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Orientation and heat capacity of horizontally adsorbed molecules in electric fields
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The orientation and the heat capacity of horizontally adsorbed molecules are investigated in static electric fields.
We evaluate the energy spectrum and the wave function to probe the rotational characteristics of the molecule.
Numerical results indicate that the electric field and the effect of quantum confinement lead to anticrossing
behaviors in the energy levels. The orientation reveals a stepped feature due to the anticrossing in the ground
state. Moreover, the heat capacity displays two peaks near the anticrossing. By means of comparison, each peak
of the heat capacity corresponds to a particular degree of orientation.
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I. INTRODUCTION

Manipulating molecular rotation has attracted widespread
interest for applications such as surface reaction and quantum-
information processing [1,2]. The molecules provide an ad-
vantage to the controllability via external influences coupling
with their dipole moments [3,4]. When the molecule is subject
to an electromagnetic field, a hybridization of rotational states
is generated to build a specific angular distribution. Such a
distribution dynamically reflects the spatial direction of the
molecules [5,6]. On the other hand, a static electric field is
also able to orient the molecular axis with the help of the
interaction between the field and its permanent dipole moment
[7]. The stronger field causes the higher degree of orientation.
Moreover, the energy levels start to split and shift, depending
on the strength of the electric field [8,9].

A number of researched works have been implemented
to investigate the rotational behavior of molecules in various
systems [10–14]. In these executed systems, the molecules
freely rotate without external confinement. Once the molecule
is confined, its rotation will become distinguished from one of
the free rotors [15,16]. An example is a molecule adsorbed or
trapped on a surface [17]. The configurations involving vertical
and horizontal adsorption are used to model the molecule-
surface system [18–22]. The hindered rotation in the configu-
rations leads to pronounced properties on the energy spectrum,
rotational-state distribution, and quadrupole moment [23].
These specific results originate from the interaction between
the molecule and its surrounding environment. To probe the
rotational properties of adsorbed molecules, various molecular
parameters were measured by manipulating electron-energy-
loss spectroscopy, neutron scattering, and laser-induced
desorption [24–26]. Several kinds of confining potentials
are theoretically proposed to address the hindered rotation
[27–29]. However, further efforts towards the spatial direction
and thermodynamic property of adsorbed molecule are still
lacking, especially for orientation and heat capacity. The orien-
tation is different from the heat capacity, yet they are closely as-
sociated with the rotational properties such as energy and wave
function. To exploit the research, we aim to study the influence
of the electric field on the orientation and the heat capacity of
horizontally adsorbed molecules. The electric field provides
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a controllable tool to modify the orientation and the heat
capacity of molecules. Both of them are expected to provide
rich information about the characteristics of hindered rotation.

In this paper, we investigate the orientation and the heat
capacity of horizontally adsorbed molecules in a static electric
field. The model of a conical well is proposed to describe the
condition of hindered rotation. Numerical results demonstrate
that the electric field effectively modifies the energies and
the wave functions of molecules. Anticrossing behaviors in
the energy levels are clearly observed by tuning the electric
field. Specifically, the modified energy states lead to a stepped
orientation. The heat capacity exhibits two peaks at low-
temperature phases. We further correlate the orientation with
the heat capacity. The peak of the heat capacity corresponds
to a particular orientation.

This paper is organized as follows. In Sec. II, we describe
the conical well model for horizontally adsorbed molecules. In
Sec. III, we analyze the results for the energy, wave function,
orientation, and heat capacity in detail. In Sec. IV, we give
a brief discussion of the results. Finally, there is a conclusive
summary at the end.

II. CONICAL WELL MODEL

We consider a system of a polar diatomic molecule that
is horizontally adsorbed on a surface. The motion of the
adsorbed molecule is subject to a surface potential [18,23].
A conical well is proposed to model the surface potential, as
illustrated in Fig. 1. The well is assumed to be independent
of azimuthal angle φ and is divided into three regions with
different potential barriers [28]. When a static electric field
along the z axis is externally applied to the configuration
of horizontal adsorption, the total Hamiltonian within the
rigid-rotor approximation reads

H = BJ2 + Vc − ω cos θ, (1)

where J is the angular momentum operator, B is the rotational
constant, and ω is the field-strength parameter, which is equal
to με for the dipole moment μ and electric field ε. The conical
well Vc, which consists of regions I (0 � θ < α), II (α � θ �
β), and III (β < θ � π ), is given by

Vc(θ ) =
⎧⎨
⎩

V0, 0 � θ < α,

0, α � θ � β,

V0, β < θ � π,

(2)
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FIG. 1. (Color online) Schematic diagram showing a conical well
with hindrance angles α and β. The structure of the well is
independent of the azimuthal angle φ and is further divided into
regions I (0 � θ < α), II (α � θ � β), and III (β < θ � π ). The
solid circle indicates the molecular moment of inertia.

where α and β are the hindrance angles and V0 is the barrier
height of the well.

In order to obtain the rotational properties of adsorbed
molecules, one can solve the Schrödinger equation of the total
Hamiltonian as follows:

H	σ,m = Eσ,m	σ,m, (3)

where Eσ,m is the energy and 	σ,m is the wave function for
the (σ,m) energy state. The (σ,m) and (σ, − m) states are
degenerate. The wave function 	σ,m can be expanded as

	σ,m(θ,φ) =
∑
l,m

cl,mψl,m(θ,φ), (4)

where cl,m is the expanded coefficient, corresponding to the
quantum number (l,m). The basis wave function ψl,m in Eq. (4)
is the eigenfunction of the field-free system, which is described
as [23]

ψl,m(θ,φ) =

⎧⎪⎨
⎪⎩

CI
l,mPI

(
υI

l,m,m,ζ
)

exp(imφ), ζ1 < ζ � 1,

CII
l,mPII

(
υII

l,m,m,ζ
)

exp(imφ) + DII
l,mQII

(
υII

l,m,m,ζ
)

exp(imφ), ζ2 � ζ � ζ1,

CIII
l,mPIII

(
υIII

l,m,m,ζ
)

exp(imφ), −1 � ζ < ζ2,

(5)

with ζ = cos θ , ζ1 = cos α, and ζ2 = cos β. Here, the corresponding eigenvalue is determined by υII
l,m(υII

l,m + 1)B. The parameters
υI

l,m, υII
l,m, and υIII

l,m are the continuous positive numbers, and CI
l,m, CII

l,m, CIII
l,m, and DII

l,m are the normalization constants [28]. The
functions PI, PII, PIII, and QII are described as

PI
(
υI

l,m,m,ζ
) = (1 − ζ 2)|m|/2F

(
|m| − υI

l,m,1 + |m| + υI
l,m,1 + |m|; 1 − ζ

2

)
, (6)

PII
(
υII

l,m,m,ζ
) = (1 − ζ 2)|m|/2F

(
|m| − υII

l,m,1 + |m| + υII
l,m,1 + |m|; 1 − ζ

2

)
, (7)

PIII
(
υIII

l,m,m,ζ
) = (1 − ζ 2)|m|/2F

(
|m| − υIII

l,m,1 + |m| + υIII
l,m,1 + |m|; 1 + ζ

2

)
, (8)

QII
(
υII

l,m,m,ζ
) = (1 − ζ 2)|m|/2

⎧⎨
⎩F

(
|m| − υII

l,m,1 + |m| + υII
l,m,1 + |m|; 1 − ζ

2

)
ln

(
1 − ζ

2

)

+
∞∑

n=1

(|m| − υII
l,m

)
n

(
1 + |m| + υII

l,m

)
n

(1 + |m|)nn!

(
1 − ζ

2

)n[
ψ

(|m| − υII
l,m + n

) − ψ
(|m| − υII

l,m

)

+ψ
(
1 + |m| + υII

l,m + n
) − ψ

(
1 + |m| + υII

l,m

) − ψ(1 + |m| + n) + ψ(1 + |m|) − ψ(1 + n) + ψ(1)
]

−
|m|∑
n=1

(n − 1)!(−|m|)n(
1 − |m| + υII

l,m

)
n

(−|m| − υII
l,m

)
n

(
1 − ζ

2

)−n

⎫⎬
⎭, (9)

where ψ is the digamma function and F is the hypergeometric function [30]. To match the boundary conditions at angles α and
β, the value of υII

l,m is numerically determined by the following equation:

[
PI

(
υI

l,m,m,ζ1
)
P ′

II

(
υII

l,m,m,ζ1
) − P ′

I

(
υI

l,m,m,ζ1
)
PII

(
υII

l,m,m,ζ1
)][

QII
(
υII

l,m,m,ζ2
)
P ′

III

(
υIII

l,m,m,ζ2
)

−Q′
II

(
υII

l,m,m,ζ2
)
PIII

(
υIII

l,m,m,ζ2
)] − [

PI
(
υI

l,m,m,ζ1
)
Q′

II

(
υII

l,m,m,ζ1
) − P ′

I

(
υI

l,m,m,ζ1
)
QII

(
υII

l,m,m,ζ1
)]

× [
PII

(
υII

l,m,m,ζ2
)
P ′

III

(
υIII

l,m,m,ζ2
) − P ′

II

(
υII

l,m,m,ζ2
)
PIII

(
υIII

l,m,m,ζ2
)] = 0, (10)
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FIG. 2. (Color online) Low-lying energy levels as a function of
the field-strength parameter. The inset locally shows the (0,0) and
(1,0) states near an anticrossing.

with υ
I(III)
l,m (υI(III)

l,m + 1)B = υII
l,m(υII

l,m + 1)B − V0, P ′
I =

dPI/dζ , P ′
II = dPII/dζ , P ′

III = dPIII/dζ , and Q′
II = dQII/dζ .

Therefore, one can further obtain the orientation and the heat
capacity based on the energy and wave function.

III. NUMERICAL RESULTS

To capture the main features of hindered rotation, we
consider a symmetric conical well in the work. The parameters
V0/B = 50, α = 70◦, and β = 110◦ are used throughout
the calculations. Both effects of the electric field on the
rotational energies for ω > 0 and ω < 0 are the same; that
is, the energy structure is symmetric with respect to ω = 0.
For simplicity, the related properties are only presented in
the case of ω > 0. Figure 2 shows the low-lying rotational
energies in the electric field. The energy spectrum strongly
depends on the strength of the electric field. In the region
of weak field, one can find that lower energies are not
sensitive to the electric field. The spacings between energy
levels approximate to constant values. The result indicates that
the hindering potential strongly confines the rotation of the
molecule. If the influence of electric field becomes dominant,
however, the molecule will overwhelm the confinement of the
hindering potential. The energies eventually are diminished
with increasing strength. The behavior is similar to that of
a free rotor [31]. Specifically, for the ground state, one can
observe an anticrossing between the (0,0) and (1,0) states
at ω∗/B = 54.35. The corresponding energy spacing at the
anticrossing point is 1.82 in units of the rotational constant B.
The surrounding region is enlarged in the inset of Fig. 2, where
it is clearly seen that both levels repel each other because of the
same quantum number m. We can discover similar phenomena
for other parts of the spectrum.

The spatial distribution of the wave function is applied to
analyze the confinement effect of the well. For the ground
state, the probabilities occurring in regions I, II, and III are
respectively given by

PI =
∫ 2π

0

∫ α

0
|	0,0(θ,φ)|2 sin θdθdφ, (11)
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FIG. 3. (Color online) Probabilities of the ground state occurring
in regions I, II, and III.

PII =
∫ 2π

0

∫ β

α

|	0,0(θ,φ)|2 sin θdθdφ, (12)

PIII =
∫ 2π

0

∫ π

β

|	0,0(θ,φ)|2 sin θdθdφ, (13)

with PI + PII + PIII = 1. The probabilities for the (0,0) state
are plotted in Fig. 3. In general, the values smoothly vary in the
electric fields. In the weak field, PII is dominant over PI and
PIII. The ground state mostly locates inside the well (region
II). For instance, the value of PII is about 0.93 at ω/B = 5.
However, with increasing strength in the field, the rotor will
be facilitated to overcome the hindering potential. Then the
ground state spreads out of the well, i.e., regions I and III.
Probabilities PI and PIII become contributive, depending on the
direction of the field. For the dominator, PI is 0.99 at ω/B =
100, while PIII is 0.99 at ω/B = −100. It is worth mentioning
that the probabilities undergo drastic transformations near the
anticrossing area. The feature is similarly observed near the
anticrossing area at ω < 0. In spite of the two areas, the total
probabilities are mainly concentrated in one of the regions.
Consequently, by tuning the electric field, one can control the
localization and the delocalization of the wave function among
the three regions via the anticrossings.

Subsequently, we turn to discuss the effect of the external
field on the orientation [32,33]. The orientation of the adsorbed
molecule is written as

〈cos θ〉T = 1

Z

∑
σ,m

〈cos θ〉σ,m exp(−Eσ,m/kBT ), (14)

where kB is the Boltzmann constant, T is the temperature,
〈cos θ〉σ,m stands for the expectation value 〈	σ,m| cos θ |	σ,m〉,
and Z is the partition function denoted by

Z =
∑
σ,m

exp(−Eσ,m/kBT ). (15)

The magnitude of orientation ranges from −1 to 1. Figure 4
shows the field-dependent orientation at low temperature.
In the low-temperature region, the low-lying energy states
are contributed primarily to the orientation. At kBT /B = 0,
the ground state dominates the degree of orientation. The
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FIG. 4. (Color online) Orientation as a function of the field-
strength parameter for different temperatures.

orientation reveals a stepped feature. For a strong field, the
orientation reaches a high value, which is up to 0.93 at
ω/B = 100. In this situation, the molecule prefers to orient
along the electric field, i.e., the z axis. On the contrary, the
orientation becomes small in the case of a weak field. At
ω/B = 5, the value of the orientation is 1.3 × 10−2. This
phenomenon implies that the molecule favors a horizontal
rotation. It is worth noting that the orientation drastically jumps
around the anticrossing region. As the temperature increases,
excited energy states increasingly make contributions. The
stepped feature gradually becomes less pronounced at higher
temperatures.

The heat capacity can be generated from the energy
spectrum [34,35]. According to the partition in Eq. (15), the
heat capacity of an adsorbed-molecule system is derived by

CV = kBT
d2

dT 2
(T ln Z). (16)

Figure 5 shows the heat capacity at different temperatures. At
kBT /B = 1, one can obtain smooth behavior in the case of a
weak field. The result is derived from the constant spacings
between lower energy levels, as seen in Fig. 2. When ω is tuned
around the anticrossing region, the heat capacity obviously
manifests the main peak at kBT /B = 1. However, more large
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FIG. 5. (Color online) Heat capacity as a function of the field-
strength parameter for different temperatures.
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FIG. 6. (Color online) Heat capacity for different contributions
of the (0,0), (1,0), and (1, ± 1) states. The temperature is kBT /B = 3.

spacings between energy levels yield a suppressed behavior in
the strong field. As the temperature rises, the peak grows and
shifts. In addition, the heat capacity begins to generate a small
peak in the proximity of the main one. The ratio of the main
to small peaks is 2.7 : 1 at kBT /B = 3. The irregular effect
on the peaks results from asymmetric energy levels, as clearly
shown in Fig. 2.

In order to analyze the origin of the two-peak feature, the
(0,0), (1,0), and (1, ± 1) states are chosen to analyze the
heat capacity at low temperature. For the contribution
of the (0,0) and (1,0) states, the partition is Z =
exp(−E0,0/kBT ) + exp(−E1,0/kBT ). The corresponding
heat capacity reads

CV = kB

(
E1,0 − E0,0

2kBT

)2

sech2

(
E1,0 − E0,0

2kBT

)
. (17)

As depicted in Fig. 6, the heat capacity reveals the two-peak
feature near the anticrossing (black solid line). Furthermore,
the drop between two peaks is observed at the anticrossing
point ω = ω∗. To determine the position of the peak, we
estimate the maximum of the heat capacity from Eq. (17).
According to the equation

tanh

(
E1,0 − E0,0

2kBT

)
− 2kBT

E1,0 − E0,0
= 0, (18)

the peak takes place at the condition of spacing E1,0 − E0,0 �
2.4kBT . Such a significant phenomenon corresponds to a
Schottky anomaly [34]. As shown in Figs. 2 and 6, it is obvious
that the unique energy structure results in two Schottky anoma-
lies. Although the same energy spacings lead to the anomalies,
the peaks correspond to various distributions of the energy state
in the conical well (see Fig. 3). On the contrary, the contribution
of the (0,0) and (1, ± 1) states fails to form the two-peak profile
(red dashed line). In contrast to the above cases, the more
precise value is obtained from the combination of the (0,0),
(1,0), and (1, ± 1) states (blue dotted line). As a result, the
presence of the anticrossing is crucial to the two-peak feature.

IV. DISCUSSION

The orientation and the heat capacity are obtained from
rotational properties of the system. They are different from
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quantum ring and dot systems based on the electronic prop-
erties [36–39]. The orientation mainly depends on the wave
function of the energy state [32,33], whereas the distribution
of the wave function determines the degree of orientation.
In contrast, the heat capacity depends on the energy levels
[34,35]. The level structure affects the behavior of the heat
capacity. For the adsorbed-molecule system, the conical well
provides the effect of the finite confinement on the rotational
properties. The orientation and the heat capacity indeed jointly
reflect the consequence. However, if the barrier height V0

approaches infinity, the strong confinement will lead to the
fact that the molecule only rotates inside the conical well [18].
In other words, all of the wave functions localize in region II.
The anticrossing behavior will be totally suppressed so that
the orientation and the heat capacity do not reveal the related
features. In order to concretely explore the configuration of
horizontal adsorption, the conical-well model is applied to the
system of OH molecules on a Au[111] or Cu[110] surface.
We estimate the values of the essential properties by utilizing
the given parameters. The rotational constant of OH molecule
is 18.91 cm−1, and its dipole moment is 1.6676 D [40,41].
For a conical well, the height is V0 = 117.2 meV. Owing to
the confinement effect, the energies of the ground and first
excited states are E0,0 = 22.3 and E1,0 = 84.6 meV at the
zero electric field. The electric field modulates the behaviors
of the two states so that the anticrossing point appears at
ε = 3.6 × 109 V/m.

We further correlate the orientation with the heat capacity,
as shown in Figs. 4 and 5. They can correspond to each other.
For example, the heat capacity implies a particular orientation
under a given electric field. Specifically, the main peak of
heat capacity corresponds to a strong degree of orientation,
implying a situation where the adsorbed molecule rotates
along the field direction. We take the example of kBT /B =
3. The main peak corresponds to 〈cos θ〉T = 0.78. Con-
versely, the small peak denotes a small degree of orientation,
where the adsorbed molecule prefers a horizontal rotation. The
small peak corresponds to 〈cos θ〉T = 0.15. Therefore, one
can obtain more insight into the adsorbed-molecule system
through the connection between the orientation and the heat
capacity.

We compare the conical-well model in the configuration of
horizontal adsorption with some relevant systems. The one that
we take into account is the configuration of vertical adsorption,
in which the molecule prefers to be vertically adsorbed on the
surface [28]. The rotational motion of the vertically adsorbed
molecule is frustrated and different from that of a free rotor.
The hindering potential corresponding to such a configuration
is a conical-well structure which is described as

Vc (θ ) =
{

0, 0 � θ � α,

V0, α < θ � π,
(19)

where α is the hindrance angle and V0 is the barrier height
of the well. Like the potential in Eq. (2), the conical well
is independent of azimuthal angle φ and is divided into two
regions. For the complexity, the potential in Eq. (19) is simpler
than that in Eq. (2). Since the electric field is turned on,
the vertically adsorbed molecule is pushed to overcome the
hindering potential and make only one anticrossing appear in
the ground state [16]. The result is distinct from that of the two

anticrossings in this model, where the electric field is tuned
from ω < 0 to ω > 0. The difference of anticrossing values
between the two conical-well models is caused by the structure
of the hindering potential. According to the simpler potential in
Eq. (19), it is anticipated that the vertically adsorbed molecule
shows a one-step orientation, and its behavior is relatively
monotone compared to the orientation of the model. For heat
capacity, the vertical-adsorption system displays two Schottky
anomalies, observed near the anticrossing in the ground state
[16]. By contrast, the horizontal-adsorption system reveals
four Schottky anomalies due to the two anticrossings in the
ground state. In addition to conical-well structures, the periodic
potential is proposed to model the hindered rotation [42]. For
example, the hindering potential is given by

Vc (φ) = V0

2
(1 + cos mφ). (20)

The periodic potential has m minima which are divided by
m barriers of height V0. Different from conical-well models,
the wave function of the molecule only depends on φ. The
corresponding Schrödinger equation can be reduced to the
Mathieu equation [30,43]. Such a hindered rotation has a
pronounced influence on the specific heat in the oxygen-doped
germanium and graphite system [29,35]. If the electric field is
further applied to the system, the modulated hindered rotation
probably leads to interesting behavior in the orientation and
related thermodynamic properties.

The adsorbed-molecule system may be extended to inter-
esting applications such as surface reaction and quantum-
information processing [1,2]. In general, the relative ori-
entation of reactants plays a crucial role in the chemical
reaction. When the reactants collide in the correct orientation
spatially, the reaction between them occurs. Otherwise, it gets
suppressed in the case of incorrect orientation. As a result,
manipulating the orientation becomes significant in the field
[11,44]. In this model, the molecule is horizontally adsorbed on
the surface. Its rotational motion is confined by the hindering
potential. The result demonstrates that the electric field flexibly
modulates the degree of orientation. One can manipulate
the adsorbed-molecule orientation to effectively control the
reaction between a certain reactant and the adsorbed molecule
on the surface. Such manipulation may be feasible for a
surface reaction. On the other hand, various molecular systems
have been investigated for quantum-information processing
[2,45]. Entanglement is fundamentally important in the field. A
basic scheme consisting of two polar molecules is established
to explore its nature [46,47]. The entanglement can be
generated via the dipole-dipole interaction. However, these
studies are limited in free-rotor systems. On the contrary, a
new scheme may be established on the basis of a surface
system, where two polar molecules are horizontally adsorbed
on the surface. The entanglement arises from the dipole-
dipole interaction between the two hindered molecules. As
mentioned before, since the electric field modulates the
rotational properties of the adsorbed molecule, one can flexibly
control the degree of entanglement by tuning the electric
field. In addition, the distinctive anticrossing features may
lead to interesting properties in entanglement. Consequently,
the underlying physics in the conical-well model is useful
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for applications in molecular systems based on hindered
rotation.

V. CONCLUSIONS

We have investigated the orientation and the heat capacity
of horizontally adsorbed molecules in a static electric field.
The modified energy states manifest significant phenomena
due to the influence of the hindering potential and electric
field. The orientation clearly reveals a stepped characteristic

at low temperature. Furthermore, the heat capacity exhibits
two peaks with different magnitudes. In particular, each peak
corresponds to a distinct orientation. The remarkable features
of the orientation and heat capacity result from the anticrossing
in the ground state.
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