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Resonant electron-atom bremsstrahlung in an intense laser field
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We analyze a resonant mechanism for spontaneous laser-assisted electron bremsstrahlung (BrS) involving
the resonant transition (via either laser-assisted electron-ion recombination or electron-atom attachment) into
a laser-dressed intermediate quasibound state (corresponding, respectively, to either a field-free neutral atom
or a negative-ion bound state) accompanied by ionization or detachment of this state by the laser field. This
mechanism leads to resonant enhancement (by orders of magnitude) of the BrS spectral density for emitted
photon energies corresponding to those for laser-assisted recombination or attachment. We present an accurate
parametrization of the resonant BrS amplitude in terms of the amplitudes for nonresonant BrS, for recombination
or attachment to the intermediate state, and for ionization or detachment of this state. The high accuracy of our
general analytic parametrization of the resonant BrS cross section is shown by comparison with exact numerical
results for laser-assisted BrS spectra obtained within time-dependent effective range theory. Numerical estimates
of resonant BrS in electron scattering from a Coulomb potential are also presented.
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I. INTRODUCTION

The bremsstrahlung (BrS) process accompanying electron-
atom or electron-ion scattering is among the fundamental
problems of atomic physics. In the presence of an intense
laser field the BrS process is significantly modified: an
electron colliding with an atom can efficiently convert the
combined energies of the laser photons, hw, into the energy
of a spontaneously emitted photon, A2. In comparison with
field-free BrS, in laser-assisted BrS the spectral energies can
be significantly extended and resonant-like enhancements of
the BrS cross sections may appear.

There have been relatively few prior studies of laser-assisted
BrS processes. Karapetyan and Fedorov [1] have shown
that laser-assisted BrS spectra for electron scattering from a
Coulomb potential exhibit resonant peaks at BrS frequencies
that are multiples of the laser frequency w. Such resonances
occur only in the limit of an intense laser field, i.e., such that
the mean kinetic energy of free electron oscillations in the laser
field is much higher than the incident electron energy. These
results are apparently specifically for the long-range Coulomb
potential. The electron-Coulomb interaction was treated in
Ref. [1] within the Born approximation, so that effects related
to the possibility of virtual capture of the scattering electron
into a bound state were not treated.

Zhou and Rosenberg [2] investigated laser-assisted BrS
beyond the Born approximation in the scattering potential
for the case of a low-frequency laser field. They found
a series of resonant peaks in the BrS spectrum, separated
by hw, that are related to resonant features in field-free
electron-atom scattering. The approach in Ref. [2] is based
on the low-frequency Kroll-Watson result [3] for the electron
scattering state and its “resonant” modification, represent-
ing the scattering wave function in terms of the field-free
continuum states with laser-modified energies. Within this
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low-frequency approximation, effects of the laser field on
the resonant quasibound state of the electron in the atomic
potential cannot be treated. Hence the low-frequency approach
in Ref. [2] does not allow one to determine the correct field
dependence of the resonant positions and profiles; they can
only be introduced phenomenologically.

These two seminal works, by Karapetyan and Fedorov [1]
and by Zhou and Rosenberg [2], have led to a number of more
recent analyses. These have been described briefly in Sec. 4.5
of the review by Ehlotzky er al. [4]. A comparative analysis
of laser-assisted BrS for electron-Coulomb scattering within
the Born and low-frequency approximations (in accordance
with Refs. [1] and [2], respectively) has been given in a recent
paper by Dondera and Florescu [5], who also review there
other works on nonrelativistic laser-assisted BrS.

In this paper, we analyze resonant effects in nonrelativistic
laser-assisted BrS due to radiative transitions of the scattering
electron into a bound state supported by the atomic potential.
Our analysis goes beyond both the Born and the low-frequency
approximations. We present a general parametrization for
resonant BrS cross sections, which are expressed in terms of
amplitudes for nonresonant BrS, for radiative recombination
or attachment into a quasistationary bound state, and for
ionization or detachment of the active electron from this state.
This resonant channel (for virtual capture of the incident
electron by the target potential) plays an important role in
various collision processes, dramatically modifying the spectra
of such processes. For example, significant enhancements of
the cross sections for laser-assisted electron-atom scattering
accompanied by absorption or emission of laser quanta
was predicted in Ref. [6]. Also, the occurrence of resonant
enhancements (by orders of magnitude) of the high-energy
part of laser-assisted radiative recombination (LARR) or
laser-assisted radiative attachment (LARA) spectra have been
predicted in Ref. [7]. In this paper, we show (i) that the afore-
mentioned resonant mechanism leads to the appearance of
sharp resonant peaks in laser-assisted BrS spectra, increasing
the BrS cross section by orders of magnitude; (ii) that the
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resonant peaks form a plateau-like structure, whose shape
coincides with that of the LARR or LARA spectrum; and
(iii) that the profiles of the resonant peaks are governed by the
ratio of nonresonant (potential) to resonant BrS amplitudes
and have an asymmetric form similar to the Fano profiles of
autoionization features in photoionization cross sections (see
Refs. [8-10]) as well as to the resonance profiles found in
Ref. [7] for the LARR process. Note that in our treatment the
resonant peak positions and widths are related to the Stark
shift and the total decay rate of the resonant laser-dressed
quasistationary bound state. Note also that our considerations
are limited to the nonrelativistic case and to the dipole
approximation for the electron interaction with the laser field;
relativistic effects in laser-assisted BrS (cf., e.g., Refs. [11-14])
are beyond the scope of this paper.

The paper is organized as follows. In Sec. II we present a
general formalism for laser-assisted resonant BrS for the case
of electron scattering on a target potential that supports a bound
state. We derive exact quantum expressions for the BrS cross
section in the vicinity of the resonant energies of the emitted
photon. In Sec. III we present closed-form analytic expressions
(obtained within the low-frequency approximation) for the key
contributions to the resonant BrS cross sections. In Sec. IV
exact numerical results for laser-assisted resonant e-H BrS
in a CO, laser field are presented. These are obtained using
the time-dependent effective range theory (TDER) for an
electron scattering state in a short-range atomic potential. In
Sec. V, we present estimates for spontaneous laser-assisted
BrS for the case of electron-Coulomb scattering. In Sec. VI we
summarize our results and present some conclusions. Finally,
in the Appendix we provide details of the derivation of the
exact TDER result for the laser-assisted BrS amplitude.

II. GENERAL FORMALISM

A. The laser-assisted bremsstrahlung cross section

We consider the process of laser-assisted spontaneous
photon emission (BrS) by a nonrelativistic electron that
scatters from a target atom described by the potential U (r). For
the electron-laser interaction, we use the dipole approximation
in the length gauge,

V(r,t) = —er - F(1),

where F(z) is the electric vector of the linearly polarized,
monochromatic laser field,

F(t) =Fcoswt, F=e,F, (1
F and o are the field amplitude and frequency, and e, is the
unit polarization vector.

To describe electron-atom collisions in a monochromatic
field, (1), the quasienergy (or Floquet) approach [15] is most
appropriate. Within this approach, the laser-dressed scattering
state of an electron with asymptotic momentum p and kinetic
energy E = p?/(2m) has the form

Wy(r,1) = Dp(r,0)e ", @p(r,t) = p(r,t + T),
T =27/w, (2)
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where € is the quasienergy, € = E +u,, and u,=
e’ F? /(4mw?) is the ponderomotive (or quiver) energy of an
electron in the field F(¢).

As for the case of field-free BrS [16], the amplitude for
laser-assisted BrS is proportional to the matrix element (7'y; ) of
the dipole radiative transition between the initial (“in”) and the
final (“out”) scattering states \IJ,(,f.n)(r,t) = @, (r,1)e~'"/" and
\Ill(,f)f"t)(r,t) = CDgf (r,t)e”'¢/"/" corresponding to the emission
of a spontaneous photon with energy hS2 and polarization
vector €,

o0
sz — / ei[Q—(E,-—ef)/ﬁ]te/* . dfl(t)dt, (3)
—0o0

where dy;(t) is the (periodic-in-time) matrix element of the
dipole moment operator d = er,

ds(t) = (dbgf(t)id|cbp,. (0)). 4)

In Eq. (4), the in state, @, () = P, (r,?), contains incoming
“plane” and outgoing “spherical” waves, whereas the out state,
dDgf ) = dDgf (r,t), contains outgoing plane and incoming
spherical waves and relates to the quasienergy state (QES)
Gy, (r,1) as

cl>§f(r,t) =®1, (r,—1). (5)

Using the Fourier expansion for d (), the integration over ¢
in Eq. (3) gives

Ty =2rhy € d,8(e +nho —hQ —ep).  (6)
where d, = d,,(p;,p) is the Fourier component of d ;(z):

1 ! inwt | ;7T
du(pi.py) = /0 die™(®p (0)]d[®,, (1) (D

The § functions in Eq. (6) determine the relation between the
spontaneous photon energy and the number 7 of laser photons
exchanged:

P = pj

2 L k. (8)
2m

hQ =

For a given n, the BrS doubly differential cross section
with respect to the emitted photon frequency €2 and the final
electron direction (we denote the corresponding solid angle
element as d€2; ), summed over polarizations and integrated
over directions of the emitted photon, has the following form:

d*o,(pisps) _ 2m* ps
dQdy,, — 6(rhe)® p;

For F(t) = 0, the matrix element, (7), reduces to that for field-
free BrS, (¢, |dlgy”) (where ¢y and g, are field-free in
and out scattering states), so that the result, (9), for this case
coincides with the doubly differential cross section for field-
free BrS [16]. Summing the partial “n-photon” cross sections
d’c,/dQd Q,, over n and integrating over the directions of
the final electron momentum p;, we obtain, for the angle-
integrated BrS cross section (or “spectral density”),

. (pi,p )| &)

do(pi,Q)  Dm? & / pr 2
= dy, “Lid,(p;,po)>, (10
an ~ her 2 | 4% @Rl (10
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where & = Q/w — p?/(2mhw), so that the summation over n
involves all open channels (for which P> > 0).

B. Resonant bremsstrahlung

We assume that the scattering potential U(r) supports a
bound state ¢g,(r) with energy Ey, which evolves in the laser
field to the quasistationary quasienergy state (QQES) @ (r,7).
The wave function @ (r,?) is similar to ®p(r,?) in Eq. (2), but
with the complex quasienergy ¢ = Eg + AEy — i['/2, where
AEyand I are the field-induced Stark shift and width (or total
decay rate I' /) of state @, (r) [15].

For a spontaneous BrS photon frequency Q2 ~ €2,,, where
W is an integer and

h2, =€ —Ree + phow, (1)

the BrS process is resonant: upon absorbing u laser photons,
followed by emission of a spontaneous photon of frequency
2,,, the electron can be virtually captured into the quasibound
state ®,(r,?) (as in LARA or LARR), followed by detachment
or ionization of state ®,(r,z) with absorption of v =n —
photons. Both nonresonant and resonant BrS channels are
shown schematically in Fig. 1.

Our analysis of resonant BrS is based on the fact that, for
any integer v > (|Ree| + u,)/(hw) and small I" (I' <« [Re g),
the QES wave function ®(r,¢) has singularities at the resonant
quasienergies €, [17], where

€, = Ree + vhw. (12)

The general form of the scattering QES in the vicinity of the
resonant energy ¢, is considered next.

[
nfiw (1) (1) - nonresonant channel
€ +uhw T (2) — resonant channel
luhw )
hQy nQ
€ !
€
E=Q--=-m==mmmmmmmmm e 4
vho

Ree

FIG. 1. (Color online) Schematic for electron-atom BrS in a
strong monochromatic laser field, indicating both nonresonant and
resonant channels for an electron initially in the quasienergy state
(QES) with quasienergy ¢; and, finally, in the QES with quasienergy
€. Thin (black) arrows indicate a nonresonant BrS channel involving
absorption of n laser photons with energy hw and emission of a BrS
photon [arrow (1)] with energy AS2. Thick (red) arrows indicate a
resonant channel involving absorption of w laser photons, emission
of a BrS photon [arrow (2)] with energy €2, = I to a bound
quasistationary quasienergy state (QQES) with complex energy e,
and ionization with absorption of v (= n — w) laser photons. See text
for discussion.
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C. Scattering states with near-resonant energies

The scattering QES wave functions satisfy the Lippmann-
Schwinger equation:

1 T
Dp(r0) = p(rD) + / ar / X G(r,tx 1)
0

x U(r")®p(r',1"). 13)

Here yp(r,t) is the QES wave function of a free electron with
momentum p in the laser field (i.e., the time-periodic part of a
Volkov wave function),

Xp(r,t) — ei[P(I)rJrSp(t)]/ﬁ’ (14)
where
t
Spt) = — / [PX(1)/(2m) — €ldt
-F
= p coswt + p sin 2wt (15)
mw? 2w
and P(r) = p — (e/c)A(?) is the electron’s kinetic momen-

tum in the laser field F(r) with vector potential A(?) =
—(cF/w)sinwt. Also, in Eq. (13) G(r,t,r',t') is the
quasienergy (time-periodic) retarded Green’s function for a
free electron in the laser field F(¢) [17],

zsa)(f 1)
- Xq(T D xq (1)
Ge(r,t,x' 1)) A_Zoo/ (27 h)’[e — ¢, — shw +i0]’

(16)
where €, = ¢>/(2m) + u,,.
Substituting Fourier series expansions for the time-periodic
functions ®p(r,¢) and x,(r,1),

Dp(r.t) =Y e Dy (1),
k

Xort) =Y ey (1),
k

into Egs. (13) and (16), we obtain the following system of
equations for the Fourier components ®p, x(r):

Dp 1 (r) = xp,a(r)

+ Z f dr' M, i (e,r, ¥ U@y 4 (r), (17)
k

where the functions M, x(e,r,r’) are defined by

o= 35 [ a

§=—00

Xq s+n(r)Xq H—k(r )
(27'[7“1)2 l[e — €, — sho +i0]

(18)

From the explicit form of M, x(e,r,r’), we note the following
symmetry relation:

My kv (€,1,1). 19)

It is well known that the complex quasienergy & can
be obtained as the pole of the QES wave function ®(r,?)
in the complex plane of quasienergy e, while the residue
of the function ®,(r,?) at this pole is proportional to the
QQES wave function ®,(r,?) [15,17]. Thus near the resonant
energy €,, defined by Eq. (12), the QES wave function can

M, 1(€ + vho,r,r) =
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be approximated as the sum of potential (nonresonant) and
resonant parts,

®p(r.1) = OP(r,1) + OY(r.1), (20)
where p, is the “resonant momentum”:
py» = Py/2m(e, —u,), Pp=p/p. 21

In accordance with the discussion above, the resonant part of
the QES ®,(r,?) is approximated by

OP(r,1) = a(p)®,(r,0)e™™, (22)

where «(p) has to be determined. Note that the Fourier
components @, (r) of the QQES @ (r,) [where O, ;(r) =

T-! fOT e'*' @ (r,t)dt] satisfy the homogeneous system of
equations,

@)= 3 [ A s WO (23)
k

To find «(p), which enters into Eq. (22), we solve system
(17) for ®p, , near resonance, i.e., for € &~ ¢ 4 viw. Expanding
the functions M, (e,r.r’) up to the linear term in Ae = € —
€, + iI'/2, and taking into account the symmetry relation, (19),
we obtain

q>p,n—v(r) = Xp,n—v(r)

Y f d¥' My 1 (670 )U () By ()
k

+Ae )y / dr' M), (e.r,x) U (r')®p (1),
k

(24)

where M, (e,r,x’) = M, i(e,r,1')/d€|.—.. Considering the
lowest resonant approximation (|Ae| — 0), we neglect the po-
tential part of the scattering QES in Eq. (20) and approximate
Xp,n(r) by its value at p = p,:

Dps() ~ BY) (1) = a(p)®, ,(Y), (25)
Xpn—v(T) X Xp, nov(T). (26)

Substituting Egs. (25) and (26) into Eq. (24) and taking into
account Eq. (23), we obtain the equation for a(p):

a(p)Ae Y f dr' M), (e.r,r)U(r)®, (r)
k

+ Xp‘,,nfv(r) =0. (27)

Finally, multiplying Eq. (27) by ®, ,(r)U(r), integrating over

r, and summing over n, we find

2 N7TA™(p,)
m €—e€,+ill)2’

a(p) = — (28)
where A®(p,) is the amplitude for v-photon laser-stimulated
attachment or recombination, which is related to the amplitude

Al%(p,) for laser-induced detachment or ionization by
Ag;an)(pv) = Ag,det)(—l)v), where

A(det) L)) =
v (P 27 h?T

T
/0dtei”"”(xpv(t)lUICDg(t))- (29)
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In Eq. (28) we have introduced the notation

N = —Z/dr/dr/M,/Lk(s,r,r/)
n,k

x U(r"®, (XU (r)®; u(r). (30)

It can be shown that the factor \V, given by Eq. (30), is equal to
the norm of the QQES &, (r,¢). First, we introduce the function
@7 (r,1),

&7 (r,1) = dX(r, — 1),

which enters the normalization condition for ®,(r,r) [18],

1 T
?/(; dt(q)Z(f)|®s(t)) = Z<®le|q>€"l> =1

n

€2y

By substituting Eq. (23) into the term ), (®7,|®.,) in
Eq. (31) and taking into account the explicit form, (18), for
the functions M, x, this term can be transformed to the form
of (30), showing that N = 1.
As a result, we obtain that the QES wave function near
resonant energies has the form
27k O (r,1)e™!

2
Dy(r,1) = CDE,]Z)(FJ) - TASm)(pv)m~ (32)

D. General parametrization of the BrS cross section
near resonant frequencies 2,

The BrS matrix element d,(p;,ps) in Eq. (7) in the
neighborhood of a resonant frequency €2, given by Eq. (11),
can be found by substituting the wave function &, .(r,#) of the
final QES in the form of (32) into Eq. (7). This allows one to
express d,,(p;,ps) as the sum of potential and resonant terms,

d?(p;.p,)
S+i
§=2I"Yes —€,) =20 71(Q, — Q),

d,(pi.ps) = dP(p;,p.) +

’

(33)

where the resonant quasienergy €, and momentum p, of the

final state are defined in Eqgs. (12) and (21), respectively. The
potential term d in Eq. (33) is given by Eq. (7) [upon
substituting d>§,"", ) (r,r) for @, (r,1) there]. The resonant term

involves the vector d"),

4 h? ~
d"(p;.p,) = —— du(p) AP v

expressed in terms of the dipole moment HM for LARA or
LARR accompanied by absorption of u photons:

~ 1T
dup) = — / S CHOT NG
0

Substituting d,, in the form of (33) into Eq. (9) for the BrS
Cross section dza,,/depr in the vicinity of Q ~ Q,,, we
obtain

d*o"(Q)
dQdS,, ’

d*0,(Q)  d*0,”(Q,)
dQdQ,, — dQdy,

(34)
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where d2o," /d2dS2y, is the potential part of the BrS cross

section, given by Eq. (9) upon substituting d,, — d'” there.
The resonant part of the BrS cross section is

d*c"  _  dR(p,) 2h* 1 +Imq + SRegq
T~ —Ou pz) > > 5n,v+/,u
dQ2d<2,, dQp, nl 8- 41

(35)
where &, (p) is the LARA or LARR cross section,
QL
5.(p) = “1d,.(p)l*, 36
0.(P) 3hc3p| n(P) (36)

dR/dS,, is the differential rate of laser-induced v-photon
detachment or ionization,

dR(p,)
dS2p,
and the Fano-type asymmetry parameter g (similar to the Fano

parameter describing autoionization features in photoioniza-
tion cross sections [8—10]) has the form

Py 4 (det 2
- A v 3
m! “(p,)

(37)

g =240 -d)/|d)[. (38)
Results (34) and (35) show that the cross section

d*0"(2)/d2d 2, as a function of the spontaneous photon
frequency is asymmetric with respect to the resonant frequency
€2,,. This is similar to the incident electron energy dependence
of the LARA or LARR cross section (cf. Ref. [7]).

Neglecting in Eq. (34) the (nonresonant) potential term,
summing over the final electron energies €, [cf. Eq. (12)], and
integrating over the directions of the final momentumpy = p,,
one obtains, for the resonant BrS cross section,

i /dsz o), _ 20 5u(p)
P dQdQ, a8 +1°

V=Vmin

do(“)(Q) _
aQ

(39)

where the summation over v involves open channels with
pf > (. To obtain result (39) we have used the following
expression for the total ionization rate:

dR(p,) T
> / ds,, i =0 (40)

After integration of the resonant BrS cross section
do™/d2 in Eq. (39) over the neighborhood of =,
(2, —w/2 <Q<Q,+w/2, where w > I'/h), the total
resonant BrS cross section is equal to the p-photon LARA or
LARR cross section &, (p;):

Gro deUN@)  Fup) [ d5
/ T [ Ty
Qu—w)/2 T J b8 +1

(41)

Equations (34) and (35) represent the key results for the
laser-assisted BrS cross section near resonant frequencies
Q =~ Q. In particular, these results show explicitly that the
process of spontaneous photon emission by a continuum
electron interacting with a potential includes a resonant
channel involving the formation of a virtual bound state of
the target potential U(r). Moreover, Eq. (35) shows that the
resonant BrS cross section d’c"”/d2d<, , has a factorized
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form with two factors: the factor 8’,“ describing radiative
attachment or recombination to the virtual bound state; and
the factor dR/dS2,,, describing detachment or ionization of
the virtual bound state.

III. RESONANT BREMSSTRAHLUNG IN A
LOW-FREQUENCY LASER FIELD

The results of the previous section in Egs. (34)—(38) show
that the resonant BrS cross section is completely determined
by the following key ingredients: (i) the dipole moment for
nonresonant laser-assisted BrS, df,” ) [which determines the
potential part, d*o’ ) /d2dS2p ., of the BrS cross section in
Eqg. (34) and contributes to the asymmetry parameter ¢, given
by Eq. (38)]; (ii) the dipole moment for LARA or LARR, d,,
[which determines the LARA or LARR cross section, EM, in
Eq. (36), and also contributes to the parameter ¢]; and (iii) the
amplitude for detachment or ionization from the virtual bound
state, AU [cf. Eq. (37)].

In the case of a low-frequency laser field, the aforemen-
tioned quantities have closed-form analytic expressions, from
each of which one can factor out the dependence on the
details of the electron-atom dynamics. Typically when one
makes the low-frequency approximation, one assumes that
the electron-atom interaction, U(r), is of short range. For a
long-range interaction, U(r) (e.g., for a Coulomb potential),
the derivation of a low-frequency approximation requires
a careful analysis. In general, the atomic factors for the
case of a short-range interaction can be replaced by their
“long-range” counterparts, which is justified when interference
between amplitudes for different channels of the process is
negligibly small. (In this case one can neglect the details of the
electron-atom interaction in the phase factors of the complex
amplitudes.) For the case of resonant BrS, in which there is
strong interference between the resonant and the potential
channels [especially if the absolute values of d) and d’
are comparable], the dependence of the phase factors of d"
and dY”’ on the atomic dynamics is important. In particular,
the real and imaginary parts of the asymmetry parameter g in
the resonant part of the BrS cross section in Eq. (35) (which
determine the profile of the resonant peak) depend on the
characteristics of the electron-atom interaction and may differ
for short-range and long-range interactions U (r).

Below we present analytic results for the key ingredients
of the resonant BrS cross section, obtained for the case of a
short-range potential.

A. Low-frequency results for nonresonant BrS
and the classical limit

The process of laser-assisted BrS in the case of a low-
frequency laser field without taking into account the possibility
of virtual attachment of the active electron to the target atom
potential (followed by detachment) was considered in Ref. [2].
Briefly, the initial @, and final ®,. QESs in Eq. (7) are treated
within the Kroll-Watson approximation [3] for the electron
scattering state,

Dp(r,1) & OYV(r,1) = gp)(r)e’? ", (42)
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where ¢p((r) is the field-free scattering state of an electron
in the potential U (r) with laser-modified kinetic momentum
P(?), and the classical action S,(¢) is defined in Eq. (15). With
the QES wave functions @, and @, in the form of (42), one

obtains, for the potential part d”’ of the BrS amplitude, the
Zhou-Rosenberg result [2],

LT
dP(p;,ps) = T / dremrtie st O P, ), P(1)), (43)
0

where

p = eF - (p; — py)/(mho?), (44)

and dO(P;,P;) is the field-free BrS matrix element,

dO®;(1).P;(1) = (¢p,)|d|¢p, )

involving laser-modified initial and final kinetic momenta,
Pi (1) = pi.s — (e/OAQ).

In the low-frequency limit, we assume d©(P;(r),P /(1))
to be a slowly varying function of ¢, while the exponential
factor in the integrand of Eq. (43) oscillates rapidly. Hence,
we approximate result (43) by factoring d©(P;(¢),P (7)) out
of the integral at a saddle point ¢t = #;, followed by analytic
evaluation of the remaining integral in terms of a Bessel
function. Thus we obtain

dP(pi,ps) = i"J.(p) dO(P;(10), P/ (1)),

where J,(p) is the ordinary Bessel function, and the saddle
point ¢ satisfies the equation

(45)

p sinwty = n. 46)
Equation (46) can be rewritten in the form
[P} (10) — P3(10)]/(2m) = AL, (47)

which ensures energy conservation at the time of spontaneous
photon emission.

Substituting the low-frequency result, (45), into Eq. (9), we
obtain, for the BrS double-differential cross section,

o @) _ Pipg o 0O
depr ple deQPf

where P; ; = |P; f(19)|, and d*c'? /d2dQp, is the field-free

BrS cross section.

The low-frequency results, (45) and (48), are factor-
ized expressions, where the field-free quantities [d® and
d*c® /dQ2dQp,] contain the complete information on the
atomic dynamics. (This factorization is similar to the Kroll-
Watson result for laser-assisted electron scattering cross
sections [3].) The field-free cross section d*c©/dQdQp, in
Eq. (48) is a smooth function of the number n of absorbed
laser photons, depending on n only through its implicit
dependence on the solution 7y(n) of Eq. (46). The Bessel
function J,(p) determines for the most part the shape of the
nonresonant BrS spectrum. As is well known, J,(p) oscillates
as a function of n in the range |n| < |p| [in which the saddle
point equation, (46), has only real solutions] and decays expo-
nentially for |n| > |p|. Thus, Eq. (48) describes a plateau-like
structure for spontaneous photon frequencies in the interval
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SZ(_p) < Q< Q(f), where

p; = py L JF (i —py)l
2m mw )

) = (49)

For parameters such that Eq. (49) gives Q' < 0, we set
Q(,") = 0. In the case Q(f) < 0, nonresonant BrS is classically
forbidden, so that the plateau in the nonresonant BrS spectrum
disappears.

The low-frequency result for the potential part of the BrS
spectral density, (10), is thus

doP (i) _ < Pips 5, d>0O®iPy)
POy / S, —LL 12(p) /
a2 ey p[Pf deQPf

(50)

Owing to the Bessel functions in Eq. (50), the spectral density
as a function of Q exhibits a plateau-like structure in the
BrS spectrum for 0 < Q < SZ(HQX The cutoff position of this
plateau, thﬁQx, is defined by the global maximum of hQ(f)
in Eq. (49) with respect to py, i.e., for py = sgn(p; - e;)eF/w
[where sgn(x) = £1 for x = 0],

P_iz leF - p;|

QW = L 4oy, + —== hQY — |Eol,

max om (51)
where Qg) is the upper boundary of the plateau in the
radiative attachment or recombination spectrum (cf. Eq. (61)
and Ref. [19]).

For a strong low-frequency field F(¢), the number n of
exchanged laser photons is large, so that the process of laser-
assisted BrS can be described classically. In order to obtain
the classical limit of the quantum result, (50), we perform the
following transformations:

(i) For the Bessel function J,(p) in Eq. (50) we use its
asymptotic expression for |p| > |n| > 1 [20],

2cos’ ¢

7/p? —n?’

where ¢ = \/p? — n% — |narccos(n/p)| — /4. Owing to the
rapid oscillations of the factor cos? ¢ in Eq. (52) as n varies,
we set cos? ¢ = (cos? ¢) = 1/2.

(i) We replace the summation over n in Eq. (50) by an
integration over the final energies pff /(2m) in accordance
with dn — prdps/(mhw). We then use Eq. (46), which
determines the dependence of the kinetic momenta P; (t)) =
pi, s + (e/w)F sin wty on the final momentum p; through the
function sinwty = n(pr)/p(py). As a result we obtain

do®
o _ o / 4
a2 Tp;i
(iii) In Eq. (53) we now change the integration variables as
follows: py — P and [Py| — #,. Using the relation

T3 (p) ~ (52)

P d*0©/(dQdQp,)
Pr— .
TPy 1eF(t0) - (pi — py)l

(53)

P} — pi +2mhQ
2e; - (pi —Py)

P;=p;+e
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we obtain, for the differential momentum space volume
dP; = P;dP;dQp,,

€; 'Pi

dPj=|————
! €; - (pi - pf)

‘dpf.

We now express the differential d Py in terms of dty, using the
relation d Py = |0 Py /0tg|dty = (|P; - eF(t9)|/ Pr)dty, where
the latter equality is obtained using Eq. (47). It follows from
Eq. (46) that two different values of 7y (lying on different
half-periods of the laser field) give the same values for the
kinetic momenta P; ¢(fp). Thus, the integration over time #g
can be extended over the interval 0 < 7y < T, introducing the
additional factor 1/2.

Finally, integrating over the angular variables dQ2p,, we
obtain, for the BrS cross section,

dU(Cl)(pivg) = : /Tdt Pl(t) dU(())(Pz(t)vg)
aQ T ) pi ds

. (54

where do©(p,Q)/dQ = [dQ2yda O (p,p')/dQdQy is the
field-free BrS spectral density. Equation (54) has a simple
physical meaning: it describes the time-averaged BrS cross
section over a period of the laser field in which the ratio
P;(t)/p; gives the time dependence of the incident electron
flux.

B. Low-frequency results for LARA or LARR

The LARA or LARR amplitude for an initial scattering
state in the Kroll-Watson approximation, @;,KW) [cf. Eq. (42)],
and a field-free final bound state, ¢g,, is

~ | I ~
R R R NS

where dO(P(1)) = (@g,|d|@p()) is the field-free amplitude for
electron radiative attachment or recombination with the initial
momentum replaced by the laser-modified momentum P(z).
Under the assumption p; > |e|F/w (where py = p - e, > 0),
the saddle point equation uhw — dS,(¢)/dt = 0, or

P%(1)
he, = 2m

has only two solutions [21,22], ¢ = t; 5, such that P(#;) =
P(z,) = P, where

+ [Eol. (56)

P=p.+e\/2mh2, — [E)—pl  (5])

and p; =p —e;p|. By means of a saddle point analysis
[similar to that used to derive Eq. (45)], we obtain for d,
the low-frequency result

d.(p) = c,(p)dO(P),

where ¢, (p) is the Fourier coefficient of the Volkov wave
xp(0,7) atr = 0, expressed in terms of the generalized Bessel

function [J,(u,v) = > po o Ju—ok(u) J(V)]:

eF-p u,
mhaw? 2ho )

(58)

Cu(p) = iiu]ﬂ < (59)
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Substituting result (58) into Eq. (36), we obtain, for the
LARA or LARR cross section,

- |P| eF - u -
5.(p) = 71,5( p —”)a<°><|P|),

mhw?’ 2hw (60)
where the field-free cross section & O(|P|) involves the
absolute value of the instantaneous kinetic momentum, |P| =

2m(h&2,, — | Eol).

The saddle point equation, (56), has real solutions only
for the interval Q" < Q, < Q(Q of spontaneous photon
frequencies. Within this interval, the average value of the
cross section &, depends weakly on €2,,, forming a plateau in
the LARA or LARR spectrum [21-23]. Under the condition
p| > le|F/w, the lower (SZ(_")) and upper (Q(l)) boundaries of
this plateau are

g |

F.
hsz(’>=|E0|+§—m+2u,,i °F-pl

(61)

Analysis of Egs. (57) and (58) shows that for nonzero p, the
angular distribution of the spontaneous radiation changes with
variation of €2,,: for high €, the direction of the dipole moment
HM (p) is predominantly determined by the laser polarizatione,.
Indeed, as shown by Eq. (58), the direction of the vector Eﬂ(p)
is determined by the field-free dipole moment d®(P), which
in turn is directed along the instantaneous kinetic momentum
P. It then follows from Eq. (57) that with increasing €2,, the
angle between P and e, decreases.

The analytic results, (58) and (60), generalize previous
results in Ref. [19], where 5, was expressed in terms of an
Airy function, describing the LARA or LARR spectrum only
in the region of the upper cutoff.

C. The ionization and detachment amplitude
within the Keldysh theory

For the v-photon above-threshold detachment amplitude
Al which is involved in the resonant part of the BrS cross
section [cf. Eq. (35)], an approximate result can be found by
replacing the QQES wave function ®.(r,?) in Eq. (29) by the
field-free bound state @, (r). Such a substitution corresponds
to the well-known Keldysh approximation [24] (see also the
review [25] and references therein).

In terms of the Fourier coefficients ¢, (p) of the Volkov wave
xp(r,1) [cf. Eq. (59)], the amplitude A% for a bound s state
is expressed as [7]

Ce
Jar

where C, is the asymptotic coefficient of the wave function
@E,(r)asr — oo.

A (p,) = c*,(pv), (62)

IV. ELECTRON-ATOM BREMSSTRAHLUNG
WITHIN TDER THEORY

A. The exact BrS dipole matrix element

To obtain numerical results for laser-assisted BrS, we
use TDER theory to describe the continuum field-dressed
state (®p) of an active electron [26,27], scattering from a
short-range atomic potential U(r) that vanishes for r 2 r..
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The TDER theory assumes that the potential U(r) supports a
single weakly bound state (a negative-ion state) with energy
Eo = —h*k*/(2m) (kr. < 1) and angular momentum /. The
electron-atom interaction is described by the /-wave scattering
phase §;(p) that is parameterized by the scattering length ;
and the effective range r;, which are parameters of the problem

—a; '+ k)2, k= p/h.

For simplicity we consider the case of a bound s state
(I = 0), so that only the phase shift §y(p) is nonzero. For this
case, the TDER wave function ®p(r,t) is expressed in terms
of a one-dimensional integral [26],

2 t
2rh / dt' i €t=1/h
mek  J_o

x G(r,t;0,t") (1),

Kot 8(p) =

Dp(r,1) = xp(r,1) —

(63)

where the incident wave x,(r,r) is given by Eq. (14),
G(r,t;1',t’) is the nonstationary retarded Green’s function of a
free electron in a laser field F(¢) [the Volkov Green’s function;
cf. Eq. (AS)], and f,(¢) is the time-periodic function,

hty= > flpe*". (64)

k=—00

The Fourier coefficients fi(p) in Eq. (64) satisfy the system of
inhomogeneous linear algebraic equations [7]

> Mi(€) fi(p) = ck(p), (65)
-

where c¢(p) is given by Eq. (59) and the matrix elements
M 1(€) have the following form:

Miw(€) = Ik AP S — Miwe(e), (66)

I
——— P = v 2m(e + khw), (67)

Prlcoto(pr) —i]

=k
Ji* Fmw 4 ,
M (e l[2€/(hw)+(k+k )
ki (€) = Adrituc? ¢3/2

X [e"“@J(k_kf)/z(z(m) — 8wl

A(pi) =

(68)

o= (900 _y)
) = hw(SI n2¢ — 2si(1;2 ¢).

The exact TDER result, (63), for the scattering state ®(r,?)
contains the information on electron-atom dynamics through
the function f,(¢), which is therefore the key object of
TDER theory. Moreover, Egs. (65) and (66) show that only
diagonal matrix elements M, ;- contain this information [i.e.,
the field-free elastic s-wave scattering amplitude A(p;) for
a “momentum” py, which is imaginary for closed channels
with € + khw < 0]. In contrast, the nondiagonal elements
(k # k') depend only on the incident electron energy p?/(2m)
and the laser parameters. [Note that in the low-frequency
approximation, the function f,(¢) itself is proportional to the
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amplitude A; cf. Eq. (91).] The matrix elements Mk,k/ in
Eq. (68) are nonzero only if the difference k — k' is even, so
that equations for f;(p) with even and odd & are not coupled.
From the explicit form, (68), of M .k (€) follow the symmetry
relations

M (€) = My i(€), (69)

M w(€ + phw) = Mg 4+, (€). (70)

The TDER result for the dipole moment d,, follows after
substituting the wave functions of the initial (®p,) and final
(®p,) QESs in the form of (63) into Eq. (7),

T
du(pi.py) = ;/0 dre™™ ({xp, (Dld] xp, (1))

+ Ot OIAIDEY () + (@5, () ld]x,, (1))

+(@, (Ol 2p7 (1)), (71)
where the functions <I>:,+) = ®, — xp and QJ;,_) = CDZ — Xp
describe outgoing and ingoing waves respectively, which are
expressed in terms of retarded G = G and advanced G*
Volkov Green’s functions [cf. Eq. (AS)]:

2
<I>:)+)(r,t) _ _27[71 /’ dt' e €t=1"/h
mK J_s
x GO(r,1;0,t") £ (1), (72)
2
<I>;f)(r,t) = _2h /oodt/e“(’*")/ﬁ
mk J,
x GO,10,0) £ (1), (73)

Note that inversion of time does not change the Volkov wave
function: XpT = Xp-

Details of the evaluation of the spatial and temporal
integrals in Eq. (71) are presented in the Appendix. The result
for the BrS dipole matrix element is

d, =d +pixi +Prx2 +exs, (74)
where p; = pi/pi. Pr =Pys/Py>
2
F
40 = 4 h) <=5(pi — P )1, (75)
maw
X1 —21C Op: E(l), x2 = —2iC I;:fﬁ(z) (76)
£ _ @
=C B 4K, ). 77
. (SZX:I::I 0)/ $2 +s ( )
_ The*F
T em2Q2w’
(1) = ch-‘rn(pz)fk( Pf) (78)
(79)

LP =" cia(—pp) fi(pi).
k
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Ky = Z fk(pi)fk n+1+2k’(_pf)Wk,k/, (80)

_ L jmo 16 /=) o+ 2Uk+2K +11¢
Tih ¢3/2

X e’k(¢)[17(¢)lk'(Z(¢)) — ij+(@)w+1(z(P))],
= lsinq&sin% — @ sin (in)d). (81)
¢ w Qtw w

J=(®)

The term d% in Eq. (74) describes spontaneous emission of
a photon with Q2 = w and corresponds to Thomson scattering
of the laser radiation from a free electron. In what follows,
we omit this term from our considerations. The term /C, in
Eq. (77) originates from the last matrix element in Eq. (71),
(CDE,;)|d|CI>§,T)), involving two Volkov Green’s functions [see
also Egs. (A11) and (A12)]. Accordingly, the explicit form,
(80), for IC, involves products of the Fourier coefficients of
fp(?), and thus this term describes rescattering effects in the
laser-assisted BrS process (cf. Ref. [27]).

The exact TDER result for the dipole moment d,, given
by Eq. (74), represents a bounded function of Q2 over the
entire BrS spectrum. To confirm this statement, let us consider
the first term in Eq. (77) for x3 for Q = w and s = —1.
Although the denominator (w/2 — 1) tends to 0 as 2 — w,
the corresponding numerator A is also equal to O:

= L2 )|, =0 (82)

Indeed, the solution of Eqs. (65) for fy(p) can be written in
terms of the inverse matrix M ™! of the matrix M:

fel@) =Y IM N p()cw(p). (83)
-

Substituting f;(p;) and fi(p s) in the form of (83) into Egs. (78)
and (79), and taking into account the symmetry relations (69)
and (70) and the relation € ; = ¢; + (n — 1)hw, we obtain

Misn—tksn_1(€)cr (—py)

A= {cin1(p)IM

k. k'

— Con1 (=P IM ™ e w(€)er (P} (84)

Finally, changing the summation indices k — k' — n 4+ 1 and
k' — k —n + 1 in the first term in Eq. (84), we obtain result
(82).

B. Low-frequency approximation for resonant BrS
within TDER theory

The low-frequency results for the key ingredients [dﬁ,” ), HM,
and A'%Y] of the resonant BrS process obtained in Sec. I1I take
closed analytic forms within TDER theory owing to its analytic
expressions for the field-free atomic factors. The latter can be
found using the following asymptotic (r > r.) expressions for
the field-free bound state, ¢, (r), and the continuum scattering
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state, @p(r), of the active electron:

C/c e "
= 85
PE,(T) = (85)

zpr/h
op(®) = &P/ 4 A(p)S— (86)

where C, = 4/2x/(1 —rok) is the asymptotic coefficient
expressed in terms of ry and «, and A(p) is the elastic s-wave
scattering amplitude, given by Eq. (67). Using Eqs. (85) and
(86) to evaluate the dipole matrix elements for field-free BrS
li.e., d9(p,p’) on the right-hand side of Eq. (45)] and for
radiative attachment [i.e., d®(p) on the right of Eq. (58)], we
obtain

d(p, p)— [pA(p)— p A, (87)

292
4i /T Cyep
hli? + (p/7)*1*

The low-frequency result, (45) [with the field-free atomic
factor d© defined by Eq. (87)], for the potential part of the
BrS dipole moment can be derived directly from the exact
TDER results presented in Sec. IV A. To show this we note
that the terms Cﬁll'z), which are involved in d, through the
“susceptibilities” x 23 [cf. Egs. (74) and (77)] and which are
defined by Eqgs. (78) and (79), can be defined alternatively by

dOp) = (88)

T T
££ll) — ?f dl‘ell1wl+lspi(t)/ﬁf,pf(—l), (89)
0

T
ro_ lf dteinwz+is,pf(—z)/nfp_(t)’ (90)
n T 0 i
where the function fp(¢) in the low-frequency (nonresonant)
approximation can be written as [28]

Fo(t) ~ kK A(P(1))e'Se®/" 1)

which represents the iterative solution of Eqs. (65) in the lowest
order of the parameter hw/u,. Using Eq. (91) for f,, (t) and
S-p,(—1) [noting that from the explicit form (15) for S,(7),
it follows that S_p(—#) = —S,(¢)], the integrals in Egs. (89)
and (90) for £{:? in the low-frequency approximation can be
evaluated using the saddle point method, which gives

LY =i AP (10)) Ju(p0), 92)
LP = i"k A(P;(10)) Ju(p), (93)

Eﬁ,k)rl - E(k)l = 2iL® sin w1y,

k=1,2, (94)

where p is defined in Eq. (44), and £y is the solution of
the saddle point equation, (46). Furthermore, in the low-
frequency limit, one can neglect the rescattering term /C,
in Eq. (77) in comparison with £{?. To see this, we note
that (i) in accordance with Eq. (91), the coefficients f; are
of the order of the elastic scattering amplitude A, fi ~ k. A;
(i) it follows from the saddle point analysis of the integral
in Eq. (81) that the factors Wj , are of the order of the
inverse of the amplitude « of free-electron oscillations in

023407-9



ZHELTUKHIN, FLEGEL, FROLOV, MANAKOV, AND STARACE

PHYSICAL REVIEW A 89, 023407 (2014)

103 O

UNLRASLL I

1074

LERLL

,_
o
b

HERBRLLL

Qdo/dQ (a.u.)
S

T T

S
~

T

nall), n0?

e}

10780 L 1 L

10 12 14 16 18

7Q (eV)

FIG. 2. (Color online) Spectral density, (10), of laser-assisted e-H BrS in a CO, laser field with hw = 0.117 eV (A = 10.6 wm) and intensity
I =2 x 10" W/cm?. The incident electron energy is p?/(2m) = 5 eV and p; ||e.. Thin solid (black) line—exact TDER result; dashed (black)
line—low-frequency result, (50); thick solid (red) line—classical limit result, (54); filled circles connected by lines (blue)—scaled cross section
for radiative e-H attachment, given by Eq. (95); dot-dashed (black) line—field-free BrS spectrum. Vertical arrows indicate the lower (Q(I))

and upper (QS:)) cutoffs [cf. Eq. (61)] of the LARA spectrum plateau as well as the plateau cutoff Q)

laser-assisted BrS spectrum; note that i(QY — Q) ) = | Eo|.

the field F(¢), Wi, ~ (kag)~!, where ag = |e|F /(mw?); and
(iii) the field-free atomic scattering amplitude is of the order of
the range of the atomic potential and hence much lower than
the amplitude « in a low-frequency laser field, i.e., |A| < .
Finally, substituting Eqs. (92)—(94) into Eqs. (76) and (77), we
obtain result (45), where the field-free dipole moment d© is
given by the TDER result, (87). We note that the omitted terms
~IC, and higher order corrections (in the parameter iw/u ) to
Jp(t) describe rescattering effects in the BrS process [28].

C. Numerical results for the electron-atom BrS spectral density

The key features of the laser-assisted BrS spectral density
[defined in Eq. (10)] are shown in Fig. 2. The exact TDER
results [obtained using Eq. (74) ford,, (p;,p ) in Eq. (10)] for e-
H BrS in a CO, laser field with intensity / = 2 x 10'! W /cm?
and photon energy hw = 0.117 eV are compared with the field-
free BrS spectrum, with the low-frequency analytic result,
(50), and with its classical limit, (54). The TDER parameters
employed are (cf., e.g., [29]) |Eo| = 0.755 eV, C, = 2.304,
ap = 6.16ag, and ry = 2.64ap, where ap is the Bohr radius.
Figure 2 exhibits several key features, as follows.

(1) For resonant frequencies Q = €2, [where 2, is defined
in Eq. (11) and where 2,11 — 2, = w], the BrS spectral
density has resonant peaks at which do(£2,,)/d$2 increases
by up to three orders of magnitude compared with the
nonresonant case. Remarkably, the spectral density at the
resonant frequencies exceeds the value of the corresponding
field-free BrS density. (Usually in a laser field the nonresonant
BrS spectral density is lower than its field-free counterpart.)

(ii) The BrS spectrum at the resonant frequencies replicates
the LARA spectrum, i.e., the spectral density do (£2,,)/d<2 at
the resonant frequency €2, may be approximated by

do(R,) _ do™(Q)
aQ 49

95)

Q=Q,

[cf. Eq. (51)] for the nonresonant

max

where the first approximate equality follows from neglect of
the nonresonant part of the BrS spectral density and the second
equality follows from Eq. (39) upon substituting § = O there.

The resonant peaks in the BrS spectrum form a plateau-like
structure with upper and lower cutoffs at Q2 = QY where Q(f
corresponds to the cutoffs of the LARA spectrum, defined in
Eq. (61). The oscillatory behavior of do (£2,,)/d <2 as a function
of €, originates from that of the generalized Bessel function
in the analytic formula, (60), for the LARA cross section. For
low spontaneous photon energies (such that Q2 < Q"), the
resonant peaks decrease significantly as €2 decreases.

(iii) For nonresonant €2, the BrS spectrum is well described
both by the low-frequency approximation result, (50), and
by its classical limit, (54), up to the plateau cutoff of the
nonresonant BrS spectrum at QE,QX, which is defined in
Eq. (51).For Q > Qfﬁ’ﬁx the exact BrS spectrum at nonresonant
€2 is much larger than the low-frequency and classical results
due to overlaps of the wings of adjacent resonant peaks. In
order to estimate the cross section do/dS2 between these
peaks (ie., at Q =Q, +w/2), we add to the potential
BrS cross section the contributions from the wings of both
adjacent resonances evaluated at this energy in accordance
with Eq. (39):

2 . ~
+ ﬂhwz(aﬂ +UM+1)'
(96)

do(Q, + /2) _ doP(Q, + w/2)
dQ - dQ

For Q > Q). the nonresonant part do?) /d<2 of the BrS spec-
tral density decreases rapidly. Comparing the on-resonance
result, (95), with the off-resonance result, (96) (in which we
ignore doP) /d2), we find that the magnitude of the resonant
enhancement of do/dQ2 is governed by the factor A =~
(ﬁa))z/(2F2), where ' =22 x 1073 eV and A = 1.3 x 10°
for laser parameters as in Fig. 2.
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FIG. 3. (Color online) The same as Fig. 2, but for frequencies 2
in the vicinity of two adjacent resonances on an expanded energy
scale. Thin solid (black) line—exact TDER result; dot-dashed (blue)
line—Egs. (34) and (35); dashed (black) line—low-frequency result,
(48), for nonresonant BrS. The vertical lines indicate the two resonant
frequencies €2,,.

In Fig. 3 we present resonant profiles for two adjacent
resonances in the BrS cross section. The spectral density is
evaluated using both the exact TDER equations and the general
parametrization, (35). For the dipole moments dg,"’ ) and EM and
the amplitude A%V, all of which are involved in Eq. (35),
as well as for the potential part of the BrS cross section in
Eq. (34), we use the analytic formulas of the low-frequency
approximation, discussed in Secs. III and IV B. As shown in
Fig. 3, the analytic results are in excellent agreement with the
exact TDER results for both resonant and nonresonant energies
of the BrS photon.

For a deeper understanding of resonant phenomena in the
BrS process, in the following we analyze the BrS spectral
density obtained after integrating the doubly differential cross
section over a finite interval of final electron energies, E; =
p% /(2m), and momentum directions, which are defined by
the polar (67) and azimuthal (¢s) angles with respect to the
laser polarization vector e,. The integrations over the angles
¢ and 0, are over the intervals [0,360°] and [0/,0; + 10°],
respectively (cf. Fig. 4).

In Fig. 5 we show the dependence of the resonant channel
contribution to the BrS process on the final (scattered)
electron state. One sees that resonant phenomena become
less pronounced as the final electron energy E s increases [cf.

FIG. 4. (Color online) Geometry of the incident (p;) and final
(p ) electron momenta and the laser electric field, F(z). The shaded
(blue) area denotes the integration domain over the final electron
directions.

PHYSICAL REVIEW A 89, 023407 (2014)

1077

1078

3eV<E;<4eV
155° < 6, < 165°

10°F

1077 E

1078
F 45eV<E;<55eV

10°F

3 1559 <6, < 165° E
8 } + } + } + } I IJA

o T + T + T + T T t E
<} ; (©) ]
o 107 -
] 3
c

3eV<Es<4eV

E 1459 <0, <155 J E
R %U L]
10—7k
10—8,
107°
10_]0 36V<E/<4ev
159 < 6, < 25°
1 [T uo 1 Il 1 1
14 15 16 17 18 19

7Q (eV)

FIG. 5. e-H BrS spectral density integrated over different inter-
vals of the final electron energies and directions (shown in each
panel). The laser field parameters and initial electron energy are the
same as in Fig. 2. Thin solid lines—exact TDER results; thick dashed
lines—low-frequency result, (48), for nonresonant BrS.

Figs. 5(a) and 5(b)]. This fact stems from the behavior of the
detachment factor, i.e., the detachment rate d R(p,)/d 2, in
Eq. (35). Specifically, the energy interval 3 eV < Ey < 4 eV
in Fig. 5(a) belongs to the low-energy plateau in the above
threshold detachment spectrum, which extends up to ~2u,
(u, =2.07 eV for the parameters in Fig. 5) and is well
described within the Keldysh approximation. The interval
4.5eV < E; < 5.5¢eV in Fig. 5(b) corresponds to the region
beyond the Keldysh plateau cutoff, where dR(p,)/d<2p,
decreases by several orders of magnitude and rescattering
effects become significant (e.g., cf. Ref. [30]). The detachment
factor d R(p,)/dS2p, is also responsible for a less pronounced
manifestation of resonance effects in the BrS spectrum as
|cosfy| decreases [cf. Figs. 5(a) and 5(c)]: the laser field
detaches the virtually captured electron predominantly along
the laser polarization direction. For scattering at small angles
0y — 0 the position of the upper cutoff hQ(f) [cf. Eq. (49)]
of the plateau in the nonresonant BrS spectrum is shifted to
the region of low energies A2, so that for high energies A2
in Fig. 5(d) the BrS spectrum is dominated by the resonance
structures.

These results show that the potential and resonant parts
of the BrS cross section are comparable for backward
electron scattering with low final energies (S2u,). In this
case interference between the potential and the resonant BrS
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FIG. 6. (Color online) The same as Fig. 5, but for frequencies
€ in the vicinity of two particular resonances 2,: (a) u = 60,
Qe =14.85 eV and (b) u =74, Qs =16.49 eV. The inter-
vals of final electron energies and directions are 3.1eV < Ef <
4.3 eV, 155° < 6y < 165°. Thin solid (black) line—exact TDER
result; dot-dashed (blue) line—Eqgs. (34) and (35); dashed (black)
line—low-frequency result, (48), for nonresonant BrS. Vertical lines
indicate the two resonant frequencies £2,,.

amplitudes leads to asymmetric resonant profiles in the BrS
spectral density, as shown in Fig. 6, where do/d<2 is obtained
after integration of the BrS doubly differential cross section
over the domain 3.1 eV < E; < 4.3 eV, 155° < 65 < 165°.
The exact TDER results are in good agreement with the
parametrization of resonant BrS given in Egs. (34) and (35).
Note that pronounced asymmetries in the resonance profiles
disappear at high energies 72 when one integrates over all final
electron momenta owing to the dominance of the resonant
cross section over that of the nonresonant cross section (cf.
Fig. 3).

V. ESTIMATES OF LASER-ASSISTED
BREMSSTRAHLUNG IN ELECTRON SCATTERING
FROM A COULOMB POTENTIAL

The analytic results for the BrS spectral density that we
have obtained for a short-range potential may be extended
to the case of a Coulomb potential by replacing terms
dependent on the short-range potential by terms appropriate
for a Coulomb potential. Note that we are not able to
discuss resonance profiles in a Coulomb potential because
that involves knowing the relative phases between resonant
and nonresonant amplitudes in order to obtain the parameter
g in Eq. (38). In the following analysis we assume that the
laser parameters and the incident electron energy are such
that (i) the resonant peak widths are significantly smaller
than the distance between neighboring peaks (i.e., we assume
I' « hw), and (ii) the potential (nonresonant) part of the BrS
amplitude is negligible in comparison with the resonant one in
the vicinity of the resonant frequencies 2 ~ €2,,. In addition,
we only treat resonance with the ground (ls) state of an
electron in a Coulomb potential having a nuclear charge Z = 1,
corresponding to electron-proton BrS.

Taking these assumptions into account, we neglect the
interference between resonant channels with different u values
as well as between resonant and potential parts of the BrS
amplitude, so that the electron-nucleus BrS spectral density
can be evaluated using the following approximation for the
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FIG. 7. (Color online) Field-free electron-proton radiative re-
combination cross sections. Thick solid line, exact result for recom-
bination into the ground 1s state of the H atom; dashed (red) line,
Born approximation result for recombination into the 1s state of the
H atom; dot-dashed line, exact result for recombination into the 2s
state of the H atom.

BrS spectral density:
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Result (97) represents the sum of the nonresonant BrS cross
section with resonant ones given by Eq. (39) for each particular
Q,,. The potential part do‘P)/d2 of the BrS cross section in
Eq. (97) is evaluated using the low-frequency result, (50), in
which we use the exact field-free Coulomb BrS cross section
given in Ref. [16]. The total ionization rate I" for the 1s state
of the hydrogen atom is obtained using the analytic results
in Ref. [31]. For the radiative recombination cross section 6,
in Eq. (97) we use the analytic result, (60), which in turn
contains the exact field-free cross section 5. For the case of
a Coulomb potential, 5@ is well -known (e.g., cf. Ref. [32]).

The neglect of resonant channels with excited states of
the H atom is justified by comparing @ for the ls and
2s states, shown in Fig. 7: the cross section for radiative
recombination into the ground state is more than an order
of magnitude higher than that for recombination into the 2s
excited state. Note that replacement of the exact cross section
& by its Born approximation counterpart &‘#) can lead to
a significant overestimate of the resonant enhancement of the
BrS spectrum as shown in Fig. 7, in which ¢ and &®
are compared. The Born approximation cross section &®
results from approximating the initial electron state ¢, by the
plane wave exp(ip; - r/h). In the presence of a laser field, the
Born approximation is widely used in studies of strong-laser
processes (e.g., cf. Refs. [21-23] for the LARR process) and
corresponds to replacing the QES @, by the Volkov wave yxp,,
i.e., neglecting the interaction of the active electron with the
scattering potential.

Numerical results for electron-proton BrS spectra in a laser
field with & = 400 nm (the second harmonic of a Ti:sapphire
laser) and intensity / = 1.67 x 10" W/cm? are shown in
Fig. 8 for the case of an incident electron beam directed along
the laser polarization axis, p;|le;. One sees in Fig. 8 that the
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FIG. 8. (Color online) Spectral density of laser-assisted electron-
proton BrS in a laser field with A =400 nm (hw = 3.1 eV) and
intensity 7 = 1.67 x 10" W /cm? for electrons incident along the
laser polarization axis, p;|le;, at two energies: E; =30 eV and
E; =150 eV. Thin solid (blue) lines—estimate using Eq. (97);
dashed (black) lines—low-frequency result, (50); dotted (black)
lines—Karapetyan-Fedorov result (cf. Ref. [1]); thick solid (red)
lines—field-free BrS spectrum.

electron-proton BrS spectra exhibit all features exhibited in
the results discussed above for resonant electron-atom BrS
obtained using the TDER theory for the case of a short-
range atomic potential, U(r). For emitted photon frequencies
Q> Q" the spectral density has pronounced resonant peaks,
increasing do/d<2 by orders of magnitude. As the electron
energy E; increases, the positions of the resonant BrS peaks are
shifted to higher values of 2. The widths of the resonant peaks
are independent of E; and are equal to I' = 0.024 eV for the
laser field parameters we employ. The resonant enhancement
of the BrS cross section is maximal (by a factor ~8 x 10%)
beyond the plateau cutoff in the nonresonant BrS spectrum

(i.e., for Q > Q(nﬁ’;x). For comparison we present in Fig. 8 the
low-frequency result, (50), and the result of Karapetyan and
Fedorov [1] for nonresonant electron-proton BrS. The latter
result can be obtained from Eq. (50) by replacing the exact
field-free BrS cross section, d*c")/dQdQp,, there with its
Born approximation counterpart, d*c®) /dQd Q...

In order to compare the intensities of the resonant BrS
spectral density with the nonresonant one, we average the
resonant part of the BrS cross section in Eq. (97) over
the frequency intervals Q, — /2 < Q < Q, + w/2, using
Eq. (41) (in which the integration limits are extended to
400 owing to the condition I' < hw). We thus obtain
(do™/dQ) ~ &, /w. The recombination cross section &, and
the nonresonant BrS cross section are evaluated using Egs. (60)
and (54), respectively. The results are shown in Fig. 9, in which
we present the spectral density for electron-proton BrS in a
laser field with A = 400 nm. Results for two different incident
electron energies E; and a fixed laser intensity / are compared
in Fig. 9(a); results for two different laser intensities and a fixed
incident energy E; are compared in Fig. 9(b). The nonresonant
BrS spectral density in Fig. 9 exhibits “stair-like” structures
with “steps” at BrS photon energies 72 = E; + khiiw (where
k is an integer). These steps originate from the fact that with
increasing €2 the partial BrS cross section with exchange of k
photons [i.e., the term with n = k in Egs. (10) or (50)] does not
contribute to the sum over n for the BrS spectral density. The
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FIG. 9. (Color online) Comparison of curves for the nonresonant
laser-assisted electron-proton BrS spectral density [obtained using
Eq. (50)] with histograms for the resonant laser-assisted electron-
proton BrS spectral density for a laser field with A =400 nm
(hw = 3.01 eV). Each bar in the histograms for the resonant spectral
densities represents an average over the interval Q, —w/2 < Q <
2, + w/2 about the pth resonance peak. (a) Results for two incident
electron energies, E; = 30 and 300 eV, and laser intensity / = 1.67 x
10" W /cm?. (b) Results for E; = 50 eV and two laser intensities:
I =5x10" W/cm? [solid (blue) line and dark (blue) bars] and
I =5 x 10" W/cm? [dashed (red) line and light (yellow) bars].

stair-like structure is clearly visible for the lowest intensity,
I =5 x 10" W/cm?, in which case the integer k varies from
—5 to 6 with increasing €.

As the results in Fig. 9 show, with either increasing electron
energy E; or increasing laser intensity /, the averaged resonant
BrS spectral density becomes broader and decreases more
rapidly than that for the nonresonant case. This broadening
and decreasing magnitude of the spectral density for resonant
BrS stem from the behavior of the generalized Bessel function
J,, in Eq. (60) for the LARR cross section and in Eq. (59)
for the Fourier component (or QES harmonic) c,(p;) of the
incident electron QES at the origin, yp, (r = 0,¢). Physically,
the coefficient ¢ (p;) determines the population of the QES har-
monic corresponding to k-photon exchange with the laser field.
With increasing incident electron energy or laser intensity, the
number of populated QES harmonics increases, while only one
of them (with k = u) contributes to the resonant BrS cross
section. The redistribution of the incident electron density
over a larger number of QES harmonics leads to a decrease
in |c,(p;)| and hence in the resonant BrS cross section. In
contrast, for potential (nonresonant) BrS, the entire set of QES
harmonics in open channels (i.e., with €; + khw — AQ2 > 0)
contributes to the cross section [cf. Eq. (50)].
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Considering the integrated spectral density of resonant BrS
over the entire interval of emitted photon energies (indicated by
the shaded areas in Fig. 9), we conclude that the contributions
of the resonant channels to the total spontaneous radiation
intensity increases with increasing / and with decreasing E;.

VI. SUMMARY AND CONCLUSIONS

In this paper, we have analyzed the key features of resonant
phenomena in spontaneous laser-assisted BrS caused by the
possibility that the scattering electron may be virtually cap-
tured in a quasibound state of the target potential. In the vicinity
of resonant energies of the BrS photon, A2, = p?/(2m) +
u, + |Ree| + phw (which coincide with the photon energies
of the LARR or LARA process), the BrS spectra exhibit
resonant peaks, which significantly increase the BrS cross
section. The shape of the resonant BrS spectrum at Q = €2,
coincides with that of the spectrum for LARR or LARA.

The key result of this paper is the general parametrization,
(35), for the resonant BrS partial cross section, corresponding
to exchange of n laser photons and spontaneous emission of the
BrS photon h€2,, during electron-atom scattering. Result (35)
has a transparent physical meaning, representing the BrS cross
section as a product of three factors: (i) the LARR or LARA
cross section &, (p;) describes the transition of the incident
electron with momentum p; from the continuum (scattering)
state to the bound quasistationary state with spontaneous
radiation of h€2,; (ii) the ATI or ATD rate dR(p,)/d<2p,
describes a v-photon (v = n — w) transition from the bound
state to the continuum state of the electron with final
momentum py = p,; and (iii) the resonant profile function
~(14+Img + 8Req)/(8% + 1) describes the dependence of
the BrS cross section on the emitted photon energy 22 in
the vicinity of the resonant energy h<2,,. In general, result (35)
describes an asymmetric profile of the resonant peak that is
similar to the Fano profile in photoionization cross sections
[8-10]. The asymmetry parameter g is expressed in terms
of the nonresonant d”’ and resonant d\"” parts of the BrS
amplitude [cf. Eq. (38)]. It is worth noting that the parameter

q involves the scalar product of the complex vectors dﬁ,p ) and
d\". It thus encompasses a wide variety of resonance profiles,
depending on the parameters of the problem.

The key ingredients of the resonant BrS cross section may
be evaluated either numerically or analytically within the low-
frequency approximation. In order to confirm the accuracy of
the general parametrization of the resonant BrS cross section,
we have adapted the TDER theory to treat the laser-assisted
BrS process. Our numerical results show that (for the case of
e-H BrS in a CO; laser field) the results obtained using the low-
frequency closed-form analytic expressions are in excellent
agreement with the results obtained using the exact equations
of the TDER theory.

Neglecting the interference between different resonant
channels, as well as between resonant and potential parts of
the BrS amplitude (i.e., omitting details of the resonant peak
profiles), we have found that for the case of a long-range
electron-Coulomb interaction (i.e., for electron-proton BrS)
the resonant features in the BrS cross section are similar to
those for a short-range atomic potential.
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Considering the BrS cross section as a function of the final
electron momentum (i.e., of the scattered electron energy and
direction), we have found that the main contribution to the
BrS spectral density at resonant energies is given by low-
energy electrons (E s < 2u),) that are scattered along the laser
polarization direction. This result can be explained by the
energy and angular dependence of the ionization or detachment
rate of the virtually captured electron. It is remarkable that for
electron scattering at small angles, the resonant BrS spectrum
is significantly wider than the nonresonant one, so that for
high energies A2 the BrS spectrum is described essentially
entirely by the resonant BrS spectral density. Our results show
also that the contribution of the resonant channel to laser-
assisted electron BrS is sensitive to the incident electron energy
E; and to the laser intensity /: increasing E; or I leads to
a broadening of the BrS spectrum, within which resonance
peaks are pronounced features; simultaneously, the averaged
resonant BrS spectral density decreases.

Finally, we note that rescattering effects in laser-assisted
BrS are not significant for the laser parameters and incident
electron energies used in this paper. However, for lower
electron energies E; and higher laser intensities (when E; <
u,), rescattering effects become significant and lead to the
appearance of a second, high-energy (rescattering) plateau in
the BrS spectrum, similarly to the occurrence of rescattering
plateaus in laser-assisted electron-atom scattering [27,34] and
LARR or LARA processes [19,22]. Also, rescattering effects
become important when the incident electron quasienergy is
resonant with a bound state of the target (i.e.,¢; — khw = Ree,
where k is a positive integer). A detailed analysis of the role of
rescattering (as well as laser polarization) effects in BrS will
be published elsewhere.
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APPENDIX: DERIVATION OF THE TDER EXPRESSION
FOR THE BRS DIPOLE MATRIX ELEMENT d,

Because the scattering state, (63), is comprised of two
terms, an incident plane wave, xp, and a scattered wave (either
d>§,+) or @E,f)), we write the BrS dipole matrix element d,, as
the sum of four terms [cf. Eq. (71)]:

3 T
1 A
d,(pi.ps) = Zd;m’ d® = 7/ dte™ d®(r).
k=0 0

Let us consider each of these terms separately.

The dipole moment d©(z) = ( Xp, (D1d|xp, ()) represents
a dipole transition between the Volkov states xp, (r,7) and
Xp,(r,t) of a free electron in the laser field F(z). Using
the explicit form of x,(r,t) in Eq. (14) and the following
relation for the Dirac § function, [ re’*"dr = —i(27)3Vy8(k),
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we obtain, for d9(r),

ie

dO(r) = i)’ hteexp
hmw?

F() - (pi — Pf)i|

x Vp, 8(pi — py). (AT)

The Fourier transform of Eq. (Al), corresponding to Q =
nw > 0, leads to result (75),

2
F
d9 = 4P £ (pi — PV 8P/ — PO
n (m )me (Pi —P#IVp, 8(Pf — Pi)dn
&F
= 4(hy —8(ps — P, (A2)
maw
where the relation x8’(x) = —8(x) has been used.
The terms dV(r) = (&) (O)ldlxp (1)) and dP(r) =

(Xp, (t)|d|d>:,f (t)) are expressed in terms of the advanced,

G, and retarded, G, Green’s functions for a free electron
in the field F(¢), as follows:

2weh? [ I
40 = =5 / di'e IO (—t')
mk J;

X / dryp, (r,DOrG T (r,1;0,1)dt’,  (A3)

2
d(2)(t)=_2neh /’
mi J_

o0

dt/eie,(tft/)/ﬁfpi (t/)
X / er;/,(r,t)rG(”(r,t;O,I’)dt’. (A4)

For G®)(r,t;r',t") we use the well-known Feynman form,

32
m
2mwih(t — z/)]
x expliS(r,t;r',t")/h],

GO, 11 1) = TO[+(r — t’)];—_L [

(AS5)

where 6(x) is the Heaviside function and S is the classical
action for an electron in the laser field F(¢):

Sy = —2
2t —t')

2

2
<r —r + ——[F() - F(ﬂ)])
maow

t
f A2()dt — e AG) — ' - A
' C
(A6)
Using Eqgs. (A5) and (A6) and the explicit form for y,(¢) in

Eq. (14), straightforward integration of the spatial integrals in
Egs. (A3) and (A4) gives

. 0
AV = ZZ;ZH / dr <p,~z — =5 [F() — F(1 — r)])

(AT)

2mc?

% f—p/(r _ t)ei[(e,-fef)tJrSpi (tfr)]/h’

el _Znieh o e
) = el A dt pfr—E[F(t)—F(t—r)]

x fpi (l‘ _ r)ei[(e;—ef)r—Spf(z—t)]/h. (AS)

Since the functions f,(¢) and S,(¢) are periodic in ¢, we
evaluate the integrals over 7 in Egs. (A7) and (A8) using the
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Fourier expansions,

fp;(t _ .L.)e—ispf(l—f)/h — Z e—ikw(t—r)ﬁzz)’
k

o) (T — 1)etSn =0/ Ze—ikw(z—r)cg)’
k

and the regularization rule,

+oo

+o0 X X l
/ dre'*" = lim dre'®™ 7V = —,
0 y—>=%0 Jo o

Subsequent integration over ¢ gives the following results for
d(1-2;

, £
AV = (2P Lk ) (A9
; i—- L +ez§1w/9+s (A9)
@ OPf L (21
d? = —c(2i=Lt ks ) (A10
n <l€F n +e15=2:t:1a)/9+s) ( )

where C = mhe’F /(km*Q*w).
Finally, for the dipole moment d®(¢) we have

2 h2 2 t [e9)
d®@) = e( id ) / dt’/ dr"
mk —o0 t

x ei[e,v(tft’)+e,c(t”ft)]/hfp (l‘/)f b (_t//)
i —Prs

X /drG(+)(r,t;0,t’)rG(_)*(r,t;O,t”). (A11)

For the spatial integral in Eq. (All) we use the relation
(cf., e.g., the Appendix in Ref. [33])

/ dr G (r,r:0,t")r G*(r,1;0,1")

= ;—iG<+>(0,r/’;o,r/)R(r;t’,r”),
where

R(t;1',1") = {(t —t")[F(t) — F(1")]

me(t/ _ t//)
— (@t —t")[F@t)—F@1")I}.

To evaluate the double integral over the times ¢’ and ¢” in
Eq. (A11) we introduce new variables,

E:t//—t/, {:21‘—1‘/—1‘”,
where 0 < & < 00, —& <¢ <&. In the new variables, the
integration over ¢ is carried out analytically. As a result, the
Fourier components d'> of d®(¢) may be expressed in terms of
one-dimensional integrals Wy ;- over ¢ = £w/2 [cf. Eq. (81)]:

dY) =e,C Z Wik fe(Pi) fe—nt 1426 (=P f)-
o

(A12)

Combining results (A2), (A9), (A10), and (A12), we obtain
the final result for the dipole matrix element d, (p;,ps), given
by Eq. (74).
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