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Electron-nuclear dynamics of the one-electron nonlinear polyatomic molecule H2+
3

in ultrashort intense laser pulses
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(Received 27 November 2013; published 6 February 2014)

A quantum description of the one-electron triangular H2+
3 molecular ion, beyond the Born-Oppenheimer

approximation, is used to study the full influence of the nuclear motion on the high-intensity photoionization
and harmonic generation processes. A detailed analysis of electron and proton motions and their time-dependent
acceleration allows for identification of the main electron recollision events as a function of time-dependent
configuration of the protons. High-order-harmonic generation photons are shown to be produced by single-
electron recollision in the second half of the pulse envelope, which also induces a redshift in the harmonics,
due to the rapid few-femtosecond motions of protons. Perpendicular harmonics are produced, in general, with a
linearly polarized laser pulse parallel to a bond of the triangular molecule, and, in particular, the harmonics in
the cutoff region are elliptically polarized. When the laser-pulse polarization is parallel to a symmetry axis of
the triangular molecular ion, creation and destruction of the chemical bond perpendicular to the polarization is
predicted on a near-femtosecond time scale.
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I. INTRODUCTION

Ultrafast quantum dynamic imaging of molecules is cur-
rently developing as a new science with the help of the most
recent advances in laser technology [1]. To perform dynamic
imaging of molecules, one has to take into account the different
time scales in the motion of the particles within a molecule.
Nuclei evolve on the time scale of the femtosecond (1fs =
10−15 s). For instance, by applying a femtosecond laser pulse
of a few optical cycles, in the near-infrared spectral region, the
ultrafast vibrational wave-packet dynamics in the dissociative
ionization of the H2 molecule has been probed successfully
[2]. On the other hand, electrons evolve on the time scale
of the attosecond (1 as = 10−18 s). Only recently have
ultrashort laser pulses with such comparable durations been
produced from the nonlinear and nonperturbative interaction of
matter with light through the process of high-order-harmonic
generation (HHG) in atoms [3] and molecules (MHOHG)
[4]. In this process, an atom or a molecule is ionized by an
intense femtosecond infrared laser pulse. The photoelectron is
subsequently accelerated by the laser field. As the electric field
changes phase within an optical cycle, the ionized electron
changes its direction and recollides with the parent ion [3].
Alternatively, the electron may recollide with the neighboring
ions at higher energies than recollision with the parent ion
[4]. High-energy photons of the order N are emitted in the
form of high-order harmonics of the carrier-wave frequency
ω, with a maximum energy N�ω = Ip + 3.17Up, where Ip is
the ionization potential and Up is the ponderomotive energy
in atoms [3] and beyond for molecules [4]. The high order of
generated harmonics is the current source of ultrashort pulses
of duration of few as’s, which can be used to image the electron
dynamics in atoms and molecules [1,5].
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Numerical simulations are playing an important role in
the understanding of laser-matter interaction, in particular
in quantum molecular dynamic imaging [1]. The exact
description of molecular dynamics should include the cor-
related electron-nuclear motion. So far, large-scale numerical
solutions of the multidimensional time-dependent Schrödinger
equation (TDSE) have been used to simulate the nonlinear
nonperturbative interaction of a one-electron linear polyatomic
molecule with ultrashort laser pulses on time scales of both
nuclear and electron motion. In particular, the linear H2+

3
one-electron ion has been studied in a one-dimensional (1D),
static nuclei simulation [6], to establish in polyatomics the
existence of a nonlinear phenomenon unique to molecules,
i.e., charge resonance enhanced ionization (CREI) [7]. Using
an exterior complex scaling transformed B-spline basis-set
expansion, Bian et al. confirmed this phenomenon in the
three-dimensional (3D) linear H2+

3 in [8]. The same prob-
lem was addressed numerically for the linear two-electron
1D H3

+ system where enhanced ionization was shown to
involve charge-transfer (CT) states [9]. The effect of nu-
clear motion was shown to substantially reduce electron-
rescattering effects from H2+

3 to H3
+ in the energy range up

to 10Up [10].
In the present work, we examine electron ionization and

rescattering of the 2D nonlinear (triangular) one-electron
H2+

3 . Coulomb explosion imaging of H2+
3 has been studied

previously to monitor two- and three-body kinematical cor-
relations in dissociative recombination of H3

+ [11] due to
the importance of this phenomena in low-energy plasmas [12]
and in the chemistry of interstellar medium [13]. Laser-induced
electron localization in H2+

3 in the equilateral configuration has
recently been reported with Born-Oppenheimer simulations
[14]. The H3

+ ion has been recently shown to be formed
by unusual proton-transfer mechanisms in organic molecules
exposed to femtosecond intense laser pulses [15,16]. H3

+ and
H2+

3 , due to their unique equilateral triangular geometry, thus
provide a fundamentally original system for the theoretical
development of the nonperturbative response of nonlinear
molecules to intense laser pulses, as recently pointed out in
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Coulomb explosion studies of D3
+ [17–21]. The photophysics

of simple trimers also allows for the study of full many-body
dynamics such as Rydberg trimers [22] and quantum interfer-
ences in three-slit experiments [23]. Previous static nuclei 2D
simulations of the two-electron H3

+ [24] showed pronounced
three-center interferences in the MHOHG spectrum, based
on a three-center recollision model. Three-center electron
interference effects have been shown to be operative in X3

Jahn-Teller systems [25], as well as in recent quantum three-slit
experiments [23].

In the present work, we examine, in detail, correlated
electron-nuclear dynamics in the one-electron H2+

3 ion by a
fully coupled electron-nuclear numerical simulation of the
corresponding TDSE in 2D, allowing us to monitor electron-
proton dynamics from the attosecond to femtosecond time
scale. We study the effect of the alignment of the linearly
polarized few-cycle pulse on the MHOHG. Not only do we
observe that the high-order harmonics are redshifted and are
produced mainly by one single recollision event in the second
half of the pulse envelope, due to the rapid motion of the
nuclei, but the harmonics are elliptically polarized (in the
cutoff region) when the laser pulse is parallel to a bond of
the triangular molecule. When the laser-pulse polarization
is parallel to a symmetry axis of the triangular molecule,
the electron cloud oscillation is indicative of creation and
destruction of a chemical bond at every optical cycle.

II. NUMERICAL METHOD

We consider the one-electron molecular system H2+
3 in

a nonlinear (triangular) configuration in a 2D plane. The
nuclear coordinates are defined with Jacobi coordinates r ,
which is the relative coordinate between two nuclei forming
the basis of the triangle, and R, which is the relative
coordinate between the upper nucleus and the center of mass
of the two base nuclei, as shown in Fig. 1(a). The angle
between these two Jacobi coordinates is fixed to θ = 90◦
as occurs in C2v symmetry, i.e., an isosceles triangle, as
we anticipate that this is the main direction of Coulomb
explosion. The nuclear coordinates are related to Cartesian
coordinates as follows: xN1 = 0,yN1 = 2

3R,xN2 = − 1
2 r,yN2 =

− 1
3R,xN3 = 1

2 r,yN3 = − 1
3R. The electron coordinates are

defined with polar coordinates φ and ρ, corresponding to
Cartesian coordinates ρ = √

x2
e + y2

e and φ = arccos(xe/ρ)
[24]. Details of the coordinate transformation and of the
Hamiltonian are presented in Appendices A and B.

The complete equation of motion of the 2D molecular ion
H2+

3 is described by the time-dependent Schrödinger equa-
tion (TDSE) (in atomic units, e = � = me = 1) beyond the
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FIG. 1. (Color online) (a) Geometry of the H2+
3 molecular ion in

the xy plane with the origin at the center of mass of the nuclei.
The nuclear coordinates are r , R, and θ (in black) and the electron
coordinates are ρ and φ (in blue). Potential-energy curve of the
ground electronic state and the first two excited electronic states
of H2+

3 as a function of the nuclear distance in (b) a D3h configuration
(equilateral triangle) with R = sin(π/3)r and (c) a C2v configuration
(isosceles triangle) as a function of R with fixed r = 2.5 a.u.
(d) Potential in a D3h symmetry at r = 5 a.u. at field strength �E||Oy,
E = 9.2 × 10−2 a.u. (intensity I = 3 × 1014 W/cm2, y polarization)
corresponding to m = 1 in Fig. 4.

Born-Oppenheimer approximation,

i�
∂

∂t
�(ρ,φ,r,R,t)

= [Te + TN + V (ρ,φ,r,R,t)]�(ρ,φ,r,R,t), (1)

with the kinetic-energy operators

Te = − 1

2μe

[
1

ρ

∂

∂ρ
ρ

∂

∂ρ
+ 1

ρ2

∂2

∂φ2

]
,

(2)

TN = − 1

2μr

∂2

∂r2
− 1

2μR

∂2

∂R2
,

and the total potential

V (ρ,φ,r,R,t) = VeN (ρ,φ,r,R) + VNN (r,R) + Vint(ρ,φ,t).

(3)

The electron-nuclei attraction VeN , the nuclear repulsion VNN ,
and the laser interaction Vint potentials are, respectively, given
by

VeN (ρ,φ,r,R) = −
3∑

k=1

1√
ρ2 + xNk

(r)2 + yNk
(R)2 − 2ρ[cos φxNk

(r) + sin φyNk
(R)] + cen

, (4a)

VNN (r,R) =
k<l∑

k,l=1,...,3

1√
[xNk

(r) − xNl
(r)]2 + [yNk

(R) − yNl
(R)]2 + cNN

, (4b)

Vint(φ,ρ,t) = −DE(t), E(t) = ε(t) cos(ωt + ϕ). (4c)
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The reduced masses in the kinetic operators Te and TN , in
Eq. (2), are defined as

μe = mN1 + mN2 + mN3

1 + mN1 + mN2 + mN3

, μr = mN2mN3

mN2 + mN3

,

μR = mN1 (mN2 + mN3 )

mN1 + mN2 + mN3

, (5)

with mNi
,i = 1, . . . ,3, denoting the mass of the three nuclei.

The three potentials in Eqs. (4a) and (4b) thus couple com-
pletely electron-proton motion. In the attraction and repulsion
potentials in Eqs. (4a) and (4b), we use Coulomb softening
parameters ceN = 0.35 and cNN = 1, which gives potentials
for H3

+ in good agreement with experimental geometries
[24]. D is the dipole, here expressed as D = −ρ cos(φ) and
rigorously defined in Appendix A [Eq. (A8)]. The electric
laser pulse for the radiative interaction Vint, given by Eq. (4c), is
linearly polarized. In the case of a polarization along the x axis
(labeled �E||Ox), Vint = xE(t), while for polarization along
the y axis (labeled �E||Oy), Vint = yE(t), with an electric-field
strength E(t). ω is the carrier-wave frequency [ω = 2πc/(λ =
800 nm) = 0.057 a.u.] of period T = 2π/ω=2.7 fs, ϕ = 0 is
the carrier-envelope phase (CEP), and ε(t) is the laser-pulse
envelope of trapezoidal shape with two optical cycles that are
ramp on, two constant optical cycles at intensity I = E2

0 =
3 × 1014 W/cm2(9.2 × 10−2 a.u.), and two optical cycles that
are ramp off, as depicted in Fig. 2(a). Recent experiments
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FIG. 2. (Color online) Left panels: (a) Survival probability
( �E||Ox in blue, �E||Oy in red) and electric laser pulse (black dashed
line) as a function of time. (b) Electron dipole along the x (for
�E||Ox, blue line) and y (for �E||Oy, red line) direction. (c),(d)
Nuclear displacements along the R and r coordinates, respectively
( �E||Ox in blue, �E||Oy in red). Dashed green line is for the zero-field
(I = 0) case. Right panels: (e) Electron (solid lines) and nuclei
(dashed lines) displacement induced by a �E||Ox (E > 0 in blue,
E < 0 in green) and �E||Oy (E > 0 in red, E < 0 in orange) pulse. (In
the case of �E||Oy > 0, the electron can be localized on the two lower
protons, strengthening the chemical bond along the r coordinate.)
(f)–(h) Acceleration a(t) of the electron in the x (for �E||Ox,
blue line) and y (for �E||Oy, red line) direction and of the nuclei
along the R and r coordinates, respectively. Laser-pulse conditions:
I = 3 × 1014 W/cm2, ω = 0.057 a.u., λ = 800 nm, T = 2.7 fs, six
optical cycles.

have shown that the ionization probability for H3
+ is most

favorable with a linearly polarized laser pulse aligned along
�E||Ox and �E||Oy [17,18]. Our choice of nuclear coordinates

thus corresponds with the laser orientation along the r or R

nuclear coordinate (x or y axis) (see Fig. 1), describing motion
from D3h to C2v symmetry.

The initial molecular wave function is defined by
�(ρ,φ,r,R,t = 0) = f (r,R)�(ρ,φ; r,R), where �(ρ,φ; r,R)
is the electronic eigenfunction at fixed nuclear coordinates
r and R obtained by imaginary-time propagation [26,27].
f (r,R) is the initial three-proton function in terms of the
nuclear coordinates centered at r = 2 a.u., R = 1.73 a.u.,
and describes a Franck-Condon transition from H3

+ to H2+
3

at the equilibrium distance req(H3
+) = 2 a.u. [28–30]. For

each fixed nuclear coordinate, the electronic potential-energy
surfaces (PESs) are calculated from the laser-free TDSE, given
by Eq. (1), i.e., Vint = 0. Illustrated in Figs. 1(b) and 1(c)
are cuts of the Born-Oppenheimer (static nuclei) PESs for
nuclear configurations in D3h symmetry (equilateral triangle)
[Fig. 1(b)] and in C2v symmetry (isosceles triangle), with r

fixed at 2.5 a.u. [Fig. 1(c)]. In D3h symmetry, the two first
excited states are degenerate and the ground state as well as
the excited states are dissociative, with a single dissociation
channel H + 2H+. In C2v symmetry, the degeneracy of the
excited states is lifted, although these two states cross at
specific internuclear distances R = sin(π/3)r , thus creating
a “conical” intersection seam in the PESs. The three distinct
dissociative states give rise to three different dissociation
channels: (1) H2

+(1σg) + H+, (2) H2
+(1σu) + H+, and (3)

H + 2H+. We note that between R = r = 3.5 and 4 a.u.,
there is a resonant three-photon transfer to the degenerate E

state. McKenna et al. [17] have concluded that the D2+
3 ion

ionizes preferentially at this configuration, in agreement with
our calculations; see Fig. 2(a).

The TDSE is solved numerically using a second-order
split-operator spectral method for the time discretization and
a spectral method combined with the finite-difference method
for the spatial discretization in order to reduce, as much as pos-
sible, the grid sizes [31]. The time step is set at δt = 0.05 a.u.,
with an electron grid of size ρ < ρmax = 128 a.u. with 512
points and angle 0 < φ < 2π with 128 points. The proton
grid is chosen of size r < rmax and R < Rmax = 19.2 a.u.
with 192 points in both r and R directions. For very short
pulses, as considered here, it has been verified that the nuclear
wave function is contained within the grid at all times, and that
the electron grid size ρmax is always larger than the maximum
ionized electron field-induced trajectory defined by α = E/ω2

in a laser field of amplitude E and frequency ω. Thus, at
I = 3 × 1014 W/cm2(9.2 × 10−2 a.u.) and ω = 0.057 a.u.,
α = 28 a.u. � ρmax. Absorbing boundaries at the grid extrema
are used ensuring that a measurable population reaches the
absorbing boundaries during the propagation.

During the time propagation, the total survival probability
at any time t is obtained from

Psurv(t) =
∫ +ρmax

0
ρdρ

∫ 2π

0
dφ

∫ ∞

0
dr

×
∫ ∞

0
dR|�(ρ,φ,r,R,t)|2, (6)
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the corresponding electron density,

Pe(ρ,φ,t) =
∫ ∞

0
dr

∫ ∞

0
dR|�(ρ,φ,r,R,t)|2, (7)

the time-dependent electron dipole,

〈x(y)e〉(t) =
∫ +ρmax

0
ρdρ

∫ 2π

0
dφ

∫ ∞

0
dr

×
∫ ∞

0
dR|�(ρ,φ,r,R,t)|2(−x(y)e), (8)

and the time-dependent nuclear displacement,

〈R(r)〉(t) =
∫ +ρmax

0
ρdρ

∫ 2π

0
dφ

×
∫ ∞

0
dr(R)|�(ρ,φ,r,R,t)|2R(r). (9)

The laser-induced acceleration is used for calculating the
MHOHG spectrum due to its accuracy, avoiding large dipoles
from ionized electrons [32],

ae
x(y)(t) =

∫
ρdρ

∫
dφ

∫
dR

∫
dr�∗(ρ,φ,r,R,t)

×
[
− ∂H

∂x(y)e

]
�(ρ,φ,r,R,t), (10a)

− ∂H

∂x(y)e
= − ∂VeN

∂x(y)e
− E(t). (10b)

A Hanning filter is used to eliminate spurious background
effects in the plateau region [33]. The Fourier transform of
the time-dependent acceleration gives the MHOHG power
spectrum for a six-cycle pulse of duration T ,

P e
x(y)(ω) ∝

∣∣∣∣
∫ 6T

0
ae

x(y)(t) exp(−iωt)dt

∣∣∣∣
2

. (11)

As for the experimental measure, the total MHOHG yield for
a given laser polarization would be the sum of P e

x (ω) and
P e

y (ω). Since a simple classical model predicts that harmonic
generation occurs by electron recollision with the parent ion
[3,5], a time-series analysis provides a time profile of the
harmonics and recollision times [33,34],

dG(ω,t) =
∫ ∞

−∞
exp(−iωt ′) exp

[
− (t − t ′)2

2σ 2
0

]
ae(t ′)dt ′,

(12)

where σ0 = 0.1 fs is the width of the Gaussian time window in
the Gabor transform. This corresponds to a frequency spread
of �ω of about ten harmonics.

Complementary to these observables, the nuclear acceler-
ation, corresponding to the forces acting on the protons, can
also be evaluated as

μR(r)a
R(r)(t) =

∫
ρdρ

∫
dφ

∫
dR

∫
dr�∗(ρ,φ,r,R,t)

×
[
− ∂H

∂R(r)

]
�(ρ,φ,r,R,t), (13a)

− ∂H

∂R(r)
= − ∂VeN

∂R(r)
− ∂VNN

∂R(r)
, (13b)

on which the Fourier transform and the time-frequency
analysis can also be performed, thus providing complementary
mathematical results for a detailed time analysis of the
corresponding physics of the proton dynamics coupled to the
electron dynamics [35].

III. RESULTS AND DISCUSSION

A. Particle dynamics

The complex non-Born-Oppenheimer dynamics of the
dissociating one-electron H2+

3 molecular ion in the presence
of an ultrashort (few cycles) and intense laser pulse can be
observed in the survival probability Psurv(t) [Eq. (6)], as shown
in Fig. 2(a). During the first optical cycle, the molecule is in a
D3h configuration in which the nuclei are at short internuclear
distances, starting at r = 2 a.u., R = 1.73 a.u., where chemical
bonding dominates. The nuclei move to larger distances due
to laser-induced vibrational excitation and nuclear repulsion.
The laser-field interaction then becomes stronger compared to
the total Coulomb potential and the molecule starts to ionize.
A survival probability less than one means that some portion
of the total wave function on the electronic grid (ρ × φ) has
been absorbed at the absorbing boundary (ρmax = 128). This
corresponds to ionization of the direct electron that would not
recollide with the parent ion. We observe the direct ionization
probability [blue and red solid lines in Fig. 2(a)] to increase at
each peak of the laser pulse after three optical cycles. Although
the final Psurv(tf = 6T ) is independent of the laser-field
polarization, the ionization events occur differently during
the laser pulse. The ionization is relatively more important
at t = 3T and 4T (when E > 0) for �E||Oy, perpendicular to
one H–H (N2–N3) bond. At t = 3.5T and 4.5T (when E < 0),
it is more important for �E||Ox, parallel to that bond. In both
cases, it is at t = 4T that the most efficient ionization occurs.

These electron dynamics can also be observed in the
electron dipole along the laser polarization (i.e., 〈xe〉 for
�E||Ox and 〈ye〉 for �E||Oy), given by Eq. (8) [Fig. 2(b)],

and the electron acceleration (i.e., ae
x for �E||Ox and ae

y for
�E||Oy), given by Eq. (10a) [Fig. 2(f)]. The ionization of

the molecular ion induces an additional dephasing in the
dipole, which appears earlier for 〈ye〉 than 〈xe〉 due to the
earlier ionization event with �E||Oy, and some deformation
in the electron acceleration ae

x(y). We note that the dipole
〈x(y)e〉 does not vanish at the end of the pulse due to
the large dipole of ionized electrons [32], as opposed to
the acceleration. The electron response is illustrated by a
time-dependent electron density in Figs. 3 and 4, for the x and
y polarization, respectively, where each panel corresponds to
the electronic-density snapshot at times t = (m + n)T , with
n = 0,1,2,3,4,5 and m = 0,1/4,1/2,3/4,1, i.e., at a quarter
of the cycles. One observes that the electronic density moves
in opposite direction to the electric field, as expected from
the classical potential Vint = −DE(t), given by Eq. (4c). For
instance, at t = 3T (m = 1,n = 2) (when E > 0) with �E||Ox,
the electron is localized on one proton (N2), corresponding to
the configuration H + 2H+, while with �E||Oy, the electron
is localized on two protons (N2 and N3) corresponding to
the configuration H+

2 + H+. At the end of the six optical
cycles of the laser pulse (m = 1,n = 5), the electron is
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FIG. 3. (Color online) Snapshots of the electron density in the xy plane in an electric field �E||Ox (x polarization) as a function of time
t = (m + n)T , where T = 2π/ω (E = 0 at m = 1/4,3/4, E < 0 at m = 1/2, and E > 0 at m = 1).

localized preferentially on one proton in both polarizations and
both direction ±E(t), i.e., forming H + 2H+, the three-body
breakup 3A1 channel [Fig. 1(c)].

The molecular ion is dissociative and the nuclei move
rapidly via Coulomb explosion to larger internuclear distances
preserving a near-D3h symmetry, as can be seen in Figs. 2(c)
and 2(d) [Eq. (9)] (green dashed lines for zero field). When
the laser pulse is present, the nuclei are pushed even further
(solid lines). For instance, with �E||Oy at four optical cycles,
when most of the ionization occurs, up to ≈25%, the nuclei
have moved to r = 4.8 a.u. and R = 4.2 a.u. (from initial
r = 2 a.u. and R = 1.73 a.u.). This implies velocities ṙ =
0.7 a.u./cycle (0.14 Å/fs), Ṙ = 0.6 a.u./cycle (0.12 Å/fs). We
observe that the protons move further along the r coordinate
with �E||Ox and along the R coordinate with E||Oy (i.e.,
favored motion for the nuclear coordinate parallel to the
laser-pulse polarization due to electron ionization along these
directions). The corresponding proton accelerations, μRaR(t)
(N1 motion) and μra

r (t) (N2–N3 motion), given by Eq. (13a)
[Figs. 2(g) and 2(h)], have mostly positive values due to
important nuclear repulsion, and then tend to zero after four
optical cycles. We note that μra

r is minimal and negative
for �E||Oy > 0. As seen in Fig. 4, this corresponds to m = 1,
where the electron is being transferred by the field to the H–H
(N2–N3) bond from N1 [as sketched in Fig. 2(e), right]. This
reinforces bonding, increasing the attraction between N2–N3.
For �E||Oy < 0, corresponding to m = 1/2 in Fig. 4, the
electron moves away from the H–H (N2–N3) bond, reducing

bonding [as sketched in Fig. 2(e), right] and increasing
repulsion between the two protons N2–N3 so that μra

r > 0.
We also observe that the oscillation of μRaR(t) (for �E||Ox

and �E||Oy) and μra
r (t) (for �E||Ox only) is of a frequency 2ω

(periodicity of 2T ), i.e., with positive sign at each half cycle
of the laser pulse, as compared to the electron acceleration
oscillating at a periodicity of T . This is also observed in
H2

+ and explained by the displacement of the electron cloud
between the protons, induced by the laser pulse of frequency ω

at the field extrema (E > 0 and < 0) [35]. Such oscillation is
also reported in Ref. [36] where an electric field of frequency
ω induces tunnel ionization and the plasma density generated
displays strong variations at every half cycle, causing a plasma
current that oscillates at a frequency 2ω. Interestingly, when
the laser pulse is �E||Ox (parallel to the r coordinate), the
electron cloud oscillates in the x axis and influences the three
protons [as sketched in Fig. 2(e), left]. This is seen in the
2ω periodicity of both μra

r (t) and μRaR(t) (for �E||Ox). On
the other hand, when the laser pulse is �E||Oy (parallel to
the R coordinate), the electron cloud oscillates between the
upper proton (N1) and N2–N3 [as sketched in Fig. 2(e), right].
Consequently, only μRaR(t) oscillates with a periodicity of
2ω. μra

r (t) oscillates with periodicity of ω, with opposite
phase with the electron acceleration ae

y(t), and this is induced
by the reinforcement of the N2–N3 bond every half cycle
(m = 1), as mentioned above. Clearly, the nuclear motion is
not only driven by the dissociative configuration of the ion,
but is strongly correlated to the electron motion.
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FIG. 4. (Color online) Snapshots of the electron density in the xy plane in an electric field �E||Oy (y polarization) as a function of time
t = (m + n)T , where T = 2π/ω (E = 0 at m = 1/4,3/4, E < 0 at m = 1/2, and E > 0 at m = 1).

B. Molecular high-order-harmonic generation

Following the classical recollision model [3,5], once
the molecule is ionized, the photoelectron recombines with
the ion, which leads to high-order harmonics. In Fig. 1(d), the
potential of H2+

3 in a D3h symmetry at r = 5 a.u., perturbed
by a strong field along the R axis ( �E||Oy, E > 0), shows
the sites of recollision, indicative of possible interferences,
which is not specifically studied here. The MHOHG spectrum,
calculated from the electron acceleration ae

x(y)(t), given by

Eq. (10a), is shown in Fig. 5 for �E||Ox and in Fig. 6 for �E||Oy.
The MHOHG spectra are calculated for the two components,
P e

x (ω) and P e
y (ω), for each laser polarization. For comparison,

Figs. 7 and 8 illustrate the MHOHG spectra for the static
molecular ion at fixed geometry, r = R = 5 a.u., which is
the geometry reached by the moving molecular ion at the
main ionization event at around t = 4T (m = 1,n = 3 of
Figs. 3 and 4). First, similarities are observed in the MHOHG
spectra for the dynamic and static cases with a plateau region
followed by a cutoff, indicating that in the dynamic case,
the harmonics are emitted when the nuclei have moved at
large distances where the ionization yield is increasing. We
recall that the ionization is enhanced at large distances: CREI
occurs at R ∼ 6.5 a.u. in conditions studied previously for a
linear molecular ion [6], and a three-photon resonance exists at
R ∼ 4 a.u. in a D3h configuration. The semiclassical electron
recollision model [3,5] predicts the maximum harmonic order,
Nmaxω = 3.17 Up + Ip = 55, with the ponderomotive energy,
Up = E2

0/4ω2 = 0.658 a.u., and the ionization potential Ip =
1.029 a.u., at r = R = 5 a.u. The predicted recollision energy

value is close to the calculated Nmax = 58 in Figs. 5–8.
The amplitude of the harmonic intensities is lower in the
dynamic case due to the non-Born-Oppenheimer dynamics,
where the fast proton motion reduces the electron recollision
probability. We emphasize that the nuclei have moved, with
�E||Oy for instance, from initial r = 2 a.u., R = 1.73 a.u. to
r = 4.8 a.u., R = 4.2 a.u., respectively, in four optical cycles,
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FIG. 5. (Color online) (a) Molecular high-order-harmonic
(MHOHG) spectra of H2+

3 with moving nuclei [blue, P e
x (ω) and red,

P e
y (ω)], with (b),(c) zoom of the harmonics in the plateau region.

(d) Relative phase of the harmonics (black diamonds) and ellipticity
of the cutoff harmonics (green circles). Laser-pulse conditions:
�E||Ox, I = 3 × 1014 W/cm2, ω = 0.057 a.u., λ = 800 nm,
T = 2.7 fs, six optical cycles.
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for P e
y (ω). Laser-pulse conditions: �E||Oy, I = 3 × 1014 W/cm2,

ω = 0.057 a.u., λ = 800 nm, T = 2.7 fs, six optical cycles.

10.7 fs, whereas the electron recollision occurs every 2/3
cycle ≈ 1.8 fs [3,5]. Moreover, a splitting in the harmonics is
observed in the static case (and also at various fixed geometries,
not shown here), which is nearly absent in the dynamic
case. The fractional-order harmonics have been reported in
Ref. [37] and explained by contribution from excited states in
the MHOHG process. This signature is smoothed out in the
dynamic case because of the fast nuclear motion.

Second, we compare the two polarizations, �E||Ox and
�E||Oy. As expected, the harmonic cutoff position is
independent of the laser-field polarization. Most strikingly,
for �E||Ox, P e

x (ω) and P e
y (ω) show similar intensities, with

an intensity of three orders higher (two orders higher for
the static case) for the P e

x (ω), parallel to the laser-pulse
polarization. With such similar intensities of P e

x (ω) and P e
y (ω),

we calculated the relative phase, for the dynamic case, between
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FIG. 7. (Color online) (a) Molecular high-order-harmonic
(MHOHG) spectra of H2+

3 with fixed nuclei at r = R = 5 a.u.
[blue, P e

x (ω) and red, P e
y (ω)], with (b),(c) zoom of the harmonics

in the plateau region. Laser-pulse conditions: �E||Ox, I = 3 × 1014

W/cm2, ω = 0.057 a.u., λ = 800 nm, T = 2.7 fs, six optical cycles.
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the components P e
x (ω) and P e

y (ω) given by

η = arccos

[
R(Pxy)

|Pxy |
]
, (14)

with Pxy = P e
x (ω)/P e

y (ω), as illustrated in Fig. 5(d). Very
interestingly, the relative phase becomes stable (with respect to
the frequency, i.e., phase locking) and with a nonzero value at
high-order harmonics (in our case, η ≈ π/2). These are the two
conditions to generate elliptically polarized attosecond pulses
by superposition of these harmonics. The calculated ellipticity
for these harmonics is ε ≈ 0.1 [green circles in Fig. 5(d)]; a
higher value of ε would require the same intensity for P e

x (ω)
and P e

y (ω). Thus, elliptically polarized harmonics (in the cutoff
region) are generated when a linear pulse is applied along the
basis nuclear axis (parallel to r coordinate) of a triangular
molecule. Elliptically polarized high-order harmonics near the
cutoff have also been generated with a linear drive laser field in
molecular ring-current states [38]. For �E||Oy, the situation is
very different and the P e

y (ω), parallel to the laser-pulse polar-
ization, is 20 orders higher (10 orders for the static case) than
the P e

x (ω) perpendicular component. In fact, the intensity of the
perpendicular component P e

x (ω) should be strictly zero since
the laser-pulse polarization is along a symmetry axis of both
the D3h and C2v configurations of the triangular molecule. The
calculated value of magnitude ≈10−25 is negligible, an artifact
of the numerical simulations. We conclude that harmonics
are linearly polarized when �E||Oy is applied. Similar trends
in P e

x (ω) and P e
y (ω) were also observed for a two-electron

system, H3
+, in a static, stretched configuration [24].

Another important observation is the order of the harmon-
ics. In Fig. 6, with �E||Oy, the harmonics [P e

y (ω)] in the cutoff
region are exclusively even. When looking at lower order
harmonics [Figs. 6(c) and 6(d)], one can see a redshift in
the harmonics. This redshift increases with harmonic order
in the plateau region. In fact, odd harmonics exist too, but at
weaker intensity, and vanish at higher order into the shifted
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even harmonics. This redshift is induced by the fact that the
ionization, and therefore the harmonics emission, occur only
once the molecule has moved to large internuclear distances,
which happens at the end of the laser pulse (i.e., in the falling
ramp of the pulse envelope) [39]. As for �E||Ox, shown in
Fig. 5, the harmonics [P e

x (ω)] in the cutoff region are odd.
The harmonics are also odd at very low order and are then
redshifted in the plateau region [Figs. 5(b) and 5(c)]. We note
that the non-negligible perpendicular harmonics P e

y (ω) are
shifted as well, but this shift is different from the one on P e

x (ω)
because of the asymmetry in the Coulomb potential in the x

and y directions. For the static case ( �E||Ox [Fig. 7] and �E||Oy

[Fig. 8]), odd and even harmonics are observed at all orders.
The redshift, although existing in the plateau region (see inset
panels of Figs. 7 and 8), is much less visible. In fact, in this
stretched static configuration, harmonics are emitted during the
total pulse, including the rising ramp and high-amplitude por-
tion of the pulse envelope, where a redshift is not visible [39].

The Fourier transform of the nuclear accelerations [ar,aR;
Eq. (13a)] are also calculated and shown in Fig. 9. While

looking more in detail, one can observe odd harmonics in
P R(ω) (N1 motion to C2v) for both laser polarizations, while
in P r (ω) (N2–N3 motion), odd harmonics are observed for
�E||Ox and weak odd and even harmonics are observed for
�E||Oy. The intensity is stronger in P r (ω) with the �E||Ox,

and in P R(ω) with the �E||Oy (i.e., favored intensity for the
nuclear coordinate parallel to the laser-pulse polarization). We
observe that for �E||Oy, the perpendicular component P r (ω)
does not become negligible, as is the case for the electron part
P e

x (ω), because the nuclei are always moving in both the r and
R directions due to strong nuclear repulsion, so there should
be a contribution from both coordinates. Note that for P r (ω)
with �E||Ox, a similar redshift is observed where low even
harmonics are slowly shifted to odd order in the plateau region.
For P R(ω) with �E||Oy, odd and even harmonics are observed
at low order, where even harmonics weaken in the plateau
region and vanish into the shifted odd harmonics. The nuclear
acceleration reflects the effect of electron recollisions directly
on the nuclear dynamics, as seen in H2 [35]. In sum, electron
and nuclei behave in a correlated way where, with �E||Ox,
both parallel and perpendicular components participate in the
dynamics, while with �E||Oy, essentially only the parallel
component is involved.

A time-frequency analysis, via Gabor transforms [Eq. (12)],
of the electron acceleration gives an estimated electron recol-
lision time. The same Gabor transformation can be applied to
the nuclear accelerations and provides complementary infor-
mation of the nuclear motion during the electron recollision
event. The time-frequency profiles are shown in Figs. 10
and 11 for the harmonics in the plateau region (N = 25,
left panels) and in the cutoff region (N = 58, right panels)
for �E||Ox and �E||Oy, respectively. It is important to note
that for �E||Ox, where comparable intensity of P e

x (ω) and
P e

y (ω) [although P e
x (ω) > P e

y (ω)] in the MHOHG spectrum
was observed, the Gabor transform of the electron acceleration
gives a non-negligible value of the perpendicular component
(ae

y), with exactly the same peak position, although it is much
weaker in intensity. This observation holds for the static and the
dynamic cases. As for �E||Oy, where P e

x (ω) was negligible (or
much weaker) in the MHOHG spectrum, the Gabor transform
of the perpendicular component, ae

x , is also negligible for the
static and the dynamic cases. For both polarizations, in the
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FIG. 10. (Color online) Left panels: Gabor analysis for
harmonics in the plateau region (N = 25). Right panels:
Gabor analysis for harmonics in the cutoff region (N = 58).
(a), (e) Electric laser pulse �E||Ox as a function of time.
Gabor transform of the electron acceleration with (b)–(f)
fixed nuclei (r = R = 5 a.u.) and (c), (g) moving nuclei.
(d), (h) Gabor transform of the nuclear accelerations in the
R and r coordinates. For all panels: blue solid line for
x(r) component and red solid line for y(R) component.
Laser-pulse conditions: �E||Ox, I = 3 × 1014 W/cm2, ω =
0.057 a.u., λ = 800 nm, T = 2.7 fs, six optical cycles.
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FIG. 11. (Color online) Left panels: Gabor analysis for
harmonics in the plateau region (N = 25). Right panels:
Gabor analysis for harmonics in the cutoff region (N = 58).
(a),(e) Electric laser pulse �E||Oy as a function of time.
Gabor transform of the electron acceleration with (b)–(f)
fixed nuclei (r = R = 5 a.u.) and (c),(g) moving nuclei.
(d),(h) Gabor transform of the nuclear accelerations in
the R and r coordinates. For all panels: blue solid line
for x(r) component and red solid line for y(R) compo-
nent. Laser-pulse conditions: �E||Oy, I = 3 × 1014 W/cm2,
ω = 0.057 a.u., λ = 800 nm, T = 2.7 fs, six optical cycles.

static case [Figs. 10(b) and 10(f), and Figs. 11(b) and 11(f)],
recollision events occur at trec = 0.7T after an extremum and
before zeros of the electric field in the cutoff region, and at the
extrema of the electric field in the plateau region, in agreement
with the semiclassical recollision model [3,5]. In the dynamic
case [Figs. 10(c) and 10(g), and Figs. 11(c) and 11(g)], the
ionization occurs only after three optical cycles. Consequently,
four main peaks are observed in the plateau region (left panels
of Figs. 10 and 11). In the cutoff region (right panels of
Figs. 10 and 11), two main peaks are observed at t crec1

= 3.7T

and t crec2
= 4.2T , indicating two main recollision events. This

is in correlation with ionization events that are important at
3T and 3.5T [see Fig. 2(a)] when the nuclei have moved to
large distances [see Figs. 2(c) and 2(d)]. In fact, nuclear and
electron motion are clearly correlated: time-frequency profiles
show important similarities. Still, in the cutoff region, one
observes that in the nuclear acceleration profiles [Figs. 10(h)
and 11(h)], for the dynamic case, two main peaks appear in
the R coordinates (N1 motion) at the same times t crec1

and
t crec2

for both polarizations, while there are two peaks in the

r coordinate (N2–N3 motion) only with �E||Ox. The peak at
t crec1

is absent with �E||Oy in the r coordinate, perpendicular

to the y axis. When referring to Fig. 4, with �E||Oy, one
can see from the calculated electron-density snapshots that
at t crec1

, the electron density is localized on the upper N1

proton. Therefore, only the R coordinate, perpendicular to
N2–N3 motion, contributes in this recollision event and the
harmonics come mainly by recombination with the N1 H atom.
At t crec2

, the electronic density is delocalized over the three
protons and both r and R (N1,N2,N3 H atoms) coordinates
contribute to the recollision event. This can also be understood
by the oscillation of periodicity ω observed in the proton
acceleration ar

y(t) [Fig. 2(h)], where for every cycle (m = 1),
the chemical bond along the r coordinate is strengthened.
In the case of �E||Ox (see Fig. 3), the electron density is
delocalized over the three protons at t crec1

and t crec2
, and therefore

the two nuclear coordinates, r and R, contribute to the recol-
lision event. Similar dynamics occurs in the plateau region
[Figs. 10(d) and 11(d)], where, in this case, four main peaks in
the R coordinate at the same recollision times are observed
in the electron acceleration profile for both polarizations.
In the r coordinate, two of those main peaks weaken with

�E||Oy, and this can be explained again by a localization
of the electron on the upper N1 proton at those specific
times (m = 1/2 in Fig. 4). Returning to �E||Ox, from the two
recollision events observed in the cutoff region, the second one
at t crec2

is clearly more intense. We recall that with this specific
polarization, the harmonics generated in the cutoff region are
found to be elliptically polarized (Fig. 5). Therefore, from
the time-frequency analysis, we can see that a nearly isolated
attosecond pulse, elliptically polarized, can be generated with
a linearly polarized laser pulse aligned parallel to a bond of
the triangular molecular ion.

IV. CONCLUSION

We have presented the full 2D non-Born-Oppenheimer
electron-nuclear dynamics of the triatomic molecular ion H2+

3 ,
an important intermediate to the Coulomb explosion of H3

+,
in an intense few-cycle laser pulse at 800 nm wavelength.
The simulations have been performed for two electric-field
polarizations, x polarization parallel to one H–H bond and
y polarization perpendicular to that bond and along the third
proton direction. Our first result is that at the intensities I �
3 × 1014 W/cm2, rapid ionization occurs after three cycles,
when proton internuclear distances reach each r and R ≈
4 a.u., where there is a three-photon resonance with the degen-
erate electronic E state in D3h symmetry, in agreement with
experimental results [17,20]. After five cycles, the molecular
ion has expanded by dissociative ionization by �r ≈ 4 a.u. (0.2
nm) and �R ≈ 3 a.u. (0.16 nm), corresponding to velocities
0.14 Å/fs and 0.12 Å/fs. Calculations of the nonperturbative
laser-induced accelerations for the time-dependent electron
ae

x(y)(t) show that these follow the pulse field in phase, thus
implying the dominance of the Coulomb fields. The proton
acceleration aR(t) is in phase with the field, �E||Ox and �E||Oy,
but oscillates with twice the field frequency, with minima at
zeros of the field corresponding to vanishing perturbation.
However, ar (t), along the H–H (N2–N3) bond, is out of phase
with the field �E||Oy perpendicular to that bond, and correlates
with electron transfer from the outer (N1) proton to the
H–H (N2–N3) bond, thus reinforcing this bond. The observed
oscillations at the field frequency are indicative of the creation
and destruction of the chemical bond on the near-fs time scale.
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The coupled electron-nuclear dynamics has a strong in-
fluence on the MHOHG spectra. The following important
observations can be made from these nonperturbative sim-
ulations: First, harmonics are mainly even for �E||Oy and
odd for �E||Ox, while they are even and odd in the static
Born-Oppenheimer configuration for a stretched molecule at
r = R = 5 a.u. Second, there is a redshift in the harmonics,
due to the fact that the electron ionization dynamics starts in the
stretched configuration of the molecular ion which is reached
only in the second half of the pulse envelope where pulse
intensities decrease. Third, in general, for �E||Ox (parallel to
a bond of the triangular molecule), perpendicular harmonics
[P e

y (ω)] are generated and, in particular, the harmonics near
the cutoff are elliptically polarized.

The time-frequency analysis of all accelerations, electron
ae(ω) and protons aR(ω), ar (ω), shows that low harmonics
(N < 30) are created by four recollisions at times 3.5,4,4.5,
and 5 cycles, i.e., at extrema of the laser field. High-order har-
monics near the cutoff (N > 30) are created by a nearly single
recollision at a 4.25 cycle where the field is zero. These results
confirm the different recollisions at low and high energies in
concert with the response of the nuclear motion along r (H–H)
bond and R (movement of perpendicular N1 proton), which
coincide with the time of electronic harmonic emission.
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APPENDIX A

We consider the molecular system H2+
3 , composed of

four particles (three nuclei forming a triangle in a C2v

symmetry and one electron) of coordinate �rN1 ,�rN2 ,�rN3 ,�re and
mass mN1 = mN2 = mN3 and me, respectively. We define four
new coordinates: the center-of-mass coordinate of the four
particles, �Rcm, the relative coordinate of the electron with

respect to the center of mass of the three nuclei, �Rel , the
relative coordinate of the nucleus at the top of the triangle
with respect to the center of mass of the two nuclei forming
the basis of the triangle, �RH , and the relative coordinate of the
two nuclei forming the basis of the triangle, �RB . The total mass
of the system is MT = me + mN1 + mN2 + mN3 , the mass of
the nuclei is MN = mN1 + mN2 + mN3 , and the mass of the
nuclei forming the basis of the triangle is MB = mN2 + mN3 .
Atomic units are used, i.e., � = me = 1.

We thus have a system of four equations with four
unknowns:

MT
�Rcm = me�re + mN1 �rN1 + mN2 �rN2 + mN3 �rN3 , (A1a)

MN
�Rel = MN �re − mN1 �rN1 − mN2 �rN2 − mN3 �rN3 , (A1b)

MB
�RH = MB�rN1 − mN2 �rN2 − mN3 �rN3 , (A1c)

�RB = �rN2 − �rN3 , (A1d)

from which we obtain

�re = �Rcm + MN

MT

�Rel, (A2a)

�rN1 = Rcm − me

MT

�Rel + MB

MN

�RH , (A2b)

�rN2 = Rcm − me

MT

�Rel − mN1

MN

�RH + mN3

MB

�RB, (A2c)

�rN3 = �Rcm − me

MT

�Rel − mN1

MN

�RH − mN2

MB

�RB. (A2d)

The Hamiltonian (see Appendix B for details) is

Ĥ = T̂ + V. (A3)

The kinetic-energy operator T̂ = T̂N + T̂el is composed of the
nuclear part

T̂N = − 1

2μRH

∂2

∂R2
H

− 1

2μRB

∂2

∂R2
B

, (A4)

and the electronic part

T̂el = − 1

2μRel

∂2

∂R2
el

, (A5)

with μRH
= mN1 MB

MN
, μRB

= mN2 mN3
MB

, and μel = meMN

MT
. The

potential V = VeN + VNN + Vint is composed of the electron-
nuclei attraction potential,

VeN (�re,�rN1 ,�rN2 ,�rN3 ) = −[(�re − �rN1 )2 + ceN ]−1/2 + [(�re − �rN2 )2 + ceN ]−1/2 + [(�re − �rN3 )2 + ceN ]−1/2,

VeN ( �Rel, �RH , �RB) = −
[(

�Rel − MB

MN

�RH

)2

+ ceN

]−1/2

−
[(

�Rel + mN1

MN

�RH − mN3

MB

�RB

)2

+ ceN

]−1/2

−
[(

�Rel + mN1

MN

�RH + mN2

MB

�RB

)2

+ ceN

]−1/2

, (A6)

the nuclear repulsion potential,

VNN (�rN1,�rN2 ,�rN3 ) = [(�rN1 − �rN2 )2 + cNN ]−1/2 + [(�rN2 − �rN3 )2 + cNN ]−1/2 + [(�rN3 − �rN1 )2 + cNN ]−1/2,

VNN ( �RH, �RB) =
[(

�RH − MN3

MB

�RB

)2

+ cNN

]−1/2

+ ( �R2
B + cNN

)−1/2 +
[(

− �RH − mN2

MB

�RB

)2

+ cNN

]−1/2

, (A7)
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with ceN and cNN as soft-core parameters, and the interaction potential

Vint(�re,�rN1 ,�rN2 ,�rN3 ) = − �D · �E(t) = −
(∑

i

qi�ri

)
· �E(t) = −(−�re + �rN1 + �rN2 + �rN3 ) · �E(t),

Vint( �Rel) = −
(

− �Rcm − MN

MT

�Rel + �Rcm − me

MT

�Rel + MB

MN

�RH + �Rcm − me

MT

�Rel − mN1

MN

�RH

+mN3

MB

�RB + �Rcm − me

MT

�Rel − mN1

MN

�RH − mN2

MB

�RB

)
· �E(t)

= −
(

2 �RCM − 3me + MN

MT

�Rel + MB − mN1 − mN1

MN

�RH + mN3 − mN2

mB

�RB

)
· �E(t) = λel

�Rel · �E(t), (A8)

where �D is the dipole, with qi and �ri the charge and the
position of the ie particle, and �E(t) the electric field. The
charge of the nucleus is +1 and the charge of the electron is
−1. The factor of mass is λel = 2me+MT

MT
. The acceleration of the

dipole is

d2

dt2
�D = 1

i

[
d

dt
�D,H

]
= 1

i
[−φel �pel,H ] = φel

∂H

∂ �Rel

.

(A9)

Note that in the paper, we use the following conventions: me =
1,| �RH | = R,| �RB | = r , and �Rrel = x�ex + y�ey , where �ex and �ey

are unit vectors.

APPENDIX B

From the classical Lagrangian, we can write

L = − 1
2

(
me �̇r2

e + mN1 �̇r2
N1

+ mN2 �̇r2
N2

+ mN3 �̇r2
N3

)
−V (�re,�rN1 ,�rN2 ,�rN3 ). (B1)

By replacing Eqs. (A2a)–(A2d) in Eq. (B1), we obtain

L = − 1
2

(
MT

�̇R2
cm + μel

�̇R2
el + μRH

�̇R2
H + μRB

�̇R2
B

)
−V ( �Rel, �RH , �RB), (B2)

with mass factors μel = meMN

MT
, μRH

= mN1 MB

MN
, and μRB

=
mN3 mN2

MB
. The momentum (classical) is �pk = ∂L

∂ �̇Rk

, such that the

total momentum is

�ptot = −(MT
�̇Rcm + μel

�̇Rel + μRH
�̇RH + μRB

�̇RB)

= �pcm + �pel + �pH + �pB, (B3)

and the total Hamiltonian (classical) is

Htot = �p2
cm

2MT

+ �p2
el

2μel

+ �p2
RH

2μRH

+ �p2
RB

2μRB

+ V ( �Rel, �RH , �RB)

= Hcm + Hrel. (B4)

In the center-of-mass referential, �pcm = 0,Hcm = 0, such that

Htot = �p2
el

2μel

+ �p2
RH

2μRH

+ �p2
RB

2μRB

+ V ( �Rel, �RH, �RB). (B5)

In quantum mechanics, the position and the momentum are
operators ([r̂ ,p̂] = i�) and the total Hamiltonian is

Ĥtot = p̂2
cm

2MT

+ p̂2
el

2μel

+ p̂2
RH

2μRH

+ p̂2
RB

2μRB

+ V (R̂el,R̂H ,R̂B)

= Ĥcm + Ĥrel. (B6)

We can separate the center-of-mass motion, [Ĥcm,Ĥrel] =
0,[Ĥrel,Ĥtot] = 0,[Ĥtot,Ĥcm] = 0, and the relative motion be-
tween the four particles is given by Ĥrel,

Ĥ = Ĥrel = p̂2
el

2μel

+ p̂2
RH

2μRH

+ p̂2
RB

2μRB

+ V (R̂el,R̂H ,R̂B).

(B7)
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