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Determination of the electronic structure of atoms and molecules in the ground state: Measurement
of molecular hydrogen by high-resolution x-ray scattering
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The high-resolution x-ray-scattering technique is used to study the elastic scattering of atoms and molecules in
the gas phase. The elastic squared form factor, which is the square of the Fourier transformation of the electron
density distribution in position space and reveals the pure electronic structure of atoms and molecules in the
ground state, of molecular hydrogen is measured at an incident photon energy of about 9889 eV and an energy
resolution of about 70 meV. Although it is generally thought that the x-ray-scattering technique is identical to
high-energy electron scattering, at least for elastic scattering these two techniques have an apparent difference,
i.e., the pure electronic structure of a molecule in the ground state can be determined by x-ray scattering while
it cannot be obtained by the high-energy electron impact method due to the interference between the scattering
of separate nuclei and of the electrons in the target. The present experimental results match the theoretical
calculations very well, which demonstrates that high-resolution x-ray scattering is a powerful tool to study the
electronic structure of atoms and molecules in the ground state.
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The x-ray-scattering technique is a common experimental
method used to measure and analyze the property and structure
of materials, such as in crystal structure analysis [1], the
determination of protein structures [2], structure-based drug
design [3], etc. In these applications, the physical basis is
the elastic scattering of the x ray by atoms or molecules
in the target, e.g., the x-ray diffraction pattern of a crystal
is a function of the structure factor in which the elastic
form factor of atoms or molecules is a key parameter [4].
Therefore, the elastic scattering cross sections of an x ray
by atoms and molecules play a crucially important role in
the development of these fields. Although the x-ray-scattering
technique has served as a method to measure and analyze
the material structure over a whole century since Bragg
diffraction was found in 1912, here we discuss a high-
resolution measurement of the elastic differential cross section
of x-ray scattering for gas-phase atoms and molecules (the
simplest diatomic molecule of hydrogen). Currently, all the
data used in x-ray diffraction structure analysis come from
theoretical calculations [4], which should be tested stringently
by experiment. Therefore, the high-precision measurement of
the differential cross section of x-ray elastic scattering of atoms
and molecules is very important and meaningful. This is what
we want to do in this Brief Report.

The main reason for the shortage of experimental cross
sections of x-ray elastic scattering of atoms or molecules
is the extremely low cross section, which is proportional
to r2

0 , where r0 is the classical electron radius. Although
several experiments have been carried out to measure the
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differential cross section of x-ray elastic scattering of noble
gases [5–7], the detectors used in these works, i.e., the intrinsic
Ge planar detector [5,6] and the scintillation counter [7],
have an energy resolution of only about several hundred eV,
which may resolve the elastic scattering and the Compton
scattering at large scattering angles, but they cannot resolve
the elastic scattering and inelastic excitations because the
excitation energy of the valence shell transition of atoms and
molecules is less than 25 eV, which is much less than the energy
resolution of these detectors. Furthermore, the ionization
continuum also contributes to the elastic scattering in these
experiments due to the same reason. So these previous elastic
differential cross sections definitely have contributions from
the inelastic scattering, which have been observed recently
by inelastic x-ray-scattering experiments [8–11]. Because of
the lack of experimental data, only Bentley et al. [12,13]
have calculated the elastic squared form factor of molecular
hydrogen using ground wave functions prepared by different
theoretical methods [14]. With the dramatic development
of third-generation synchrotron radiation and the crystal
spectrometer, the brightness and the energy resolution of the
x-ray-scattering technique have been greatly improved, which
provides the possibility for high-precision measurements of
the elastic differential cross section of x-ray scattering by
atoms and molecules. Recently, the dynamic parameters of
the valence shell excitations of some atoms and molecules
have been measured by the x-ray-scattering technique with
high-energy resolution in our group [8–11] and with moderate-
energy resolution in Seidler’s group [15,16], and some in-
teresting excitation mechanisms have been revealed. In this
Brief Report, we extend this experimental technique to study
the elastic scattering of the x ray by a free molecule, and
pure electronic structure information about the ground state is
determined.

1050-2947/2014/89(1)/014502(4) 014502-1 ©2014 American Physical Society

http://dx.doi.org/10.1103/PhysRevA.89.014502


BRIEF REPORTS PHYSICAL REVIEW A 89, 014502 (2014)

According to the definition, the elastic squared form factor
ζ (q) can be written [4,17,18] as

ζ (q) =
∣∣∣∣∣∣〈�0|
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eiq·rj |�0〉
∣∣∣∣∣∣
2

= 1
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f |2
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d�

)
γ
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Here q is the vector of the momentum transfer, while �0

stands for the ground-state wave function of the target. εi and
εf stand for the polarization directions of the incident and
scattered photons, respectively. The sum is over all electrons
and rj is the position vector of the j th electron. ( dσ

d�
)γ is the

elastic differential cross section of the x-ray scattering and is
measured as a function of the scattering angle. It can be seen
clearly that ζ (q) can be determined from the experimental
differential cross sections measured by high-resolution x-ray
elastic scattering.

For a diatomic molecule, the wave function of the ground
state can be written as

�0 = �e(r,R)�v(R)�JM (θ,ϕ). (2)

Here �e(r,R), �v(R), and �JM (θ,ϕ) are the electronic,
vibrational, and rotational wave functions, respectively, with θ

and ϕ being the orientations of the molecular axis. v = 0 and
J have a distribution because most experiments are carried
out at room temperature. Then the elastic form factor can be
written as [18]

ε(q; e,0,JM ← e,0,JM)

=
∫∫∫

Y ∗
JM (θ,ϕ)�∗

0
(R)ε0(q; R,θ,ϕ)YJM (θ,ϕ)�0(R)

×dR sin θdθdϕ, (3)

with

ε0(q; R,θ,ϕ) =
∫

�∗
e (r1,r2, . . . ,rN,R)

N∑
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eiq·rj

×�e(r1,r2, . . . ,rN,R)dr1dr2 · · · drN

being a part of the elastic form factor which is related to the
electronic state. R is the internuclear distance, and JM stands
for the rotational quantum numbers of the diatomic molecule.

Although |ε(q; e,0,JM ← e,0,JM)|2 gives the most ac-
curate description for the elastic scattering of a diatomic
molecule, most collision experiments cannot resolve the
rotational transitions. So averaging the population of the
rotational states and neglecting the weak dependence of
ε(q; e,0,JM ← e,0,JM) on different J , the elastic squared
form factor can be written as

ζ (q) = |ε(q; e,0 ← e,0)|2

= 1

4π

∫∫
sin θdθdϕ|

∫
�∗

0 (R)ε0(q; R,θ,ϕ)�0(R)dR|2.
(4)

Here the spherical averaging is due to random orientation of
the diatomic molecule. Therefore, the calculated results from
Eq. (4) can be compared with the experimental result.

The present measurement was carried out at the Taiwan
Beamline BL12XU of SPring-8 with an incident photon energy
of about 9889 eV and an energy resolution of about 70 meV.

FIG. 1. (Color online) Schematic of the experimental setup for
the high-resolution x-ray scattering of gases at the Taiwan Beamline
BL12XU of SPring-8.

The experimental setup used in this work is shown in Fig. 1
and has been described in our previous works [8–11]. Briefly,
a Si(333) monochromator was used to achieve a high-energy
resolution of 70 meV. Si(555) spherical analyzers with a 2-m
radius of curvature were used to collect the scattered photons.
In the measurement, the analyzer energy for the scattered
photon was fixed at 9889.90 eV, while the incident photon
energy was varied, by which the energy loss was deduced
and the elastic peak was recorded. In the present experiment,
two different sample gases (hydrogen and helium gases) with
pressures of 8.94 and 6.88 atm were sealed in turn in a gas
cell by a Kapton window, and then the gas cell was put on
the experimental platform for the measurement in turn. The
transmittances of hydrogen and helium were measured and
both of them were 99.9%, so there was no need to correct the
absorption by the gases of helium and hydrogen. In addition,
the spectra with and without hydrogen gas were recorded,
and the counts of the latter were deducted as the background.
All the spectra of molecular hydrogen within the scattering
angular range of 10◦–70◦ for elastic scattering and atomic
helium within the scattering angular range of 10◦–18◦ for the
1s2 → 1s2p transition were taken at room temperature.

The gas cell used in this work had a diameter of 30 mm,
so the long interaction length of 30 mm of the x ray and the
target resulted in a variation of the collision length viewed by
the analyzer, which was proportional to 1/ sin(2θ ) at larger
scattering angles of 2θ > 15◦, which is a well-known result
in the electron-atom/molecule scattering community [19,20].
Because of the limited size of the gas cell, the collision length
at 2θ ≤ 15◦ deviated from the rule of 1/ sin(2θ ) and was
corrected by measuring the elastic scattering of hydrogen
and of the excitation of 2 1P of helium since the ζ (q)
of 2 1P of helium is well known, and has been measured
and calculated with a high accuracy and has proven to be
reliable [8,21–23]. In this way the variable collision lengths
at 20◦–70◦ of molecular hydrogen were simply calibrated by
multiplying by a factor of sin(2θ ) while the ones at 10◦–15◦
were calibrated by multiplying the intensity ratios of the elastic
scattering of hydrogen to the 2 1P of helium with the ζ (q)
of the 2 1P of helium [23]. Since the incident photon beam
was linearly polarized and its direction was in the scattering
plane, a factor of cos22θ was corrected according Eq. (1).
Then the squared form factor ζ (q) for the elastic scattering
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FIG. 2. (Color online) Elastic squared form factor ζ (q) of molec-
ular hydrogen. Solid blue circle: Present x-ray-scattering results.
Green solid line: The theoretical results of Bentley et al. [12] using
the Davidson-Jones (DJ) wave function.

of hydrogen was absolutized by taking into account the
different target densities (pressure) of hydrogen and helium.
A similar normalization method was also used in our previous
paper [11]. The resolution of momentum transfer is about
0.091 a.u., which is due to the finite size of the solid angle
viewed by the analyzer. The experimental errors of ζ (q) are
attributed to the statistics of counts, the normalizing procedure,
as well as the fitting procedure, which are also shown
in Fig. 2.

It can be seen clearly from Fig. 2 that the present
experimental results are in excellent agreement with the
calculation of Bentley et al. [12] using the Davidson-Jones
wave function, which is essentially an expansion of the exact
ground-state wave function of Kolos and Roothaan [24].
It should be emphasized that x-ray elastic scattering is a
photon-in photon-out process, and the theoretical description
of the photon-target interaction is expressed in the A2 term of
the corresponding interaction Hamiltonian [17], where A is a
photon vector potential, so only the coupling of the photon with
the electrons in the target should be accounted for. There is no
contribution of nuclei to the scattering amplitude according
to Eq. (4), which shows the obvious advantages of the
high-resolution x-ray elastic scattering method. In other words,
only the electronic properties of the target can be explored
by the high-resolution x-ray elastic scattering method, which
is completely different from the high-energy electron impact
method, although the latter is generally thought to be a
powerful tool to study the electronic structure of atoms or
molecules.

For a sufficiently fast electron collision with an atom or
molecule in which the first Born approximation (FBA) is
valid [18,25,26], the elastic differential cross section ( dσ

d�
)e

can be expressed as
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Ra and Rb are the position vectors of the nuclei, and
R = |2Ra| = |2Rb| is the internuclear distance for molecular
hydrogen. r is the position of the incident electron. Then the
differential cross section of the elastic scattering of electrons
from hydrogen can be written as(
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Since cos(q · R/2) as well as ε0(q; R,θ,ϕ) are functions
of the internuclear distance R and the angle between q and
R, it can be seen clearly from Eq. (7) that the interference
term prevents one from extracting the pure electronic structure
information about the ground state of the molecule from
the experimental elastic differential cross section of high-
energy electron scattering, which is a unique merit of the
aforementioned high-resolution x-ray-scattering method. For
molecular hydrogen, we can give a quantitative estimation
of the interference term. As an approximation, we neglect
the vibration effect and fix R = Re, with Re being the
equilibrium internuclear distance. Then, by using the elastic
squared form factor of x-ray scattering calculated by Ref. [12]
and the differential cross sections of electron elastic scattering
calculated by Ref. [27], as well as the analytic term of the
pure nuclear scattering term, the interference term can be
determined according to Eq. (7) and is shown in Fig. 3.

FIG. 3. (Color online) Dotted (green) line: The squared matrix
element of fast electron scattering calculated by Ford et al. [27]. Solid
(navy) line: The elastic squared form factor ζ (q) of x-ray scattering
calculated by Bentley et al. [12]. Dashed (red) line: The squared
analytic term of the pure nuclear scattering term. Dashed-dotted
(magenta) line: The interference term.
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It can be seen clearly that this interference term is very
important. It should be mentioned that for the excitation
processes of the atom or molecule, the high-energy electron
scattering method and high-resolution x-ray-scattering method
are similar and both of them are free from nuclear scattering
due to the orthogonality of the initial and final wave functions,
as noticed in Refs. [8,10], which is different from the elastic
scattering.

In summary, high-resolution x-ray elastic scattering is used
to study the dynamic parameters of atoms and molecules in the
gas phase, and the elastic squared form factor ζ (q) of molecular
hydrogen is determined. The present experimental results
match the theoretical calculation very well, and pure electronic
structure information about the ground state of hydrogen
is obtained, which cannot be determined by the traditional
high-energy electron scattering method due to the interference
between the scattering amplitude from separate nuclei and of
the electrons in the target. The present work shows that high-
resolution x-ray scattering has unique advantages to determine

the electronic structure information about the ground state of
molecules, especially for the polyatomic molecules, due to
the complex skeletal structure of the nuclei. We have reason
to believe that high-resolution x-ray scattering has extensive
applicability in determining the electronic structure of the
ground state of molecules in the future.
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