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Measuring the second-order coherence of a nanolaser by intracavity frequency doubling
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We measured the second-order coherence at zero time delay, g(2)(0), of a high-Q photonic crystal nanocavity
quantum dot laser below and above the lasing threshold, via detecting visible emission originated from the second
harmonic generation (SHG) occurring within the laser cavity. The efficiency of the nonlinear frequency conversion
process, defined by SHG intensity divided by the square of laser output intensity, is shown to be proportional
to g(2)(0), and hence is used for the measurement. The obtained g(2)(0) values show good agreement with those
measured by a Hanbury Brown–Twiss interferometer equipped with ultrafast superconducting single-photon
detectors.

DOI: 10.1103/PhysRevA.89.023824 PACS number(s): 42.55.Sa, 42.50.Ar, 42.65.Ky

I. INTRODUCTION

Recently, various types of novel nanolasers, including semi-
conductor micro- and nanocavity lasers [1–6], metal-coated
nanocavity lasers [7,8], and plasmonic nanolasers [9,10], have
emerged and formed a new frontier of laser science. One
characteristic of such nanolasers, distinguishing them from
conventional bulky lasers, is a high spontaneous emission
coupling factor, β, which is defined as the fraction of
spontaneous emission that directly couples to the laser cavity
mode. A large value of β is advantageous for lowering the
lasing threshold [11,12] and increasing the direct intensity
modulation speed [3,11]. In contrast, large β is sometimes
detrimental, in that it tends to increase the relative intensity
noise [13,14] and decrease the coherence time [15] of the laser
output. This fact has motivated various theoretical [13,16,17]
and experimental [4,14,18–21] studies aiming at understand-
ing intensity noise properties of high-β lasers.

One way to characterize the intensity noise properties
is by measuring the second-order coherence, g(2)(t), and
particularly its zero time delay value, g(2)(0) (=〈I 2〉/〈I 〉2,
where I is the laser output intensity). A frequently used
technique is Hanbury Brown and Twiss (HBT) interferometry,
which typically uses a pair of photon detectors together
with an electronic coincidence counter, and can directly
measure g(2)(t). Generally, this method has a fairly limited
timing resolution mainly due to slow photon detectors, and
tends to lose accuracy when measuring the g(2)(t) curves of
nanolasers [4,18] operating below the lasing threshold, which
are likely to show rapid decays roughly at the cavity decay
rates (∝1/Q). Recently, the detector timing resolution has
been improved largely in some photon counters [for example,
superconducting single-photon detectors (SSPDs)], but is still
on the order of tens of picoseconds in most cases [14,21,22].
Photon counting streak cameras [19,23–25] are an alternative
choice of detector that can access subpicosecond timing
resolutions. However, the camera usually has a low detection
efficiency and seems not to be suitable for measuring weak
outputs from high-Q and high-β nanolasers operating near the
threshold. In addition to these methods, techniques based on
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interpolation from g(1)(t) measurements [20] and on pulsed
homodyne detection [26,27] are used for measuring g(2)(0),
but none of these have been applied for high-β nanolasers
operating near and below threshold.

At another frontier of research, two-photon processes, such
as two-photon absorption [28] and second harmonic generation
(SHG) [29–31], have been investigated as measurement tools
for the intensity noise properties of light. In general, these
two-photon processes have efficiencies proportional to g(2)(0)
and occur within the femtosecond time scale dictated by
the uncertainty principle. Thus, they have been successfully
utilized for ultrafast g(2)(0) measurements. However, such high
order optical processes are inherently weak and require strong
light intensity, resulting in the limited use for only measuring
the strong output from bulky lasers, so far.

One possible way to improve the multiphoton process
efficiency is via photonic micro- and nanostructures with
strong optical confinement capabilities, such as whispering
gallery mode resonators [32–34], photonic nanowires [35,36],
plasmonic structures [37,38], and photonic crystals (PhCs)
[39–45]. Recently, we have demonstrated efficient intracavity
SHG [46] and sum frequency generation [47] using photonic
crystal nanocavity lasers that exhibit simultaneously high Qs
and small mode volumes (V s). This efficient intracavity SHG
process may be useful for measuring g(2)(0) of such high-β
nanolasers.

In this work, we report a measurement of the second-order
coherence of a high-β nanolaser by intracavity SHG efficiently
occurring within the laser cavity. We investigated a quantum
dot (QD) nanolaser with a GaAs-based PhC nanocavity that
exhibits a high Q and small V , and measured its g(2)(0)
values even far below the lasing threshold. First, we present a
quantum theory of intracavity SHG and clarify the condition
that the efficiency of SHG, η, which is defined by SHG
power over the square of laser output power, is proportional
to g(2)(0). This condition matches well with our experimental
condition. Second, we discuss the results of SHG efficiencies
measured by μ photoluminescence (PL) and compare them
with g(2)(0) values obtained by a HBT setup using a pair of
ultrafast SSPDs. The two values show fairly good agreement,
demonstrating the validity of the g(2)(0) measurement by using
the intracavity SHG. The presented method is simple and
does not require special detectors but enables an ultrafast
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measurement of g(2)(0), which could be applicable to various
types of high-β nanolasers, since many of them are made
from III-V semiconductors, which in general possess large
second-order nonlinear susceptibilities, and have high Q/V

values that enable the efficient intracavity SHG [η in general
scales as (Q/V )2].

II. THEORY

It is well known that a two-photon process using a single
mode of light occurs with a probability proportional to
g(2)(0) [28,29,48]; however, it is nontrivial whether this is
the case also for nonlinear optical processes invoked within
nanoscale photonic media. In this section, we theoretically
discuss the efficiency of intracavity SHG, η, and its relation to
g(2)(0) using a quantum master equation model. We consider
a cavity mode at frequency ωb in the near infrared (NIR)
that couples to multiple visible (VIS) modes through the
second-order nonlinear optical interaction. The NIR mode
is considered to be exposed to phenomenological coherent
and incoherent optical pumping, in order to represent the
intracavity optical field below (thermal-like) and above (co-
herentlike) the lasing threshold. This model can be regarded as
an extension of previous studies [49–52] and differs from our
previous report [46] by the addition of the incoherent pumping.
The Hamiltonian of the system, H , under an appropriate
rotating frame is expressed as

H

�
=

∑
k

�ka
†
kak + (Eb† + E∗b) +

∑
k

gk(a†
kb

2 + akb
†2

).

(1)
�k = ωk

a − 2ωb is the detuning between the kth VIS mode at
a frequency of ωk

a and the generated second harmonic light at
2ωb. ak and b are the annihilation operators for the kth VIS
mode and the NIR mode, respectively. E is the strength of the
coherent drive for the NIR mode. gk is the nonlinear optical
coupling strength between the NIR and the kth VIS mode:

gk = ε0

(
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)3/2
√
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bεaV

2
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∫
χ
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In the equation for gk , ε0 is the vacuum permittivity and εa

(εb) is the relative permittivity of the host optical medium
at the VIS (NIR) mode frequency. V k

a and Vb are the mode
volumes of the kth VIS and NIR optical modes, respectively.
χ

(2)
lmn(r) is the second order nonlinear susceptibility tensor of

the host material, where r represents the position within the
volume integral. b(r) and ak(r) are the normalized spatial
field distributions of the NIR and kth VIS modes, respectively.
The repeated index summation convention is used within the
integral (regarding l,m,n) and the integration is performed
over all space. For achieving a large gk , it is important to
employ a large χ

(2)
lmn, small V k

a and Vb, appropriate choice of the
nonlinear crystal axis orientation [45], and large constructive
spatial overlap between the related modes. In our situation,
the conventional requirement of phase matching is replaced
by the demand of the large spatial overlap. A system density

operator ρ evolves in time by the following master equation:
dρ

dt
= − i

�
[H,ρ] + Lρ. (3)

Lρ corresponds to the system reservoir interaction term, which
contains three contributions:

Lρ = P

2
(2b†ρb − bb†ρ − ρbb†)

+ κ + P

2
(2bρb† − b†bρ − ρb†b)

+
∑

k
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†
k − a

†
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†
kak). (4)

The first two terms, respectively, express an incoherent pump
to the NIR mode at a rate of P and a cavity photon leakage
at κ . The second term also includes an influence from the
pump [53]. The third term is the sum of photon leakage from
each VIS mode (the kth mode leaks at a rate of κk

a ). Using the
equations above, one easily obtains a set of evolution equations
for the expectation values:

d〈a†
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†2 − a
†
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In the steady state ( d
dt

= 0), these equations can be summarized
after neglecting the term related to simultaneous excitation of
multiple VIS modes:( κk

a
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)2 + �2

k

2
( κk
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2 + κ
) κk
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Assuming weak frequency conversion (〈a†
kak〉 � 〈b†b〉), fast

photon leakage from the VIS modes, and a small nonlinear
interaction strength (κk

a � κ � gk), only the term g2
k 〈b†2

b2〉
in the right-hand side has a comparable quantity compared to
the left-hand side, and remaining terms are smaller by at least
a factor of 2κ/κk

a � 1. These assumptions are usually fulfilled
when many of the related experiments are performed. Then,
Eq. (7) is reduced to( κk

a

2 + κ
)2 + �2

k

2
( κk

a

2 + κ
) κk

a 〈a†
kak〉 ≈ g2

k 〈b†
2
b2〉 = g2

k 〈b†b〉2g(2)(0).

(8)

Finally, we obtain an expression for the nonlinear frequency
conversion efficiency, η, which is defined as total SHG power
(
∑

k �2ωbκ
k
a 〈a†

kak〉) divided by the square of the NIR laser
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output power (�ωbκ〈b†b〉):

η =
∑
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(9)

≈ 2
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]
g(2)(0). (10)

Equation (10) clearly demonstrates the linear relationship
between η and g(2)(0). The prefactor (g/κ)2 indicates a
quadratic increase of η as Q/V increases [43,46].

In order to confirm the validity of Eq. (10), we performed
numerical simulations by directly solving Eq. (3). We consider
a case that there is a NIR mode at 1 eV and a single VIS
mode that resonantly couples to the SHG light (� = 0) with
a g of 0.1 μeV. The NIR and VIS modes have Q factors
of 10 000 and 100, respectively. This setting for the system
parameters is chosen by reference to our previous report [46].
When the nonlinear frequency conversion is weak, we can
set E = √

r κ
2

√
Nave and P = (1 − r)κNave, where Nave is the

average photon number in the NIR mode. r determines the ratio
of the coherent pump contribution to the incoherent pump. In
the following calculation, we set Nave = 1. For several r values,
we first simulate the average photon numbers for VIS (〈a†a〉)
and NIR (〈b†b〉) and directly obtain η by using its original
definition as in Eq. (9). Then, we simulate g(2)(0) for each r

in order to calculate η using the approximation [Eq. (10)]. By
changing r from 0 (P only) to 1 (E only), we can shift the
photon statistics for the NIR mode from thermal to coherent,
and hence gradually tune g(2)(0) from 2 to 1. A summary of
the calculated η plotted as a function of g(2)(0) is shown in
Fig. 1. The conversion efficiencies obtained from the original
definition exhibit good agreement with those obtained using
the approximation. The observed proportionality of η with
respect to g(2)(0) suggests the possible usage of η as a measure
of g(2)(0). The small deviation between the two η plots around
g(2)(0) ∼ 2 probably arises from the truncation of the photon
number space when solving Eq. (3). We also confirmed the
validity of Eq. (10) for several other cases that include finite
�’s and/or multiple VIS modes.
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FIG. 1. (Color online) Simulated nonlinear frequency conversion
efficiency, η, as a function of calculated g(2)(0). Black circles: Results
directly calculated by the original definition of η [Eq. (9)]. Red line:
Results obtained by using the approximation [Eq. (10)].

FIG. 2. (Color online) (a) Schematic illustration of the investi-
gated PhC nanolaser. The nanolaser emits coherent NIR light under
optical carrier injection and simultaneously VIS light via intracavity
SHG using the internally generated NIR light. (b) Electric field
distribution of the fundamental mode of the H0 nanocavity, which
supports the NIR lasing in this study.

When the related optical modes are influenced by additional
absorption losses, the photon loss rates for the kth VIS and
NIR modes increase and should be rewritten to κk

a + κk
a,abs and

κ + κabs, respectively. Even in this case, the expression for η

is modified marginally, under an assumption of κk
a + κk

a,abs �
κ + κabs:

η ≈ 2

�ωb

⎡
⎣∑

k

4g2
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a κ2
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2

)2 + �2
k

⎤
⎦ g(2)(0). (11)

Since gk , κ , κk
a , and �k are predominantly determined by the

photonic structure under consideration, they can be regarded as
constant during experiments for individual nanolasers. Thus,
as long as the absorption for the VIS modes (κk

a,abs) is constant
or its change negligibly affects η, we can use η as a measure
of g(2)(0). This is the case in which we performed experiments
as presented below.

III. EXPERIMENT

A. Sample structure and experimental setup

A schematic of the investigated nanolaser is shown in
Fig. 2(a). We investigated a GaAs-based H0 photonic crystal
nanocavity [6,54] containing InAs quantum dots as gain
media. The nanolaser lases in the NIR (∼1100 nm) under
optical carrier injection and simultaneously emits green light
(∼550 nm) via intracavity SHG. The air-bridge PhC slab has
a thickness d of 180 nm, and contains five layers of InAs
QDs (with an areal density of ∼3.6 × 1010 cm2 per layer).
The QD ground state PL is centered around 1100 nm at 10
K. The two-dimensional triangular PhC lattice was designed
with a lattice constant a = 340 nm and air hole radius r =
99 nm. A top view of the cavity, overlaid with the fundamental
mode field distribution, is shown in Fig. 2(b). Two air holes
around the cavity center are shifted by 0.14a outward along the

-K direction and the third nearest air holes along with this
direction are also shifted by 0.06a. The first and second nearest
holes along the 
-M direction from the cavity center are,
respectively, shifted outward by 0.04a and 0.02a. This design
results in a cavity Q factor of 93 000 and a V of 0.25(λ/n)3

for the fundamental mode, calculated by finite difference
time domain simulations [54]. The cavity was patterned by
standard PhC fabrication processes on a slab grown on a
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(001)-oriented GaAs wafer, such that the 
-K axis of the PhC
lattice directs along with the [110] orientation of the GaAs. It is
noteworthy that the nonlinear frequency conversion efficiency
drops roughly one order of magnitude when we tilt the cavity
by 45◦ around the growth axis. Optical characterization was
performed by using a confocal μ-PL setup at 30 K. The
excitation source was a continuous wave laser diode oscillating
at 808 nm and was focused onto the sample surface by an
objective lens with a numerical aperture of 0.6. The excitation
power is defined as that measured after the objective lens. PL
collected by the same objective lens was split into the NIR
and VIS signals by a dichroic beam splitter and separately
sent to spectrometers equipped with liquid nitrogen cooled
multichannel detectors. The spectral resolution for the NIR
(VIS) was ∼40 μeV (∼1.2 meV). The intensities of the
NIR (VIS) emissions were evaluated by convolutional (simple
peak) fitting of the obtained spectra. A HBT interferometer
was built by a combination of a spectrometer as a bandpass
filter (filter bandwith = 640 μeV), a 50:50 beam splitter, and
two superconducting single-photon detectors equipped at the
end of optical fibers in a liquid-helium container. Overall, the
timing resolution of our setup is ∼56 ps.

B. Emission characteristics both at the NIR and VIS

First, we investigated the output characteristics of the
nanolaser both in the NIR and VIS. Figures 3(a)–3(c),
respectively, show a light-in versus light-out (LL) plot for
the NIR output, a spectrum taken above the lasing threshold,
and the behavior of the cavity linewidth as a function of the
pumping power. The LL plot shows a nonlinear increase of
the output power accompanied by lasing oscillation with a

threshold at 8.2 μW, determined at the inflection point. The
lasing spectrum taken at a pump power of 42 μW exhibits
single-mode lasing at a wavelength of 1106 nm. A linewidth
narrowing is clearly observed, and a cold cavity Q factor of
17 000 (linewidth of 66 μeV) is estimated at the lower power
edge of the transition region (corresponding pumping power:
3 μW). We analyze the LL curve through fitting to a laser rate
equation model [12,25,55]:

dn

dt
= −κn + βγNn + βγN,

dN

dt
= P − γN − βγNn.

(12)

Here, n and N are intracavity photon number and population
inversion, respectively, and κ , γ , and β respectively corre-
spond to the cavity decay rate, spontaneous emission rate,
and spontaneous emission coupling factor. We assume κ =
100 GHz (66 μeV) from the measured cold cavity Q factor. γ is
set to be 8 GHz, from fitting to data as discussed in Appendix B.
This value is several times faster than those measured for
as-grown QDs, presumably due to the Purcell effect in the
high Q/V nanocavity. The best fit to the experimental curve
was obtained for β = 0.12 and the calculated LL curve is
overlaid in Fig. 3(a). From the fit, the average intracavity
photon number at each pumping power can be deduced [see
the right axis of Fig. 3(a)]. We also investigated SHG from
the same nanolaser in the VIS wavelength region, and plot its
LL curve and an emission spectrum, respectively, in Figs. 3(d)
and 3(e). The LL curve for the SHG shows a highly nonlinear
increase and the emission spectrum exhibits a sharp emission
line at a wavelength of 553 nm (half the wavelength of the NIR
lasing mode). The SHG signal is observable even under weak
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FIG. 3. (Color online) (a) LL plot for the NIR lasing mode output. Solid line is a fit by a laser model using Eq. (12). (b) NIR lasing spectrum
taken under a pump power of 42 μW. (c) Linewidths plotted as a function of the pumping power. The resolution of our spectrometer (34 μeV)
is shown as a horizontal dashed line. (d) LL plot for the VIS mode output. Two solid lines are a guide for the eye showing quadratic increase
of the LL curve. (e) VIS emission spectrum taken under a pump power of 42 μW. (f) VIS emission intensity plotted as a function of the NIR
output intensity. Diagonal solid line is a guide for the eye indicating the quadratic increase. Dashed vertical line indicates the NIR intensity at
the lasing threshold.
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pumping power conditions down to 0.67 μW, which is much
below the NIR lasing threshold. At this pump power, only 0.07
photons are estimated to exist in the NIR mode on average. The
maximum detected SHG power (estimated from the detector
count) was 122 fW at a pump power of 67 μW. The NIR
laser output at the same pump power was 970 nW. Therefore,
the nonlinear frequency conversion efficiency η was estimated
to be 13%/W. We note that this value is a lower limit, since
we compared the ideally estimated NIR output power with
experimentally measured SHG power, which is imperfectly
collected by objective lens and significantly attenuated by
numerous optics before the detection. In Fig. 3(f), the VIS
emission power is plotted as a function of the measured NIR
intensity. Overall, the VIS output quadratically increases with
respect to the NIR output. However, a deviation from the
quadratic increase can be seen around the NIR output at the
lasing threshold (gray vertical line). We consider that this
deviation arises from the change of the photon statistics [or
g(2)(0)] of the NIR laser field. This point will be discussed in
detail later. It is also worth noting that the emission linewidth
for the SHG is observed to be twice larger than that for the
fundamental NIR lasing mode, as discussed in Appendix A.

C. HBT measurement

Next, we performed g(2)(t) measurements on the same
nanolaser by using the HBT setup, which was able to measure
g(2)(t) even below the lasing threshold, thanks both to an
ultrafast response of the detector (∼56 ps as a total system) and
the high Q (i.e., slow photon escape) of the nanolaser. Figure 4
shows several g(2)(t) curves obtained at different pumping
powers. Sufficiently below the lasing threshold, a monotonic
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FIG. 4. (Color online) g(2)(t) curves measured by the HBT setup
under various pumping powers. Gray lines, smooth red solid lines,
and black dashed lines, respectively, are experimental data, fit results,
and deconvolved fit curves. Plots for 3.1, 9.8, and 39 μW have offsets
of 0.5, 1, and 1.5, respectively.
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FIG. 5. (Color online) Comparison between g(2)(0) measured by
the HBT setup and η by μPL. η = 9.7%/W is plotted at the same
level of g(2)(0) = 1. The vertical axis for η has been linearly scaled
as the g(2)(0) axis × 9.7, enabling direct comparison between the two
data sets.

decay of the curve from the time origin was observed (see
the 0.62 μW pumping case), as a result of the generation
of the thermal-like state in the cavity. A flat g(2)(t) curve is
observed much above the lasing threshold (see the 39 μW
pumping case), indicating that coherentlike state of light is
generated in the nanolaser. Through fits to the two curves (for
details, see Appendix B), we obtained g(2)(0) values of 1.4
and 1.0 for the 0.62 and 39 μW pump cases, respectively.
Details of the transition of g(2)(0) around the lasing threshold
will be discussed using Fig. 5 later. Interestingly, around
the lasing threshold, we detected oscillatory behavior in the
g(2)(t) curves. These seem to be in line with recent reports of
experimentally observed oscillating g(2)(t) curves in several
types of microscale semiconductor lasers [19,25] by ultrafast
photon counting streak cameras: Moreover, the existence of the
oscillation is theoretically predicted also for high-β nanolasers
under continuous wave operation [17] (see Appendix B).

D. Comparing η with g(2)(0) values obtained by HBT

Finally, we compare the values of g(2)(0) obtained from
g(2)(t) curves measured in the HBT experiments, and those
estimated from the SHG efficiencies, η’s. Both sets of data are
plotted in Fig. 5. First, we focus on the values η (red circle).
Below the lasing threshold (for pump powers from 0.7 to
3 μW), η remains at 15%/W. The values smoothly decrease
around the pump powers corresponding to the laser transition
region (3–20 μW). η’s, then flattens at ∼ 10%/W for pump
powers more than 20 μW, in which the LL curve for the
NIR mode is in the linear region. Around the highest pumping
power, a sudden jump of η is seen: We do not have any suitable
explanation for this unexpected behavior at this stage. The
origin of scatter in the data may be attributed to the instability
of the μ-PL setup that induces fluctuation in the measured
emission intensities. Next, we discuss the transition of g(2)(0)
values taken by the HBT measurements (the values come from
the deconvolved fit curves). The g(2)(0) values below and above
the lasing threshold smoothly change from ∼1.4 to 1. This
smooth transition, and g(2)(0) values much lower than 2 when
below the lasing threshold, are characteristics of high-β lasers.
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Now, we compare the two results. We note that, in Fig. 5,
η = 9.7%/W is plotted at the same level of g(2)(0) = 1, and the
vertical axis for η is scaled such that it is directly proportional
to the g(2)(0) axis [g(2)(0) value multiplied by 9.7], enabling
a direct comparison of the linear relationship between the
two sets of data. A fairly good agreement between the two
measurements proves that η is indeed proportional to g(2)(0)
and can be used as a measure for it.

As demonstrated here, η can be easily measured by just
observing NIR laser output and SHG intensities, but is a
powerful quantity that enables one to access the g(2)(0) of
nanolasers without being limited by finite timing resolutions
of detectors. The accuracy of the g(2)(0) evaluation using η

is currently limited by the instability of the detection setup,
and could be improved by using a more stable setup. One
disadvantage of this method is the lack of information on
the absolute g(2)(0) values, but this can be compensated by
a single point calibration using another g(2)(0) measurement.
The requirements for nanolasers in order to efficiently induce
SHG, such as high Q/V value and large second-order
nonlinearity, are often fulfilled by widely investigated high-β
nanolasers based on III-V semiconductors. Therefore, the
presented method will be useful for characterizing intensity
noise properties of various types of nanolasers.

IV. CONCLUSION

In conclusion, we demonstrate a g(2)(0) measurement of
a high-β (=0.12) nanolaser below and above the lasing
threshold using the SHG occurring in the laser cavity. We used
the efficiency of SHG, η, which is proved to be proportional
to g(2)(0) under conditions where the related experiments are
commonly performed. We succeeded in detecting the SHG
signals even below the NIR lasing threshold, where only 0.07
photons exist in the NIR cavity mode on average. Then, we
compared the experimentally measured η’s with g(2)(0) values
obtained by the HBT setup and found a good proportionality
between them as we initially expected. This demonstrates the
validity of the presented method for measuring g(2)(0). It is
also worth noting that the measured g(2)(t) curves exhibited
oscillations [19,25] as predicted in the recent literature [17].

This work could be extended to the realization of an
on-chip quantum intensity correlator [56]. A combination of
a Mach-Zehnder interferometer with tunable delay lines [57]
and a nonlinear nanocavity exhibiting strong intracavity SHG
may enable the measurement of g(2)(t) of light propagating
in the integrated optical circuit [31]. Another prospect is the
application to higher order intensity correlation measurements,
as previously demonstrated for bulky lasers incorporating
nonlinear crystals [31]. For the extension to measuring the
third-order intensity correlation, one measures the efficiency of
third harmonic generation or the intensity correlation between
the SHG and the fundamental laser light. In similar ways, one
could measure higher order intensity correlations. Application
to cavity quantum electrodynamics studies is also a fascinating
possibility [58,59]. In particular, our method could be directly
applicable to probe multiphoton generation and multiphoton
intensity correlation spectra [60–63] in QD-nanocavity cou-
pled systems that have been intensively discussed recently.
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FIG. 6. (Color online) Evolution of the emission linewidth under
various pumping powers for the fundamental lasing mode (shown as
blue spheres) and second harmonic mode (shown as orange squares).
The data is obtained from measurements on another QD nanolaser
based on a L3 PhC nanocavity. The green triangular points show half
of the VIS emission linewidth, exhibting good agreement with the
fundamental mode linewidths.
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APPENDIX A: SPECTRAL LINEWIDTH OF THE SHG

We measured the evolution of the emission linewidths
of the NIR and VIS modes from another QD nanolaser
based on a L3-type PhC nanocavity using high-resolution
spectrometers. The nanolaser design and basic characteristics
in a similar device are found in our previous report [46]—its
basic properties are similar to the nanolaser studied in the
main text. Figure 6 shows the measured linewidths of both
the fundamental lasing mode and of the SHG light. We
observed linewidth narrowing of the NIR mode around the
lasing threshold of 10 μW. At the same time, the VIS emission
also shows a linewidth narrowing. The green triangular points
in Fig. 6 show half of the linewidth of the VIS emission
line, exhibiting reasonable agreement with the fundamental
mode counterpart. The fact that the VIS linewidth is twice the
NIR linewidth can be naturally expected for the SHG light
arising from single-mode damped harmonic oscillators. The
fundamental mode oscillation eiωt−κt is squared to produce the
damped nonlinear polarization of ei2ωt−2κt , which is the source
of the SHG and decays at twice the rate of the fundamental
mode (ω and κ are the oscillation frequency and damping rate,
respectively). The doubled linewidth for the SHG spectrum is
also well reproduced using master-equation-based calculations
using Eq. (3).

APPENDIX B: FITTING TO OSCILLATORY g(2)(t) CURVES

We analyzed the measured g(2)(t) curves by following
the procedure presented in Refs. [13,25]. First, solutions of
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Eq. (12) are separated into those of the steady state and from
the fluctuation by writing n = n0 + δn and N = N0 + δN .
Substituting these into Eq. (12) and linearizing the resulting
equations around the steady state, we obtain the following
equations expressing the time evolution of the fluctuations, δn
and δN :

dδn

dt
= − κ

n0 + 1
δn + βγ (n0 + 1)δN,

(B1)
dδN

dt
= −βγN0δn − γ (1 + βn0)δN.

One can easily solve these equations to obtain an expression
for δn(t) and successively for g(2)(t) [=1 + 〈δn(0)δn(t)〉/n2

0].
A resulting g(2)(t) solution suitable for fitting monotonically
decaying curves is g(2)(t) = 1 + [g(2)(0) − 1]e−γr |t |, where γr

is the damping rate. The oscillating curves are well fitted by
another solution, g(2)(t) = 1 + [g(2)(0) − 1]e−γr |t |cos(ωr |t | +
φ0)/cos(φ0), where ωr is the resonance angular frequency of
the relaxation oscillation and φ0 is an initial condition. Within
this treatment, g(2)(0) is merely an initial condition and cannot
be predicted (another sophisticated treatment can predict the
value [17]), but ωr and γr may have analytical expressions as
follows:

ωr =
√

βγ κn0 − 1

4

(
κ

n0 + 1
− γ (1 + βn0)

)2

, (B2)

γr = 1

2

(
κ

n0 + 1
+ γ (1 + βn0)

)
. (B3)

We set g(2)(0), ωr , γr , and φ0 as major fitting parameters and
fit the experimentally obtained curves using the above two
solutions after taking into account the temporal resolution of
our HBT setup (∼56 ps). The experimental data taken under
the pump power below 2 μW were fitted as monotonically
decaying curves, while clear relaxation oscillations were
observed up to 25 μW. In Fig. 4, some of the fitting results
are overlaid to the experimental counterparts. Through the fit,
ωr and γr are extracted and plotted in Fig. 7. We found an
almost-monotonic increase of ωr/2π from 1.5 to 6.5 GHz
as the pump power increases from 2.4 to 25 μW, and
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FIG. 7. (Color online) Extracted ωr and γr through the fitting,
compared with those calculated using Eqs. (B2) and (B3).

an almost-monotonic decrease of γr from 50 to 12 GHz
for the pump power from 0.8 to 20 μW. For a comparison,
we also calculated ωr and γr , respectively, using Eqs. (B2)
and (B3). For this calculation, we used the same constants
used for simulating the LL curve in Fig. 3(a) with Eq. (12)
(κ = 66 GHz, γ = 8 GHz, β = 0.12) and photon numbers
evaluated at the steady state, n0. γ = 8 GHz is chosen so
that the calculated values and experimental data match well.
This relatively fast decay rate may be explained by the Purcell
effect in the nanolaser cavity. The calculated results (solid
and dashed lines) are plotted in Fig. 7 and show modest
agreement with the experimental counterpart (circular and
square points), suggesting that the presented modeling of
the relaxation oscillation is partially valid for our nanolaser.
Remaining deviations in the plot indicate the necessity of
further experimental and theoretical work in order to fully
understand the relaxation oscillation in high-β nanolasers: The
topic is closely related to some important issues such as the
intensity modulation bandwidth of high-β nanolasers under
small signal modulation [3]. However, such pursuit is out of
the scope of this paper.
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