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Photodetachment near a repulsive center: Closed-orbit theory for the total cross section
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The total photodetachment cross section of a negative ion near a repulsive center is studied based on the
closed-orbit theory. An analytical expression, written as a product of the zero-field photodetachment cross
section and a modulation function, is obtained for energy above and below threshold. The expression also
incorporates the different wave sources produced by different negative ions. The present results are shown to
be accurate by comparing with quantum calculations based on the exact Coulomb Green’s function. We also
compared the photodetachment cross section near a repulsive center with that in a homogeneous electric field
and found interesting connections between the two.
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I. INTRODUCTION

Recently, we examined a theoretical model of photode-
tachment near a repulsive center [1]. This work was inspired
by an experiment on the photodetachment of a dicarboxylate
dianion [2], −O2C − (CH2)m − CO−

2 (with 3 � m � 11), in
which the photoelectron spatial distribution was found to be
largely dependent on the intramolecular Coulomb repulsive
force. In the previous paper [1], we discussed the quantum
interference in the differential cross sections induced by the
nearby repulsive center. Here we consider the effects of the
nearby repulsive center on the total photodetachment cross
section.

Many theoretical studies have revealed the phenomena
induced by external fields in the photodetachment spectra
of negative ions [3–11] (see also references in [1]). Three
dominant phenomena stand out in these studies: oscillatory
structures above the zero-field threshold, a finite cross-section
value at the threshold, and a quantum tunneling effect
below threshold. These phenomena have been observed in
some experiments [12–14]. In addition to these, several
approaches [3,4,7,8] have explored the final-state interaction
between the detached electron and the remaining neutral atom
after photodetachment. A related quantum-scattering problem
of slow electrons by a zero-range potential and a Coulomb
potential has been discussed by Rabinovich in 1985 [15].

In this paper, we use closed-orbit theory [6,16] to inves-
tigate the effects of a nearby repulsive center on the total
photodetachment cross section of a negative ion. The theory
provides a clear physical picture for the oscillations in the total
cross sections. The present results are shown to be accurate
by comparing with quantum calculations based on the exact
Coulomb Green’s function.

The remainder of this article is organized as follows. After
briefly summarizing the theoretical model and the electron
wave propagation after detachment in Sec. II, we first use
the closed-orbit theory to obtain a formula for the oscillatory
structure in the photodetachment spectra above the zero-field
threshold. Then we extend it to energy below the zero-field
threshold by introducing a uniform approximation in Sec. III.
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Several interesting phenomena are discussed in Sec. IV and a
comparison is made with the photodetachment of a negative
ion in a homogeneous electric field. Finally, a conclusion is
given in Sec. V. Atomic units are used throughout this work
unless specified otherwise.

II. THEORETICAL MODEL AND PHOTOELECTRON
WAVE PROPAGATION

The picture of photodetachment near a repulsive center
(Fig. 1) is identical to that in the previous work [1]. However,
previously we found it was convenient to study the differential
cross sections using a coordinate system (r , θ ) with its origin
at the repulsive center (solid circle). Here, we find that it is
more convenient to use a coordinate system with its origin at
the source point (open circle), because we have to follow a
closed orbit going out from and returning to the source, and
we also evaluate overlap integrals of wave functions relative to
the source point. We use the subscript s to indicate coordinates
(rs , θs) relative to the source (Fig. 1).

The theoretical model for the photodetachment of negative
ions is well established [3–11,13]. Initially an electron is
loosely bound by a short-range potential V (rs) in a state
ψi . After absorbing a photon, the loosely bound electron is
detached and an outgoing electron wave ψout is generated
from the detaching region. The outgoing wave is related to the
initial state ψi by the following inhomogeneous Schrödinger
equation:

1
2

(∇2
s + k2 − 2V

)
ψout = Dψi, (1)

where D is a dipole operator and k = √
2E, with E denoting

the initial kinetic energy. When the distance rs is sufficiently
large (krs � 1), the detached-electron wave behaves as a
spherical outgoing wave because the short-range potential V

is vanishingly small.
After detachment from the loosely bound initial state and

away from the source region, the detached-electron motion is
governed by the Hamiltonian near a repulsive center:

H = p2
r

2
+ p2

θ

2r2
+ α

r
− α

d
, (2)

where d is the distance between the wave source and the
repulsive center and α denotes the negative-charge number
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FIG. 1. Schematic representation of the system. The open and the
solid circles denote an electron source and a negatively charged center,
respectively. The electron source is supplied by photodetachment of
electrons from a negative ion. After the electron is detached, it escapes
following a hyperbolic trajectory as shown by the heavy solid curve.
Two coordinate frames are displayed with one relative to the repulsive
center and the other relative to the source of the electron. The angle
β is the initial ejection angle of the detached electron relative to the
z axis.

at the force center. Note the last term α
d

is a constant and its
purpose is to shift the value of the repulsive potential at the
position of the negative ion to zero. The classical trajectory
analysis for the present model has been presented in our
previous work [1], from which one can immediately find a
classical closed orbit lying on the line between the electron
source and the repulsive center (see Fig. 2 in [1]). A part of
the outgoing wave follows the closed orbit and comes back to
the source region.

In order to obtain the returning wave function, we first
select an initial spherical surface of radius Rs centered at the
negative ion [6,16,17]. The radius is such that on the spherical
surface the detached-electron outgoing wave is asymptotic and
the external repulsive force can be safely neglected compared
with the kinetic energy of the detached electron. This requires

1

k
� Rs � Ẽ

Ẽ + 1
d, (3)

where Ẽ = Ed
α

is a scaled energy [1]. Such Rs exists as long

as 1
k

� Ẽ

Ẽ+1
d or the energy is not very close to the zero-field

threshold. The final physical result is independent of such a
surface radius Rs as shown in the following sections.

On the spherical surface we assume the detached-electron
wave has the following spherical outgoing-wave form:

ψout(Rs,β,φ) = C(k)Ylm(β,φ)
eikRs

Rs

, (4)

where (Rs , β, φ) are spherical coordinates for the electron
relative to the source point (Fig. 1); C(k) is a factor dependent
on the electron energy E. The angle-dependent factor Ylm(β,φ)
is a spherical harmonic function representing the angular
distribution of outgoing waves. Usually we are interested in

0

0.2

0.4

0.6

0.8

−0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0

0.2

0.4

0.6

0.8

Scaled energy Ed/α (a. u.)

R
ed

uc
ed

 to
ta

l c
ro

ss
 s

ec
tio

n 
(a

rb
. u

ni
ts

)

0

0.2

0.4

0.6

0.8

1.0
(a)

(b)

(c)

d=100a
0

d=200a
0

d=300a
0

FIG. 2. (Color online) Reduced total cross sections in Eq. (22) for
an s-wave source (solid curves) with α = 1 and (a) d = 100a0, (b)
d = 200a0, and (c) d = 300a0, where a0 is the Bohr radius. The open
circles are results obtained by numerically integrating the detached-
electron flux distributions [1]. The dots represent the quantum results
using the formulas in Appendix D.

an s-wave source, such as the photodetachment of S− [13,14],
or a p-wave source such as the photodetachment of H− [12].

The semiclassical propagation of such an initial spherical
outgoing wave in Eq. (4) has been analyzed in detail earlier [1].
The general semiclassical wave propagating along the closed
orbit can be written as

ψret = ψout(Rs,π,φ)A(r)ei[S(r)−μ π
2 ], (5)

where μ is the Maslov index, S(r) is the classical action,
and A(r) is the amplitude. When the wave comes back to
the source, the Maslov index equals 1, and the semiclassical
amplitude A and the accumulated phase S are, respectively,
given by

A = αRs

4Ed2
(6)

and

S = 2
√

2dα√
1 + Ẽ

[
√

Ẽ(1 + Ẽ) − ln(
√

1 + Ẽ +
√

Ẽ)],

Ẽ � 0. (7)

The amplitude A in Eq. (6) is obtained from Eqs. (23) and (26)
in [1], and the phase S in Eq. (7) is obtained from Eq. (67) in [1].
The action S along this closed orbit can also be calculated using
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the standard definition

S = 2
∫ d

rturn

√
2
(
E + α

d
− α

r

)
dr, (8)

with the turning point rturn = α
E+α/d

, by assuming
√

r = x and
integrating by parts.

When the detached-electron wave in Eq. (5) returns to the
source region, the returning wave in Eq. (5) is approximately
a plane wave traveling along the positive z direction [6], and
it can be written as

ψs
ret =

[
C(k)Ylm(π,φ)

Rs

]
Aei(S− π

2 )eikzs , (9)

where [18]

Ylm(π,φ) = (−1)lNl0δm0, with Nl0 =
√

2l + 1

4π
. (10)

We note that Eq. (9) is independent of Rs because of the
amplitude A in Eq. (6). The returning wave in Eq. (9)
overlaps with the quantum wave source and induces oscillatory
structures in the total photodetachment cross section, which are
described quantitatively in the next section.

III. PHOTODETACHMENT CROSS SECTION

In this section, we first give the essential formulas of closed-
orbit theory and then express the cross section in terms of only
the outgoing wave and the returning wave that were given in
Sec. II. A two-term expression is subsequently obtained for the
total cross section above zero-field threshold. The formula is
extended using a uniform approximation, which is applicable
for all energy including the tunneling region below the zero-
field threshold.

A. Closed-orbit theory

Following closed-orbit theory [6,16], the total cross section
of photodetachment in an external field can be written as

σ = σ0 + σr, (11)

where σ0 is a smooth background

σ0 = −4πEph

c
Im〈Dψi |ψout〉 (12)

corresponding to the photoabsorption process without any
external field, and

σr = −4πEph

c
Im

〈
Dψi

∣∣ψs
ret

〉
(13)

is the contribution from returning waves associated with
closed orbits in an external field; c and Eph = E + Eb are,
respectively, the light speed and the absorbed photon energy,
with Eb = k2

b/2 denoting the binding energy of the negative
ion.

Using the relationship between the detached-electron out-
going wave and an initial bound state in Eq. (1), the imaginary
parts in Eqs. (12) and (13) can be, respectively, transformed
into (Appendix A)

Im〈Dψi |ψout〉 = −1

2
Im

∫ (
ψ∗

out∇rs
ψout

)
dsR (14)

for the direct-outgoing wave ψout and

Im
〈
Dψi

∣∣ψs
ret

〉 = 1

2
Im

∫ (
ψout∇rs

ψs∗
ret − ψs∗

ret∇rs
ψout

)
dsR

(15)

for the returning wave ψs
ret, where sR is an area element on the

spherical surface with a radius Rs centered at the negative ion.

B. Modulations above zero-field threshold induced
by closed orbit

Substituting the outgoing wave in Eq. (4) into Eq. (14),
the smooth background without any external field can be
immediately worked out as

σ0 = 2πkEph

c
|C(k)|2. (16)

Substituting the outgoing wave in Eq. (4) and the returning
wave in Eq. (9) into Eq. (15), the integrals can be worked out
as (Appendix B)∫

ψout∇rs
ψs∗

retdsR→∞ = (−1)l(2l + 1)|C(k)|2δm0
A

2Rs

× [
1 + ei(2krs−lπ)

]
e−i(S− π

2 ) (17)

and∫
ψs∗

ret∇rs
ψoutdsR→∞ = −(−1)l(2l + 1)|C(k)|2δm0

A

2Rs

× [
1 − ei(2krs−lπ)

]
e−i(S− π

2 ). (18)

Therefore, the oscillatory part associated with the closed orbit
is

σr = −(−1)l(2l + 1)|C(k)|2 2πAEph

cRs

cos(S)δm0. (19)

Finally, by combining the smooth background in Eq. (16)
and the oscillatory part in Eq. (19), the total photodetachment
cross section can be obtained as a product:

σ = σ0Hc, (20)

where

Hc = 1 − (−1)l(2l + 1)
A

kRs

cos(S)δm0 (21)

is the modulation function induced by returning waves along
the closed orbit in the repulsive Coulomb field.

The total photodetachment cross section in Eq. (16) without
any external fields must follow a Wigner power law [19,20],
σ0 ∝ k2l+1, near the zero-field threshold, which requires
C(k) ∝ kl . For convenience in the discussions later, a reduced
cross section can be defined as

σ̃ = k2l+1

(
σ

σ0

)
= k2l+1Hc, (22)

which avoids the divergence of the modulation function Hc

at the zero-field threshold and also converges to the Wigner
threshold law when the external field is removed.
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C. Extending to the below threshold region

Very close to the zero-field threshold, the semiclassical
cross section obtained in Eqs. (20)–(22) is not accurate. For
instance, for an s-wave source, it diverges at the zero-field
threshold. Here we use a uniform approximation and extend the
formulas to regions including threshold and below threshold.

We first rewrite the modulation function in Eq. (21) as

Hc =
[

1 − (−1)l(2l + 1)
1

3S
cos(S)δm0

]
− (−1)l(2l + 1)

(
A

kRs

− 1

3S

)
cos(S)δm0, (23)

where the first term in the square bracket is the semiclassical
modulation function in a static electric field. When the zero-
field threshold is approached, the first term dominates due to
the following limit:

lim
E→0

[
A

kRs

/
1

3S

]
= 1 (24)

with the amplitude in Eq. (6) and the action in Eq. (7). Close to
the zero-field threshold, the detached electron will be mainly
affected by the repulsive potential very close to the wave-
source location. Accordingly, the modulation function should
be similar to that in a uniform electric field (Appendix C). For
photodetachment in a uniform electric field, it is fortunate that
the exact modulation function is available [4,9,10].

We now replace the expression in the square bracket of
Eq. (23) by an exact modulation functionHF in a uniform-field
case corresponding to action S, and we replace the second
term in Eq. (23) by more accurate Airy functions [1]. Then the
modulation function in Eq. (23) becomes

Hc = HF (ζ ) + (−1)l(2l + 1)

(
A

kRs

− 1

3S

)
× 2πAi(ζ )Ai′(ζ )δm0, (25)

where ζ is a real variable defined as

ζ = −(
3
4S

)2/3
, (26)

and the function HF can be written out as

HF
s (ζ ) = π

(−ζ )
1
2

[Ai′2(ζ ) − ζAi2(ζ )] (27)

for an s-wave source (l = 0, m = 0) and as

HF
pz

(ζ ) = π

(−ζ )
3
2

[ζ 2Ai2(ζ ) − 2Ai(ζ )Ai′(ζ ) − ζAi′2(ζ )]

(28)

for a p-wave source (l = 1, m = 0). The general form of the
function HF is given in Appendix C.

The propagation amplitude A in Eq. (6) can be directly
evaluated in the negative electron-energy range. Both the
electron momentum k and the semiclassical-propagation phase
S can be extended from their definitions [see Eq. (8) for
the original definition of S]. For energy below the zero-field
threshold,

k = i
√

2(−E), E � 0 (29)

and

S = −2i

∫ rturn

d

√
2

(
α

r
− α

d
− E

)
dr, E � 0, (30)

which can be worked out as

S = 2i
√

2dα√
1 + Ẽ

[√
−Ẽ(1 + Ẽ) − 1

2
arccos(1 + 2Ẽ)

]
,

−1 < Ẽ � 0, (31)

and

S = −i∞, Ẽ � −1. (32)

IV. CALCULATIONS AND DISCUSSIONS

In this section, we first discuss several important general
predictions derived from formulas in the last section. Then the
photodetachment of hydrogen negative ion near a repulsive
center is discussed in detail. Finally, a comparison is made
between the photodetachment spectra near a repulsive center
and that in a homogeneous electric field.

A. Oscillations in the photodetachment cross section

In Figs. 2 and 3 the reduced cross sections in Eq. (22)
are plotted using Eqs. (25)–(32) for an s-wave source (l = 0,
m = 0) and a p-wave source (l = 1, m = 0), respectively,
where the oscillatory “ripple” structure can be observed
clearly. With increasing distance between the electron source
and the repulsive center, the oscillation frequency increases
but the amplitude of the oscillation decreases.

We have also calculated the cross sections by numerically
integrating the uniform differential cross section studied ear-
lier [1]. The results of the numerical integrations are displayed
as open circles in both Figs. 2 and 3. The agreements above
the zero-field threshold are confirmed. Alternative calculations
indicated by dots based on the exact Coulomb Green’s function
(Appendix D) further confirm the accuracy of the present
results, even below the zero-field threshold.

For a detached-electron wave with m 
= 0, no oscillatory
structure is predicted from the expression in Sec. III. In fact, the
closed orbit sits exactly on the node of the electron outgoing
wave and the oscillation is extremely weak [5,21]. A more
refined treatment is required, which is a topic of future study.

B. Shift of the photoelectron threshold

In both Figs. 2 and 3 the photodetachment cross sections
below the zero-field threshold are still significant because of
quantum tunneling through the Coulomb barrier. According to
the modulation function in Eq. (25), the photodetachment cross
section vanishes once the scaled energy Ẽ approaches −1.
Therefore, as a result of the presence of the nearby repulsive
center, the photoelectron threshold is shifted to a lower
value equal to Eb − α/d from the zero-field photodetachment
threshold Eb. This lowering of the photoelectron threshold has
been observed experimentally [2,22].
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FIG. 3. (Color online) The same as Fig. 2 but for a pz-wave
source.

C. Phase and scaling in modulation function

The oscillatory phase in the photodetachment cross section
is dependent on the symmetry of the quantum wave source,
due to the existence of the parity factor (−1)l in the modulation
function. From Eqs. (20) and (21), the parity factor (−1)l in
the cross section can change the modulation phase as

(−1)l cos(S) = cos(S + lπ ). (33)

In Fig. 4 we compare the modulation functions Hc for an
s-wave source and a pz-wave source. A phase difference of
about π can be observed clearly. Such a source-dependent
phase effect has been noticed earlier in studying the difference
between the photodetachment spectra for an s-wave source
and a p-wave source in a uniform electric field [23].

Next, we note that the scaling in the modulation function is
similar to that in the differential cross section [1]. Noting that
the action S is a function only of the scaled energy Ẽ and the
product of d and α, and also that

A

kRs

= 1

4Ẽ
3
2

1√
2dα

, (34)

one can immediately verify that the modulation function Hc

in Eq. (25) is only dependent on the scaled energy Ẽ and the
product dα.

D. Photodetachment of H− near a repulsive center

Here, we consider the photodetachment spectra of H−
in more detail. The photodetachment of H− has been well
established theoretically in the literature and the specific form
of the spherical outgoing wave in Eq. (4) can be obtained from
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FIG. 4. (Color online) The modulation functions in Eq. (25)
corresponding to the cases in Figs. 2 and 3. The solid curves are
for an s-wave source, while the dashed curves are for a pz-wave
source. Note the phase difference of π between the s-wave source
and the pz-wave source.

its initial bound state, which enables us to write out the total
photodetachment cross section completely.

In the photodetachment process of H− irradiated by a
linearly polarized laser light along the z direction, from Eq. (1)
the outgoing wave can be obtained as [17]

ψout = 4Bki(
k2
b + k2

)2

eikRs

Rs

cos β, (35)

where B = 0.31552 is a normalization constant related to the
initial bound state and the binding energy Eb = 0.7542 eV. By
comparing with Eq. (4), the energy-dependent factor C(k) has
the following form:

C(k) = ikB

N10E
2
ph

. (36)

By combining Eqs. (16) and (21), the closed-orbit theory gives
the total photodetachment cross section of H− near a repulsive
center as

σ = 16π2
√

2B2E3/2

3c(Eb + E)3
+ 4π2B2

c(Eb + E)3

α

d2
cos(S), Ẽ > 0.

(37)
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FIG. 5. (Color online) Photodetachment cross section of H− near
a repulsive center in Eq. (38) with d = 200a0 and α = 1. The accuracy
is confirmed by an alternative calculation (dots) based on the exact
Coulomb Green’s function (Appendix D). Because of the presence
of the repulsive center, the zero-field threshold denoted by the arrow
O is shifted to a lower energy indicated by the arrow N. Note that the
energy scale below 0.7 eV is different from that above 0.7 eV.

The uniform expression for the photodetachment cross section
valid below and above the zero-field threshold is obtained by
the product of the zero-field cross section or the first term on
the right-hand side in the above equation and the modulation
function in Eqs. (25) and (28). It is

σ = 16π2
√

2B2E3/2

3c(Eb + E)3

π

(−ζ )
3
2

{
ζ 2Ai2(ζ )

− 1

2

[
1 + 6α

k3d2
(−ζ )

3
2

]
Ai(ζ )Ai′(ζ ) − ζAi′2(ζ )

}
,

(38)

with ζ given in Eq. (26).
In Fig. 5, a typical photodetachment cross section for

H− near a repulsive center is displayed with d = 200a0 and
α = 1, where both the oscillatory structure above the zero-field
threshold and the quantum tunneling effect below threshold
can be observed clearly. The quantum calculations using
Eq. (D7) from Appendix D is also shown, confirming the
accuracy of the present uniform expression in Eq. (38).

E. Comparing with the photodetachment in a homogeneous
electric field

When the photodetachment cross section near a repulsive
center in Eq. (37) is compared with that in a uniform electric
field [5,6], we find that the oscillatory amplitude in the
photodetachment cross section near a repulsive center is the
same as that in a uniform static field with field strength
F = α/d2. In Fig. 6 we compare the cross section in Fig. 5 with
the total photodetachment cross section of H− in a uniform
static field with F = 128.55 kV/cm, which is calculated from
F = α

d2 in a.u. with d = 200a0 and α = 1. In the figure
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FIG. 6. (Color online) Comparing the photodetachment cross
section of H− near a repulsive center (green and thick) with that
in a uniform electric field (red and thin). The dashed lines represent
the envelopes of the oscillations. Here d = 200a0 and α = 1. The
static electric-field strength is calculated from F = α

d2 and is equal
to 128.55 kV/cm. Note that the oscillations in the two systems have
equal amplitudes, as discussed in the text.

the dashed lines are the envelopes of the oscillations. This
equivalence may come as a surprise because F = α/d2 is
only a local approximation to the repulsive potential in the
negative ion region and the differential cross sections of the
two systems seem very different [1,17].

The origin of this equivalence can be traced to the dynamics
of the two systems. In Fig. 7 we show trajectories near
the closed orbits in both systems propagating out from and
returning back to the negative ion. The thin lines (red online)
are for a repulsive Coulomb field, while those thick lines
(green online) are for the corresponding homogenous electric
field. The dashed curve indicates the crossing points of the
two trajectories in the two systems initially going out from
the negative ion with the same ejection angle. Near the z

axis, the dashed line is a straight line crossing the origin
where the negative ion is located and is perpendicular to
the z axis. The wave amplitude of the detached electron is
related to the spacing of trajectories [1]. From Fig. 7, we note
that, although the spacing of trajectories along the z axis in
each system varies as the position changes, nevertheless, two
trajectories with the same outgoing angle in the two systems
cross again on the dashed line, leading to the same spacing
of trajectories and returning wave amplitude. Because of the
dynamical origin, the discussion above about the negative
hydrogen ion is equally valid for other negative ions.

V. CONCLUSIONS

Following our recent study on the quantum interferences
in the differential cross section [1], we have studied the
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FIG. 7. (Color online) Dynamical origin of the equal oscillation
amplitudes in Fig. 6. Thin (red) trajectories are for a detached electron
near a repulsive center, and thick (green) trajectories are for a static
electric field F = α

d2 . Here d = 200a0, α = 1, and E = 0.1 eV. Note
that the two trajectories ejected with the same angle close to π in the
two different systems first move downward and then return, and they
finally cross on the dashed line, which is perpendicular to the z axis.

oscillations in the total cross section for photodetachment
near a repulsive center. These studies were motivated by
experiments on photodetachment of a dicarboxylate dian-
ion [2], −O2C − (CH2)m − CO−

2 (with 3 � m � 11), where
the intramolecular Coulomb repulsive force plays a significant
role.

Based on closed-orbit theory [6,16], we derived a formula
in Eq. (20) for the photodetachment cross section above the
zero-field threshold. The formula was extended to a uniform
one in Eq. (25) applicable for energy above and below the
zero-field threshold. The accuracy of the present results was
shown to be excellent by comparing with both direct numerical
integration over the differential cross section [1] and quantum
calculations based on the exact Coulomb Green’s function.

We discussed several features in the total photodetachment
cross section near a repulsive center, including the oscillatory
structure, the shift of the photoelectron threshold, and the effect
of wave-source parity on the phase of the oscillation. We also
demonstrated that the oscillation amplitude in the cross section
near a repulsive center is the same as that in a static electric field
if the static electric-field strength F = α

d2 , where d measures
the distance between the negative ion and the repulsive center
and α is the negative-charge number. This peculiar relationship
is rooted in dynamics and is independent of the negative ion.
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APPENDIX A: CONVERTING EQS. (12) AND (13)
TO EQS. (14) AND (15)

For convenience, we use � to denote the wave source Dψi ,
and ψ in the following formulas represents the direct-outgoing
wave or the returning wave. Substituting the inhomogeneous
Schrödinger equation in Eq. (1) into Eqs. (12) and (13), we
first write the integrand in Eqs. (12) and (13) as

Im(�∗ψ) = − 1
2 (k2 − 2V )Im(ψ∗ψout) − 1

2 Im
(
ψ∗∇2

s ψout
)
,

(A1)

which can be transformed into

Im(�∗ψ) = − 1
2 Im

[
ψout

(∇2
s + k2 − 2V

)
ψ∗]

+ 1
2∇sIm(ψout∇sψ

∗ − ψ∗∇sψout) (A2)

after applying the following equation:

∇s(ψout∇sψ
∗ − ψ∗∇sψout) = ψout∇2

s ψ
∗ − ψ∗∇2

s ψout. (A3)

Integrating both sides of Eq. (A2) and using the divergence
theorem on the right-hand side, we have

Im〈Dψi |ψ〉 = −1

2
Im

∫ [
ψout

(∇2
s + k2 − 2V

)
ψ∗]d3rs

+ 1

2
Im

∫ (
ψout∇rs

ψ∗ − ψ∗∇rs
ψout

)
dsrs→∞.

(A4)

Equation (14) is obtained by using the inhomogeneous
Schrödinger equation in Eq. (1) again in the above equation.
If ψ is the returning wave, the first term in Eq. (A4) vanishes
and only the second integration survives, giving Eq. (15).

APPENDIX B: THE DERIVATION OF EQS. (17) AND (18)

Assuming rs is sufficiently large, the two integrands in
Eqs. (17) and (18) can be written out using Eqs. (4) and (9) as

ψout∇rs
ψs∗

ret = −ikClm cos θsYlm(θs,ϕ)
eikrs

rs

e−ikrs cos θs , (B1)

and

ψs∗
ret∇rs

ψout = ikClmYlm(θs,ϕ)
eikrs

rs

e−ikrs cos θs

− ClmYlm(θs,ϕ)
eikrs

r2
s

e−ikrs cos θs , (B2)

where Clm is defined as

Clm = |C(k)|2Ylm(π,φ)
A

Rs

e−i(S− π
2 ). (B3)

Using the relationship in spherical harmonics

cos θsYlm = blmYl+1,m + bl−1,mYl−1,m, (B4)

where

blm =
√

(l + 1)2 − m2

(2l + 1)(2l + 3)
, (B5)
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the integration of Eq. (B1) can be written as∫
ψout∇rs

ψs∗
retdsrs→∞= − ikClm(blmDl+1,m+bl−1,mDl−1,m),

(B6)

where Dlm is defined as

Dlm =
∫

rs→∞
Ylm(θs,ϕ)eikrs e−ikrs cos θs rs sin θsdθsdϕ. (B7)

It can be decomposed as

Dlm =
∞∑

l′=0

√
4π (2l′ + 1)(−i)l

′
jl′(krs)rse

ikrs

×
∫

Ylm(θs,ϕ)Y ∗
l′0(θs) sin θsdθsdϕ, (B8)

where jl′ (krs) is a spherical Bessel function. Because the
spherical harmonics are orthogonal and normalized, we then
have

Dlm =
√

4π (2l + 1)(−i)ljl(krs)rse
ikrs δm0. (B9)

Using the following asymptotic formula,

jl(krs) → 1

krs

sin

(
krs − lπ

2

)
,rs → ∞, (B10)

we finally have

Dlm = i

2k

√
4π (2l + 1)

[
1 − ei(2krs−lπ)

]
δm0, (B11)

when the radius rs is large.
The result in Eq. (17) is obtained by substituting Dlm into

Eq. (B6). The integration of the second term in Eq. (B2)
vanishes for large rs as a result of the asymptotic behavior
of the spherical Bessel function at infinity in Eq. (B10), and
the first term can be written out as in Eq. (18) using Dlm in
Eq. (B11).

APPENDIX C: MODULATION FUNCTION IN A
HOMOGENEOUS ELECTRIC FIELD

As we mentioned, the semiclassical modulation function
HF (S) in a static electric field is

HF =
[

1 − (−1)l(2l + 1)
1

3S
cos(S)δm0

]
, (C1)

which can be shown using steps analogous to those that led to
Eq. (21).

Using the exact Green’s functions, Bracher et al. have
shown that both the total cross section without any field and
that in a uniform static electric field can be, respectively,
obtained as [9,10]

σ0 = |λlm|2
4π2

k2l+1 (C2)

and

σ = |λlm|2
2π

l∑
j=|m|

k2l+1

(2
√−ζ )2l+1

2j (2j + 1)!!T 2
j lmQi3j−2l+1(ζ )

(C3)

for an idealized multipole point source

Dψi = λlmδlm(r − d), (C4)

where λlm is a source strength and δlm(r − d) is a multipole δ

function with angular momentum (l, m) relative to the source
point at d (see [9,10] for details). Tjlm and Qiν(ζ ) in Eq. (C3)
are defined as

Tjlm = 1

(l − j )!

√
(2l + 1)(l + m)!(l − m)!

(2j + 1)(j + m)!(j − m)!
, (C5)

Qiν(ζ ) = lim
z→0

(
− 1

2z

∂

∂z

)ν

Ai(ζ − z)Ai(ζ + z), (C6)

Qi−ν(ζ ) = lim
z→0

∂ν

∂zν
[Ai(ζ − z)]2, ν � 0. (C7)

Although the cross section in [9,10] is defined slightly
differently from ours, the modulation function is independent
of the specific definition for the cross sections because it is
the ratio of the cross section in the static electric field to
the zero-field cross section. Therefore, the exact form of the
modulation function HF can be obtained as

HF (ζ ) =
l∑

j=|m|

2π

(2
√−ζ )2l+1

2j (2j + 1)!!T 2
j lmQi3j−2l+1(ζ ),

(C8)

by using Eqs. (C2) and (C3) in Eq. (20).

APPENDIX D: TOTAL CROSS-SECTION FORMULAS
BASED ON EXACT COULOMB GREEN’S

FUNCTION

Here it is most convenient to use the coordinates relative
to the repulsive charge center. The exact Coulomb Green’s
function can be written as [24–27]

G(r,d,ε) = �(1 − iη)

2π |r − d| [W ′
iη,1/2(ξ )Miη,1/2(ζ )

−Wiη,1/2(ξ )M′
iη,1/2(ζ )], (D1)

which satisfies the inhomogeneous Schrödinger equation with
a delta source:(

1

2
∇2 − α

r
+ ε

)
G(r,d,ε) = δ(r − d), (D2)

where the total energy ε = E + α/d, η = −α/κ with κ =√
2ε, ξ = −iκ(r + d + |r − d|), and ζ = −iκ(r + d − |r −

d|). �(1 − iη) is a gamma function [28]. Miη,1/2(ζ ) and
Wiη,1/2(ξ ) are, respectively, the Whittaker functions of the
first kind and the second kind [28].

Following the method developed by Bracher et al. [9,10],
the total cross section for the multipole source in Eq. (C4) is
given by the following equation:

σ = −2|λlm|2Im

[
lim
r→d

K∗
lm

(
∂

∂r

)
Glm(r,d; ε)

]
, (D3)
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where Glm(r,d; ε) is a multipole Green’s function and can be
obtained from the usual Green’s function as

Glm(r,d; ε) = Klm

(
∂

∂d

)
G(r,d; ε). (D4)

The spherical tensor gradient operator Klm( ∂
∂r ) in Eqs. (D3)

and (D4) is defined by replacing the Cartesian components
of r = (x,y,z) in the argument of the harmonic polynomial
Klm(r) = rlYlm(θ,ϕ) by the Cartesian components of ∇ =
( ∂
∂x

, ∂
∂y

, ∂
∂z

) [29,30].
According to the definition in Eq. (22), the reduced cross

section can be written out from Eqs. (D3) and (C2) as

σ̃ = −8π2Im

[
lim
r→d

K∗
lm

(
∂

∂r

)
Glm(r,d; ε)

]
. (D5)

Substituting the exact Coulomb Green’s function in Eq. (D1)
into Eq. (D5), the closed-form expression of the reduced cross

section for an s-wave source is obtained as

σ̃ = κeπη|�(1 − iη)|2
[
M′2

iη,1/2(−2iκd)

− 1

4

(
1 + 2η

κd

)
M2

iη,1/2(−2iκd)

]
, (D6)

and the closed-form expression for a pz-wave source is written
out as

σ̃ = κ3eπη|�(1 − iη)|2
{(

1 + 2η

κd

)
M′2

iη,1/2(−2iκd)

− 2iη

κ2d2
Miη,1/2(−2iκd)M′

iη,1/2(−2iκd)

− 1

4

[(
1 + 2η

κd

)2

+ 2η

κ3d3

]
M2

iη,1/2(−2iκd)

}
(D7)

in terms of the Whittaker function of the first kind.
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