases exhibit this
behavior to some extent, with the exception of Neon. The
difference in carrier shock strength can be explained with the
analysis used in Fig. 3, since different materials have different
dispersion curves [14] and nonlinearity. Thus even though
the mechanisms leading to carrier shock formation are very
generic, input beam characteristics have to be chosen properly
and according to the medium.

To summarize, we have shown through numerical exper-
iments that the MKP model can accurately predict carrier
wave shock formation for mid-IR and LW-IR wavelengths
in xenon gas, exhibiting a “shark-fin”-like electric field
shape. The carrier wave self-steepening is explained as the
interaction between the co-propagating higher harmonics with
the fundamental. A comparison between the characteristic
lengths for shock dispersion, nonlinearity, and beam collapse
reveals the transition from the classical blowup scenario to
carrier wave shock formation as we move from near-IR to
longer wavelengths. In addition, controlling the carrier wave
shock profile through focusing of the beam, can result in the
generation of novel almost “top-hat” field profiles.
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Mücke, A. Pugzlys et al., Science 336, 1287 (2012).

[4] C. Hernández-Garcı́a, J. A. Pérez-Hernández, T. Popmintchev,
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