
RAPID COMMUNICATIONS

PHYSICAL REVIEW A 89, 020101(R) (2014)

Quantum-state tomography for optical polarization with arbitrary photon numbers
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A scheme for quantum-state tomography is presented that can be performed for polarized light with an arbitrary
photon-number distribution. The proposed method fills the gap between existing polarization-tomography
schemes for single-photon states and for optical fields with very large photon numbers. It consists of an optical
homodyne setup triggered by the outcome of a single-photon counting module. The configuration space of
polarization is parametrized by Euler angles and by an additional interference parameter, whose assessment
requires conditional homodyne measurements.
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Optical homodyne tomography (OHT) has been very
successful in the past for reconstructing the quantum state
of a single-mode optical field [1]. Since its first experimental
realization [2] and the development of direct reconstruction
methods [3–7], the generation of several nonclassical quan-
tum states could be proved by OHT. Among them are
squeezed vacuum [8], single photons and displaced single
photons [9], photonic qubits [10], photon-added coherent and
thermal states [11], two-photon states [12], photon-subtracted
squeezed states and squeezed Schrödinger cat states [13],
and superpositions of one- and three-photon states [14].
Furthermore, the direct reconstruction methods have been
complemented and partially replaced by powerful maximum-
likelihood methods [15–19] that guarantee, among other
properties, the physicality of the reconstructed quantum state.
Alternatively, local probing of the phase space of the optical
single-mode quantum state by use of unbalanced homodyning
has been proposed in the past [20,21] and implemented
experimentally [22].

The characterization of the quantum state of polarized light
has been the subject of numerous theoretical and experimental
efforts in the last years. In the case of few photons, say, one
or two, the polarized light can be considered as a discrete
system, so that few appropriately chosen projections allow
one to determine the density matrix of the polarized light
with excellent accuracy [23]. On the other hand, in the
limit of very large photon numbers, a continuous-variable
approach is limited in practice to the reconstruction of the
so-called polarization sector [24]. The polarization sectors
consist of field states with fixed photon numbers, mathe-
matically represented by SU(2) invariant subspaces. Then
the measurement of the mean Stokes vector is sufficient to
reconstruct the polarization density matrix of a subspace with
a fixed photon number, the latter being identified as the mean
photon number of the light field. Such reconstruction schemes
can be efficiently performed in experiments [25]. The quantum
state in each polarization sector can be conveniently repre-
sented as an angular-momentum Wigner function [26] on a
sphere [27].

However, in the intermediate case, when the number of
photons is neither very small nor very large, none of the
above-mentioned approaches are feasible. In this case, as in the
case of very few photons, the information contained beyond
the polarization sectors is crucial for the determination of the

essential properties of the system. To resolve this issue, we
propose here a full tomographic scheme for polarized light
with arbitrary photon numbers that is based on a decomposition
of the density matrix of the polarized light state in nondiagonal
components on the SU(2) invariant subspaces.

Using angular-momentum notation, where the angular
momentum J = (NH + NV)/2 and its projection along the
chosen quantization axis M = (NH − NV)/2 are related to the
photon numbers in the two orthogonal polarization modes NH

and NV, respectively, the complete expansion of the density
operator �̂ of the two-mode field can be written as [28,29]

�̂ =
∞∑

J,J ′=0

J+J ′∑
k=|J−J ′ |

k∑
q=−k

�J ′J
kq T̂ J ′J

kq , (1)

where the irreducible tensor operators are defined as

T̂ J ′J
kq =

∑
M,M ′

√
2k + 1

2J ′ + 1
CJ ′M ′

JM kq |J ′,M ′〉〈J,M|, (2)

with CJ ′M ′
JM kq being the Clebsch-Gordan coefficients. By includ-

ing nondiagonal terms J �= J ′, the expansion (1), together with
the definition (2), is a generalization of the standard expansion
within a sectorof constant J (i.e., constant photon number).
The off-diagonal elements J �= J ′ contain valid information
on the coherence of the polarized light.

Substituting J and J ′ for the new variables j = J ′ + J and
q ′ = J ′ − J , the expansion (1) can be rewritten as

�̂ =
∞∑

j=0

�̂j , (3)

with [30]

�̂j =
j∑

k={0, 1
2 }

k∑
q,q ′=−k

�
j+q′

2
j−q′

2
k q T̂

j+q′
2

j−q′
2

k q . (4)

The new parameter j can be denoted as the interference
parameter, as it takes account of the interference terms within
the density matrix of the polarized light field. For each j

the interferences are between all states of different photon
numbers 2J and 2J ′ that satisfy J + J ′ = j . The j sectors of
the density matrix are illustrated schematically for the simple
case of a state with maximally one photon in Fig. 1.
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FIG. 1. (Color online) Sectors of the interference parameter j in
the density matrix of a state with maximally one photon [e.g., as given
in Eq. (19)] with |m,n〉 = |m〉H ⊗ |n〉V.

As a next step, an isomorphism can be established that
relates the operators �̂j [see Eq. (4)] to c-valued functions (j
symbols) of three Euler angles. This isomorphism is obtained
from the invertible mapping [31] defined by (see Ref. [32]
where the symmetrical kernel s = 0 has been introduced)

W
j

f (�; s) = Tr[f̂ ω̂j (�; s)], (5)

f̂ =
∞∑

j=0

j + 1

16π2

∫
d�W

j

f (�; −s)ω̂j (�; s), (6)

where W
j

f (�; s) is the s-parametrized j symbol of the operator

f̂ , � = (φ,θ,ψ) are the three Euler angles with φ ∈ [0,2π ],
θ ∈ [0,π ], and ψ ∈ [0,4π ], and d� = sin θ dθ dφ dψ . Fur-
thermore, the rotated s-parametrized kernel ω̂j (�; s) is
defined as

ω̂j (�; s) = D̂(�)ω̂j (0; s)D̂(�)†, (7)

where D̂(�) = e−iφSze−iθSy e−iψSz is the SU(2) rotation oper-
ator [33] and the unrotated kernel reads [30]

ω̂j (0; s) =
j∑

k={0,1/2}

k∑
q=−k

(√
j + 1

j + q + 1
C

j+q

2
j+q

2
j−q

2
j−q

2 k q

)−s

×
√

2k + 1

j + 1
T̂

j+q

2
j−q

2
k q . (8)

Applying the mapping (5) to the density operator (3),
i.e., f̂ → ρ̂, it can be seen that the kernel ω̂j (�; s) chooses
from the density operator �̂ only the j th component, i.e.,
Tr[�̂i ω̂j (�; s)] ∝ δij , and that from Eq. (6) the inverse map-
ping is obtained as

�̂j = j + 1

16π2

∫
d�Wj

� (�; −s)ω̂j (�; s). (9)

Together with Eq. (3), the relation (9) therefore allows one to
reconstruct the complete density operator �̂ from its j symbols

W
j
� (�; s), i.e.,

ρ̂ =
∑

j

j + 1

16π2

∫
d�Wj

� (�; −s)ω̂j (�; s). (10)

This is the central result that facilitates an experimental
reconstruction scheme by conditional balanced homodyne
tomography, as will be shown later on.

The mapping (5) is a generalization of the s-parametrized
Stratonovich-Weyl transformation [26]. That is, the standard
Stratonovich-Weyl kernel [for a single (j + 1)-dimensional
irreducible representation of the SU(2) group] is obtained by
integrating ω̂j (�; s) over ψ ,

∫ 4π

0

dψ

4π
ω̂j (�; s) =

√
4π

j + 1

j∑
K=0

K∑
m=−K

(
C

j

2
j

2
j

2
j

2 K0

)−s

×Y ∗
Km(θ,φ)T̂

j

2
j

2
Km, (11)

where only integer values of the interference parameter j

appear [
∫ 4π

0 dψω̂j (�; s) = 0 for semi-integer j ]. As only
diagonal elements of the irreducible tensor operator with
respect to the photon number (here proportional to j ) are
taken into account, such a representation corresponds to the
well-known polarization sectors with fixed photon numbers
[34]. The main advantage of the mapping (10) consists in
preserving the full information about the complete density
operator and not only of its components stored in SU(2)
irreducible subspaces.

To proceed, s = −1 is chosen in Eq. (10), from which one
obtains

�̂ =
∑

j

j + 1

16π2

∫
d�〈Q̂j (�)〉P̂j (�) , (12)

where the kernel of the P function is P̂j (�) = ω̂j (�; s = 1).
The expectation value of the kernel of the Q function,
Q̂j (�) = ω̂j (�; s = −1), can be rewritten as 〈Q̂j (�)〉 =
Tr[�̂Q̂j (�)] = Tr[�̂(�)Q̂j (0)], where Q̂j (0) = ω̂j (0; s =
−1) is the unrotated kernel, and the rotated quantum state
reads

�̂(�) = D̂†(�)�̂D̂(�). (13)

The unrotated kernel of the Q function can be shown to
reduce to the simple form [30,35]

Q̂j (0) =
j∑

q=−j

∣∣∣∣j + q

2
,
j + q

2

〉 〈
j − q

2
,
j − q

2

∣∣∣∣ . (14)

Rewriting the above expression in terms of the photon-number
states in the two polarization modes with photon numbers
NH,V = J ± M , it is readily seen that the polarization modes
are factorized with one of the modes being in the vacuum state:

Q̂j (0) =
j∑

q=−j

|j + q〉HH 〈j − q| ⊗ |0〉VV 〈0| . (15)

The appearance of the factorized vacuum state in the V mode
is due to the choice of the quantization axis of the angular
momentum state, i.e., due to the definition M = (NH − NV)/2:
The unrotated kernel, by definition, corresponds to the north
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pole of the Poincaré sphere (θ = φ = ψ = 0), where M = J

and thus necessarily NV = 0.
Furthermore, also the kernel of the P function can be

explicitly written in terms of the photon-number states as [30]

P̂j (�) =
j∑

k={0,1/2}

k∑
q,q ′=−k

Dk
qq ′ (�)

j−q′
2∑

m=− j−q′
2

j+q′
2∑

m′=− j+q′
2

C
j+q′

2 m′

j−q′
2 m kq

×2k + 1

j + 1

√
(j + k + 1)! (j − k)!

(j + q ′ + 1)! (j − q ′)!

×
∣∣∣∣j + q ′

2
+ m′

〉
HH

〈
j − q ′

2
+ m

∣∣∣∣
⊗

∣∣∣∣j + q ′

2
− m′

〉
VV

〈
j − q ′

2
− m

∣∣∣∣ . (16)

Thus to implement an experimental scheme for obtaining
the complete information on the quantum state of the polarized
light field, the input optical field has to be unitarily transformed
according to (13) and then the expectation value of (15)
should be measured for the transformed field. Whereas the
transformation (13) corresponds to a rotation of the three
Euler angles of the polarization of the input field, which can
be implemented in experiments by a combination of wave
plates, the required expectation value can be obtained from
conditional balanced homodyne tomography: The expectation
value (15) can be rewritten as

〈
Q̂j (�)

〉 =
∫

dx

∫
dϕSj (x,ϕ)p� (x; ϕ|NV = 0) , (17)

where p� (x; ϕ|NV = 0) is the probability density for the
quadrature value x at phase ϕ in mode H, conditioned on
NV = 0 photons being present in mode V, for the input field
being rotated in polarization by the Euler angles �. The
sampling functions are obtained as

Sj (x,ϕ) =
j∑

m=−j

fj−m,j+m(x)e−2imϕ, (18)

where the tomographic pattern functions fm,n(x) =
∂
∂x

[reg,m(x)irreg,n(x)], with reg,n(x) and irreg,n(x) being
the nth regular and irregular eigenfunctions of the harmonic
oscillator, respectively, that can by obtained from recurrence
relations [6,7].

Therefore, the required data for the reconstruction of the
complete quantum state of an arbitrary two-mode polarized
light field can be obtained from a conditional balanced-
homodyne tomographic setup, as shown in Fig. 2. The input
field is rotated in polarization by the wave plates that fix the
angles θ , φ, and ψ . Then two orthogonal polarizations are
separated by the polarizing beam splitter (PBS) and the vertical
mode is measured with a single-photon counting module
(SPCM). Conditioned on a no-count event in mode V, the
phase-dependent quadrature statistics of the horizontal mode
is obtained in the balanced-homodyne setup, comprising the
beam splitter BS, the two high-efficiency photodetectors PD1
and PD2, and the local oscillator LO with corresponding phase
control.

FIG. 2. (Color online) Conditional balanced homodyne mea-
surement: The wave plates realize the rotation by the angles �, and
the polarizing beam splitter (PBS) separates the V and H modes,
where the V mode is detected by a single-photon counting module
(SPCM). Conditioned on a no-count event in the V mode, the H mode
is measured in the balanced homodyne scheme with a beam splitter
(BS), phase-controlled local oscillator (LO), and two photodetectors
(PD1, PD2).

Since the interference parameter j does not describe
subspaces with a definite photon number, it may not be very
intuitive to see how the angle-dependent expectation values
〈Q̂j (�)〉 appear for a given quantum state �̂. The visualization
of 〈Q̂j (�)〉 is not that transparent as for the case of the standard
angular momentum functions QJ

ρ (θ,φ) that represent states
with a fixed value of J (i.e., photon number).

For instance, the single-photon state with a vacuum contri-
bution,

|�1〉
= [|0〉H ⊗ |0〉V + (|1〉H ⊗ |0〉V + |0〉H ⊗ |1〉V) ei

ψ0
2
]/√

3,

(19)

requires the expectation values with an interference parameter
j = 0, 1

2 ,1 for its complete description:

〈Q̂0(�)〉1 = 1

3
, (20)

〈Q̂ 1
2
(�)〉1 = 2

3

[
cos

θ

2
cos

(
φ + ψ + ψ0

2

)

+ sin
θ

2
cos

(
φ − ψ − ψ0

2

)]
, (21)

〈Q̂1(�)〉1 = 1

3
(1 + sin θ cos φ). (22)

The phase-space description (20)–(22) of the state (19) is
shown in Fig. 3. Returning to Fig. 1, an interpretation of
the interference parameter j can be obtained as follows: The
j = 0 phase-space distribution is perfectly isotropic (see the
upper plot in Fig. 3) as it corresponds to the admixture of
the vacuum state (see Fig. 1). On the other hand, the j = 1

2
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FIG. 3. (Color online) Phase-space image of a single-photon
state with a vacuum contribution, according to Eq. (19) with ψ0 = 0.
Dark red and dark blue correspond to the maximum positive value
+ 2

3 and minimum negative value − 2
3 , respectively, of the phase-space

distributions 〈Q̂j (�)〉.

distribution depends on all three Euler angles (see the middle
plots in Fig. 3). This phase-space distribution corresponds to
the interference terms where exactly one photon participates,
i.e., the interference between single-photon and vacuum states
(see Fig. 1). Finally, the j = 1 distribution depends only
on the first two Euler angles (see the lower plot in Fig. 3),
and corresponds to interference with the participation of two
photons, i.e., between single-photon states of both polarization
modes (see Fig. 1). Thus, the interference parameter j groups
all the interference terms in the density matrix that correspond
to a participation of 2j photons.

Another example for the phase-space description of a
polarized light field is that of a two-mode coherent state
|�cs〉 = |α〉H ⊗ |β〉V. In this case one has

〈Q̂j (�)〉cs = e−r2

(
r cos θ ′

2

)2j j∑
q=−j

e2iq(φ′+ψ ′)
√

(j + q)!(j − q)!
,

(23)

where the angles �′ = (φ′,θ ′,ψ ′) are obtained as a composi-
tion of the Euler angles �0 defined by

α = r cos θ0

2
e−i(ϕ0+ψ0)/2, (24)

β = r sin θ0

2
e−i(ψ0−ϕ0)/2, (25)

and � in the standard way [36]. For a large average total photon
number, Eq. (23) simplifies to

〈Q̂j (�)〉cs =
√

2πj
(r cos θ ′)2j

j !
e−r2−2j sin2(φ′+ψ ′) (26)

for the integer and

〈Q̂j (�)〉cs =
√

2π
(r cos θ ′)2j(

j − 1
2

)
!

cos(φ′ + ψ ′)e−r2−2j sin2(φ′+ψ ′)

(27)

for semi-integer values of the interference parameter j ,
correspondingly.

Finally, the two-mode thermal state,

�̂th = 1(
1 + N̄

)2

(
N̄

1 + N̄

)N̂H+N̂V

, (28)

corresponds to the isotropic distribution (j = 0,1,2, . . .)

〈Q̂j (�)〉th = 1

(1 + N̄ )2

(
N̄

1 + N̄

)j

. (29)

In summary, we have presented a scheme that allows
one to achieve a complete tomographic reconstruction of
the optical polarization quantum state. In contrast to the
standard polarization tomography scheme [24,25] that may
reconstruct the quantum state only in subspaces with fixed
photon numbers (polarization sectors), the proposed scheme
surpasses this limitation by the use of conditional homodyne
measurements. These measurements are conditioned on no
detection of photons in one of the polarization modes that has
to be performed on the single-photon level. Such a setup is
required in order to reconstruct the complete density matrix
of the polarization quantum state. Our method is based on the
isomorphism (5), which generalizes the conventional mapping
onto the polarization sectors.

Experimental setups similar to that proposed here have
been realized successfully in the past, e.g., for quantum-state
tomography of single photons [1,9]. In these experiments,
heralded single photons were tomographically reconstructed,
which requires the registration of events with nonzero photon
numbers at a SPCM. In the scheme presented here, events with
zero photon counts need to be registered. Therefore, to ensure
the true absence of a V photon for each no-count event, a
SPCM with very high quantum efficiency must be employed.
Under such circumstances our proposal would be experimen-
tally feasible and it would provide deeper insight into the
polarization properties of light fields with arbitrary photon
numbers, in particular, for intermediate photon numbers, i.e.,
for more than one photon but still far from the semiclassical
limit.
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grama de Cooperación Cientı́fica Internacional” CONICYT/
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