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Model for a phase-space selector using microwave transitions
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We establish a model to describe any alkali-metal atom interacting with a position- and time-dependent
magnetic field. It includes the hyperfine structure of the atom and quantizes its center-of-mass motion. The model
is used to characterize a proposed phase-space selector. It consists of a method based on hyperfine magnetic
dipole transitions to prepare samples of atoms with well-defined position and velocity. The evolution of the
atom is determined analytically and relevant physical quantities such as the probability of transition and the
expected values of position and momentum are analyzed. It is concluded that the phase-space selector can
lead to samples of atoms whose width in velocity tends to those obtained using velocity-dependent Raman

transitions.
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I. INTRODUCTION

Raman transitions between two hyperfine sublevels are an
important tool used in experimental physics to manipulate
alkali-metal atoms [1-12]. They involve the simultaneous
absorption and stimulated emission by an atom and can
be implemented in a copropagating or counterpropagating
laser beam configurations. In the latter, Doppler shifts add
and the Raman transition becomes sensitive to the velocity
of the atoms. These velocity-dependent Raman transitions
can be used to prepare samples of atoms with well-defined
velocity [1-3] which, in turn, can be used, for example, to make
matter-wave interferometers [4] and to measure forces [5-7]
and fundamental constants [8,9]. Moreover, Raman transitions
have found applications in diverse fields such as dynamics in
optical lattices [10], quantum decoherence, and chaos [11,12].
Therefore, developing other methods that can be used to
prepare samples of atoms with well-defined position or
velocity and that exhibit other virtues when compared to
Raman transitions is important. In this article we propose one
method based on hyperfine magnetic dipole transitions. We
now present the ideas behind it.

We first describe how one can select in position, that is, how
one can obtain a sample of atoms with well-defined position.
Consider a cloud of noninteracting alkali-metal atoms in a
static magnetic field B(r) that depends on position and prepare
all the atoms in one of the ground-state hyperfine sublevels, say
[1). Among all the atoms in the cloud one wishes to select only
those in a small neighborhood V (ry) around a fixed position
ro. One can do this by sending only the atoms in V(ry) to
another of the ground-state hyperfine sublevels, say |2), and
then applying a laser field that gets rid of the atoms outside
V(ryp), that is, that pushes away the atoms that remained in
state |1). This can be done by noticing that, as a result of the
Zeeman effect and the dependence on position of B(r), states
|1) and |2) have an energy difference A E(r) that depends on
the position r in which each atom is located. Only the atoms
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in V(rg) have AE(r) ~ AE(ry). Hence, one can apply a &
pulse using a monochromatic magnetic field B, (r,t) that is
quasiresonant with the |1) <> |2) transition for atoms inside
V(rp). The  pulse will send all the atoms in V(ry) to state
|2}, while all the atoms outside V (ry) will remain in state |1)
because they are far off resonance. In this way one obtains a
sample of atoms in a small neighborhood V (ry) of ry; that is,
one selected atoms in position.

The selection in velocity is achieved by selecting in
position at two different times. After the first selection in
position, assume that the sample of atoms in state |2) and
in a small neighborhood V (ry) of ry starts moving vertically
(for example, the atoms move due to gravity or a laser field
pushes the atoms). At a certain instant make another selection
in position; that is, apply a w pulse using a monochromatic
magnetic field B ,(r,?) that is quasiresonant with the |1) < |2)
transition for atoms inside a small neighborhood V (r;) around
r;. As a consequence of the two selections in position a
selection in velocity has been performed; that is, the cloud
of atoms in state |1) [the atoms in V(r;)] has well-defined
velocity. One can get rid of the atoms in state |2) by applying a
laser field that pushes them away. Moreover, the cloud of atoms
in state |1) will become spatially separated from the cloud of
atoms in state |2) because the clouds move under different
potentials due to the different response to the magnetic field
of the two levels.

It is the purpose of this article to characterize the phase-
space selector described above, that is, the selections in
position and in velocity described above. In order to do this
we introduce a model that describes an alkali-metal atom
interacting with a classical magnetic field and establish its
regime of validity. The model includes the hyperfine structure
of the atom and quantizes the center-of-mass motion.

The article is organized as follows. In Sec. II we review
the internal structure of an alkali-metal atom. In Sec. III
we introduce the model that describes an alkali-metal atom
with quantized center-of-mass motion and interacting with a
classical magnetic field. In Secs. IV and V we investigate the
evolution of the atom before and during the application of
B,(r,t). In Sec. VI we characterize the selections in position
and in velocity. Finally, the conclusions are given in Sec. VII.
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II. INTERNAL STRUCTURE OF AN
ALKALI-METAL ATOM

In this section we briefly review the internal structure of
an alkali-metal atom in the mean-field approximation. All the
details are provided in Appendix A.

The ground-state configuration of an alkali-metal atom
consists of a series of full shells followed by a single s electron.
Moreover, the internal configuration is so stable that all except
high excited states of the atom involve only the valence
electron. Hence, to good approximation alkali-metal atoms
can be treated by a model in which a single electron moves
in a spherically symmetric non-Coulomb potential. In this
mean-field approximation the Hamiltonian of an alkali-metal
atom of mass M in the ground-state configuration and whose
nucleus is fixed at a position is given by [13—15]

a hAW

Hy = th J+ 0Ir D)
Herea = 2hAW /(21 4 1), AAW is the field-free ground-state
(energy) hyperfine splitting, I is the nuclear spin angular
momentum operator, / is the nuclear spin, and J is the total
angular momentum operator of the valence electron (the sum
of the orbital plus the spin angular momentum operators). In
the rest of the article we assume that 7 > 1/2.

We emphasize that we are restricting to the ground-state
configuration of the atom, that is, we have restricted the
principal quantum number n to its smallest value ny and
we have taken the azimuthal quantum number / to be zero.
Hence, J = S with S the spin angular momentum operator of
the valence electron and the state space H of the alkali-metal
atom is spanned by the orthonormal basis

Bo = {lko,ms,m;) = |ko) ® |s = 1/2,m;) ® |I,m,) :
my=+1/2, m,=1I1—-1,...,—I}. )

&)

Here |kg) = |n = no,l = 0,m; = 0). The basis B is composed
of eigenvectors of 82, S, I, and 1.

Introducing the total angular momentum operator of the
atom F = J + 1, one can define another orthonormal basis ,3(()3
for H, composed of eigenvectors of Hy, 8%, 17, F2, and F.,

BS = {lko, F,M,) = |ko) ® | F,M,) :

—F<M;<F, F=Fy} 3)
with
F.=1%+3. (4)
Foreach —F < M, < F and F = F_, one has
hAW

Hylko, F = F1,M;) = £

ko, F' = F1,M;). ®)

We now introduce a constant classical magnetic field along
the z axis, B = Bz, with B € R. The Hamiltonian of the system
atom + magnetic field is [13-15]

Hap = Hy — p - B, (6)

where p is the magnetic moment operator of the atom and is
given by

s s M
=—g—L-—g,=—2S+g—L 7
" 8 & +8 5 @)
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The summands on the right of (7) are, respectively, the orbital
and spin magnetic moment operators of the valence electron
and the nuclear magnetic moment operator. Moreover, g; and
g, are the electron orbital and spin g factors, while g, is the
nuclear g factor. Also, u, = he/(2m,) is the Bohr magneton
and p, = he/(2m,) is the nuclear magneton with e > 0 the
elementary charge and m, and m, the mass of the electron and
the proton, respectively. We mention that one must be careful
when one compares expression (7) with other references, since
some take the nuclear g factor as —g,m./m, instead of g, (for
example, compare [14,16,17]). Nevertheless, the results can
be rewritten in terms of one convention or the other. Note that
the state space of the system is still H,.
To diagonalize Hap first define

AW\ 1 “n ) 2(gs+g,"7':—")’
»
, it
2 == —5
8 T &t
- ()
OM,.x) = tan! | =" | e j0,m),
(F_+) +x

hAW
Vi wr, (X) = T(l +2y1x),

hAW M,
VFi.MF(-x) = _2 _2ij/2.x + 1 + ZT.X +x s
+

1 1
|VF+.iF+(x)) = |ko,ms = iiaml ==+F, F 5>,
and
|Vlv'i,M[:(-x)>
O(M,,x) 1 1
= COS[TF} ko,ms = :I:E,m, =M, F §>
L (M, ,x) K 1 M.+ 1
m| — L= — ;= P —),
S 2 O,ms :anm 2
3)
for each M, =F ,F —1,...,—F_. Since BeR, x is a

nondimensional quantity that can be positive or negative.
Before proceeding we make some comments on the notation
chosen. We write |V;(x)) and V;(x) with j = F,M, because
these quantities depend on x and j and the latter will
be potentials that affect the motion of the atom when the
center-of-mass motion is quantized. Moreover, the |V;(x))
reduce to eigenvectors of F? and F, with respective eigenvalues
F(F + 1)h? and M, h when B = 0. Finally, the |Vi(x)) play
the role of the kets |1) and |2) in the Introduction, while
Vi(x) — V;(x) play the role of the energy difference AE(r).
It follows that

P ={|Viw, (1)) : =F <M, < F,F=F.} (9

is an orthonormal basis for H, composed of eigenvectors of
H g, since

HAB|VF,MF(-X)> = VF,MF(x)|VF,Mp(x)>7 (10)

013406-2



MODEL FOR A PHASE-SPACE SELECTOR USING ...

for each —F < M, < F, F = F,.. The formulas for the
eigenvalues of Hap are known in the literature as the Breit-Rabi
formula [15,18].

III. AN ALKALI-METAL ATOM INTERACTING WITH A
MAGNETIC FIELD

Consider an alkali-metal atom with quantized center-of-
mass motion along the z axis, subject to a constant gravitational
field, and interacting with a classical magnetic field of the
form Bsr(z)z + B, (1) with z the unit vector in the direction
of the positive z axis. Appendix B gives an example of how a
magnetic field of the form Bsr(z)z can be produced.

The Hamiltonian of the system in the long-wavelength
approximation and neglecting terms of order m,/M is

1
H(r) = mPf +MgoZ + Hy — - [Bst(2)z + B, (1)].
(1)

Here M is the mass of the atom, Z and P, are the center-
of-mass position and momentum operators along the z axis,
respectively, go = 9.8 m/s? is the acceleration of gravity, p is
the magnetic dipole moment operator of the atom given in (7),
and H, is the Hamiltonian in (1). Appendix C shows how
the Hamiltonian of an alkali-metal atom with center-of-mass
motion quantized in three dimensions can be reduced to (11).

We take B () to be a monochromatic plane wave propa-
gating in the direction of the positive x axis with polarization
b, and with (angular) frequency w,. Moreover, #o > 0 is the
instant in which B, (¢) is turned on, while #; > 1, is the instant
in which it is turned off. Explicitly,

B, (1) = b, By(t)[e! 70 4 ¢~ienl=0)], (12)

Here b, is a constant unit real vector perpendicular to the x
axis,

ﬂ .
Bn= {2 T osr=n (13)
0 if t<ty or t=>1t,

and By > 0. The intention here is to use Bst(z)z to produce
position-dependent internal energy shifts in the atom by the
Zeeman effect, while B, () is used to manipulate the internal
state of the atom.

The state space of the system is

Hem ® Ho; (14)

that is, we consider only the ground-state configuration of
the atom. The state of the system at time ¢ will be denoted
by 19 (1)).

Two orthonormal bases for H, are By and ,Bg given,
respectively, in (2) and (3). According to (5), the latter is
composed of eigenvectors of H,. Moreover, two orthonormal
bases (in the sense of Dirac) for Hcy are the position and
momentum bases:

{lz):zeR}, {lp):peR} 15)

Recall that (H4 — p - Bz) was diagonalized in Sec. II and
the orthonormal basis I'(x) given in (8) and (9) was obtained.
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Replacing B with Bsr(z) and x with

Bs1(2)
x(z) = (gs% + gl%) zTW

) (16)

one obtains an orthonormal basis
Flx@] = {|[Vew, @) : (FM) €T}, (7)
for H such that
[Hy — 1 - Bs1(2)2]| Vi, [x(2)])
= Vi [X@1| Vi, [x(@)1). (18)

In order to introduce matrix representations, we assume the
following ordering for Z:

T={(F,F), (F,—F), (F, F), (F_F),
(F.,F.— 1), (F_,F.—1), ...,
(F,,—F), (F.,—F)}. (19)

From now on we also use the more succinct notation V;[x(z)]
with j an ordered pair (F,M,) € T instead of V., [x(2)].

Using bases (15) and (17) we obtain an orthonormal basis
for Hem ® Ho,

I = {|2.V;[x@])
=12) ® |V,[x@)) : z € R, j € T). (20)

Notice that we have the following closure and orthonormal-
ization relations

+00
1= [ @Y @b ey,
- jeT
and
V@I e @D = 8 — . @1)

Here I is the identity operator in Hey ® Hy.

We now use the basis in (20) to express the Hamiltonian (11)
as a matrix and Schrodinger’s equation as a vector partial
differential equation. In order to do this, first define the
quantities

Vi(z.0) = (2, V;[x()1[¥ (@),
hd[x(2),1] = (Vi[x(@I[—p - BV, [x(2)]),
hg jilx(z),t] = (1 = 8 ) (Vi [x (@l [—p - Bp(D] Vi[x(2)]),

and

F hz
L= Y > (—ﬁ)wj[x(zmko,F,Ma

F=Fy Mp=—F

82
x {[ﬁwo,F,MFWk[x(z)D]
Z

0 0
+2|:8—(ko,F,MF|Vk[X(Z)]):|—}, (22)
z 9z

where j,k € Z. Notice that the diagonal matrix elements of
—n - B,(¢) are given in hd;[x(z),t], while its nondiagonal
elements are included in hgi[x(z),t]. Moreover, the terms
Li(z) arise from the dependence on position of the basis

I'x(2)].
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Now use (21) and (22) to express the state of the system
| (¢)) as follows:

400
1Y (1)) =/ dZZIZ,Vj[X(Z)])%(ZJ) (23)
- jeT
Using this result along with (21) and the definitions in (22)
one finds that Schrodinger’s equation is equivalent to a set of
dimHy = 2(21 + 1) partial differential equations that can be
written succinctly as follows:

9
jh—W(z,t
iho- (z,1)

2
_ {_;_MK(Z) + V() + AD(.1) + KG(z.1) + L(z)}

x W¥(z,t) (z,t €R). (24)

Here we have introduced the matrices

2

0
K@) =8ji—

32 Vik(z) = §jx{Mgoz + V;[x(2)]},

Dji(z,t) = 8;1d;[x(2),t],  Gu(z,t) = gjrlx(2).t],  (25)
Lj(2) = Lj(z), ¥,(z,0) = ¥;(z,1),

where j,k=1,2,...,dimHy =221 +1). Notice that
[—R2/2M)IK(2) represents the kinetic energy of the atom,
V(z) is the sum of its internal energy plus its gravitational
potential energy, hID(z,t) represents a position- and
time-dependent potential energy arising from the interaction
with B,(#), and AG(z,t) and IL(z) are couplings due to the
interaction with B ,(¢) and due to the dependence on position
of the basis I'[x(z)], respectively.

It is important to notice that IL(z) is a Hermitian matrix in
the following sense:

L)' =Ly [jk=12,....2Q1 + D], (26)

where the adjoint operator [LL jk(z)]T is calculated using the
usual inner product of square integrable functions and taking
boundary terms coming from integrating by parts to be zero
(see Appendix D).

From (24) one finds that the original problem of an
alkali-metal atom in the ground-state configuration with its
center-of-mass motion quantized along the z axis, subject to
a constant gravitational field, and interacting with a classical
magnetic field of the form Bgr(z)z + B, (¢) is similar to a
system of dimHy = 2(2 + 1) spinless particles moving in
one dimension under the potentials V;;(z) + hD;;(z,t) and
coupled through the interactions AG jx(z,t) and IL jx (2).

We now simplify (24). For the rest of the article we assume
the following.

(1) Bst(z) = nz (z € R) with n > 0 a constant with units
G/cm. Appendix B gives an example of how nz can be
obtained from Bgt(z).

(2) The polarization b, of B,(¢) is chosen depending on
which levels |V, [x(z)]) and |VF¢MF, [x(z)]) one wishes to
couple. We take

|MF - MF’l = 17

b, = {° if 27)
Pz if M,—M,.| =0.

Here y is the unit vector in the positive y-axis direction.
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(3) Let jo,ji € Z with jo # j; and V be the region of space
where the atom can be found with non-negligible probability
during the time interval [#o,;] in which B, (¢) is applied. Then

giklx(2),1]1 =0, (28)

for all z € V and 7 € [to,11] if (j,k) & Zo = {(jo,J1), (1, Jo)}-
Here we are assuming that during the time interval [7y,?;] the
magnetic field B, (¢) couples the sets of states {|z, V,[x(2)]) :
z € V}and {|z,V} [x(2)]) : z € V} resonantly, while all other
transitions have z € V or are highly detuned and, therefore,
their probability of occurrence is very small. Moreover, we
consider only pulses; that is, we assume that [f; — fy| is
sufficiently small because condition (28) is valid only for short
times. The reason for this is that transitions that are initially
far off resonance can become resonant and the transition that
is initially resonant can become highly detuned due to the
Zeeman effect as the atom moves.

We now use these assumptions to express (24) in terms of
nondimensional quantities. First, take the characteristic length
and time of the system to be 1/« and 1/AW, respectively,
where « is defined to be

1297 My
k= (gsf ¥ g,f)ﬁ > 0. (29)

Notice that « has units of 1/cm, AW has units of 1/s, and
x(2) = «kz.
Now define the nondimensional quantities

1
ﬁvfj(z,l)

1
Vjp(x) = mV, [x(2)]

¢j(x,71) =

k]

z=x/Kk,t=1/AW

9
=x/K

8;[x(2),1]

I

z=x/Kk,1=1/AW

0 _
8%(x,7) =

1
AW

0 1
8j(x, 1) = —=gjkl[x(2),1]

)

AW z=x/Kk,t=1/AW
B k2
T oM AW
and
0 wA
Wy = m, 0= AWty, 11 =AW,
0
Qo(x) = _W(Vjo(x)lu’ : bp|Vj1(-x)>v
Qolx) if 1<t <1,
Qolr.t) = 0(x) ' 0 1
0 if t<ort > 1.
’ By
Q(x) = —W(Vj(x)lu b, |V;i(x)),
Qx)y if ©wn<t<r1,
= (D1 ‘
J 0 if t<tort > 14.
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and

F
LY =Y Y Vixlko, F.M,)

F=Fy Mp=—F

82
y {[@wo,F,MFWk(x»]

0 0
+2|:—(k0,F,Mp|Vk(x)):|—}. (30)

ax ox
Note that x is the nondimensional position, while T = AWt is

the nondimensional time.
Using (30), one can express |(¢)) in (23) in the form

|1ﬂ(t))=f de ‘ Vj(x)>¢j(x,AWt). 3D

Finally, using (30) in (24) one finds that Schrodinger’s
equation is equivalent to

ii d(x,7)
0T
= [—eK°(x) + V(x) + D°x,7) + G(x,7) — €L%x)]
X P(x,7) (x,r € R), (32)

where we have introduced the matrices
2

D;(x,7) = ¢;(x,7),

0 _
K) = 85,

M
(33)
g (x, ),

DY (x.7) = 88)(x,1),  Gh(x,7) =

L9 (x) = L) (),

for j.k =1,2,...,dimHy = 2(21 + 1). Note that (32) is just
the nondimensional version of (24) using the special form
Bst(z) = nz and the characteristic length 1/k and time 1/AW.
Recall that (24) is valid for a general form of Bgsr(z) [for
example, it is valid for the nonlinear function given in (B2)
in Appendix B and that constitutes an accurate approximation
of an exact magnetic field with less stringent conditions (B3)
than the special form Bsr(z) = nz].

Using (28) and the definitions in (30), one can express
GO(x,7) as follows:

G?k(x,r) _ [eiwg(z—ro) +e—iwg(r—ro)]
Qo(x,7) if (7, = (o, J1),
x 1 Qox,0)* it (j.k) = (i,Jo), (34)
0 it (j.k) & Lo,

for x,7 € R and j,k € 7. In this form it is seen explicitly that
Qo(x,7) is the (nondimensional) position-dependent atom-
B, (¢) coupling. Notice that the dependence on x arises from
the fact that | V;(x)) depends on x.

Similarly, it also follows that
D(j)»j(x,l') — Q/j(x’r)[eia)g(ffl'o) + e*iw%(rfto)]' (35)

It is very important to realize that € < 1; that is, € is a
perturbation parameter in (32). This is shown explicitly in
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the next section to be a consequence of the long-wavelength
approximation. Meanwhile, we illustrate this fact with a
concrete example. For future reference, we note that 87Rb has
the parameters [17,19]

gs ~2.002, d,~5.6ay~3x10"""m,
. 1
@~ 0,001, AW ~27 x6.835x 10° =, (36)
m, s
3 _25
I=—-, M=~=145x10""kg,
2

where d, is the average distance of the valence electron to the
nucleus and a is the Bohr radius. It follows that 3’Rb has

€ =142 x 107592, (37)

where 1 is given in G/cm. Hence, € is a perturbation
parameter in (32) as long as one considers values of 1 smaller
than 10'',10'> G/cm. Note that values n ~ 10'1,10'> G/cm
imply magnetic fields of the order of 10'> G, but these
are only found in neutron stars [20]. Hence, € is always a
perturbation parameter as long as exotic environments such as
neutron stars are excluded. In reality the model is no longer
applicable for such high values of 7, since the long-wavelength
approximation breaks down. We emphasize that the magnitude
of the magnetic field Bgr(z) is not an issue, it is the derivative
n of Bsr(z) that determines if € is a perturbation parameter or
not.

Also, it is important to note that the presence of the
perturbation parameter € as a factor of the term K°(x)
associated with the kinetic energy in (33) does not imply
that the kinetic energy is negligible. In fact, the expected
value of the kinetic energy of the atom is calculated in
Sec. IV and its expression shows that it can be larger than
the gravitational potential plus internal energies. The presence
of the perturbation parameter implies that the motion of the
atom will tend to be semiclassical as it is explicitly seen in
Sec. IV. The reason for this is that /i is small in the system under
consideration; that is, the quantity hy = 2M AW /«? with units
of h can be formed with the characteristic length 1/, time
1/AW, and mass M of the system and % is much smaller than
hy: e = h/hyg < 1 [21].

The following sections present simplified forms of some
of the matrices in (32) and a discussion of the validity of the
long-wavelength approximation.

A. Validity of the long-wavelength approximation

The Hamiltonian (11) was derived under the long-
wavelength approximation, so it is important to realize that
this imposes limits on both the frequency w4 of B,(¢) and the
derivative 1 of Bst(z). We first discuss the case of B ,(¢).

Since B, (¢) corresponds to a monochromatic plane wave
propagating along the positive x axis with wavelength 14, =
27 c/wy, the long-wavelength approximation requires that

Ao > de ~ ag, (38)

where we have estimated the average distance d, of the
valence electron to the nucleus of the alkali-metal atom by the
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Bohr radius ag. In general, transitions between ground-state
hyperfine sublevels in alkali-metal atoms have w4 < 103 1/s.
Therefore, .4 > 10~* m, which is much larger than ay. Hence,
the long-wavelength approximation is valid. In particular,
using (36) with w4 = AW we have A4 = 4.4 x 107> m and
d, ~3 x 1071 m for 8’Rb. Clearly, the long-wavelength
approximation is valid.

We now consider the case of Bst(z) = nz. If z is the
(average) position of the nucleus and z £ d, is the (average)
position of the valence electron, then it must occur that

Bst(z £d.) — Bst(z)
Bst(z)

for all z for the long-wavelength approximation to be valid.
In other words, the magnetic field at the (average) position of
the electron must be approximately equal to the magnetic field
at the (average) position of the nucleus. Since this criterion
depends on z it is better to demand that the internal energy at
the (average) position of the nucleus must be approximately
equal to the internal energy at the (average) position of the
valence electron; that is, it must occur that

de

<1, (39)

Vi g [k(z £d.)] — VF,MF(KZ)
Ve (€2)

< 1, (40)

for each z, —F < M, < F, and F = F.. To estimate (40)
we take z > 0 and F = M, = F,. Using the definition of
Ve, #,(k2) in (8) one finds that the left side of (40) is less than
or equal to 2y,«d,. Hence, using the definition of « in (29) it
follows that

AW
de(gsl% - ZIgIMfN)

N <K Nbound = (41)

is a sufficient condition for (40) to be valid; that is, it is a
sufficient condition for the long-wavelength approximation to
be valid. In the case of ’Rb one has

G
Nbound = 8.2 x 10'° g (42)

Moreover, using (41) and (42) it follows from (37) that
€ K9.6x 1072, (43)

Therefore, € is always a perturbation parameter in (32) in the
case of 8’Rb. We now treat the rest of the alkali-metal atoms.
Define

. — 107"y « _ 8sMp + 8ilhy
max bound» max —h AW

2 2
€ — h Kmax
T oM\ AW )’
with n > 0. Notice that k.« and €, are the maximum values

k and € can have, since they are simply x and € with n replaced

bY Nmax-
Since g; >~ 2, one has

max

(44)

21g, 1y N me
— xg—,
8sMUp my,

(45)
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Hence, one can neglect 21g, .y and g, 4, with respect to g, i,
and it follows from (44) that

AW
Nmax = 107" s
de8sity

ho( 107
€max = | 57 |-
oM\ d2AW

Since all alkali-metal atoms have M > 10727 kgand d, > ay,
if we take n = 3 and AW > 10'° 1/s it follows from (46) that

107"

~
Kmax - ’

(40)

€max <2 x 1073, 47)

Hence, € < 1 if |21g,uy| K gyt and AW 2> 10'0 1/s and
the sufficient condition (41) for the long-wavelength approx-
imation to be valid is used. We conclude that € <« 1 if the
long-wavelength approximation is valid.

B. Simplified form of £Y, (x)

Recall that £Qk(x) arises from the use of the position-
dependent basis I'[x(z)] in (17). Hence, using (8) it follows
from (30) that

0
‘Cjk(x)|j=F+,:l:F+ =0,
oo(My,x) if k=F_ M.,
L)y yy, =y —0Mpx) if k=F M, (48)
0 in another case,
al(Mst) lf k = F+1MF7
LWy, = y@0Mpx) if k=F M,
0 in another case,

with
1 2
aO(Mst) = _ZQX(MFv-x) )
1 d
a1(Mp,x) = =0, (Mp,x) + 0,(Mp,x)—,
2 ox

V1—(M/F)?

14+2(M,/F)x +x%°

— 2
Ox(Mp,x) = Z(M m

Fr x) [+ 2(M, /Fo)x + 22

(49)

QX(Mst) = -

fork=12,...,dimHy =221+ 1)and —F_ < M, < F_.

Here 6,(M,x) and 6,,(M,x) are the first and second partial

derivatives with respect to x of the function 6(M,,x) in (8).
From (48) it follows that IL°(x) has the block-diagonal form

O O O ©)
O Mpx) O ©)

]LO()C) — (©) ©) M](.X) O , (50)
(@) (@) (@) Mor (x)
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where O is the 2 x 2 zero matrix and

—a(F. —.j,X)> 6
ao(F- — j.x)

M (x) = (“O(F /)
o (F.— j,x)

for j =0,1, ..

given in (19).

Observe that L°(x) only couples &r, up(x,7) and
¢r_up(x,7) for M, =—F_,... ,F.. The origin of this can
be found in that |ko,Fy,M,) and |V, ., (x)) are linear
combinations of the same kets for each —F_ < M, < F_
[see (8) and (30)].

We emphasize that I.°(x) arises from the use of a position-
dependent basis that comes from the interaction between the
alkali-metal atom and the static magnetic field Bst(z)z. Hence,
its structure is independent B ,(¢).

Finally, as a consequence of the Hermiticity condition (26)
for IL(z) one has a corresponding Hermiticity condition for
LOx): [L9,(0)]" = L, (x) for each j,k = 1,2, ...,dimHy =
221 4+ 1).

.,2F_. Recall that the ordering for I'[x(z)] is

C. Simplified forms of D°(x,7), 2(x), and 6(M,x)

One can further simplify D°(x, 7) if one evaluates the matrix
element (V;(x)|u - b,|V;(x)). Using (7) and (8) it follows that

J

iQ20(x,7) = iQ(x),

BYNAW)

with jo = F,F, and j; = F_,F_ for the first line and j, =
F.,— F and j; = F_, — F_ for the second line.

Also, using the definition of (M, x) given in (8) it follows
that

oM, 1 FEx
co§f ——|=— |1l + ———,
L2 ﬁ\ ‘/1+2A;—+Fx+x2
(56)
[oM,,n7 1 X
sinf —— | = — |1 - ——— |
L 2 1 2 /1—}—21;1—:x+x2

for —F_ < M, < F_.

D. A criterion to select a transition

In (28) we kept the discussion at a general level and
we did not specify which transition was chosen; that is, we
did not choose particular values for jy and j;. While some
transitions may exhibit certain properties that may make them
more advantageous than others such as a simpler experimental
preparation of the initial state or a V;[x(z)] that can be
approximated by a harmonic oscillator potential for small x(z),
we concentrate just on presenting a criterion that can be used
to establish which transition gives rise to the best phase-space
selector (that is, the best selections in position and velocity).
We need states with the biggest change in resonant frequency

By (M){ gscos[ 5] + g e V2 sin[ 51,

gﬁin[@] + gz,',?—;«/ﬁcos[—e(_‘;ﬂx)],
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this matrix element is zero if b, = y. Therefore,

D’(x,r) =0 if b, =y. (52)

On the other hand, one finds that
By
2hAW
« i(%,“«s —gII,U«N),
—g uyM, £ % (8gstp + g1by) cOSO (M, x),
(53)

Q’j(x) =

for all x e R and M, =—F_,...,F_if b, =z Here the
first line corresponds to j = F,,+F,, while the second line
corresponds to j = F,,M,.

It is important to note that Q’j(x) is a small quantity unless

By is on the order of 1 T. For example, for 3’Rb one has
(0 <1.03x107*By  (jeZ.xeR), (54

with By given in gauss.
Using the definitions of 8(M,,x) and Q((x) given in (8)
and (30), it can be shown that for g < T < ; one has

(55)

(

for a given displacement, that is, that have the largest value of

avy vy .
'dx (x) — I ()] (57)

Here we divided by AAW in order to have nondimensional
quantities.

We expect that the allowed transitions that have the largest
value of (57) have

Gos i) (F.,F, ;F_F) for x >0, (58)
PV = N (F —F. F —F) for x <0,
since they involve the stretched states and these are the most
sensitive to the magnetic field. We verified this claim for ®’Rb.
Moreover, experimentally, it is easier to prepare atoms in the
states |V;[x(z)]) with j = jo, ji given in (58).

IV. EVOLUTION BEFORE THE PULSE

In this section we restrict to 0 < 1 < #g so that B,(r) =0
during this time interval. The Schrodinger equation is solved in
the first section, while the evolution is analyzed in the second
section. The reader interested only in the analysis can jump to
the second section.

A. Solution of the Schrédinger equation

Since B,(r) =0 during the time interval 0 <7 < f
[see (13)], it follows from (22), (30), and (33) that D°(x,7) =
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G%%x,7)=0forx e Rand 0 < ¢ <
form

to. Hence, (32) takes the

i% ®(x,7) = [V(x) — eK'(x) — eL(x)] ®(x,7). (59)

Using the structure of the matrices on the right one finds
that (59) is equivalent to the following set of equations:

ia‘t’u,im(xaf)

92 1
= [_EW + 5 + < v+ FLAW )xj|¢F+.iF+(va)

(60)
for the stretched states and
i <¢F+<Mp(x’r)> = AM,.x) <¢F+,Mp(xvt)>
T \@r_u, (X,7) Pr_m, (X,7)
for —F < M, < F_. Here
Mgu
Fi M X + 0
A(M,.x) = ( e 5) e Mo )
0 V2 e @)+ gape X
. 2+ ao(M,x) —ay(M;,x)
a1(M,,x) 2+ (M, ,x)
(61)

with the definitions in (8), (30), and (49). Notice that ¢;(x,7)
evolves independently of the rest for j = (F,,£F,), while
&r, mp(x,7) and ¢, . (x,7) are weakly coupled (—F._ <
M, < F_). This weak coupling arises from the position-
dependent basis I'[x(z)] used to write the Schrodinger equa-
tion.

We now focus our attention on ¢;(x,7) for j = F,,£F,.
As explained in Sec. IIID, these are the states with the highest
sensitivity to the magnetic field and give rise to the best phase-
space selector.

Equations (60) have the generic form

. a 92
i—¢x,7) = —— T a1 +qx |o(x,7), (62)
at 8
with ¢g1,¢> € R.

Notice that the equation for ¢, .., (x,7) is recovered by
taking ¢y, .., (x,7) = ¢(x,7) and

_ ! _( Mso (63)
611—2, 9 = WAWK Y1)

We now solve (62) subject to the initial condition ¢(x,0)
and assuming that ¢(-,7) € S(R) and that (9/97)F,[¢(x,7)] =
F:l(0/0t)¢p(x,7)] foreach T € R. Here F, denotes the Fourier
transform with respect to x and S(R) is the space of infinitely
differentiable complex-valued functions defined on R that
decrease rapidly at infinity [22].

Since ¢(,t) € S(R) and (0/01)Filo(x,7)] =
F[(9/0t)¢p(x,7)] for each T € R, we can take the Fourier
transform with respect to x on both sides of (62) to obtain the
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equivalent equation

d A 0 . A
—dk,7) — ga—p(k,T) = —i(q) + ekD(k,T)  (64)
0T ok
for k,7 € R. Here ¢3(k,r) is the Fourier transform of ¢(x, )
with respect to x; that is,

1 +00 "
— dx¢(x,t)e”", (65)
v/ 27T \/;oo
for k,7 € R. By taking the Fourier transform we have changed
a second-order linear partial differential equation into a first-
order one.

Using the method of characteristics [23] one can solve
Eq. (64). We omit the details and write only the solution

d(k,7) = d(k + ¢27,0)

bk, 7) =

x exp[—iqlt i ik qzr)3:|. (66)
3QQ 36]2

Taking the inverse Fourier transform of (66) and making a
change of variables one arrives at the solution of (62):

o(x,1) = exp|:—iqlr - iqzr(x + §q2T2>i|

+00 .
— / dk¢(k,0)
T J—o0

x exp[—ietk? + ik(egat? + x)]. (67)

Note that ¢(x,7) in (67) is indeed in S(R) for each 7 € R if
¢(x,0) € S(R).

In the following we assume that vr(z,0) is a coherent state
wave packet [16]; that is,

¥ (z,0) ! " Lz 2+.p0
O)=|——| exp{—|——= —z-
¢ 2 AZ(0) 173l azo)| 7' h°

(68)
Using (30) it follows from (68) that

1 X
$(x,0) = WW(;,O)- (69)

Now substitute (68) and (69) in (67) and evaluate the integral
by the method of residues. The result is

1 A 1[x —¢(0)
¢(x’t):|:2nax(r)2:| eXp{_Z o (1)

1 €T
[oxw)z} } 70

Here we introduced the nondimensional quantities

+iOp(x,7) — Etan

0x(0) =k AZ(0), po= Xo = K20,

Po
A’

2
_ 2 €T
ox(1) = \/GX(O) + I:ox(O)i| ,

¢(t) = xo + 2po(€7) — ga(eT?),
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and

0, (0)?
0x(7)?

€
Op(x,7) = —r(ql + —q§r2> - (Po — @2T)(xX — poeT)

3

€T

2
4+ —— | (x —x0)° +4pox
4ox(77)20x(0)2 [( ) 0To€T

—2q26r2(x Fxo— %erz)}. 1)

Notice that ¢(x,7) is a Gaussian wave packet whose standard
deviation o,(t) increases just like a free particle Gaussian
wave packet (the free particle case is obtained by taking g; =
g2 = 0).

In the following section the result in (70) is used to
determine the state of the system [(¢)) for 0 < ¢ < 1.

B. Evolution of the atom

Suppose that the state of the system at time ¢ = 0 is

o= [ a 1'x V. 0 72
[¥(0)) —f_oo xﬁ pE jo(-x)>¢(x7 )s (72)

with jo = F,,F, or F,,—F, and ¢(x,0) the coherent state wave
packet in (68) and (69). Notice that we used (31) to write (72).

It follows from (72) and the results of the previous section
that the state of the system at time 0 < 7 <y is given by

+00 1
W () = / . dxﬁ‘;—“,v,-o(x>>¢(x,AWr>, (73)

where ¢(x,7) is the Gaussian wave packet given in (70)
and (71).

Using (73) and the definition of |z, Vj, [x(z)]) in (8) and (20)
itis straightforward to show that the expected values of position
(Z)(¢) and momentum (P, )(¢) and the dispersions (or standard
deviations) of position A Z(#) and momentum A P,(¢) are given
by

L(AW?) 1
== @f - —gefffz,

(Z)(@) ' T3

zZo0 +

AZ(t) %GX(AWZ‘),

I 2
AZ(0)? + [WZ(O)] 12, (74)

d
(P)(t) = M—AZ)(D).

AP,(t)= AP, = ,
() ST2AZ(0)
where zo = (Z)(0), po = (P;)(0), {(AWt) is the nondi-
mensional expected value of position, and o,(AWt) is the
nondimensional standard deviation of position. Also,

h 1597 Mn
=gt+g, g§=—\g——-2Ig;— |n. (75
gt =8 £ &, & 2M<gh g Jn- (75)
The =+ sign in (75) is chosen according to jo = F,,£F..
Moreover, the probability density functions (pdf’s) of
position and momentum are found to be respectively given

PHYSICAL REVIEW A 89, 013406 (2014)

by
fz(z,t) = klp(cz, AWE)[?

S [_1<—Z_(Z>(’)>2] (76)

V2 AZ(1)? Pl 2\Tazo '
1 1(p—(P)D)

fe(p.t) = WGXP[—§<A—PZ> ],

for z,p € R and ¢ € [0,1].

From (59) and (60) one knows that the Schrodinger
equation of the system for the initial state in (72) and for
t € [0,10] reduces to that of a single spinless particle moving
in one dimension under an effective potential that includes
the gravitational potential energy of the atom and its internal
energy [we include the interaction energy with the static
magnetic field Bsr(z)z = nzz in the internal energy]. From the
aforementioned equations it follows that this effective potential
is given by

hAW
Mgoz + Vj(kz) = 5 + Mgetez, (77)

with jo = F;,£F..Hence, from (74) we conclude that (Z)(¢)
and (P,)(¢) follow the classical equations of motion; that is,
they are equal to the position and momentum of a classical
point particle of mass M and position z(¢) that is subject to the
potential in (77) and that satisfies the initial conditions z(0) =
z0 and (dz/dt)(0) = po/M. Notice that the internal energy of
the atom [including the interaction energy with Bst(z)z)] gives
rise to an augmented acceleration of gravity gegr = go + &' >
go in the case jo = F,,F.. On the other hand, it gives rise
to a decreased acceleration of gravity g = go — &’ < go for
Jjo = F,,—F,. In the latter case, g.¢r can become negative for
sufficiently large values of 1 and, hence, the atom can be
accelerated upwards even in the presence of gravity. For 8’Rb
one has

geir = 9.8 = 0.647, (78)

where 7 is given in G/cm and g.g is in units of m/s?. If n =
100 G/cm, then one has the augmented (reduced) value g =
73.8 m/s? (ger = —54.2 m/s?).

Notice that both the position and momentum pdf’s are
Gaussians with means equal to (Z)(¢) and ( P, )(¢), respectively.
Also, the dispersion A P, in momentum is constant in time.
This is due to the fact that the force associated with the effective
potential (77) is independent of z. The dispersion AZ(¢) in
position is equal to that of a freely evolving Gaussian wave
packet. Hence, there is no compression of the position pdf
as it is reflected downwards by the potential V (kz) + Mgoz
in the case jo = F.,F, (compare this with the evolution of
Gaussian wave packets under the potential e [24]). It is
important to notice that AZ(¢) does not depend on the value
of n; that is, it is independent of the magnetic field nzz.
Nevertheless, the same is not true of the nondimensional
dispersion o, (AW?t) = k AZ(t). If nisreplaced by An (A > 0),
then o, (1) is replaced by Ao, (7).

We mention that using Ehrenfest’s theorem and that the
atom moves under the effective potential (77) (a polynomial
of degree 1 in z), one could have also anticipated that (Z)(¢)
and (P,)(¢) follow the classical equations of motion.
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To end this section we consider the expected values
(PZ2 /(2M))(t) of the kinetic energy, (V)(¢) of the effective
potential energy, and (H )(¢) of the total energy as well as the
dispersion (or standard deviation) A H(t) of the total energy.
Again, using (73) and the definition of |z,V; [x(z)]) in (8)
and (20) it is straightforward to show that

P2\ (P)t)? & AP?
<W>(t)_ oM oM

hAW
(V)(1) = 5 + Mgen{Z)(0),

i < (PO7 AP hAW
(H)(0) = "= + S2E 4 —— + Mger(Z)(0).
»  (AP2N? 2
AHG)Y = (W) + Mg AZ(0)]
2 2 2
SRTARE PO
2M | 2M 2M

Here V= MgyZ + Hy — - Bst(Z)z is the sum of the
gravitational potential energy of the atom plus its internal
energy plus its interaction with Bsr(z)z energy. Also, observe
from (11) that H(r) = P?/(2M) + V for all 1 € [0,1].

Notice that the expected value of the kinetic energy is
equal to the classical kinetic energy plus a term associated
with the dispersion in momentum, while the expected value of
the gravitational potential plus internal plus interaction with
Bst(z)z energies is equal to the classical energy associated
with the effective potential in (77). As a consequence, (H )(t)
is equal to the classical energy (kinetic energy of the center-
of-mass motion plus effective potential energy) plus the
correction APZ2 /(2M) due to the dispersion in momentum.
Finally, the square of the standard deviation AH(¢)? of the
energy is equal to the square of the fluctuation in the kinetic
energy [A Pz2 /(2M)]? plus the square of the fluctuation in the
effective potential energy [Mg.;AZ(0)]*> plus a correction
embodied by the third term on the right in the equation for
AH(t)? in (79).

V. EVOLUTION DURING THE PULSE

In this section we determine the evolution of the system
during the application of the microwave pulse B ,(?); that is,
we restrict to the time interval #y < t < #;.

As before, we take jj and j; givenin (58). According to (27)
and (52) the polarization b, of B,,(¢) is y and D%x,7) = 0.

We assume that the state of the system at time ¢ = 0is given
in (72). Hence, the state of the system at time 7, is given in (73)
with 1 = 1.

In the first section below an approximate solution of
the Schrodinger equation is derived with the rotating wave
approximation (RWA) and perturbation theory. Its accuracy
and the validity of the RWA are discussed in the following two
sections. The reader interested in the details and in the regime
of validity of the approximate solution should go through them.
Otherwise, the reader can take on faith the results below and
jump to Sec V D.
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The state of the system attime t = 7/AW € (#,t;) is given
by

+00 1 |x
(1) = /_oo dx{ﬁ‘;,‘/jo(x)>¢jo(x,f)

1
+ﬁ‘g’vjl(x)>¢jl(xaf)}’ (80)

where

(quo(x,r)) TG x,T)
¢, (x, 1)) \e gl (x, 7))

81)
Pho(x,7) _ —iQ,(x)(1—10) <U11(x,r)*>
<¢?o<x,r>) — Pl ~Un(.0))”
and
Ui (x,7) = cos[QRz(x)(t — ro)]
+ icos[@R(x)]sin[QR(x)(t — 7,'0):|, (82)
Un(x,7) = —ys(x)sin[@)k(x)]sin[QR(’”(r = To)}-

Here we have introduced the following nondimensional quan-
tities
Soo(x) = Vi (x) = Vj)(x) — o,
Mgo
X
hAWk

1
Q,(x) = E[V;;(x) — )+ Vj)(x) — o] +

Q(x) = V/800(x)? + 4[Q0(x) 2,

do0(x)
Q,(x)

(83)

O, (x) = cos‘[ } € [0,7),

y3(x) = sgnliQo(x)],  L(T) = Xox + 200x€T — q2€T?,
Mgo

0 0 0
hAWk o

y Wy =Wy — Wy,
x={r(70)

of = Vi) +

where x,; and p,; are nondimensional real numbers, ¢, is the
nondimensional quantity given in (63), and [ = 0,1, and 2.
Also, j, = Fy,x£F_ with the sign chosen according to jy =
F,,£F,. Theindex j, is only used to deduce the approximate
solution of the Schrodinger equation.

From (55) it is clear that i 2p(x) is a real quantity [recall
that €2¢(x) is the nondimensional atom-B ,(¢) coupling that it
is defined in (30) and simplified in (55) for the choice of jj
and j; given in (58)]. Moreover, one can prove that

iQo(x) > 0, (84)

if  jo,j1,x satisfy (58) and either g, >0 or g; >
|g/|me~/21/m,. For ¥Rb the last condition is satisfied;
see (36).

Also, dpo(x) plays the role of a (nondimensional) position-
dependent detuning, while Q.(x) is a (nondimensional)
position-dependent Rabi frequency. The position-dependent
Rabi angular frequency (units of rad/s) is given by AW ,(x).
This is seen explicitly in Sec. VD below.
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Observe that the nondimensional angular frequency
of B,(t) [see (30)] is defined to be the nondimensional
angular transition frequency between the levels |z, V [x(z)])
and |z, V}, [x(2)]) with z = {x(70)/«. Comparing (7)/« with
£(t)/k in (74), it follows that {x(7)/k with 0 < T < 19 is the
expected value of the position of an atom whose expected
values of position and momentum at time ¢ = 0 are x,/k
and M(2p,e AW)/k = hkpo, respectively. Therefore, the
magnetic field B, (¢) will be resonant with the desired transition
if &x(79) = ¢(1p) and the atom is well localized around its
expected value of position (Z)(#y) = {(to)/k in (74). Notice
that ¢,(79)/« plays the role of a resonant position.

We emphasize that we defined the angular frequency of
B () to be resonant with the transition (58) if the atom is well
localized around ¢ (t9)/k = ¢x(70)/k. This is evidenced since
the detuning is §go[£x(79)] = 0. In fact, from (83) one has

cosOx[Cr(T0)] = 0,  Qe[Lr(T0)] = 2|€20[54(T0)]I,

sin®[¢x(to)] = 1,  doolLx(T0)] = 0.

Also, notice that a)? is the (nondimensional) effective
potential energy of an atom that is well localized around
{x(70)/k and in the internal state |V, [Zx(To)]).

The approximate solution in (80) and (81) is called the
first-term approximation and it will be used in the rest of the
article. Observe that the first-term approximation corresponds
to what one imagines a pulse to be like: a sudden application
of a (magnetic) field that affects the atom and that is so brief
that the atom barely moves. That the atom does not move
during the pulse in the first-term approximation can be seen
by calculating the position pdf fz(z,t) of the atom from (80)
and (81). It is given by

f2(z,t) = k| (kz, D> + k¢, (k2,T)I,
~ k| z, 7)1, (86)

forze Randt = t/AW € [ty,1].

A. Solution of the Schrodinger equation

In this section we solve the Schrodinger equation in the
time interval 7y < t < t;. Since the state of the system at time
t = tyis givenin (73) with ¢ = 1y, it follows from (32) and (73)
that one has to solve the equation

9
i ®x.T) = [—eK%(x) + VO(x) + GO(x,7) — eL(x)]
T
x ®(x,1), (87)
subject to the initial conditions

®;(x,70) = 8j,¢(x,70). (88)

Recall that at the beginning of this section it was observed that
D°x,7) = 0 due to the choice of polarization of B ,(¢).
Notice from (33) that K°(x) and V(x) are diagonal. Also,
from (34) it follows that G°(x,t) only couples ¢ jo(x,T) and
¢, (x,7). Furthermore, from (50) and the observation made
in the paragraph below (51) one has that L.°(x) only couples
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¢;,(x,7) and ¢;,(x,7) with
= F.,xF, (39)

and the sign chosen according to j; = F_,£F_. Hence, it
follows from (87) and the initial conditions in (88) that

¢j(x.1) =0 (J # jo,Jj1.J2) (90)

These wave functions started out as zero and remain zero
because they are not coupled to ¢, (x,7) for/ = 0,1,2.

Only the equations for ¢;(x,7) with j = jo, ji, j» have to
be solved. We now make a transformation in order to be able
to perform the RWA.

Define

¢0(x,7) = 1TV, (x,7),

Mgy
0 0
My (x) = Vj[(x) —w; + hAWKX,
Mia(x,7) = Qo()[1 + €24,
52 on
sz(x’MF) = _@ - aO(MFv-x)s
N3(x,M,) = oy (M, x)e! @b,
Naa(x, M) = —ai (M, x)e @ -oDr=mo),
and
Mgo(x) 0 M3(x,7)
Mp(x,7) = 0 M (x) 0 ,
Mi3(x,7)* 0 My (x)
, (92)
-2 0 0
Mix,t)=]| 0 Nyp(x,M;) Noz(x,M;) |,
0 Nao(x,M;) Nop(x,M,;)

for each [ =0,1,2. Notice that we have made use of the
quantities a)? and a)g defined in (83) and of the quantities
ag(M,,x) and a1(M,,x) defined in (49). Here and in the
following M, = F_ if jy=F_,F. and M, = —F_ if j, =
F_,—F.

Using (90)—(92) one finds that (87) reduces to

) (x,7) ) (x,7)

i ¢ (x,7) | = [Mo(x,7) + €M (x,7)] | ¢9,(x,7)

9 (x,7) 9 (x,7)
(93)

When we defined ¢>?/ (x,7) in (91) we eliminated the fast
(time) evolution of ¢, (x, 7) if the atom is well localized around
Zx(70)/k. This fast evolution is associated with the internal
and gravitational potential energies. All that is left is the slow
(time) evolution due to the interaction with B ,(¢) and due to the
coupling L°(x) introduced by the use of the position-dependent
basis I'. Hence, we assume that the ¢?’ (x,7) (I =0,1,2)evolve

on a time scale much larger than 7/ w% and 2/ (wg — a)(l)); that
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is, we assume that

¢J(-),(X,T’)2¢?~,(X,T) (=0,1,2), (94)
if r,7" € (19,71) and
2
It — 7] < i (95)

14
o (=)
Therefore, one can perform the RWA in (93); that is, one can
neglect terms in (93) that average to zero because they oscillate
at (angular) frequencies of 20 and (@9 — ®?). One obtains
exactly the same equation as in (93) with the change

[Mo(x,7) + €M (x,7)] = [My(x) + eM(x)].  (96)
Here we have introduced the matrices
Migo(x) 0 Qo(x)
M(x) = 0 M (x) 0 ,
Qo(x)* 0 M1 (x)
2 97)
-5 0 0
Mix)=1| 0 Noo(x,M;) 0
0 0 Ny (x,M;)

The validity of the RWA is discussed in a section below.

Notice that the matrix on the right side of (96) is now
time independent. Moreover, the coupling between ¢3.’2 (x,7)
and ¢% (x,7) disappeared with the RWA. Hence, it follows
from (93), (96), and the initial conditions in (88) that

¢, (x.0) = 0;

that is, this wave function is zero because it started out as zero
and it is not coupled to ¢§)., (x,7)forl =0,1.

From (93)—(98) it follows that we are left with a two-level
problem that can be written as

0 0
B (¢,-o<x,r>> M) 4 M) (abjo(x,r)),

(98)

l
9t \¢) (x,7) 9 (x,7)
99)
with
M//(x) — V]?)()C) - a)g + ﬁAAl%}Kx QO(X)
0 Qp(x)* Vj?(x) — a)(l) + EIZ%KX
(100)
and
2 0
M{x)={ 2 ) . (101
O _m - aO(Mva)

We now take advantage of the fact that € < 1 to use
perturbation theory to solve (99).

Assume that the solution of (99) has the asymptotic
expansion

gb?o(x,?:) N Poo(x,T) B0, (x,7)
<¢?I(X,T)) (d)?o(x,r) te ¢?1(x,7;) + :

(102)
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Substituting (102) in (99) one finds the following set of
equations:

0 (P (B T)
"ot (¢?o(x,r)> = Mo <¢>?O(x,r>> ’
0 (e ()
ot <¢?,(x,r)> - MO(X)( ?,(x,r)>
¢8,,_1<x,r>>

+ M{(x) ( 0

1i—1(x.7)

(103)

foreach/ = 1,2, .... From (88) and (102) one finds that these
equations are subject to the initial conditions

Ph(x.) _ <¢<x,ro)>
9(x.70) 0 )

P (x,70)\ (0)

¢} (x.70) 0
foreach! = 1,2, . ... Although ¢(x,7p) does depend on €, the
initial conditions in (104) remain valid because we are only
using € to determine the form of ¢(x,7y) and not to alter the
order established in (102).

The equations in (103) subject to the initial conditions

in (104) are solved using the exponential of a matrix [25].

It can be shown that exp[iMj(x)(t — 7)] is a 2 x 2 unitary
matrix given by

exp[i My (x)(t — )]

— WO (U“(x”)
Uai(x,7)

(104)

—Usi(x,1)
, (105
[Ull(-xﬂ":)>k ) ( )

with the quantities defined in (82).
Using (105) it follows for / = 1,2, ... that

¢(())()(X,T) _ Vi _ (¢(x"[0))
(‘/’?o(x’f)) = exp[—iMy(x)(z — 70)] 0
i Uy (x,7)*
= —iQ2,(x)(T—19)
= ¢(x,10)e (_Uzl(x,t)) ’(106)
0
(fi?fﬁi’ii) — —iexp [~iM{()(x — 70)]
| FASAS]

X /T dt'exp[iMj(x)(t" — 79)]

To

x M (x) <¢§“”(x’r:)> .
10—, T)

The results in the second line of (106) are expressed in a

simple form that can be evaluated numerically, but only the

first-term approximation [the first line in (106)] provides an

explicit analytic form that can be handled with ease.

In the following we restrict to a first-term approximation of
the exact solution of (99) with the initial conditions in (104).
Moreover, we assume that it provides an accurate description
of the exact solution. Its accuracy is discussed in the following
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section. The state of the system at time t = 7/AW € (#y,#;) is
then given by (80) and (81).

B. Accuracy of the first-term approximation

In this section we establish a criterion that can be evaluated
numerically to determine whether the first-term approximation
in (81) is accurate. Moreover, we discuss the conditions under
which one should expect the approximation to work.

From (102) we know that a two-term approximation is given
by

¢§')0(va) ~ ¢8()(-xvt) + € ¢81(X,T)

¢§')1 (.X,T) ¢(1)()(-xvt) ?I(X,T)
— M) [(‘P(" ’f‘)))
N 0

K N4 0 (x,T
_ ié/ dr/ezMO(x)(r 710)M/1/(x) ¢(())0( /) i
7 ¢10(X’T )

(107)

with x € R and t € (79, 7;). Hence, the first-term approxima-
tion will be accurate if

€ (108)

/T dt’ fi(x,7)

To

lp(x, )l if k=1,
< {1 if k=2,

for each x, where |¢(x,7()| has non-negligible values and 7 €
[10,71). Here

¢(l)()(x ) T/)
(109)

0 /
f(x,7') = expliM(x)(t' — 70)IM(x) <¢00(x,t )) ’

and fi(x,7’) denotes the kth component of f(x,t").

Using the property that the modulus of an integral is
less than or equal to the integral of the modulus, it follows
from (108) that the first-term approximation will be accurate
if

E/ Yl < (110)

To

lpCx, 7o)l if k=1,
1 if k=2,

for each x where |¢(x,79)| has non-negligible values. In
this article we use (110) to determine whether the first-term
approximation is accurate.

It is important to realize that the first-term approximation
is always accurate if the duration (t; — 7p) of the pulse is
sufficiently small. In particular, from (86) we know that a
necessary condition for the first-term approximation to be
accurate is that the atom must move a negligible distance
during the application of the pulse. Nevertheless, our numeri-
cal calculations indicate that this is not a sufficient condition
(the reason for this is that other position-dependent quantities
such as the phase of the wave function also play a role). To
find if (r; — 1) is sufficiently small one has to evaluate (110)
numerically. Since (110) appears to give no clue as to when
one should expect the first-term approximation to be accurate,
we now derive an estimate that does give some insight.
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First observe that

T
E/ dt'| fiu(x, 7)) < e(r — )l All, (111)
70
with
0 ,T”
A= MI(x) ¢g°(x ,/) , (112)
Dro(x,T )
t” € [t,71], k = 1,2, and || - || the usual Euclidean vector

norm. To obtain (111) we used the mean value theorem for
integrals, the Cauchy-Schwarz inequality, and the fact that
exp[i Ml (x)(t — 79)] is a unitary matrix.

We now bound ||.A||. First observe from (70) that

9
i o(x,7) = filx,1)P(x,7),
X

52 (113)
T390 = A1)’ + L0l T),
where t = t/AW € [0,5], x € R, and
Aoy =i <Pi;/>c(t) B 2[aj(0)2§4(: z)'a]’
| (114)
flx,1) =

200, (02 +iet]

Now we make the following approximations.

(1) Neglect ag(M,,x).

(2) Neglect the first and second derivatives with respect to
x of Q,(x), Qk(x), and O,(x).

(3) Take x = ¢ (7).

Making these approximations and using (113) it is straight-
forward to show that

IJA|| = 2k AZ (1)

[<Pz><ro>]2 N 1
hi 22 AZ(t)?

. eAWt,
—1
2kt AZ(0)2AZ(1y)?

It follows form (110) and (111) that the first-term approxima-
tion will be accurate if the right side of (111) with (115) is much
smaller than 1 and |¢(x, )| for each x where |¢(x,7o)| has
non-negligible values (assuming that the three approximations
above are valid). Our numerical calculations show that it is a
rough estimate and, therefore, it should be taken only as an
expression that gives insight into the conditions that have to
be met so that the first-term approximation is accurate.

We now relate the aforementioned estimate to the (nondi-
mensional) Rabi frequency €2,(x). In order to do this, lets take
71 to be given by

. (115)

T + 7o, (116)

. g
Qx[£x(10)]
so that we have a 7 pulse. From (115) and (116) it follows that

P)(t)
n —rllAll = g Az () [—< gf‘”}
+ 1 . eAWt,
2IAZM)? | K AZOPAZ)? |

(117)
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Since one requires €(t; — 10)||Al| < 1, from (117) we find
that larger values of (P,)(#y) require larger values of the Rabi
frequency Q2,[¢:(79)] and, hence, of By. Moreover, it is clear
that (P,)(#p) ~ O will allow one to use the smallest values of
Q[¢x(19)]. Our numerical calculations led us also to these
conclusions and they are in accordance with the condition
that the atom must move a negligible distance during the
application of the pulse.

Finally, we emphasize that it is important to establish if the
first-term approximation is accurate or not, since the validity
of the results rely on this. Moreover, it is also important in
the interpretation of experiments because the instant in which
the pulse is applied might imply large values of By for the
first-term approximation to be accurate and these might not
be used or the equipment available might not even be able to
reach them. Hence, more terms in the asymptotic expansion
would have to be included in order to explain correctly the
results of the experiment.

C. Validity of the RWA

Recall that (99) was derived from (93) using the RWA
and (98) (the latter being a consequence of the RWA and
the initial conditions). Moreover, the RWA is valid if and
only if the conditions in (94) and (95) are satisfied. In this
section we express them in terms of the position-dependent
(nondimensional) Rabi frequency €2,(x).

First assume that the first-term approximation provides
an accurate description of the exact solution of (99) for
T € (19,71) with the initial conditions in (88). Then it follows
from (94), (95), and (106) that the RWA is valid if and only if

12,0, 3Q(x) € 207,03 — o, (118)

for each x where |¢(x,70)| has non-negligible values. If in
addition ¢(x,t9) is well localized around x = ,(7p) [that is,
the atom is well localized around ¢,(7p)/k at time %], then
€2,(x) is approximately zero and €2,(x) can be evaluated at
x = &p(70). In this case the RWA is valid if and only if

1Q,[¢k(10)] < 205,09 — o). (119)

Hence, one recovers the condition for the validity of the RWA
corresponding to the case of a two-level atom fixed at a
position and interacting resonantly with an electric (magnetic)
field [26].

We now make some comments on how the RWA can break
down. Recall that in the first-term approximation the atom
moves a negligible distance during the application of the pulse
B, (7). Also, in (91) we eliminated the fast free evolution of
¢;(x,7) in ¢2(x,r) when the atom is fixed at {p(7p)/x. If
the atom moves a non-negligible distance, then the fast free
evolution of ¢, (x,7) will change and it will not be completely
eliminated in ¢?l (x,7). In fact, this fast free evolution of
¢;,(x,7) at the new positions can be very different from that
at {x(10). Hence, the RWA gets progressively worse and it can
eventually break down if the atom moves a non-negligible
distance during the application of B,(z). We had already
observed in the paragraph following (28) that the model is not
valid if the duration of the pulse is sufficiently long. Finally,
one cannot simply change the transformation defining ¢?l (x,7)
so as to eliminate the fast free evolution of ¢ (x,7) at another
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position, since this would require that the frequency w4 of
B, () to change as the atom moves. Moreover, it is not entirely
clear how w4 would have to change in time, since one can see
from (99) that components of the state of the atom move under
different potentials.

D. Probability to make the transition

In this subsection we determine the probability P(¢) for the
atom to make the transition, that is, the probability to find the
atom at time ¢ € (fy,#;) in the set of states

{lz,V;[x@)]) : z € R}. (120)
From (80)—(82) one finds that
+o00
P(t) = / dxl (v, 0P,
too 2.2 ) QR(X)
Zf dx|p(x,70)|"sin"[O,(x)]sin [ > (t — to)],
(121)

withz = 7/AW.Notice that (121) is the usual formula for Rabi
oscillations in the Jaynes-Cummings model [26] averaged by
the (nondimensional) position pdf |¢(x,70)|> of the atom at
the beginning of the pulse [see (86)]. We mention that the
two-term approximation does include the velocity of the atom
since qb?l (x,7) in (106) depends on the first and second partial
derivatives of ¢(x,t) with respect to x and these depend on
(P,)(t) [see (113) and (114)].

From (121) one observes that the wave packet ¢(x,tp) can
alter considerably the probability of the transition. Suppose
first that the atom is well localized around (Z)(#y) = ¢(t0)/k
at the beginning of the pulse B ,(¢); thatis, AZ(ty) = 0, (10)/k
is sufficiently small so that |¢(x,To)|? is well localized around
¢ (to). Then (121) takes the well-known form describing Rabi
oscillations

P(1) = sin?*{®,[¢ (to)]}sin’ { M(r —10) } . (122)
If one wishes to apply a 7 pulse, that is, if one wishes to apply a
pulse that sends the atom to the set of states in (120), then 7, has
to be chosen as in (116). Using that |¢(x, To)|? is well localized
around ¢ (tp) = ¢x(79) and assuming that i Q2p[¢ (79)] > O (see
the paragraph following (84) for sufficient conditions for this to
hold), it follows from (80)—(83), (85), and (122) that P(t;) >~ 1
and

o, [0 1 |x
Y (1)) ~e ”/ dxﬁ FV/'](X) ¢(x,70),
- (123)

with 6, = a)(frr/ Qil[¢x(70)]. Comparing (123) with the state
of the system at the beginning of the pulse, that is, with (73)
attime t =ty = 79/ AW, we observe that (except for a global
phase) the effect of the 7 pulse is simply to change the internal
state of the atom (jy changes to j;). Recall that this is precisely
what we described as a pulse in preceding paragraphs.

Now suppose that the atom is not well localized at the
beginning of the pulse and that one wishes to apply a 7 pulse.
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FIG. 1. (Color online) The figures show contour plots of the probability P(#,) that the atom makes the transition at the end of a 7 pulse
(purple solid lines), the criterion for the accuracy of the first-term approximation (black dashed lines), and the criterion that the atom makes
the transition (black dotted line with value 0) as a function of the maximum height (Z) and By. The  pulse is applied from r =1y to t = 1,
with 7, the instant in which the atom reaches the maximum height (Z) starting from z = 0 at # = 0. Panels (a) and (b) ((c) and (d)) have n = 10
(100) G/cm. Also, (a) and (c) ((b) and (d)) have AZ(0) =5 x 1077 (107%) m.

Then the probability of transition P(#;) in (121) diminishes
greatly. These facts are illustrated further below in Fig. 1, but
we first propose a criterion to determine whether the atom
makes the transition or not due to the width of the wave packet
¢(x,7) in the case ¢(tp) = ¢x(7p) or, equivalently, in the case
were the expected value of the position of the atom (Z)(7)
at time 1y is equal to the resonant position {(19)/k. Recall
that this position is resonant because the angular frequency
w4 of B,(t) was chosen to be equal to the angular transition
frequency when the atom is exactly located at ¢ (19)/x [see
the paragraphs following (83)].
Observing (121) we propose the following criterion: The
transition does not take place if
$in*[© ()] y=y. =tx (ko) < 3- (124)
Recall that o, (7) is the nondimensional standard deviation in
position [see its definition in (74)]. We note that the transition
does not take place if the inequality in (124) is satisfied for at
least one of y.. In simple terms the proposed criterion states

that the transition does not take place at the end of the & pulse
if the half width at half maximum (HWHM) of sin’[®.(x)] is
smaller than the HWHM of |¢(x,70)|%. The criterion in (124)
has the purpose of identifying when an atom that would make
the transition if it were well localized [that is, if the atom were
well localized around the resonant position {(ty)/k], actually
does make the transition at least half the times due to the
expansion of the wave packet. We chose the value 1/2 as the
border of making the transition or not at the end of the 7 pulse
because it is the most relaxed condition one can impose (half
the times the atom makes the transition).

We now simplify the criterion in (124). Using the definition
of ®y(y) in (83), it follows that (124) is equivalent to
S00(y+)? — 4/Q0(y+)|> > 0. Using Taylor series centered at
Zx(70) and neglecting terms of order [x — {x(70)]" withn > 3,
it follows that

800(x)* — 41Q0(0)1* = ap(yo)[x — &x(70) — . (¥0)]

X [x = &p(t0) —r-(yo)],  (125)
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with yo = ¢z(19) and

2 (d )
ri(y) = —{Elﬁo(y)l

ao(y)

d 2
+ \/[EWO()’)P] + ao(y)lQo(y)lz}, (126)

0 =[Lowm] —2f £ jaume
a =|— -2|— .
oly dy 00y dy? oly
Moreover, the right side of (125) will be an accurate approxi-
mation of the left side if

d 2
—300(y)
y={r(70)

dy

>>“’35<>2 Lix — e
——= 000y 71X — Cr(T0)1,
dy3 y=Cr(10) 3! (127)
d2
‘ﬁmo()’ﬂz
y y=(&(10)
43 1
> ‘ﬁmo()’ﬂz 3 — &l
y y=Cr(10)

These conditions are deduced by asking that the correction of
order [x — £(1)]® to the right side of (125) be much smaller
than the right side of (125).

Using (125) and the definitions in (83) one can conclude
that if ap[.(t9)] > 0 and (127) are satisfied for x = yL =
Lx(10) £ 04 (19), then (124) is equivalent to

ox(0)
€

79 — ———/max{0,r+[C(1) — (0%} > 0. (128)
That is, the transition does no take place if (128) is satisfied.
We mention that one should expect the conditions in (127) to
be satisfied for x = yy = £;(70) &£ 0, (70) since the functions
Soo(x) and |Q2p(x)| normally do not vary much over the
extension of |¢(x,7y)|%. Also notice that (128) is a very simple
criterion that can be used to determine whether the transition
will take place.

We now illustrate the above results concerning P(¢).
Consider a ¥’ Rb atom, jo=F.,F,=22,andj, = F_,F_ =
1,1. The atom has the initial state given in (68), (69), and (72)
with ¢ (1) = ¢x(70), expected value of position zg = 0 at time
t = 0, and expected value of momentum py at time r = 0 such
that the expected value of the position of the atom reaches a
maximum height (Z). At the instant # = #( in which the atom
reaches the maximum height (Z), the magnetic field B ,(¢) is
applied fromt =ty tot = t; = t;/AW. The probability P(t)
that the atom makes the transition is calculated numerically
using the second line in (121). Notice that ¢(tp) = {x(79) was
chosen so that B ,(¢) is resonant with the transition if the atom
is well localized around its expected value of position ¢ (#y)/k
attime t = ty.

First consider a r pulse, that is, t; given in (116). Figure 1
shows contour plots of P(r = t;) for different values of the
maximum height (Z), the strength By of B,(¢), the standard
deviation of position AZ(0) at time ¢t = 0, and the derivative
n of Bsr(z). Figures 1(a) and 1(b) have n = 10 G/cm, while
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Figs. 1(c) and 1(d) have n = 100 G/cm. Moreover, Figs. 1(a)
and 1(c) have AZ(0) = 5 x 1077 m, while Figs. 1(b) and 1(d)
have AZ(0) = 107° m.

In Fig. 1 the contours 0.01 and 0.1 limit the region in which
the first-term approximation is known to be accurate. In the
region above the yth contour (y = 0.01,0.1), the two-term ap-
proximation can modify the first-term approximation at most in
y x 10?% so that the first-term approximation is accurate. We
now describe how these contours were obtained. The integrals
in (110) where evaluated numerically in an 11-point uniform
mesh from x = ¢(ty) — S0,(79) to x = ¢(79) + 50, (1) and
the maximum value was taken. This was done for each value
of £(t9) = k{(Z) in a uniform mesh between (Z) = 0 cm and
(Z) = 2 cm. The values of the integrals associated with the
first components of (110) were divided by |¢[¢ (7o), T0]| (the
maximum value of |¢(x,79)|). Then the maximums between
the latter (values of the first components of the integrals divided
by |¢[¢(70),70]]) and the integrals associated with the second
components of (110) were taken to construct the contours.

The contour 0 of the function on the left of (128) is also
shown. Hence, according to the criterion in (128), the transition
only takes place in the region above this contour. One observes
from Fig. 1 that the criterion works very well, since the region
above the 0 contour has P(t;) > 1/2.

From Fig. 1 one notices that the uncertainty in position
AZ(t) of the atom has a deteriorating effect on P(z;). It can
be observed in Figs. 1(a) and 1(c) that P(#;) decreases very
rapidly for increasing maximum height (Z) when compared
to Figs. 1(b) and 1(d). The reason for this is that AZ(r) grows
more rapidly when AZ(0) =5 x 10~7 m when compared to
the case where AZ(0) = 107% m [see the formula for AZ(?)
in (74)]. Notice that P(t;) decreases considerably because
B,(7) is not resonant with the desired transition when the
atom is not well localized. Moreover, one also observes that
the uncertainty in position AZ(¢) of the atom has a more
deteriorating effect for larger 1. The reason for this is that the
nondimensional uncertainty o, (7) is larger for larger #; that is,
in a sense, the expansion of the wave packet is more noticeable
for larger 7.

Also notice in Fig. 1 that P(#;) increases with larger By. To
explain this fact, first observe from (55) that the atom-B,(¢)
coupling Q(x) increases with larger By. Hence, it follows
from the definitions in (83) that the (nondimensional) Rabi fre-
quency $2,(x) increases with By, while the (nondimensional)
detuning §go(x) is independent of By. Using the continuity
of the function §pp(x)/ 2(x) and the fact that §po[x(79)] = O
[see (85)], it follows that the length of the interval Z; centered
at £x(1p) and in which §pp(x)/ Q(x) =~ 0 increases with larger
By. Since 2, (x) varies slowly with x and Sin?[@4(x)] ~ 1 for
x € Is [see the definition of ®(x) in (83)], one concludes
from (121) that P(#;) increases with larger By. Also, as the
length of Zs grows it includes more and more of the region Z,
where |@(x,T9)|? takes non-negligible values. For sufficiently
large By the interval Zs contains Z, and |p(x,70)|> can be
considered to be well localized. In this case (122) applies and
one obtains from (116) that P(¢;) >~ 1 when ,(79) = ¢ (10).
In simple terms, P(t;) increases with larger values of By
because the atom-B ,(¢) interaction becomes less sensitive to
the position of the atom.
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Finally, consider a 27 pulse, that is, 7; is chosen as
2

T Qula(t0)]

Figure 2 illustrates P(t = t/AW) as a function of t € [19,7]
for By = 0.3 G and several values of the maximum height
(Z). Figures 2(a) and 2(c) have AZ(0) =5 x 10~7 m, while
Figs. 2(b) and 2(d) have AZ(0) = 107% m. Also, Figs. 2(a)
and 2(b) have n = 10 G/cm, while Figs. 2(c) and 2(d) have n =
100 G/cm. Notice that the uncertainty in position A Z(¢) of the
atom leads to a deteriorating visibility of the Rabi oscillation
for increasing (Z). This is particularly noticeable for smaller
values of AZ(0) and larger values of 7, since AZ(¢) increases
faster in the first case and the expansion of the wave packet is
more noticeable in the second [o,(7) is larger for larger 7].

+ 7. (129)

71

V1. THE PHASE-SPACE SELECTOR

We now use the results obtained so far to characterize the
phase-space selector presented in the Introduction. In the rest
of this section we assume that the first-term approximation is
accurate, the atom is well localized around its expected value
of position (Z)(ty) = {(t0)/k attime fy = 19/ AW, am pulseis
applied with t; in (116), ap[¢x(T0)] > 0, and conditions (127)
hold with x = (7).

Define the interval

Is[&x(to)] = [1-[8e(T0)],L+[a(T0)]] (130)
with
Li[¢a(t0)] = ¢r(T0) +,:j:[§R(TO)]. (131)

Recall that 71 (y) was defined in (126).

Since the first-term approximation is accurate and the
atom is well localized around its expected value of position
(Z)(t) = ¢(19)/K at time fop = 19/ AW, one can use expres-
sion (122) with ¢ = #; for the probability P(#) to find the
atom in the set of states (120) at time #,. Using that expression
and the definition of ®,(x) in (83), one obtains the following
implications:

0 < o0(x)” = 41Q0(0) P lv= (0
& sin’[6,(0)]|i=¢rp) < 3

= P(1) < 1. (132)

Since ap[¢x(T0)] > 0and conditions (127) hold with x = ¢ (7o),
one can use (125) to conclude that
(Z)(t0) & Is1Ex(r0)] = 0 < S00(x)” — 4|Q0(¥)[* [t (zo)-
(133)
Combining (132) and (133), one obtains that

(Z)(to) & Is[Er(ro)] = P(1) < 3.

Hence, if an atom has probability >1/2 of making the
transition to the set of states (120) at the end of the 7 pulse, then
its expected value of position (Z)(ty) = ¢(79)/k is included in
the interval Is[¢z(7o)] defined in (130).

Notice that the we never used the second factor in (122)
with t; given in (116) for the 7 pulse:

QR . QR
] ] 0o

(134)

PHYSICAL REVIEW A 89, 013406 (2014)

P(7)
1.0¢

0.8¢
0.67
0.4;
0.2¢

P()
1.0¢

0.8-
0.61
041
0.21

P(7)
1.0¢

0.8}
i, > \\

0 6 L /4" aun N,
. SNy .. DU

by "... N
0.4 [ RN
0.2+ RNY

- 10%r
2 4 6 8 10 12

FIG. 2. (Color online) The figures show the probability P(7) that
the atom makes the transition for a 27 pulse as a function of the
nondimensional time T € [19,7;] for By = 0.3 G and several values
of the maximum height (Z) of the expected value of the position of
the atom. The 27 pulse is applied from T = 7 to T = 17, with 7 the
instant in which the atom reaches the maximum height (Z) starting
from z = 0 at t = 0. The values are (Z) = 0 cm (red solid lines),
0.4 cm (blue dashed lines), 1 cm (magenta dot-dashed lines), and
2 cm (black dotted lines). Panels (a) and (b) ((c) and (d)) have n =
10 (100) G/cm. Also, panels (a) and (c) ((b) and (d)) have AZ(0) =
5% 1077 (107%) m.

Therefore, the interval I,;,[{:(T0)] that satisfies
(Z)(10) € Inin[Zx(10)] & P(ty) > 3 (136)

is contained in I§[¢;(70)] and has smaller length.
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In the following we refer to the atoms that have a probability
>1/2 of making the transition as the selected atoms. Notice
that we have taken the value P(#;) = 1/2 to be the border
between the atoms that made the transition and those that did
not. We chose this value because we wanted to estimate the
full width at half maximum (FWHM) of P(¢,) as a function
of the detuning between the transition angular frequency
and the angular frequency w,4 of B,(#). This detuning arises
from the atoms not being located at the resonant position
Cx(t0)/k [recall that w4 was chosen so that the atoms make
the transition with probability 1 if they are well localized
around their expected value of position (Z)(#) at time #y and
if (Z)(ty) = ¢r(19)/x]. This is similar to the way in which
the width of the selected velocities is calculated for Raman
transitions [14] and to the way in which the resonance width
of a sinusoidally varying perturbation of a time-independent
Hamiltonian is calculated using perturbation theory [16].

The minimum value Ay of the length A, of I5[¢x(70)] is

N 41Q0(x)|
- X —> 00 ’
) |3 Vit = V]|
1 By

B — 137
M+ Fyt+iln (37
The sign + is chosen according to jy = F,,£F,. Notice
that (137) establishes the best possible selection in terms of
a simple functional relationship among the strength By of
the magnetic field B,(¢), the derivative n of Bsr(z), and a
factor which depends on the alkali-metal atom used. On the
other hand, the first line in (137) expresses Ay in terms of
the (nondimensional) resonant Rabi frequency 2.[¢:(79)] =
2|R0[¢x(10)]| divided by the criterion (57) used to determine
which transition gives place to the best phase-space selector.
In fact, taking the limit in the denominator and evaluating the
numerator at x = (7o) in the right side of the first line of (137)
we obtain the following estimate involving the (angular) Rabi
frequency AW Q,[¢:(70)] at the resonant position &x(¢p)/x:

2
N KAW|J/1 + F.y+ %|

Therefore, the selection in position is better for smaller Rabi
frequencies and larger values of ) [recall that k is proportional
to n; see the definition in (29)].

We now use (130), (134), and (137) to characterize the
selection in position and velocity described in the Introduction.

Assume that you have a cloud of noninteracting, well-
localized, and identical alkali-metal atoms such that the
expected value of the velocity of the cloud is zero. At time
t = 0 prepare each atom in the state (72) with j; replacing
Jjo- At time t =0 an arbitrary atom in the cloud has an
expected value of position zg = ¢(0)/« and an expected value
of momentum py. Among all atoms in the cloud one wishes
to select only those that are in a small neighborhood of z,, =
£:(0)/x. Hence, one applies a w pulse with tp = to/AW = 0.
It follows from (134) that the selected atoms have zg in the
interval Ig(kzoz)-

Figure 3(a) shows a contour plot of the width A, of I(k z,;)
(units of m) for 8Rb, jo = F,,F, =22, i =F_,F =1,1,
and n = 100 G/cm when z,, = (Z)(tp = 0) is varied from 0
to 2 cm. We note that the change of A, for the values of

AW [gp(z0)].  (138)

Am
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FIG. 3. (Color online) Panel (a) shows contour plots of the length
A, (purple solid lines) of the interval in (130) and of Ay (black
dashed lines) as a function of ¢;(7y)/k and By. The quantity {z(79)/k
is denoted in the figure by (Z)(#y). Panel (b) does the same for the
width A, (purple solid lines) of the velocity interval in (139) and
for Aym (black dashed lines). The units of A, and A,y are m, while
those of A, and A,y are m/s. Both figures have n = 100 G/cm and
show the contour 0.1 (black dotted lines) above which the first-term
approximation is accurate.

(Z)(ty = 0) considered is negligible (itis of order 5 x 10~7 m).
Figure 3(a) also shows a contour plot (black dashed lines)
of A,m. The contours are exactly the same as those for A,
and appear displaced upwards. Observe that A,y gives a
reasonable estimate of A for the lower values of By. We note
that the first-term approximation is known to be accurate in the
region above the contour 0.1 (black dotted line), since in that
region the two-term approximation can correct the first-term
approximation in at most 10%. The contour is exactly the
same as that of Fig. 1(d). Finally, the duration (#; — () of the
7 pulse varies with (Z)(#yp = 0), but is approximately equal to
1.36 x 1070 s (40.8 x 107 s) for By = 0.3 G (By = 0.01 G)
and the values of (Z)(ty = 0) shown.

If one wishes to make a selection in velocity, one proceeds
as follows. At the end of the 7 pulse mentioned above we make
a projective measurement to determine in which set of states
{lz,Vi[x(@)]) : z € R} (j = joorj) each atom is found. Now
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give the cloud of selected atoms (the cloud of atoms that did
make the transition to the set of states {|z, V; [x(2)]) : z € R})
a kick upwards if ger > 0 or downwards if gesr < 0. The new
instant ¢ = 0 corresponds to the end of the kick. The atoms
in the selected cloud now have approximately the same initial
expected values of position zo (the kick is brief), but new
initial expected values of momentum py = hxpy. Since each
of the atoms in the selected cloud is found in the set of states
{Iz,Vj,[x(2)]) : z € R} and we are assuming that they are well
localized, we approximate their initial states by (72).

Among all the atoms selected by the first pulse one wishes to
select those with respective initial expected values of position
and momentum z,;, and p,, = hikp,. Apply a m pulse at
the time fy = po/(q2AW) > 0 [see (63) for the definition
of ¢;] when the atoms with expected value of position
equal to ¢z(t)/k reach the maximum (minimum) height if
getf > 0 (ger < 0). It follows that the selected atoms have their
expected value of position (Z)(fy) in the interval Ig[Z,(to)].

Each projective measurement can be performed by applying
a laser that pushes away the atoms that did not make the
transition. More precisely, one applies a laser that connects
the set of states {|z,V;[x(2)]) : z € R} (with j = joor j = j
depending on which atoms one wants to push) with other states
so as to have an optical transition. For example, in ’Rb one
could use the Dy or D, lines [17]. The atoms that did not make
the transition gain on average momentum in the direction of
the traveling wave associated with the laser thanks to photons
absorbed and subsequently emitted spontaneously. On the
other hand, atoms that did make the transition are not pushed
because they are far off resonance with the aforementioned
optical transition.

The kick is also applied by using a laser that pushes (in the
appropriate direction) the atoms that did make the transition
and leaves them in the set of states {|z,V; [x(2)]) : z € R}.
The duration of the application of the laser must be brief so
that the momentum of the atoms is changed, leaving them
at approximately the same position. In fact, the projective
measurement mentioned above can be achieved directly with
this kick.

Using that (Z)(0) € Is(kzor), (Z)(t0) € Is[x(T0)], the
forms of (Z)(t) = ¢(tr)/k in (74) and of ¢;(7) in (83), and
that the second 7 pulse is applied when ¢,(t)/x reaches the
maximum height [that is, 7o = poz/(g2AW) with ¢, defined
in (63)], one can conclude that the atoms selected in the second
7 pulse have velocities (P)(fy)/M in the interval

hs[8e(t0)] = [~ [Ea(T0)], L2+ [Er(T0)]], (139)

with
1
Lt [Er(t0)] = —{rel&a(t0)] — re(kzor)}- (140)
Kty

Hence, a selection in velocity has been performed; that is, we
have prepared a sample of atoms with well-defined velocity.
Notice that, as a consequence of the second 7 pulse, the sample
has also well-defined position.

Taking the limit x — o0 according to jo = F,,£F, we
obtain the minimum length (width) of the velocity interval
in (139),

AzM
At

Apm = 2——, (141)
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with At the time interval between pulses (in the case we are
describing At = #y). Hence, the best possible selection is again
determined by a very simple formula which now includes the
time At between pulses. Moreover, as time increases from ¢ =
11, the cloud of atoms in the set of states {|z, V;,[x(2)]) : z € R}
becomes spatially separated from the cloud of atoms in the set
of states {|z,V; [x(z)]) : z € R}, because the former moves
under the potential V; [x(z)] + Mgoz, while the latter moves
essentially under the different potential Vj [x(z)] + Mgoz
[we say essentially because it moves under the potential
Vi [x(z)] + Mgoz only if one neglects the weak coupling
introduced by L°(x); see (24) and (25)]. In other words, the
clouds become separated due to the different response to the
magnetic field of different Zeeman sublevels.

Figure 3(b) shows a contour plot of the length A, of
Ds[¢x(19)] (units of m/s) for 8Rb, jo = F,,F, =22, j; =
F_,F_=1,1,and n = 100 G/cm. The first pulse is applied for
Zox = 0. The maximum height &, (#y)/x [denoted by (Z)(#) in
the x axis of the figure] is varied from 0.5 to 2 cm. The figure
also shows a contour plot of the minimum width A,y (black
dashed lines) given in (141). The contours are exactly the same
as those for A, and appear displaced upwards. Notice that A ,u
estimates reasonably well A,. As expected, A, decreases for
increasing maximum height [denoted by (Z)(#y) in the figure],
since the time between pulses is larger. Moreover, the first-term
approximation is known to be accurate in the region above the
contour 0.1 [this contour is exactly the same as the one in
Fig. 1(d)]. We note that ag[«(Z)(t9)] > O for all values of
(Z)(tp) in the figure. Moreover, the duration (#; — #y) of the
second 7 pulse is approximately the same as before.

A. Efficiency of the phase-space selector

We now discuss how small A, and A, really are. A cloud
of ’Rb atoms in a magneto-optical trap at a temperature T =
20 x 107° K can be modeled by Gaussian distributions f, in
position and f, in velocity with respective standard deviations
o, ~ 103 mand o, = Vk,T/M ~ 4.5 x 1072 m/s, with k,
the Boltzmann constant. Hence, the FWHM of f, (f,) is
approximately equal to 20, ~ 2 x 107> m (20, ~ 10™! m/s).
From Figs. 3(a) and 3(b) it follows that the selection in position
(velocity) can lead to a sample of atoms whose distribution
in position (velocity) has a FWHM two orders of magnitude
smaller.

Moreover, the recoil velocity of 3’Rb associated with
the absorption or emission of a photon with wavelength A,
corresponding to the D, line [17] is vr(z) =5.9x 1073 m/s.
From Fig. 3(b) one observes that f, can have a FWHM of
about v, /6 >~ 0.001 m/s if By >~ 0.1 G and n = 100 G/cm.
Therefore, using the method we propose one may achieve
a velocity resolution which tends to those obtained using
velocity-dependent Raman transitions [3]. It is important to
note that the widths of the selections in position and in velocity
using our method are actually smaller than A, and A, since we
only know that the selected atoms have positions and velocities
included in the intervals (130) and (139) [see (134) and (136)].

Velocity-dependent Raman transitions transfer atoms in a
range of velocities of width [14]

Av >~ —,

142
AR ( )
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where A is the wavelength of the optical transition used in
the Raman technique and Afg is the duration of the pulse.
Note that the Raman technique uses a single long optical
pulse whose duration appears in the denominator in (142),
while the proposed method uses two short microwave pulses
separated by Az in (141). Hence, the proposed method relaxes
the experimental requirements for frequency stability when
compared to the Raman technique.

Finally, we discuss what happens when the atom is not
well localized around its expected value of position (Z)(t) =
¢ (19)/k at time ty = 19/ AW for a fixed By. In this case it was
observed in Sec. VD that the probability that the atom makes
the transition decreases considerably when its expected value
of position is equal to the resonant position ¢,(ty)/k. Hence,
the phase-space selector does not work since atoms that should
make the transition, in fact, do not. In Sec. VD it was also
shown that increasing By increases the probability that the
atom makes the transition and that the atom can be considered
to be well localized for sufficiently large values of By. Hence,
if the atom is not well localized for a given value of By one
must then increase By until the atom can be considered to be
well localized. Once this is done all the results established
in Sec. VI apply. It is important to note that by increasing
By one is not localizing the atom, one is simply making the
interaction of the atom with B ,(¢) less sensitive to the position
of the atom. For example, assume that AZ(0) = 10~® m and
that n = 100 G/cm. From Fig. 1(d) it follows that By must take
a value between 0.3 and 0.5 G in order to have a probability of
making the transition approximately equal to 1 when ¢,(to)/k
[denoted by (Z)(#) in the figure] varies from O to 2 cm. For
these values of By the atom can be considered to be well
localized and the results of Sec. VI can be applied. From
Fig. 3(b) it then follows that the length A, of the interval
in (139) is A, ~ 0.003,0.005 m, which is still quite good. In
conclusion, in order to apply the results of Sec. VI one must use
values of By that are compatible with the condition of having a
well-localized atom and these values of By are determined by
demanding that the atoms with expected value of position equal
to the resonant position {x(7p)/x have probability of making
the transition approximately equal to 1. It is important to note
that the expansion of the center-of-mass wave packet is the
principal phenomenon limiting the efficiency of the proposed
phase-space selector, since it affects the values of B that can
be used. If a way is found to limit the expansion, then smaller
widths can be obtained.

VII. CONCLUSIONS

In this article we established a model that describes any
alkali-metal atom interacting with a position- and time-
dependent classical magnetic field. It includes the hyperfine
structure of the atom and quantizes its center-of-mass motion.
Moreover, we proposed a method directed to prepare samples
of atoms with both well-defined position and well-defined
velocity. The method is based on magnetic dipole transitions
between hyperfine levels whose energy separation depends on
the position of the atoms due to the presence of a position-
dependent static magnetic field such as the one found in a
magneto-optical trap.
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The model was used to characterize the proposed method.
It was determined which transitions give place to the best
selections in position and velocity and the evolution of
the state of the atom was calculated analytically. Simple
expressions where obtained for relevant physical quantities
such as the probability that the atom makes a transition, the
expected values of position, momentum, and energy, and their
dispersions. This allowed us to calculate approximately the
widths of the selected positions and velocities and to establish
the efficiency of the method. It was concluded that the proposed
method can lead to samples of atoms whose width in velocity
tends to those obtained using velocity-dependent Raman
transitions. Also, it was concluded that the main phenomenon
prohibiting smaller widths in position and velocity is the
expansion of the atomic center-of-mass wave packet. If a way
can be found to circumvent this problem, then much smaller
widths are possible.

It is important to note that the idea on which the proposed
method is based consists of taking a cloud of atoms and
applying magnetic pulses that are resonant with a previously
defined transition only for atoms located at a certain position.
The dependence on position of the energy separations of the
levels of the atoms is achieved by using a static magnetic field
that depends on position, while a time-dependent magnetic
field (the pulse) is used to make transitions between the levels.
One pulse selects those atoms that are located around a certain
position, while a second pulse separated by a time interval
from the first one selects the atoms at another position. The
effect of the two pulses is to select from the cloud of atoms
a sample with both well-defined position and well-defined
velocity. Although the method was analyzed only for alkali
metals, it could be applied for other types of atoms. Moreover,
we considered the case where the second pulse is applied
when the atoms that want to be selected reach a maximum
height. The reason for this is that the first-term approximation
used to characterize the widths of the selections in position
and velocity is accurate in this case. Nevertheless, the second
pulse could be applied during the flight of the cloud of atoms.
The analytic expressions for the widths are still valid if the
first-term approximation is accurate, but this accuracy would
have to be checked using, for example, the criterion presented
in the article.

The proposed method is specially attractive because it is
easier to implement experimentally than velocity-dependent
Raman transitions and can lead to comparable results. More-
over, it has the advantage that it also selects in position. Hence,
it also offers an alternative to the use of slits and holes in
plates to perform this task. Finally, we mention that it might
be possible to combine the proposed method with the Raman
technique to prepare samples of atoms with both well-defined
velocity and well-defined position.
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APPENDIX A

In this appendix we review a model used to describe the
internal structure of an alkali-metal atom of mass M. We
consider the nucleus and the electrons of the full shells as
a single-point particle of mass M — m, (m, is the mass of
the electron), spin I equal to the spin of the nucleus, and
position equal to the position of the nucleus. In the following
we refer to this particle as the core particle and we assume
it is fixed at the coordinate origin. Moreover, we also assume
that 7 > 1/2. The core particle acts as a center of force that
affects the valence electron which is referred to simply as the
electron.

The state space of the atom is

H =Her ®Hes ®Hl5

where H,, and H,; are the state spaces for the spatial and spin

degrees of freedom of the electron, respectively, and H, is the

state space for the spin degrees of freedom of the core particle.
The Hamiltonian of the atom is [13,14]

(AL)

Hy = H, + Hso + Hurs, (A2)

where H, is the sum of the kinetic and potential energies of
the electron

1
H, = —P; + V(R,), (A3)
2m,
Hygo is the spin-orbit interaction of the electron
Hso = §(R,)L - S, (A4)

and Hygg is the hyperfine Hamiltonian. An explicit expression
for Hyps is given later.

Here R,, P,, S, and L =R, x P, are respectively the
position, momentum, spin, and orbital angular momentum
operators of the electron, while V () is a spherically symmetric
non-Coulomb potential and

1 14V
557, (AS)

with ¢ the speed of light in vacuum.

Now the goal is to define the ground-state configuration of
the atom and to introduce an orthonormal basis for it. In order
to do this we first diagonalize H, in H,,.

Since H, commutes with the three components of L, one
can diagonalize simultaneously H.,, L2, and L, inH,,. Hence,
there exists an orthonormal basis

Ber = {In,l,m;) :n =ng,no+1,...,
—I<m<,1=01,...,n—1}, (A6)
for H,., composed of eigenvectors of H,, L2 and L 2, that is,
H,|n,l,m;) = E, |n,l,m),
L2|n,lm;) = I( + DR |n,l,my),

L. \n,l,m;) = m;h|n,l,m;).

(AT)

We remark that §,, is a standard basis; that is, the action of
the angular momentum ladder operators L on its elements
satisfy the usual relations [16].

In the following we consider only the ground-state configu-
ration of the atom; that is, we restrict to the following subspace
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of H,
Ho = Hy, @ Hes @ H,, (A8)
with HS, the subspace of H,, spanned by the basis
{lko} = Ino,l = 0,m; = 0)}. (A9)

Notice that our use of the model of a single electron interacting
with a core particle to describe an alkali-metal atom is entirely
adequate because we are restricting the principal quantum
number 7 to its lowest possible value ny.

Now everything is set to introduce a basis for H. Since H,;
and H, are the state spaces for the spin degrees of freedom
of the electron and of the core particle, respectively, we can
choose standard bases

ﬁes = {|S = 1/2,m5) tmg = :t1/2},
(A10)
B ={Im) m=1I1-1,..., —1},

for H,s and H, composed of eigenvectors of S2, Sz, I?,and I 2
that is,

S%s = 1/2,m,) = 2R%|s = 1/2,m,),
S.|s = 1/2,ms) = mgh|s = 1/2,my),

(A11)
P|I,m,) = I(I + DR*I,m,),

I|I,m;) =m;h|l,m,).

Here I is the spin angular momentum operator of the nucleus
(or core particle).

From (A8)—(A11) it follows that B in (2) is an orthonormal
basis for Hy composed of eigenvectors of H,, L2, L Z S2, Sz, |
and 7. Notice that the dimension of Hg is dimHy = 2(21 + 1).
Also,

IBCSI = {|mx7ml) = |S = 1/25mﬁ> ® |I,m1> :

my = £1/2m, = 1,1 —1,...,—I}, (A12)

is an orthonormal basis for H,; ® H, composed of eigenvec-
tors of 8%, S, I?, and I..

Now we proceed to diagonalize H4 in Hy. Notice that for
this to make sense it must result that H, is an invariant subspace
under H,.

From (A7)—(A9) first observe that

L=0, H,+ Hyo = E.o0 in  Hp. (A13)

Using this result in (A2) it follows that to diagonalize H4 in
‘Ho we only need to diagonalize Hyps. It can be shown [14,16]
that the restriction of Hygs to H takes the form
a
Hyrs = ﬁl -J in  Hy, (Al14)
where a > 0 is a constant, J =L + S is the total angular
momentum of the electron.
Introducing the total angular momentum of the atom F =
J + I, we can express Hygs in the form

a .
ﬁ(Fz —JF -1 in H.
Therefore, to diagonalize Hygs in Hy we need to diagonalize
simultaneously F?, J2, and I? in H,.

Hyrs = (A15)
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Using (A13) it follows that

J=S, F=S4+1 in Hy, (Al6)

and it is clear that §?, I?, F2, and F, can be diagonalized
simultaneously in H.; ® H;. Hence, there exists a standard
basis

BS, = IF.M,) : —F < M, < F, F =1 £1/2},
(A17)
for H.s ® H; composed of eigenvectors of S2, I, F2, and F;;

that is,
S*|F.M,) = 31°|F.M,),

|F,M,) = I(I + DI?|F,M,),
(A18)
F*|F,M,) = F(F + DI?|F,M,),

leF»MF) = MFh|F1MF>'

Using B, one can define the orthonormal basis S for Hy
given in (3) and (4) composed of eigenvectors of H,, L2, L_,
S%, 12, F?, and F..
Using (A2), (A13), (A15), (A16), and (A18) it follows that
a

Hylko, F.My) = {En0,0+ 2|:F(F+ D—-IU+1)— %i“

X |k()7FaMF>’ (A19)

for M, = —F,...,F and F = [ = 1/2. Hence, ﬂg in (3) is
an orthonormal basis for H(y composed of eigenvectors of H,
and H) is an invariant subspace under Hj,.

All the information about the hyperfine structure of the
ground-state configuration of the atom is contained in (3)
and (A19). We find that the ground-state configuration of the
atom has two possible energies (eigenvalues of Hy):

E,=Euo+ %I, E =E,o— g(l +1).  (A20)
The energy E, is (21 4+ 2) degenerate, while E_ is 2/
degenerate. Moreover, the vectors |ko,F = F,,M;) (M, =
F.,F,—1,...,—F,)have energy E,, while the kets |ko, F =
F.M;) M,=F_ ,F —1,...,—F_) have energy E_. To
simplify the notation we have used the quantities in (4). Finally,
we note that the field-free ground-state (energy) hyperfine

J

1
RAW My —5
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splitting is

hAWEE+—E,=%(2]+1). (A21)

Introduction of a classical magnetic field

We now introduce a constant classical magnetic field along
the z axis B = Bz with B € R. The Hamiltonian of the system
atom + magnetic field is given in (6) and (7). We note that the
state space of the system is still given by H in (A1). What is
not immediately clear is if it still makes sense to restrict to the
subspace Hy. This happens if and only if H) is invariant under
—u - B. From (A11) and (A13) we find that

n I
— u - Blko,ms,m,) = hB (gs “my — g,—Nm1>|ko,ms,m,).

h h
(A22)
Hence, By is an orthonormal basis for H, composed of
eigenvectors of —p - B and H is invariant under Hag.

We now proceed to diagonalize Hapg in Hjy. Given the
definitions of H, in (A2) and Hg in (6), it follows from (A13)
that this is accomplished if we diagonalize Hyps — u - B. Since
F and M, are no longer good quantum numbers, the basis 8§
is not useful and we return to the basis By in (2). First, define
the sets

BM,) = (kosms = 1/2m, = M, — 1)2),
Koy = —1/2m, = M, +1/2)}, (a23)
B(M, = £F,) = {lko.m, = £1/2.m, = £I)},

for M\, = F ,F —1,...,— F_[recall the definition of F,
in (4)]. It is clear that

Fy
po= | BMy.

Mp=—F,

Moreover, using (A15), (A16), (A22), and the electron and
nuclear spin angular momentum ladder operators Sy and 7 it
is straightforward to show that B(M,) spans a subspace of Hy,
denoted by spanfB(M,), that is invariant under Hyps, — i - B,
and F, foreach M, = F_,F, — 1, ..., — F,. Inparticular, the
matrix representation of Hyps — f - B in span(M,) is

(A24)

[Hups — o - B]ﬁ(M,,-) = ZI——i—l

with

1
U. = +g,50 —2g, (MF T —)ﬂ (A26)

h 2) h’

for each —F < M, < F_. These are 2 x 2 matrices and

can be diagonalized easily [16]. Using (A13) it follows that
the eigenvectors of each of these matrices along with the

\/1(1+1)—M3+§

\/I(I—l—l)—M%—i-% KB (U, 0
2200 o)
— (M, + 1) -

(

vectors in B(M, = £ F,) define the orthonormal basis I'(x)
in (8) and (9) composed of eigenvectors of Hap. Explicitly,
one has

hAW

HuoVen, ) = | B = 500

+ Vi, (X)] | Vg (x)>7

(A27)
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for each —F < M; < F and F = F.. Moreover, it is easy to
show that

F2|V,, o, (X)) = F(F, + DR |V, o, (X)),
(A28)
F2 Vi, (0)] g = F(F + DI?| Vi, ()] gy

foreach —F_ < M., < F_,F=F..
To simplify the formula in (A27) we now redefine the zero
of the energy scale in such a way that

hAW

SR A29
T 200+ 1) (A29)

This can be accomplished by redefining H, to be

hAW

H, = H, + H Hups — | Epy o — ————
A + Hso + Hygs |: 0,0 221+ 1)

], (A30)
which reduces to (1) when restricted to Hy. In particular,
with (A30) the formulas (5) and (10) are satisfied.

APPENDIX B

Consider a pair of parallel circular coils of radius R carrying
steady currents in opposite directions. Establish a coordinate
system such that one of the coils carries a current /. > 0 and
has its center at (0,0,dy) with dy > 0, while the other coil
carries a current — /. and has its center at (0,0, — dy). We now
establish several approximations for the magnetic field Byc(r)
produced by the two coils.

Using the Biot-Savart law and the Taylor series expansion
of (1 + x)~3/2 with center at x = 0, it follows that

Boc(r) ~ Bsr(2)z, B1)
to zero order in x /R and y/R with
/’LOIC R2
2 IR+ @ —doPPP

R2
‘1m+@+%mw} (B2

Bst(z) =

Bst(z)z will be an accurate approximation of B,c(r) if

/2 2
E(x—ﬂ) < 1. (B3)

4 R

This condition was obtained by asking that terms linear in x /R
and y/R be much smaller than (B2).

It is important to notice that Bst(z)z does not satisfy the
Maxwell equation V - B = 0. Nevertheless, it does constitute
an accurate approximation to B,c(r) if the condition in (B3) is
fulfilled. To obtain an approximation that does satisfy V - B =
0, the expansion has to be carried to order (2n — 1) in x /R and
y/R(n=12,...).

Again, using the Biot-Savart law and the Taylor series
expansion of (1 + x)~3/2 with center at x = 0 it follows that

L
VR +d}

Xy
Byc(r) ~ oy z+ az(Z)(-X + —Y>, (B4)

R R
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to order 1in x/R, y/R, and z/,/ R% + d?, with

o ( ) 3/,Lolc R2
Z =
’ 4R+ )"
2=dy z+dy
X R — R ., (B5)
[H(%)z 1+(%)2}
3l R%dy
o) = 3ol ——mmmmm.
1 0 C(R2 +d5)2

The expression on the right of (B4) will be an accurate
approximation of Byc(r) if the following conditions are
satisfied:

lz £dol > 2v/x2+ 2, 2|z] € do. (B6)

These conditions were obtained by asking that the first
correction to (B4) be much smaller than (B4).
If in addition to (B6), the condition

4dy/R
2 2 A
Va2 +y? L |Z|1+(d0/R)2 (B7)

is satisfied, then the term multiplied by «,(z) in (B4) can be
dropped out and an accurate approximation to B,c(r) is given
by

Boc(r) ~ nzz, (B8)
with
3R%d,

wea

n = pole

For example, taking dy = R, it follows from (B4)-(B9) that
nzz is an accurate approximation of Byc(r) if the following
conditions hold:

1
2vx2+y% 2zl KR, E\/x2+y2 < |z|. (B10)

In summary, the magnetic field produced by the two coils is
approximately equal to 7zz if one is sufficiently close to the
axis of the coils, sufficiently far away from the origin, and
sufficiently far away from the coils.

APPENDIX C

In this appendix we extend the model of Appendix A to
include the quantized center-of-mass motion of the alkali-
metal atom.

Now consider that the core particle is no longer fixed
at the coordinate origin. It has position and momentum
operators R and P, respectively, and the atom is subject to
a constant gravitational field. In Appendix A the position of
the electron was measured from the coordinate origin which
was the position of the core particle (and of the nucleus). Now
the position of the electron is measured from the position of the
core particle (which coincides with the position of the nucleus),
R, is the associated operator, and P, is the corresponding
conjugate momentum.
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The state space of the atom is now
HT = Hcore & H» (Cl)

where Hore 1S the state space for the spatial degrees of freedom
of the core particle and H is given in (A1).

The Hamiltonian that describes an alkali-metal atom subject
to a constant gravitational field is now

1
H,=——P +(M—m,)goZ
200 —my) +( me)go

+mego(Z + Z.) + Hy, (C2)

where go = 9.8 m/s? is the acceleration of gravity and H, is
given in (A30). Notice that H,, is the sum of the kinetic energy
of the core particle, plus the gravitational potential energies of
the core particle and the electron, plus the Hamiltonian Hy4
describing the internal degrees of freedom of the alkali-metal
atom. We can simplify (C2) as follows:

|
T 2M(1 — m, /M)

AT

2 me
P +Mg0 Z—i—ﬁZe +HA
(C3)

Now we neglect the terms multiplied by m./M in (C3) to
obtain the Hamiltonian

H, = ﬁpz + MgoZ + Hy.
Notice that by neglecting the terms multiplied by m,/M
we are identifying the position of the core particle (which
coincides with the position of the nucleus) with the position
of center of mass of the atom. Therefore, we refer to the
core particle also as the center-of-mass particle when this
approximation is used. Since m,/M < 1 and the expected
value (Z,)(t) of Z, at any time ¢ satisfies [(Z,)(t)| ~ aog with
ap the Bohr radius, the approximation works well. Moreover,
it gets progressively better as heavier alkali-metal atoms are
considered. For example, m,/M = 5.4 x 10~* for hydrogen,
while m./M = 6.3 x 1076 for 3Rb.

The ground-state configuration of the atom now corre-
sponds to the subspace Hcem ® Hop, where we define Hem =
Heore and H is still defined by (AS8). All the results about H)
obtained in Appendix A are valid.

(C4

1. Introduction of a classical magnetic field

We now introduce a classical magnetic field B(r,#). The
state space of the system [alkali-metal atom with quantized
center-of-mass motion subject to a constant gravitational field
and interacting with B(r,7)] is still given by (Cl1), while
the ground-state configuration is still given by Hepn ® Ho =
Hcore ® HO-

The Hamiltonian of the system is

MB I’LB

Hip(t) = Hyy — (—81714 - gsfs) -B(R+R,,1)

- g,%l -B(R,?), (C5)

where H,; is given in (C4) and the rest of the terms on the
right are described in Appendix A.

We now assume that B(r,?) varies with respect to r on a
scale much larger than the average distance of the electron

PHYSICAL REVIEW A 89, 013406 (2014)

to the core particle. Then one can make the long-wavelength
approximation in (C5) to obtain the following Hamiltonian:

1
Hip(t) = ﬁpz +MgoZ+ Hy — p-BR,1). (C6)
We emphasize that (C6) was obtained using the long-

wavelength approximation and neglecting terms multiplied by
m./M.

2. Reduction to one dimension

Now assume that

B(rst) = BZC(r) + Bp(rvt)v (C7)
where B,c(r) is the magnetic field of Appendix B and
B, (r,1) = Bob,Refe/lFx—at=ly (C8)

with r = (x,y,2), Bo > 0, b, a constant real unit vector
perpendicular to the x axis, k = w,/c, and Re the real part
of a complex number.

Assume that for all time of interest ¢ one has k[{X)(#)| < 1
and the condition (B3) in Appendix B is satisfied for x =
(X)), y = (Y)(t), and z = (Z)(¢). Here (X)(¢), (Y)(¢), and
(Z)(t) are the expected values of the position of the atom in the
x,y, and z directions at time ¢. From the results of Appendix B
and from (C8) it follows that accurate approximations of
Byc(r) and B, (r,t) are

Boc(r) ~ Bsr(2)z,
B,(r,t) ~ B, (1) = Bob,Re[e "+,

with Bgr(z) in (B2). If in addition conditions (B6) and (B7)
in Appendix B are satisfied for all time of interest # and for
x = (X)), y=(Y)(), and z = (Z)(¢), then Bgsr(z) can be
approximated by nz with n in (B9).

Using the approximations (C9) in (C6) one obtains

H,, (1) = (LP2 + LPZ> + H(1) (C10)
3D - M x y )

(€9)

2M

with H(t) given in (11). Therefore, H3p(t) is separable. The
center-of-mass motion of the atom in the xy plane corresponds
to that of a free particle moving in two dimensions, while the
center-of-mass motion along the z axis and the internal degrees
of freedom of the atom evolve according to the Hamiltonian
H(t) studied in the article.

APPENDIX D

In this appendix we prove (26); that is, we prove that
[L£x(2)]" = Ly;(2) [see (25) for the definition of L(z)].

Assume that ¢(z),¥(z) € S(R) and that 1< jk<
dimHy = 2(21 + 1). Recall that f(z) € S(R) if and only if
f(z) is an infinitely differentiable complex-valued function
defined on R such that the product of any polynomial times
any derivative of f(z) [including the zero derivative, that is,
f(2)] tends to zero if x — Fo0 [22].

In what follows we use the more succinct notation

2 0= i 0.

F,Mr F=Fi Mp=—F

(D1)
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Also, from (3) we have the completeness relationship

> ko, F.M,) (o, F M, | = To,
F.Mp

(D2)

where I is the identity operator in H).

Substituting the definition of L;(z) given in (22), adding
and subtracting the operator 3%/9z* inside the curly brack-
ets in the expression of Lj(z) in (22), and grouping
the terms associated with the second partial derivative
of (ko, F,M;|Vi[x(2)])¥(z) with respect to z, one obtains
that

+00
/ 2 LY (2)]

o]

h2 +o0
-y (__) / dzg(2) (Vi [x()llko, F. M,)

—00

82
{8 5 (koo F, My | Vil x(2)]) ¥ (2)

— (ko F, M, IVk[X(Z)]) W(Z)} (D3)
Now integrate by parts the first term inside the curly brackets
in (D3) and note that the resulting boundary terms are zero
because ¢(z),¥(z) € S(R). Also, use (D2) to simplify the
integral associated with the the second term inside the curly
brackets in (D3). Then one obtains that

400
/ 429 1L DY)

o0

h2 +00
-y (__> / dz{ko, F, M| Vilx (D1 ¥ (2)
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82
X a—Z2¢(Z)*(VJ[X(Z)]Iko,F,MF>

2 +00

+_

M w(z)

dZ¢(z) (Vilx @)1l Vi X(Z)])
(D4)

Expanding the second-order partial derivative in the first
integral in (D4), using the definition of £;;(z) in (22), and
using (D2) to simplify the resulting integrals, it follows that

+00
/ Az 1LY ()]

o]

+00
_ / dz[L (PP (2)

h2 +00
~ 7 dzt/f(z)(V [x ()] Vi x(z)]> ¢(z)
2 +00
tom | dz¢(z) (Vilx (@I Vi x(Z)]) w(z>
(D5)

Using (V;[x(2)]| Vi[x(2)]) = ;& [see (9)], integrating by parts
the last integral in (D5) and noting that boundary terms are
zero because ¢(z),¥(z) € S(R), it follows from (D5) that

+00
/ dzp ()

o0

L) (2)]

+00
= / dz[Lij (D))" P (2). (D6)

oo

Using the definition of the adjoint of an operator one concludes
from (D6) that

(L] = L4j(2). (D7)

[1] M. Kasevich, D. S. Weiss, E. Riis, K. Moler, S. Kasapi, and
S. Chu, Phys. Rev. Lett. 66, 2297 (1991).

[2] K. Moler, D. S. Weiss, M. Kasevich, and S. Chu, Phys. Rev. A
45, 342 (1992).

[3] J. Chabé, H. Lignier, P. Szriftgiser, and J. C. Garreau, Opt.
Commun. 274, 254 (2007).

[4] M. Kasevich and S. Chu, Phys. Rev. Lett. 67, 181 (1991).

[5] M. Kasevich and S. Chu, Appl. Phys. B 54, 321 (1992).

[6] T. L. Gustavson, P. Bouyer, and M. A. Kasevich, Phys. Rev.
Lett. 78, 2046 (1997).

[7]1 M. L. Terraciano, S. E. Olson, M. Bashkansky, Z. Dutton, and
F. K. Fatemi, Phys. Rev. A 76, 053421 (2007).

[8] J. Stuhler, M. Fattori, T. Petelski, and G. M. Tino, J. Opt. B 5,
S75 (2003).

[9] R. Battesti, P. Cladé, S. Guellati-Khélifa, C. Schwob, B.
Grémaud, F. Nez, L. Julien, and F. Biraben, Phys. Rev. Lett.
92, 253001 (2004).

[10] M. Ben Dahan, E. Peik, J. Reichel, Y. Castin, and C. Salomon,
Phys. Rev. Lett. 76, 4508 (1996).

[11] J. Ringot, P. Szriftgiser, J. C. Garreau, and D. Delande, Phys.
Rev. Lett. 85, 2741 (2000).

[12] D. A. Steck, W. H. Oskay, and M. G. Raizen, Phys. Rev. Lett.
88, 120406 (2002).

[13] L. L. Schiff, Quantum Mechanics, 3rd ed. (McGraw-Hill, New
York, 1968).

[14] C. J. Foot, Atomic Physics (Oxford University Press, Oxford,
UK, 2005).

[15] M. Tinkham, Group Theory and Quantum Mechanics (Dover,
New York, 2003).

[16] C. Cohen-Tannoudji, B. Diu, and F. Lalo€, Quantum Mechanics
(Wiley, New York, 1977), Vols. I and II.

[17] D. A. Steck, Rubidium 87 D Line Data, Los Alamos National
Laboratory, 2003.

[18] G. Breit and I. Rabi, Phys. Rev. 38, 2082 (1931).

[19] C. F. Bunge, J. A. Barrientos, and A. V. Bunge, At. Data Nucl.
Data Tables 53, 113 (1993).

[20] http://www.astro.umd.edu/~miller/nstar.html.

[21] A. Messiah, Quantum Mechanics (Dover, New York, 2008).

013406-25


http://dx.doi.org/10.1103/PhysRevLett.66.2297
http://dx.doi.org/10.1103/PhysRevLett.66.2297
http://dx.doi.org/10.1103/PhysRevLett.66.2297
http://dx.doi.org/10.1103/PhysRevLett.66.2297
http://dx.doi.org/10.1103/PhysRevA.45.342
http://dx.doi.org/10.1103/PhysRevA.45.342
http://dx.doi.org/10.1103/PhysRevA.45.342
http://dx.doi.org/10.1103/PhysRevA.45.342
http://dx.doi.org/10.1016/j.optcom.2007.02.008
http://dx.doi.org/10.1016/j.optcom.2007.02.008
http://dx.doi.org/10.1016/j.optcom.2007.02.008
http://dx.doi.org/10.1016/j.optcom.2007.02.008
http://dx.doi.org/10.1103/PhysRevLett.67.181
http://dx.doi.org/10.1103/PhysRevLett.67.181
http://dx.doi.org/10.1103/PhysRevLett.67.181
http://dx.doi.org/10.1103/PhysRevLett.67.181
http://dx.doi.org/10.1007/BF00325375
http://dx.doi.org/10.1007/BF00325375
http://dx.doi.org/10.1007/BF00325375
http://dx.doi.org/10.1007/BF00325375
http://dx.doi.org/10.1103/PhysRevLett.78.2046
http://dx.doi.org/10.1103/PhysRevLett.78.2046
http://dx.doi.org/10.1103/PhysRevLett.78.2046
http://dx.doi.org/10.1103/PhysRevLett.78.2046
http://dx.doi.org/10.1103/PhysRevA.76.053421
http://dx.doi.org/10.1103/PhysRevA.76.053421
http://dx.doi.org/10.1103/PhysRevA.76.053421
http://dx.doi.org/10.1103/PhysRevA.76.053421
http://dx.doi.org/10.1088/1464-4266/5/2/361
http://dx.doi.org/10.1088/1464-4266/5/2/361
http://dx.doi.org/10.1088/1464-4266/5/2/361
http://dx.doi.org/10.1088/1464-4266/5/2/361
http://dx.doi.org/10.1103/PhysRevLett.92.253001
http://dx.doi.org/10.1103/PhysRevLett.92.253001
http://dx.doi.org/10.1103/PhysRevLett.92.253001
http://dx.doi.org/10.1103/PhysRevLett.92.253001
http://dx.doi.org/10.1103/PhysRevLett.76.4508
http://dx.doi.org/10.1103/PhysRevLett.76.4508
http://dx.doi.org/10.1103/PhysRevLett.76.4508
http://dx.doi.org/10.1103/PhysRevLett.76.4508
http://dx.doi.org/10.1103/PhysRevLett.85.2741
http://dx.doi.org/10.1103/PhysRevLett.85.2741
http://dx.doi.org/10.1103/PhysRevLett.85.2741
http://dx.doi.org/10.1103/PhysRevLett.85.2741
http://dx.doi.org/10.1103/PhysRevLett.88.120406
http://dx.doi.org/10.1103/PhysRevLett.88.120406
http://dx.doi.org/10.1103/PhysRevLett.88.120406
http://dx.doi.org/10.1103/PhysRevLett.88.120406
http://dx.doi.org/10.1103/PhysRev.38.2082.2
http://dx.doi.org/10.1103/PhysRev.38.2082.2
http://dx.doi.org/10.1103/PhysRev.38.2082.2
http://dx.doi.org/10.1103/PhysRev.38.2082.2
http://dx.doi.org/10.1006/adnd.1993.1003
http://dx.doi.org/10.1006/adnd.1993.1003
http://dx.doi.org/10.1006/adnd.1993.1003
http://dx.doi.org/10.1006/adnd.1993.1003
http://www.astro.umd.edu/~miller/nstar.html

L. 0. CASTANOS AND E. GOMEZ PHYSICAL REVIEW A 89, 013406 (2014)

[22] W. Rudin, Functional Analysis, 2nd ed. (McGraw-Hill, New [25] E. A. Coddington and R. Carlson, Linear Ordinary Differential

York, 1991). Equations (SIAM, Philadelphia, 1997).
[23] E. Zauderer, Partial Differential Equations of Applied Mathe- [26] C. Cohen-Tannoudji, J. Dupont-Roc, and G. Grynberg,
matics, 3rd ed. (Wiley, New York, 2006). Atom-Photon Interactions (Wiley, New York,
[24] L. O. Castaiios and R. Jauregui, Phys. Rev. A 82, 053815 (2010). 1998).

013406-26


http://dx.doi.org/10.1103/PhysRevA.82.053815
http://dx.doi.org/10.1103/PhysRevA.82.053815
http://dx.doi.org/10.1103/PhysRevA.82.053815
http://dx.doi.org/10.1103/PhysRevA.82.053815



