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Transient lasing without inversion via forbidden and virtual transitions
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Lasing without inversion (LWI) in the extreme-ultraviolet (XUV) has been the focus of recent research of
our Princeton/Texas group. Because of the restriction imposed on the decay rates associated with the usual LWI
schemes, it is difficult to transfer the physics gleaned from previous experiments to the XUV. However, with the
advent of tunable-ultrashort-high-power laser pulses, we find that the possibility of transient LWI holds promise
for a different LWI paradigm in which the lasing is based on forbidden and/or virtual transitions. It is the purpose
of the present paper to present simple but (hopefully) convincing arguments and suggest realistic experiments to
stimulate interest in this idea.
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I. INTRODUCTION

The effects of atomic coherence [1–18] in laser physics have
been the subject of substantial theoretical and experimental
study. For example, mitigation of spontaneous emission effects
(in order to reduce the laser linewidth) in the correlated
emission laser have been predicted [19,20] and observed [21].
These studies introduced coherence between two upper laser
levels. Similar upper level coherences have been shown [22] to
enhance, in principle, the efficiency of photocells by mitigating
radiative emission. On the other hand, absorption reduction via
quantum coherence has been demonstrated theoretically [1–3]
and experimentally [23] to yield lasing without inversion
(LWI).

Coherence between excited and lower-level doublets is
frequently associate with � and V atomic configurations as
in Fig. 1. In the past, LWI experiments typically required γa→c

in � and γc→b in V systems to be greater than γa→b. Here
γi→j is the spontaneous decay rate from level i to level j . The
physical reason for this condition on the rates can be seen by
considering the dark and bright states in the � system as an
example,

|D〉 = �l|c〉 − �d |b〉√
�2

l + �2
d

, (1)

|B〉 = �d |c〉 + �l|b〉√
�2

l + �2
d

. (2)

The drive field Rabi frequency �d is much larger than the
lasing field Rabi frequency �l . Thus, if the injection is in
the state |c〉, then there is a (small) probability �l/

√
�2

l + �2
d

of finding the atom in the dark state where it never absorbs
laser radiation. There is a larger probability �d/

√
�2

l + �2
d of

injection in the bright state. The bright state can be excited
to the |a〉 level where the atom can decay to |c〉 with a rate
γa→c, and the process is repeated. Every cycle has a chance of
emitting a laser photon and going into the dark state. However,
if the atom decays from state |a〉 to state |b〉 (with a rate γa→b),
then this atom is lost from the game (without contributions to

the laser) since it is essentially the |b〉 state in the dark state
|D〉 for �d � �l .

The decay rate on the drive transitions must be greater
than the decay rate of the lasing transitions γa→b. This is bad
news for x-ray LWI, where the high-frequency a → b lasing
transition generally decays faster than the lower-frequency
drive transition [5]. However (and this is the basis of our
present transient XUV-LWI [24–26] studies), for high-power
subpicosecond pulses, decay rates are of secondary impor-
tance. In particular, the present paper has been stimulated
by and is an extension of our recent experiment [27] of
atomic coherence effects in the triplet manifold of helium
and helium-like ions (see Fig. 2). In that experiment, we
were able to observe superradiance in plasma, and we are
thus encouraged to extend the scope of our work to include
LWI atomic coherence effects solely in the triplet manifold. It
is interesting to note, however, that the present studies also
involve lasing on “forbidden” and “virtual” transitions. In
particular, we present here an analysis of the laser physics
of a driven V system in a dressed state basis demonstrating
XUV short pulse amplification without population inversion.
The strong drive laser is treated to all orders in the drive
Rabi frequency �d while the weak laser is treated to lowest
order in �l , as indicated in Fig. 3. The possibility of transient
XUV-LWI is an alternative of the current XUV technologies
[28–35]. The next section sketches the V LWI analysis of the
laser pulse amplification of a weak ultrashort laser seed pulse
in the presence of a strong driving pulse. The case of near
resonance (� ≈ 0) is given in Sec. III and the case of large
detuning (� � �d ) is given in Sec. IV. Numerical simulations
on helium atoms or helium-like ions for proposed experimental
realization are in Sec. V. We present our conclusion in
Sec. VI.

II. SHORT PULSE AMPLIFICATION
WITHOUT INVERSION

To present the physics of transient LWI in the simplest
terms, we consider an ensemble of independent stationary
atoms lasing on the a → b and driven on the c → b legs of
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FIG. 1. Upper (a) [lower (b)] level doublet in the dressed state
basis as produced by a drive laser between a and c (b and c). The
drive Rabi frequency is �d and the laser Rabi frequency is �l . The
double line means a much larger Rabi frequency in the drive transition
than the Rabi frequency in the lasing transition, as indicated by the
single line.

a V configuration. A dressed state picture of such a setup is
depicted in Fig. 4.

In the usual slowly varying approximation, the laser Rabi
frequency (between a and b) changes slowly on the state of
1/νl , where νl is the laser frequency and it is governed by the
equation of motion(

∂

∂z
+ 1

c

∂

∂t

)
�l(z,t) = iη(ρa+e−iω+t + ρa−e−iω−t )eiνl t−iklz,

(3)

where for typographical convenience we denote ρab+ by ρa+,
etc., and η = 3

8π
Nλ2

l γ in which γ is the radiative decay rate,
λl = c/νl is the wavelength, and N is the atomic density. The
density matrix elements ρa± obey the Schrödinger equation

ρ̇a+ = −
ρa+ − i
[
�a+ρ++e−i(νl−ω+)t

+�a−ρ−+e−i(νl−ω−)t − �a+ρaae
−i(νl−ω+)t

]
, (4)

FIG. 2. Ladder level diagram of helium (a), helium-like Li+ (b),
and helium-like B3+ corresponding to the recent experiments [27]
showing coherence between 2 3S and 2 3P in a helium-like plasma.
The dashed line corresponds to the forbidden transition between 2 3S

and 3 3D and the solid line corresponds to the allowed transitions.

FIG. 3. V scheme with drive frequency νd = ωcb + � and laser
action a → b±. Decay of levels a, b, c at rates γa , γb, γc is to other
levels outside the V system. The ± dressed states are indicated as
subscripts on the atomic states, as discussed further in Appendix.

where the decay rate 
 is given by


 = γa + γc

2
+ γcollision, (5)

where we take the decay rates γc = γb from the present purpose
of resonant drive, and the Rabi frequencies �a± are defined by

�a± = E

�
〈a|e�r|b±〉 = E

�
〈a|e�r 1√

2
[|b〉 ± |c〉]. (6)

Then the eigenstates |�±
b,n〉 are [see Eq. (A11) in Appendix]

|�±
b,n〉 = 1√

2
|b,n〉 ± 1√

2
|c,n − 1〉. (7)

III. RESONANT (� = 0) UNIFORM DECAY (γb = γc) CASE

The limit of resonant drive νd = ωcb and equal decay rates
from c and b (due perhaps to atom or electron collisions) is
instructive. Now the laser frequency lies midway between b+

FIG. 4. (Color online) Incident laser pulse (Rabi frequency �l)
and drive pulse (Rabi frequency �d ) pass through gas or plasma in
which the lasing atoms are in a coherent superposition of a dressed
state |b±〉. The dashed line between b+ and b− indicates the position
of level b when �d = 0.
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FIG. 5. (a) The usual V scheme, which does not yield LWI; (b) the
“V” scheme in which the |a〉 → |b〉 transition is forbidden (dashed
double-arrow line) does yield LWI at the frequency νl ≈ ωac.

and b−, that is, νl = 1
2 (ω+ + ω−), where ω+ − ω− = �d . In

the short pulse limit such that τ−1
pulse � � � 
, after time τ ,

Eq. (4) yields

ρa+(τ ) ≈ iτ {�a+[ρ++(0) − ρaa(0)] + �a−ρ−+(0)} . (8)

At time t = 0, we populate the upper and lower laser levels
such that ρaa + ρbb = 1. The drive level c is not populated so
that ρcc = 0. In such a case, the dressed states are now

|b±〉 = 1√
2

[|b〉 ± |c〉]. (9)

The lower laser state in the |±〉 representation is

|b〉 = 1√
2

[|b+〉 + |b−〉]. (10)

Hence for the initial density matrix

ρ(0) = ρaa(0)|a〉〈a| + ρbb(0)|b〉〈b|
= ρaa(0)|a〉〈a| + 1

2ρbb(0)

× [|b+〉〈b+| + |b−〉〈b−| + |b+〉〈b−| + |b−〉〈b+|] ,

(11)

so that

ρ++(0) = ρ−−(0) = 1
2ρbb(0) (12)

and

ρ+−(0) = ρ−+(0) = 1
2ρbb(0). (13)

FIG. 6. Dressed state |b±
n 〉 with their frequencies ω+

b ≈
ωb + nνd − i

γb

2 + �2
n

4�
and ω−

b ≈ ωb + nνd − i
γc

2 − � + �2
n

4�
for the

case � � �n. |b+
n 〉 =

√
1 − |�2

n|
4�̃2 |b,n〉 +

√
|�2

n|
4�̃2 |c,n − 1〉 and |b−

n 〉 =√
|�2

n|
4�̃2 |b,n〉 −

√
1 − |�2

n|
4�̃2 |c,n − 1〉. �̃ = � + i

2 (γc − γb) and νl ≈
ωab − νd − �2/4�. (See Appendix for details.)

We consider the Rabi frequencies �a± as defined in Eq. (6)
and then proceed to calculate ρa+. Thus we see that if, for
example, |a〉 = |3P 〉, |b〉 = |2S〉, then Eq. (6) gives �a+ =
�a−. Equation (8) yields ρa+(τ ) = iτ {�a+[ρbb(0) − ρaa(0)]}.
This implies that Im[ρa+(τ )] > 0 for no population inver-
sion, so LWI is not realized. However, if |a〉 = |3D〉 and
|b〉 = |2S〉, then �a+ = −�a−. In this case, Eq. (8) yields
ρa+(τ ) = −iτ {�a+ρaa(0)}, which implies that Im[ρa+(τ )] <

0. Therefore, combining the equation of motion for the field
[Eq. (3)], we have the LWI gain given by

gain ≈ 3

8π
Nλ2γ τρ(0)

aa . (14)

This is summarized in Fig. 5. Although the solution in this
section is insightful, we should emphasize that the “V” scheme
in Fig. 5(b) is actually a ladder scheme. The “LWI” at the
“forbidden” transition has a lasing frequency close to ωac.

IV. LARGE DETUNING BETWEEN b+ AND b− STATES

For large �d with negligible γ and �, the ω± frequencies
are governed by �d . In this case, it is useful to offset the
laser frequency νl by ±�d , i.e., to generate side bands so that
E0(z,t)eiνt → E′(z,t)[ei(ν+�d )t + ei(ν−�d )t ]. The Hamiltonian
is then

V (t) = ℘ac[|a〉〈b+|eiω+t + |a〉〈b−|eiω−t ]E

× [e−i(ν+�d )t + e−i(ν−�d )t ] + adj.

= ℘acE[|a〉〈b+|(1 + ei(ω+−ν+�d )t )

+ |a〉〈b−|(1 + ei(ω−−ν−�d )t )] + adj. (15)

since ω± = ν ± �d , and ignoring the rapidly oscillating terms
in Eq. (15), we have the LWI gain as the same as that in
Eq. (14).
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FIG. 7. (Color online) The schematic energy level scheme for the
high-order gain.

The limit of large detuning, � � �d � γa,γb, is of
interest, as sketched in Fig. 6. To realize laser amplification
with more atoms in the b state than in the a state and when
state c is initially empty, we note that the density matrix is then

ρ(0) = ρaa|a〉〈a| + ρbb|b〉〈b|. (16)

We may write the |b〉 state in the |±〉 basis in the large � limit
of Fig. 6 as

|b〉 =
√

1 − �2

4�̃2
|b+〉 −

√
�2

4�̃2
|b−〉, (17)

where �̃ ≡ � + i
2 (γc − γb). Hence most of the lower-level

population is in b+ since � � �, and ρ−− ≈ �2

4�2 ρbb. In such
a case, we have the chance to get population inversion between
level |a〉 and level |b−〉, and lasing action is indicated to take
place between |a,n〉 and |b,n〉. The lasing frequency is then
νl ≈ ωab + �.

Higher laser frequencies can be obtained, and this gain
is understood as involving virtual transitions as indicated in
Fig. 7. The atom at level b emits a photon with frequency νd

but gets excited to level c via the virtual process. It then emits
another photon and decays to the ground state b. Hence the
atom is back to the ground state but its energy is shifted by
2νd . Higher laser frequency can also be achieved in the ladder
scheme for the same reason. In principle, such a mechanism
can generate higher-order sidebands in LWI. We will discuss
this possibility elsewhere [36]. In the next section, we will
provide a numerical study to prove these mechanisms with
realistic numbers.

V. EXPERIMENTAL PROPOSAL

We choose the triplet levels of helium atoms or helium-like
ions for proposed experimental realization of the above con-
cept. Our approach utilizes advantages of the recombination
XUV lasers [28,29] and the effects of quantum coherence.
The population in the excited state atoms is prepared through
optical field ionization followed by nonradiative three-body
(two electrons and one ion) recombination, as described
in [27]. For three-body recombination rates to dominate
collisional ionization rates, the recombining plasma should
have a low electron temperature. Low-temperature plasma
can be realized with ultrashort laser pulses (at intensity on

(b)

(a)

FIG. 8. (Color online) (a) Energy diagrams (S-P -P scheme) of
He, Li+, and B3+; (b) simulated output intensity of the lasing fields
vs time.

the order of 1015 W/cm2 for helium) through tunneling
ionization [37–39]. Use of ultrashort laser pulses is crucial
to minimize plasma heating. A Ti:sapphire laser at wavelength
800 nm with pulses of 30–100 fs duration can be used to
generate the plasma. It has been demonstrated that a 4-mm-
long plasma channel can be achieved with the aid of Axicon
lenses [40].

We first give three experimental proposals in an S-P -P
scheme with helium [Fig. 8(a)]. This is a V-like scheme. The
drive laser is provided by an Nd:YAG laser or its second
or fourth harmonic, and is used to drive the 2 3S ↔ 2 3P

transition of the helium atoms. The lasing transition in which
we are interested is from the 3 3P to the virtual level at
the wavelength of the UV regime. We choose the typical
experimental parameters and conditions as follows. The atomic
system has density 1018 cm−3 and we prepare 15% population
at the exited state 3 3P . The system has a decoherence rate
of 0.3 × 1011 s−1 and a length of 1 mm. We pump the lower
transition with a strong laser pulse at 1064 nm wavelength,
with 1 mJ energy/pulse and ∼30 ps pulse duration. We
send the seed which is near resonant with the 3 3P → 2 3S

transition and has energy ∼10 pJ. Lasing without inversion at
the resonant frequency is emitted in the transient regime. Fur-
thermore, we also detect the emission at the higher frequency
(∼214 nm) and find the emission energy at this frequency
is ∼1 nJ. The time evolution of the intensity of the lasing
emission at 214 nm wavelength versus time is presented in
Fig. 8(b).
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(b)

(a) 

FIG. 9. (Color online) (a) Energy diagrams (S-P -D scheme) of
He, Li+, and B3+; (b) simulated output intensity of the lasing fields
vs time.

We also show the gain in the S-P -D scheme with helium.
This time, we choose the same drive field as we used in
the previous calculation, but we only need the atom medium
with 1017 cm−3 and 10% population prepared at the exited
state 3 3D. The seed pulse has the same energy, ∼10 pJ,
but a wavelength of ∼587 nm. The output lasing without
inversion also has the frequency component at ∼266 nm
and corresponding energy ∼1 nJ. [We show similar temporal
behavior of the output field at the wavelength ∼266 nm
in Fig. 9(b).] These calculations can be extended to other
helium-like ions such as Li+ and B3+ with energy schemes
shown in Figs. 8(a) and 9(a).

Although the experimental conditions for both proposals
are different, there is no fundamental difference between the
mechanism of generation of higher-frequency lasing without
population inversion in the S-P -P and the S-P -D schemes. In
a sample as short as 1 mm, we achieve a nano-Joule emission
via the virtual process. Experiments may be complicated
by requirements of high atomic density, etc. Nevertheless,
the high-frequency field amplification without population
inversion driven by a low-frequency intensive field holds real
promise.

VI. CONCLUSION

Previous proposals of LWI are constrained by special
requirements on spontaneous decay rates of atomic transitions
which limit their practical implementation. Here we show that
LWI can be achieved on a fast superradiant time scale in a
transient regime which lifts unwanted limitations and yields

potential for generation of coherent XUV or x-ray by driving
an atomic system with a low-frequency (e.g., infrared) field.
In our approach, LWI occurs on a “forbidden” transition and
also can result in light amplification at a higher frequency
due to the virtual process. We sketch the V scheme LWI
analysis in a dressed state basis where a weak ultrashort
laser seed pulse is amplified by using a strong driving field.
Experimental proposals of the concept in three-level helium
atoms or helium-like ions are investigated numerically. We
find that the higher-frequency laser field can be generated in
both S-P -P and S-P -D schemes. The analysis in this paper is
simple but the results are exciting. We hope this will stimulate
further discussions and more ideas in this area.
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APPENDIX: BARE ESSENTIALS OF DRESSED STATES

For the convenience of the reader and to establish the
notation, we present here the analysis of the driven levels c

and b which are decaying to other far-detuned states. This is
a well-studied problem, but it is central to our calculation and
we do not find that the usual treatment contains all the details
we want, e.g., eigenvectors including decay, detuning, etc. To
that end, we consider an n photon drive field of frequency νd

interacting with the b, c two-level system. As in Fig. 3, the
state vector is given by

|�〉 = cn(t)|c,n〉 + bn+1(t)|b,n + 1〉, (A1)

and the probability amplitudes obey the equation of motion

ċn =
[

− i(ωc + nν) − γc

2

]
cn − ig

√
n + 1bn+1, (A2)

ḃn+1 =
[

− i[ωb + (n + 1)ν] − γb

2

]
bn+1 − ig∗√n + 1cn,

(A3)

where g is the complex atom-field coupling frequency. As
indicated in Fig. 3, ν = ωcb + �, where ωcb = ωc − ωb and
� is the detuning between the drive field frequency and the
c → b transition frequency. We may write the matrix analog
of Eqs. (A2) and (A3) as

d

dt

(
cn

bn+1

)

= −i

[
ωc + nν − iγc/2 g

√
n + 1

g∗√n + 1 ωc + nν + � − iγb/2

]

×
(

cn

bn+1

)
, (A4)
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where we have used the fact that ωb + ν = ωc + �. It is
convenient to write Eq. (A4) as

d

dt

(
cn

bn+1

)
= −i

{
(ωc + nν + �/2)

[
1 0
0 1

]

+1

2

[−� − iγc �n

�∗
n � − iγb

]}(
cn

bn+1

)
, (A5)

where g
√

n + 1 = 1
2�n. The eigenfrequency of the |c,n〉,

|b,n + 1〉 pair is then

λ(±)
c,n = ωc + nν + �

2
− i

γc + γb

4
+ R(±)

n , (A6)

where the generalized Rabi frequency is

R(±)
n = ±1

2

[ (
� + i

2
(γc − γb)

)2

+ |�n|2
]1/2

. (A7)

The lower level b with n photons, |b,n〉, coupled to the state
|c,n − 1〉 replacing n → n − 1 and using ν = ωcb + � in
Eq. (A4) yields

d

dt

(
cn−1

bn

)

= −i

[
ωb + nν − � − iγc/2 g

√
n

g∗√n ωc + nν − iγb/2

](
cn−1

bn

)

= −i

{
(ωc + nν − �/2)

[
1 0
0 1

]
,

+1

2

[−� − iγc �n−1

�∗
n−1 � − iγb

]} (
cn−1

bn

)
, (A8)

the eigenfrequency of the |c,n − 1〉, |b,n〉 pair is

λ
(±)
b,n = ωb + nν − �

2
− i

γc + γb

4
+ R

(±)
n−1, (A9)

and the eigenvectors are found to be

|�±
c,n〉 = 1

2

√
|�n|2

R
(±)
n

[
2R

(±)
n + � + i

2 (γc − γb)
] |c,n〉

± 1

2

√
2R

(±)
n + � + i

2 (γc − γb)

R
(±)
n

|b,n + 1〉, (A10)

|�±
b,n〉 = 1

2

√√√√2R
(±)
n−1 + � + i

2 (γc − γb)

R
(±)
n−1

|b,n〉

± 1

2

√
|�n−1|2

R
(±)
n−1

[
2R

(±)
n−1 + � + i

2 (γc − γb)
] |c,n − 1〉.

(A11)
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