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Relativistic recoil effects for energy levels in a muonic atom within a Grotch-type approach.
I1. An application to the one-loop electronic vacuum polarization
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We continue our account of relativistic recoil effects in muonic atoms and present explicitly analytic results
at first order in electron-vacuum-polarization effects. The results are obtained within a Grotch-type approach
based on an effective Dirac equation. Some expressions are cumbersome and we investigate their asymptotic
behavior. Previously, relativistic two-body effects due to the one-loop electron vacuum polarization were studied
by several groups. Our results found here are consistent with the previous result derived within a Breit-type
approach (including ours) and disagree with a recent attempt to apply a Grotch-type approach.
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I. INTRODUCTION

An analytic calculation of relativistic recoil effects in a
hydrogenlike atom to order (Za)*m?/M is possible through
the equation [1]

_ m%e 2
E=m+mg|fc(Za) — 1]—m[fc(za)— e, @

where fc(Za) is the dimensionless energy of a Dirac-
Coulomb equation, which is indeed well known (see, e.g.,
[2]). The corrections are of order O((Za)*(m/M)>m) and
O((Za)>(m/M)m). The terms in (Z«)’ are due to effects of
multiphoton exchange. It is even possible to provide a complete
calculation of the m /M recoil effects for pure Coulomb two-
body systems by taking into account multiphoton exchange
contributions exactly in (Z«) [3.4].

As was shown in our previous paper [5], one can consider
a more general problem and the result for the energy takes the
form

my 2
E=m+mglfcn(Za,k) — 1] — m[fCN(ZOZ,K) —1]
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where k = Zampg /1L, the potential is
V =Vc+ Vy,

where in a certain sense Vy ~ eV, ¢ < 1. Here, W is a
specific auxiliary potential, ¥ is the wave function of the
Dirac problem with the reduced mass, and fen(Zo,k) is
the dimensionless energy for the potential V¢ + Vy. The
momentum scale (i.e., the characteristic inverse radius) of

*savely.karshenboim @mpg.mpg.de

1050-2947/2014/89(2)/022103(8)

022103-1

PACS number(s): 12.20.—m, 31.30.J—, 36.10.Gv, 32.10.Fn

Vy is u~!. For the case of the Uehling potential, the scale
parameter is defined as u = m,.

In this paper, we study a correction to the energy in the first
order of Vy, so we can write

fen(Za,x) = fe(Za) + fn(Za,k),

where fy(Za,k) is the corresponding dimensionless cor-
rection. Since we are interested only in terms of order
e(Za)*m? /M, we can further simplify this expression as

E=m+mg[fecn(Za,k) — 1]+ AE,

2 2 (NR) 2
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AE = oy evZe) =1 = o e w2
v: oo ,
— (¥nrl (ﬂ + W[V,[P ,W]]) |¥NR), 3)

where it is sufficient to apply the nonrelativistic approximation
to the energy in the term with derivative

E(NR)(K)
[fen(Za,k) — Hlnonrel = ———, 4)
mg
as well as to the wave function in the last term.

It is remarkable that in certain respects the relativistic recoil
correction beyond the Dirac equation with the reduced mass
AE is simpler than the solution of the Dirac equation. To
order e(Za)*m? /M, it requires only nonrelativistic evaluation.
In particular, the leading recoil correction, being expressed
in pure nonrelativistic terms, does not depend on the total
angular momentum j, but only on the angular momentum /.
That means that this correction may contribute to the Lamb
splitting (a difference between states with the same j, but
different /, such as the 2p;,, — 251/, difference), but not to
the fine-structure interval (a difference between states with the
same [, but different j, such as the 2p3,» — 2py, difference).

To validate applicability of this expression for the electron-
vacuum-polarization (eVP) effects, we should prove that the
relativistic recoil effects can be reduced to the evaluation of
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FIG. 1. One-photon-exchange diagram for the e VP contributions.
It is responsible for the the Uehling-potential corrections to orders
a(Za)*>m and a(Za)*'m

the one-photon exchange (see Fig. 1) and present explicit

expressions for related contributions to V and W.
Apparently, the correction to the potential is the Uehling

potential, which can be presented, e.g., in the form [6]

1 —Ar
vov)=—f“Z“)/'dvp4wf——, )
T 0 r
where
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The factor o/ plays a role of the parameter ¢ in our general
consideration [5] and u = m,. Meanwhile, a construction of
W, which is to be preceded by a choice of an appropriate gauge
is not trivial (see the discussion in Ref. [7]).

In principle, the correction AE can be treated relativis-
tically without any nonrelativistic reduction of the energy
and the wave function. However, the higher-order effects
which are incorporated in this case are smaller than possible
effects of two-photon corrections. In particular, for the eVP
contributions, the higher-order relativistic recoil contributions
to AE are of order a(Zw)®m?/M, while the two-photon-
exchange diagrams contribute to order a(Za)’m?*/M.

In the following sections, we briefly reproduce this dis-
cussion and present appropriate results for a relativistic and
nonrelativistic correction to the energy due to a Dirac equation
with a potential which accounts for the eVP effects. Using
them, we present an analytic expression for eVP relativistic
recoil corrections in the general case as well as for most
interesting particular cases, such as circular and low-lying
states. For both kinds of states, we also derive their large-kappa
asymptotics. In conclusion, we discuss a comparison with an
alternative technique for relativistic recoil corrections based
on the Breit-type equation.

II. GROTCH-TYPE EXPRESSION FOR THE EVP
CORRECTIONS IN FIRST ORDER IN «

A choice of gauge for the photon propagator is crucial for
the explicit presentation of the one-photon contribution and
for the value of the two-photon contribution. We have already
discussed that in part in Ref. [5] and in detail in Ref. [7].

Indeed, due to the gauge invariance of quantum electrody-
namics, any final complete result for any physical calculation
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FIG. 2. Two-photon-exchange diagrams for the eVP contribu-
tion. Subtraction terms and reducible contributions are omitted. In
certain gauges, the two-photon-exchange effects contribute to order
a(Za)'m?/M.

does not depend on the choice of the gauge. However, the
technical origin of different contributions to such a final result
may be different in different gauges. In particular, the physical
result for a relativistic recoil correction to order a(Za)*m?/M
does not necessarily come only from the static part of the
one-photon-exchange term.

Following [7], we use the Coulomb gauge for the free-
photon propagator, while the eVP correction to the propagator
takes the form

D; “fld !
= —— v —_—,
N A CSETY

¢ =0, 7)

N <5A L)
= [ (- .

We note that similarly to the Coulomb gauge, the Dyy compo-
nent of the photon propagator does not depend on the energy
transfer and D;o = 0. This choice is sufficient for vanishing
a(Za)*m?/M contributions from two-photon exchanges (see
Fig. 2) and thus the problem of calculations of relativistic
recoil effects at this order is reduced to consideration of the
one-photon-exchange diagrams (see Fig. 1).

The Grotch-type calculations of the eVP contribution
of order a(Za)*m3/M? were considered some time ago
Refs. [8-10] (for earlier evaluations, see [11,12]). However,
the gauge was not appropriate and two-photon-exchange
corrections should be added. Those corrections were missed
in Refs. [8-10], which produces a discrepancy between the
Breit-type calculation [13] and the Grotch-type ones. The
situation was clarified in Ref. [7].

Once an appropriate gauge is chosen, we can restrict our
consideration to the static part of the one-photon-exchange
contribution, including the vacuum polarization. Treating the
nucleus nonrelativistically, we arrive at the same equation as
for the free one-photon exchange

2
p
L i \%
<OL p+,3m+2M+V+ {oe - p,V}

-+£qm-nm%wm)wv>=vax ®)

where, however, the effective potentials W and V include eVP
effects and, in particular,

V(r) = Ve(r)+ Vur),

1 ©)
Vu(k) = —4a(Za)f d
0
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and
W = We + Wy,
Vy(k
Wy (K) = o Yu®
k2 + )\'2
® (10)
pe(v
= 8a(Zoe)/ (k2 n kz)z’

—A\r
Wo(r) = “(f"‘) /0 dv pe0)

and, as given in Refs. [1,5],

We(r) = —Zar, "
8nZa an
Welk) = =5

With an expression for W in hand, we can rewrite the
addition to the Hamiltonian, which in the leading order of
o, takes the form

V2
SH = — (W + —[Vc,[ Wc]])

=0

VuVe 1 5
- M - m[VC7[p 7WU]]

1
- m[vy,[p2,wc]]. (12)

The expression turns out to be equal to zero for the pure
Coulomb case.

For the case of Vy = Vy and fy = fu, Eq. (3) leads to the
expression for the following correction of the first order in «:

2
Ey = mg fu(Za,x) — ﬂ[fcaa) — 1 fu(Za k)

- —[fc(ZOt) - 1]

fu(Zoz K)

VUVC 2
—<1ﬂ||: " +m[VC9[vaU]]

1
+m[vy,[p2,wc]]]|w>. (13)

The expression includes a nonrelativistic term of order
a(Za)*m (exact in m/M), a pure relativistic one a(Za)*m
and a relativistic recoil correction to order a(Za)*m?/M. It
also contains a higher-order a(Za)®m nonrecoil term which
may be numerically comparable to a(Za)*m?/M in a certain
range of Z.

This expression may be approached analytically or by
numerical means. Following, we express it in terms of
certain base integrals which we evaluate in closed analytic
form following [14,16-21]. The required expressions for
the dimensionless fc(Za) energy and Dirac-Coulomb wave
functions i are summarized in the Appendix of our previous
paper [5].

To obtain final results, we have to find some derivatives
and it is important to have an expression for fy(Zw,k) (the
dimensionless Uehling corrections to the energy levels of the
Dirac-Coulomb equation with the reduced mass) in a form
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suitable for differentiation and it is also available. Not only
analytic expressions for relativistic [14,16] (see Sec. III) and
nonrelativistic [16—-19] (see Sec. III) corrections are known,
but also their various asymptotics [14,16,18-21].

For the analytical differentiation, one can take into account
that

9
alnc’ /M = 37

where k, = k/n is a combination which naturally appears
in various analytic expressions (see Sec. III). For numerical
evaluations of the derivative, a more useful relation is

“atam, T

III. UEHLING-POTENTIAL CORRECTION TO THE
ENERGY LEVELS OF THE DIRAC-COULOMB EQUATION

The Uehling correction to the energy of the Dirac-
Coulomb+Uehling problem was addressed in Ref. [14] for
circular states and later was generalized for an arbitrary state
[16]. The result reads as

7 1 —Ar
fuZa) = =2 qy o, (01— 1)
Tmg Jo
7 2
= “(n O o i, (14)
where
K/ _ nmR
n m, ’
_ Zao
Vo, + 07+ (Zay

¢ =2 —(Za), (15)
V= (_1)j+l+1/2(j + 1/2)’
n,=n—|v|.

The parameter «, is different from«, = k/n = Zam/nm,.
However, in a nonrelativistic approximation

Zampg
me/(n, + 0)? + (Za)?
Zampg

mey/(n, + V)2 + (Za)?

=~

12

z
= ZOMR _ (16)

men

The function F,;;(x) can be expressed either in terms of
a one-dimensional integral over elementary functions or in
terms of a hypergeometric function 3 F, [14,16]. Indeed, the
correction fy can be computed numerically for any desired
state. However, because of a required expansion and various
further considerations, such as examination of the asymptotic
behavior, we prefer here analytic or semianalytic results.
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In particular, as it was found in Ref. [16]

Fu, () = = Y Bit Ko i i), (17)
i,k=0

where

5 _ (ﬂ>2 D™ @)l TR +n +DIQ itk 1
“T\Za) i\, — k!, —k)! TQ¢ +i+ DIQC +k+ 1) % —v

2
% {[(E _ v) +(n, —i)n, — k)} — M<E — v>(2n, —i— k)}. (18)
n m n

The base integrals, defined as [14,16]

1 v2a K /1 — UZ c 1 - B « c
Kape(k) = f dv ( ) = / yl b(] — yz)a 1/2 < y ) ’
0 0

(1= v\ 1 4 k/1 =02 1 +«ky 1)
1
Kpe(k) = Kipe(k) — ngbc(K)-
It is easy to obtain for the first derivative of K
0K pe c
S = 5 Kie (). (20)
The integrals K can be also expressed in a closed form [14,16]
Kopu(i) K"B +11 b+c P cc_i_l1 b+c1 +3 b+c 2
abe(K) = — Bla+ 5,1 —5+ Syt l-g+5igats -S4+ 5ik
¢ 2 2 2 2)) 22ty 2Tt 22
CK"“B +l3 b+c F c+lc+13 b+c 3 42 b+c 5 1)
- ats.5—5+5 stLots.5—5s+5i5a+2— S+,
2 22 272)\2" 222 2722 22

where B(a, ,B) is the beta function and 3 F» (a, B.y; 8,€; z) stands for the generalized hypergeometric function (see, e.g., [22]).

The solution above is a solution of the Dirac equation for a particle with mass m. However, as we see from Eq. (3), the
two-body energy is the easiest to express in terms of a Dirac equation with the reduced mass, introducing corrections.

In muonic hydrogen forn = 2, the argument of the hypergeometric function «; is less than unity (=20.7), and the hypergeometric
series converges well. For n = 1 in muonic hydrogen or n = 2 in muonic helium, one has to use analytic continuation of the
hypergeometric series or integral representation of the hypergeometric function.

To calculate the term with derivative and the term with § H we need efficient nonrelativistic expressions. The Uehling correction
in the nonrelativistic limit is

a(Za)?
Fi (Zok) = == F k), (22)
where
n—l—1
FS\ZR)(KU =— Z BY™® Kooitivkan(ky), (23)
‘ ik=0
NR) (=)@ —1-1)! (n+D'QL+i+k+1)!

ik =z : ; 24)
imn—1l—i—Dkln—1—-k—-—1D)1QI+i+DIQlI+k+1)!
can be expressed in terms of elementary functions. Alternative expressions for the nonrelativistic correction can be found in
Refs. [16,19].
In a particular case of the ground state, the result has a simple form [17]

F(NR) 1{_4+K2_2K4 4+3K27T 12+11K2}

o ()= 3 K3 Al + K32 3«2

(25)

where

O = arccos(k)  In(k + vk — 1)
V1= ko1
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The nonrelativistic kernels K, have only integer subscripts and that allows useful recurrence relations (see [14,18]). Applying

them, we arrive at [18]

n—Il—1

(n+ D) 1

NR
F®e,) =

2(I+i) (NR)

Ers K2

IV. ANALYTIC RESULT FOR THE RELATIVISTIC
RECOIL UEHLING CORRECTION

Using the expression for the relativistic Uehling energy
equation (14) in terms of base integrals K. and their various
properties [14,16,18-21], for the third term of Eq. (13) we
arrive at

o(Zo)? m>3
—5 3 fe= D
> 20 +i+k ,
X Bix v — K2,2§+i+k+1 (Kn)- 27)
i k=0 n

The last term of Eq. (13) corresponds to a matrix element
of the additional Hamiltonian (12). For the relativistic wave
functions, it can be rewritten in the form

—l (VU Ve

_ a(Za)?
T 2M7w

1 1
m[vc,[pz,wum m[vu,[pz,wc]1>|w>

—Ar

1
A

| v pawwi ™=, (8)

0

which has the same structure of integration over r as fy (cf.

Sec. III) and one can readily obtain for it an expression which

differs from one for the Uehling correction (17) only by a

factor and the second indices of K}, arriving at

a(Za)y* m3r 7 K32 1ivi (k)

2 ! ’
T M Zan {50 K,
or, for the nonrelativistic case,
a(Za)* mR 1 B(NR) K, 2[+t+k+2(’<n) 30
T M3 ik K, (30)
i,k=0 n

Combining the different parts of the expression (13), we
obtain for the correction to the first order of «

Ey =mpg fu(Za,k) + AEy,

where its relativistic recoil part is

ny

Z 2
AEy = o(Za) mR Z lkl:(fc -D (Kz 2e+i+k(K,)

n?
i,k=0

2 +i+k ,
+ TK2,2§+i+k+l(Kn)>

n

Zan ,
+ —— K320 4i4k(Ky) |- (3D

n

(n—1—1!2n— 1) ; @l +i+D!il

(n—1—1)! 2 1 2n—1—1—i) , 9 2n—l—i—1)
((n—l—i—l)!) (F) ( akn)

(26)

(

Neglecting higher-order relativistic corrections, we find in
order a(Za)*m?/ M

n—Il—1

o(Zo)* m?
AEGY = ————& %" pi® ——Kz 20vith+2(Kn)

nn3 i,k=0

204+i+k+2
————— K3 211i1413(K0)

2nk,
1

+ K—K3,21+i+k+2(l€n) . (32)

V. RESULTS FOR PARTICULAR STATES

There are several classes of states of interest. In this
section, we consider two of them, namely, circular states
(Il =n — 1) and low-lying states (n = 1,2). The former are
quite insensitive to the nuclear structure, allowing accurate ab
initio calculations, and may be of a “metrological” interest
[23,24], while the latter are the most sensitive to the nuclear
structure and may be applied to measure the nuclear charge
radius [25,26]. Following, we present results in closed form
in terms of the generalized hypergeometric function 3 F; for
arbitrary Z and «,, and additionally the asymptotic behavior
for large «,, is investigated.

A. Circular states

For states with maximal orbital and angular momenta, i.e.,
I =n—1and j =1+ 1/2, there is no difference between «,
and its relativistic analog «, and n, = 0. The expression (31)
in this case can be transformed to

[(fc -1 (Kz 20 (Kn)
>+ (Za)?

n

2
+K—§ Ks1120 () Kg,Zg(m] (33)

n

or, neglecting higher-order terms in Z«,

(Za)* m% Kp
AEN® — & MR gk,
v Cant M Kn o 32 i)
+nK3 00 (ky) — nK3,1+2n(Kn):|- (34)
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The asymptotics of the last expression for large «,, is

AEGR =

a(Za)* m% 1
3n

M ——(ln(ZK,,)—lﬁ(Zn)

+ (1)+1>+;— r | ol

v 6 32n—1) 4k, 4?2
n—2)2n+1) 1

@)

where ¥(z) = I''(2)/ T'(2).

B. Low-lying states
The above results can be applied to the case of the 151/, and
2p3/» states. In particular, for the nonrelativistic case
a(Za)* m_%e 1
M 36i3(k2 —1)
— 1262 + 10)A(k) + 2k (5k*
+ 1662 —30) — 37(3k* + 7> — 10)] (36)

AEN(1s) = [—6(2k0 — 3

or, for large «,

AEN(1s) = m

—3 02 +

a(Za)? m%e 1 17
18

LT o) e
4 4?0 6k3 k)|
Other particular cases of interest are 251> and 2p;, states.

For the nonrelativistic case, relations for these states can be
written in a unified form'

AENR @)
_ ((Zo)! mp Kou(i2) + —[K3a(k2) — K35(k2)]

2(1 =1
+ (K3 )[K2K44(K2)+4K54(K2)—4K55(K2)]} (38)
>

or, for large «,

AENR @I
a(Za)* m% 1 16 — 71
x Tem |3\ @)
T I+21 2x(1-D1 1
- — —+0(=)}. @39
2K 2«3 3 K§+ (KE‘)} %)

The numerical results for the low-lying states in light muonic
atoms, obtained from (36) and (38), are summarized in
Table I.

!"To come to this form from Eq. (32), one can use the relation

1
Kb.c = ;Kh-%—l,c-%—l + Kb.c-H-
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TABLE I. Relativistic recoil eVP corrections for the low-lying
levels in muonic hydrogen. The units are («/7) (Za)*m% /M.

Atom s 2s 2pi 2p3p
uH 0.182 0.0381 0.000901 0.000901
uD 0.180 0.0388 0.000968 0.000968
W He 0.122 0.0459 0.00184 0.00184
w*He 0.121 0.0459 0.00184 0.00184

VI. COMPARISON WITH THE BREIT-TYPE
CALCULATIONS

Evaluations of relativistic recoil effects within the Grotch-
type approach developed in this paper and the standard Breit-
type technique (see, e.g., [7,13,27]) are complementary. Both
produce for the eVP effects not only the leading term of order
a(Za)*m?/ M, but also certain higher-order corrections. While
the Grotch-type calculation provides us with partial account of
a(Za)®m?/M contributions, the Breit-type calculation leads
to an exact (in m /M) result for the a(Za)*m contribution.

The additional a(Za)m?/M terms in the Grotch-type
approach are not so important as a simplification of pure recoil
contributions. The technique allows us to easily separate the
leading a(Zar)*m?/M term from the higher-order effects and
calculate it much more easily than by means of the Breit-type
evaluation. Meanwhile, such an evaluation is completely
separated from the nonrecoil relativistic term. On the contrary,
the Breit-type evaluation produces both recoil and nonrecoil
relativistic contributions within the same calculations, which
allows additional crosschecks.

In this section, we describe a rearrangement of the Breit-
type evaluation which would allow a direct comparison
between the Grotch-type and Breit-type results. In paper [7],
we have calculated the relativistic-recoil correction in question
for low-lying states in light muonic atoms by both mentioned
methods. In both cases, we can expand the correction by
powers of m/M:

Ey = 2 (Zay'mp| Co+ C1 28 £ ¢, (1R 2+
U_]T R 0 lM 2 M )

(40)

where Cy corresponds to the known nonrecoil Uehling cor-
rection to the energy, C; is found by the Grotch method, and
the Breit method provides both C; and C,. The coefficients
C) calculated by the two methods agree. That is a unique
expansion and the Cy and C; coefficients obtained by both
methods should be the same. The Grotch-type approach
produces Cy and Cy, but not C».

The conventional Breit-type calculation does not produce
the result in such a form which makes the direct comparison
difficult. The Breit approach is based on an unperturbed
Hamiltonian

2
HO = P Ly
2m R
and thus the wave function does not include the muon and
nuclear mass separately, but only in a combination in the form
of the reduced mass ¢@ = ¢(r; mpg).
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In the meantime, the standard Breit equation (see, e.g., [2])

Vi 1+1 p4+Z“ 1+1 4783 (r)
P == - vl il
B M) 8 "8 M?

v za( oy VBT 2 s
o 8
am? ' 2mM ) 3 2mM
Zao 1 1 1
LN R L 41
+2mM |:r3 P rp:| “D

explicitly depends on the muon mass m and the nuclear mass
M. The eVP addition to the Breit Hamiltonian is of the form

[27]
1 1 Vi
V2V, — 4+ —) 2L
vt (4 2+ 2mM) r

1
— V2|V — =V
+ |:U i U):|+2mM

V/ 2 2
x | ZL? + p—(VU —rVi)+Vy — er,])p_ .
r 2 2
(42)

As aresult, the matrix element of Vi, and Vi over ¢ (r; mg)
depends on m, M ,mpg and is not suited for presentation in the
form of (40).

To adjust the Breit Hamiltonian to this form, one has to
rewrite it as a function of mp and M, but not m. The related
corrections to the Hamiltonian take the form

v (l 3 )p4+Za(l 2 )4 5(0)
r=—(— - ~t === n
i my miM) 8 8 \m% mgM
Zoa L-o Zo
4783
R T TRGEAY
Za 1 1 1
L NG L 43
2mpM |:r3 p r rp:| “3)

and

1 1 1 v/
VP = [ — — V2Vy+—-YL-0o
Br (1) (Sm%e 4mRM> U dm 4m% -

+ ! v2 |V, 1(V)’
— —(r
2mpM Umgh v
V(,/ 2 p2 /
U2y B vy —rv
2mRM[ Vo =rvy)
p2
+(Vy — VV(})?:| , (44)

and here all terms which contribute to order (Za)*m?/M? and
a(Za)*m? ) M? are neglected.

The perturbations (43) and (44) directly lead to eVP results
in Eq. (40). We realized such a rearrangement in Ref. [7] and
obtained results by the Breit-type approach, which completely
agrees with our Grotch-type approach within an uncertainty
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of numerical integration (cf. Table I). Such a rearrangement
is applicable not only in the first order in «. In particular, we
applied it in Ref. [28] to second order in « and obtained in that
work relativistic recoil corrections (of the first order in m /M)
consistent with our calculation of the relativistic recoil by the
Grotch-type method [29].

VII. CONCLUSIONS

In this paper, a method for a calculation of relativistic recoil
effects developed previously [5] was applied perturbatively
for the one-loop electronic-vacuum-polarization corrections.
With the results of the Dirac problem with Coulomb+Uehling
potential already known, the evaluation of the additional recoil
correction has dealt only with nonrelativistic wave functions.
It was performed in closed analytic form in terms of the same
base integrals as required for the calculation of the Uehling
correction itself (cf. [14,16-19]).

We also found asymptotics for high Zam/(m.n) for the
circular and low-lying states. The low-lying states 1s,2s,2p
are of particular interest in light muonic atoms because they
provide us with perhaps the best opportunity to determine
the nuclear charge radius. Some time ago, certain results
were obtained within the Breit-type [13,27] and Grotch-type
approaches [10]. They have been discussed in part by us in
Ref. [7].

Both calculations contain not only the leading eVP rela-
tivistic recoil term of order a(Zwa)*m?/M, but also certain
higher-order corrections. Here, we explain in details how to
compare those calculations. A modification of the effective
Breit Hamiltonian is described, which allows us to avoid any
higher-order effects in the Breit-type approach. As a result
[7], we agree with [13] and disagree with [9,10] and [27]. A
discrepancy with the former is due to an inappropriate gauge
used in that work, while the discrepancy with the latter is most
probably due to a numerical error there.

Here, we applied the technique based on the presentation
of the results in terms of base integrals. However, this is not
necessary. If it is desired, one can solve the related Dirac equa-
tion numerically. As we mentioned, for the relativistic recoil
correction by itself even the Dirac equation is not necessary.
A nonrelativistic Schrodinger equation with an appropriate
potential and subsequent nonrelativistic perturbation theory is
sufficient. The approach can be extended further and it has
been extended. In a subsequent paper [29], it is successfully
applied to the second-order eVP relativistic recoil corrections
to order a>(Za)*m?/ M.
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