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The N-representability problem is the problem of determining whether there exists N-particle states with some
prescribed property. Here we report an affirmative solution to the fermion N-representability problem when both
the density and the paramagnetic current density are prescribed. This problem arises in current-density functional
theory and is a generalization of the well-studied corresponding problem (only the density prescribed) in density
functional theory. Given any density and paramagnetic current density satisfying a minimal regularity condition
(essentially that a von Weizacker-like canonical kinetic energy density is locally integrable), we prove that there
exists a corresponding N-particle state. We prove this by constructing an explicit one-particle reduced density
matrix in the form of a position-space kernel, i.e., a function of two continuous-position variables. In order
to make minimal assumptions, we also address mathematical subtleties regarding the diagonal of, and how to
rigorously extract paramagnetic current densities from, one-particle reduced density matrices in kernel form.
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I. INTRODUCTION

The question of N-representability has been studied exten-
sively in quantum chemistry and related fields [ 1]. In particular,
it plays an important role in density-functional theory (DFT).
Given prescribed values for quantities in a fermionic system,
e.g., its electron density or its reduced density matrix, one
may ask whether it can be obtained from a Slater determinant,
from a pure N-particle state, or from a mixed N-particle state.
Regarding the density, it is well known that any density with a
finite von Weizsacker kinetic energy may be reproduced using
a Slater determinant that also has finite kinetic energy [2—-6].
For a one-particle reduced density matrix (IRDM), Slater-
determinant representability is equivalent to idempotency; in
general, however, pure-state N-representability of 1RDMs
is a difficult and largely unsolved problem [7-9]. On the
other hand, any 1RDM with spin-orbital occupation numbers
(eigenvalues) in the range [0, 1] and trace N may be obtained
from a mixed N-particle state.

In this paper, we report the solution to the mixed-state
N-representability problem when both the density and the
paramagnetic current density are prescribed. More precisely,
we answer the following question: given a density o(r)
and a paramagnetic current density j,(r), does there exist a
mixed state I" with the prescribed density and current density,
written I' = (p,j,)? We answer this question affirmatively by
constructing an explicit IRDM, from which the existence of
the N-particle state follows.

We note that standard constructions demonstrating the
Slater-determinant N-representability when only the density
is prescribed rely on the use of equidensity orbitals. Also,
early work by Ghosh and Dhara [10] sketched a construction
of such equidensity orbitals that reproduces both densities and
currents. However, such solutions have limited scope, since the
vorticity vanishes when orbitals give rise to the same density.

Lieb and Schrader have shown a Slater determinant
representability result for (p,jp,) and N > 4 [11]. Clearly,
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N-representability via a Slater determinant implies repre-
sentability via a mixed state. However, Lieb and Schrader’s
result requires N > 4, and they also give a counterexample
for N =2, where no Slater determinant can exist (with
continuously differentiable and single valued orbital phase
functions). Our result, while showing a weaker sense of
N-representability, has no condition on N. Moreover, both
the present work and Ref. [11] have mild regularity and decay
assumptions on (p,j,) that ensure representability, but these
are different in the two approaches. The techniques of proof
are also otherwise significantly different: Lieb and Schrader
rely on the so-called smooth Hobby—Rice theorem, while our
approach is by direct construction of a IRDM. The present
work and the work of Lieb and Schrader are complementary,
offering two different points of view and solutions to a
long-standing problem.

The remainder of this paper contains five sections. In Sec. I,
we give some background information and establish notation.
Following a discussion of the relationship between a reduced
density matrix and its associated density and paramagnetic
current density in Sec. III, we construct in Sec. IV a reduced
density matrix for a prescribed density and paramagnetic cur-
rent density. Section V contains some concluding remarks. Fi-
nally, two appendixes are also provided. Appendix A contains
a brief overview of some mathematical concepts and results
on Hilbert-Schmidt operators needed for the main results of
Sec. III. Appendix B contains proofs of theorems in Sec. III.

II. BACKGROUND

The N-representability problem with prescribed density p
and paramagnetic current density j, arises in current-density
functional theory (CDFT) [12]. In CDFT, a magnetic vector
potential A, in addition the scalar potential v, enters the
(spin-free) N-electron Hamiltonian. In atomic units,

1 & N |
HIv.Al = 2 D=V + ATOF + ) v+ Y -
k=1 k=1

k<l

(D

©2014 American Physical Society


http://dx.doi.org/10.1103/PhysRevA.89.012515

ERIK I. TELLGREN, SIMEN KVAAL, AND TRYGVE HELGAKER

Here r; is the position of electron k, the operator Vj
differentiates with respect to ry, and ry; is the distance between
electrons k and /. The corresponding ground-state energy is
given by the Rayleigh-Ritz variation principle,

E[v,A]l = irllfTr(FH[v,A]), )
where the minimization is over all mixed states I with a finite
canonical kinetic energy

T[] := %Tr(VFV"'). 3)
Introducing the constrained-search universal functional:

Flp.jpl = inf Tr(I'H[0,0]), “)
T'—p.jp

we may rewrite the Rayleigh-Ritz variation principle in Eq. (2)
in the form of a Hohenberg-Kohn variation principle,

1
E[v,A] = Lnjf {F[p,jp] +/ [,0 (v + EA2) +Jp - A]dr}.
&)

The mixed-state N-representability problem is directly related
to how large the search domain in Eq. (5) needs to be: if no
I = (p.jp) exists, then F[p,j,] = +oo by definition.

In Kohn-Sham theory, the idea is to express the densities in
Eq. (5) in terms of a single Slater determinant of noninteracting
particles and to approximate the kinetic-energy contributions
to F[p,jp] by the noninteracting kinetic energy,

1 N

Tidpjpl = inf = (V. Véu), 6)

{ox }/,Cvzl ’_’/’»jp 2 k=1

where the infimum is over an orthonormal set of orbitals
¢ or, equivalently, the corresponding Slater determinants
or idempotent IRDMs. At this point, the Slater-determinant
N -representability problem arises.
In general, densities p and j, arising from a single orbital
have a vanishing paramagnetic vorticity,
Jp
v=Vx==0, @)
p
except for possible Dirac §-singularities at points r where
p(r) = 0. Consequently, a closed-shell two-particle Kohn-
Sham system can only reproduce paramagnetic densities
with vanishing vorticity. In general, therefore, an extended
Kohn-Sham approach with fractional occupation numbers is
required (see Refs. [13—16] for work in this direction),

oo

Z (Vér.Vor), (8

k

where orthonormality, 0 < n; < 1, and Zk ny = N are ad-

ditional constraints on the infimum. Alternatively, since ny

and ¢, are eigenvalues and eigenvectors of 1RDMs, the

minimization may equivalently be performed over 1RDMs.

Here, the mixed-state N-representability problem appears.
For a mixed state I' = (p,jp), it is known that

Twlpl + Tplp.jp] <

TS [IO 7jp] -

”k¢k}'_>l7 Jp

rri, €))
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where the von Weizsacker kinetic-energy functionals are given
by

1
Twlpl =g / o)~V p(r)|*dr, (10)

1
Tiodol = 5 / (O i) Pdr. (11)

A necessary condition for a finite-kinetic-energy representabil-
ity is therefore that Tw[p] + Tp[p.jp] < +o0o. For the case

Jp =0, this is also a sufficient condition. It is of interest to

know whether this sufficiency generalizes to j, # 0. In this
paper, we prove sufficiency under mild additional conditions
on the current density.

III. DIAGONALS OF DENSITY OPERATORS

We do not explicitly consider spin and therefore take as
our point of departure an N-electron density matrix that
depends only on spatial coordinates, with the spin coordinates
integrated out:

L(rin,sin) =

D Vi)W sey).  (12)

Such a density matrix is an element of a Lebesgue space,
I e L* (RN x R*Y), (13)

and is symmetric with respect to permutations 7 of the
coordinate labels, (ry,sy) S (zk)Sx(k))- The right-hand side
of Eq. (12) is a convex combination of properly normalized
pure states, ¥; € L2(R3"), with coefficients p; > 0 such that
>: pi = 1. Moreover, each (spin-free) pure state is either to-
tally symmetric or antisymmetric. In what follows, it does not
matter whether each pure state is required to be antisymmetric,
symmetric, or either antisymmetric or symmetric with respect
to index permutations & of the spatial coordinates. We occa-
sionally simplify the presentation by taking I" to be a pure state.

A. Density matrices

The 1RDM belonging to a pointwise-defined I on the form
(12) is given by the convex combination

Dr(r,s):=NY_ pi/ Wi (r,ron) W/ (s,ron ) droy
; R3N-3

(14)

and belongs to L>(R* x R?). For pure states I' = |W) (¥, we
may alternatively write Dy . Due to permutation symmetry, the
IRDM is independent of which N — 1 coordinates have been
integrated out.

Given that Dr € L*(R3 x R3), Dr is by definition the
kernel of a Hilbert-Schmidt integral operator. Our discussion
makes extensive use of this basic fact about the reduced density
matrix. In particular, I" and Dr are both trace-class operators,
that is, Hilbert-Schmidt operators for which the matrix trace
has a meaningful generalization. Let {¢} C L*(X) be an
orthonormal basis. By definition, A is a trace-class operator if
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and only if the trace

TrA:=) (¢ Adx) (15)

k

has a finite value, independent of the orthonormal basis.
For two Hilbert-Schmidt operators B and C, the kernel of
the operator product A = B * C is easily seen to be

(B *xC)(x,y) := / B(x,2)C(z,y)dz, (16)
X

which is also Hilbert-Schmidt. Importantly, it can be shown
that A is (the kernel of) a trace-class operator if and only if A =
B x C with B and C Hilbert-Schmidt operators. (Indeed, this is
often taken as an alternative definition of trace-class operators.)
The trace is then given by the integral of the diagonal [17],

TrA = /(A * B)(x,x)dx. (17)
X

If A is diagonable (e.g., symmetric positive semidefinite), then
Tr A is the sum of the eigenvalues, like in the finite-dimensional
case. For further information on these operator classes, see, for
example, Ref. [18].

We denote by Dy the set of mixed N-electron states I'
and by Dy ; the set of IRDMs that belong to some mixed
N-electron state. The set Dy ; has the following well-known
characterization:

Theorem 1. Dy 1 consists of those D € L2(R* x R?) with
the following properties:

(1) D is the kernel of a trace-class operator on L2(R?).

(2) D is Hermitian: D(r,s) = D*(s,r) for almost all (r,s).

(3) D is positive semidefinite: 0 < f ¢*(r)D(r,s)p(s)ds
for all ¢ € L2(R?).

(4) D has no eigenvalues greater
[ #*(r)D(r,s)p(s)ds for all ¢ € L*(R?).

(5) D has eigenvalues that addupto N: Tr D = N.

Proof. See Ref. [19], Sec. 2.6. |

The last three conditions mean that D(r,s) has eigenvalues
in the interval [0,2]—eigenvalues interpretable as fermion
occupation numbers—and that the sum of the eigenvalues Tr D
is equal to N, the number of particles.

Since D € Dy, is Hermitian and positive, it is easy to
show that there always exists a factorization of the form D =
G' % G, meaning that we may write the density matrix in the
form

than 2: 2>

D(r,s) = (G' % G)(r,s) = / G*(u,)G(u,r)du,  (18)
R}
which plays an important role in the following.

B. Density

We now define the density py associated with the wave
function W as

pu(r) := Dy(r,r) = N/

R3N-3

|W(r,ron)Pdray.  (19)

For almost all r, it holds that W(r,-) € L2(R3N~3). Using the
Cauchy-Schwarz inequality, we see from Eq. (19) that py (r) =
Dy (r,r) is well defined for almost all r. For a mixed state
I' € Dy, the density pr is defined in the same manner but
from Dr.
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The following point is subtle but important here. We write
I' = D whenever ||Dr — D||;xr3:xr3 = 0. This statement
does not imply that that D = D everywhere, only that D and
D are equal as elements of L2(R3 x R3). Consequently, Dr
and D may differ at a set of measure zero, including the totality
of the diagonal. Therefore, we need to examine carefully the
validity or meaning of the statement “pr(r) = D(r,r)” for a
state and density matrix related by I' — D.

Suppose next that we are able to assign a diagonal diag D
to D in some unambiguous way and let I, € Dy be two
(possibly distinct) states such that ' — D and I +— D,
meaning that D = Dy = Dy almost everywhere in R? x R3.
Is it then true that pr = pr» = diag D almost everywhere in
R3? Intuitively, this should be so.

The following theorem, which is proved in Appendix B,
resolves the issue:

Theorem 2. Let D € Dy 1, and suppose that G € L*(R3 x
R3) is such that

D(r,s) = (G' % G)(r,s)

almost everywhere in R* x R3. Then, for every I' € Dy such
that I — D, it holds that

pr(r) = (G' % G)(r,r)

almost everywhere in R3.

Since the factorization of D = G' % G does exist following
the discussion in Sec. III A, itis indeed meaningful to talk about
“the density p of D without reference to a specific I' — D:

pp(r) = diag D(r) := (G' % G)(r,r) ae. (20)

In particular, it follows that

TrD:/,oD(r)dr. 201

We emphasize that we only define the diagonal when a
factorization is present and that this diagonal is independent
of the factorization.

C. Momentum density

Before considering the momentum density, we note that
all derivatives that occur in the subsequent treatment are
distributional or weak derivatives. A function f € LP(X),
with X C R” open, is said to have a weak derivative g =
3. f € L1 (X) if, for all smooth, compactly supported “test

loc
functions” u € C°(X),

/g(x)u(x)dx = —/ f(x)ouu(x)dx. 22)
X X

Thus, the weak derivative acts just like the standard derivative
df/dx, when we apply integration by parts, coinciding with
the classical derivative whenever this exists. Higher-order
weak derivatives are defined in a similar manner. A standard
monograph for weak derivatives is Ref. [20].

By analogy with the density in Eq. (19), we now define the
momentum density ¢y of a state W as

cy(r):=N . [—iVeW (r,ron) W (r,ro.n )dra.y
R3 -3

= —iVeDy(r,8)|r=s, (23)
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whose real part is the paramagnetic current density

Jpg () = Recy(r) (24)

with an analogous definition for a mixed state I'. We note,
however, that this definition may not make sense without
additional assumptions on the wave function W, beyond those
needed for the definition of the density. We also observe that the
second equality in Eq. (23) needs to be justified further since
Vi Dy(r,s)|r=s is only defined pointwise almost everywhere
and since integration may not commute with differentiation.

To assign unambiguously a momentum density ¢p(r) to
D € Dy, we first introduce the notion of a locally finite
kinetic energy.

Definition 1: Locally finite kinetic energy. We say that D €
Dy 1 has a locally finite kinetic energy if the weak derivative
V. - V,D is the kernel of a trace class operator over L2(K) for
every compact K C R3. Likewise, we say that ¥ € L2(R3")
has a locally finite kinetic energy if V{W € L?>(K x R3V=3)
for every compact K C R3; thatis, V¥ € L2(R} . x R3V=3),
(See Appendix A 2.) A mixed state I' € Dy has a locally finite
kinetic energy if Y, p;[|V1¥; ||i2 is finite for every
compact K C R3.

Note that the pure-state definition of locally finite kinetic
energy follows from that of the mixed state. The various
definitions of a locally finite kinetic energy are connected, as
summarized in the following theorem, proved in Appendix B.

Theorem 3. For D € Dy 1, the following statements are
equivalent:

(1) D has alocally finite kinetic energy.

(2) There exists a factorization D = G« G (almost ev-
erywhere) with G a Hilbert-Schmidt operator and V,G €
LXR3 x R} ).

(3) Any I" € Dy with I" — D has a locally finite kinetic
energy.

If D has a locally finite kinetic energy, then the associated
kinetic-energy density is defined as

(K xIR3N-3)

1
() = S IV2GC0 e
=é f (VG [V2,Gur)]du (25
R3

1
=3 diag(V; - V2 D)(r),

which is finite almost everywhere. From the proof of
Theorem 3 in Appendix B, it follows that tp is in fact
the kinetic energy density of any I' — D. We also see that
tp € L} .(R%) and that the total kinetic energy is finite if and
only if Tp € L'(RY).

Finally, the following theorem (proved in Appendix B)
states that, if D has a locally finite kinetic energy, then the
momentum density of Eq. (23) is also well defined.

Theorem 4. Let D € Dy, have a locally finite kinetic
energy and let G € L>(R? x R?) be such that D = G' x G
and VoG € L>(R? x R3 ). ForeachT € Dy with " — D, it

I
then holds that cr € LI'OSE]R3) and that

er(r) = ([—iVaGl % G)r,r)  ae.
= diag(—i V| D)(r).
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D. Summary

For easy reference, we collect the main conclusions of this
section in a separate theorem.

Theorem 5. Let D = G' + G with G € L>(R® x R%) €
Dy.1, VoG € L*(R3 x ]R?OC). For every I' € Dy such that
I' — D, it then holds that the density pr = p € L'(R?), the
momentum density ¢ = ¢ € L! (R?), and the kinetic energy

loc
density 7r = 1 € L} .(R?) are given almost everywhere by the
expressions

p(r):/ G*(u,r)G(u,s) du,
R3
c(r):/ [—iV2G*(u,r)] G(u,s) du,
R3
T(r) = %/ [V2G*(u,1)] - [V2G(u,s)] du.
]R3

IV. A REDUCED DENSITY MATRIX FOR A PRESCRIBED
DENSITY AND PARAMAGNETIC CURRENT DENSITY

Let a density p be given. We assume that the density is
non-negative and that it belongs to the intersection of two
Lebesgue spaces,

p(r) >0 and pe L'R)NLIRY, (26)

for some ¢ > 1. The latter condition amounts to
N :=lpl = / lp(r)dr < 400, (27
lplld = / lo(r)|? dr < +o0, (28)

where N is the number of particles in the density p. (For
simplicity, we restrict ourselves to states with integral N but
note the 1RDM constructions given below are valid also for
fractional N.) Furthermore, let an arbitrary measurable vector-
valued function « : R3 — R3 be given and let it prescribe a
paramagnetic current density by the relation

Jp(0) = 3p(r)e(r). (29)

We now consider the question: does there, for every pair of p
and j,, satisfying these minimal requirements, exista D € Dy ;
that reproduces p and j,? In short, we seek a reduced density
matrix D such that

(@) p(r) = pp(r) = (diag D)(r),

(b) jp(r) = Recp(r) = —5(diag V; D)(r) +c.c.,
assuming that D has a locally finite kinetic energy for
requirement (b) to be well defined. We can indeed find such a
density matrix D € Dy | but we will later see that the condition
of a locally finite kinetic energy of D implies mild additional
conditions on p and k.

A. Factorized elements P, and Q,

Our strategy is to construct explicitly factorized elements
P, = G; * G, and Q, = Hl‘: % H, in Dy, with a locally
finite kinetic energy. Here, A,u > 0 are real parameters
that allow some freedom, noting that a convex combination
D;,, = (P, + Q,)/2remains in Dy 1, also with alocally finite
kinetic energy. The flexibility of having several independent
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factorized reduced density matrices P, and Q, allows the
convex combination to reproduce the desired current.
The two terms are defined by the factorized expressions

P (r,s) =/ p(r)p(s) /R} g (ur)g(u,s)du, (30

Qu(r,s) =/ p(r)p(s) /w h*(u,r)h(u,s)du,  (31)

where
3/4
guy) = ﬁi}: ¢TI, (32)
T
S 3/4
h(u,v) = \/7;':1;4 e’“"C(V)e*ZM(U*V)Z' (33)

Clearly, these operators may be written in the form
Pi=Gl %G, Gurs)=gmsVp(s), — (34)

Q. =H!xH, H,rs) =hrsyp@s). 35

It is straightforward to verify that G;, H, € L*(R3 x R?).
The integration over u may be performed analytically,
yielding the alternative expressions

Po(r,s) = v/ p(r)p(s)e Hr—sFllrem=—sc®l - (36)

0,(r,s) = V/pr)p(s)e ="

¢~ S8 Lem)—k(s)]=le(r)—(s)*/ 161 (37)

These operators were found by making the initial ansatz
o(r) = /p@)e!"*® for an unnormalized natural orbital. The
corresponding paramagnetic current is then almost correct but
contains an extra term that is most easily canceled if the density
matrix contains exponential factors of the form ¢™*®. Since
the elements of Dy ; and their properties are conveniently
described if an explicit factorization is available (see Theorem
5), Gaussian kernels are suitable since since they allow mixed
phase factors of the type e/™*® to survive the integration.

B. The density of P, and Q,

‘We now need to verify that P, and Q,, are elements of Dy ;
by checking points (1)—(5) of Theorem 1.

Theorem 6. Let p € L'(R3) N LY(R3) forsomeqg > 1, p >
Oae., |lplli = N,andlet A,u € R be such that

= 22 (Ingpn "
W=z 7z \z Plig ,

where 1/p 4+ 1/qg = 1. Then P, and Q,, in Egs. (30)—(33) are
elements of Dy |, with

pr,(F) = pg,(r) = p(r)

almost everywhere. The same is true for any convex combina-
tion 0P, + (1 —0)Q, € Dy, with 6 € [0,1].

PHYSICAL REVIEW A 89, 012515 (2014)

Proof. Both operators are Hermitian and positive semidefi-
nite. From the expressions in Egs. (36) and (37), (diag P )(r) =
(diag Q;)(r) = p(r) almost everywhere. It follows that
Tr P, =TrQ; = [ p(r)dr = N.

It remains to compute a bound on the largest eigenvalues,
demonstrating point (4) of Theorem 1 for the corresponding
parameter values A and p. For an arbitrary normalized
orbital,

2

n? < ’/¢*(r)PA(r,s)¢(s)drdS

2

< ( / () p(r)p(s) e—“—sz|¢(s>|drds)
2
( / NG ( f JoGs e“S'2|¢<s>|ds> dr) .

(38)

Given that ¢,./p € L*(R?), the Cauchy-Schwarz inequality
may be applied twice to give

n? < ( / |¢(r/)|2dr/)
2
x ( / p(r)( / \/p(s>e—“”—5'2|¢<s)|ds) dr)
< / p() < / Ib(s)ds / p(s)e””'zds> dr
< /p(r) <sup/,o(s)e_2“_szds> dr

= Nsupf o(s)e2Hesl gg, (39)
C

Finally, exploiting the fact that p € L9(R?), the integral over
s may be bounded by invoking the Holder inequality,

3/2p
Z<N sup [le” eS| = N T 40
n ol cP lle ll» ol Iph , (40

where 1/p + 1/g = 1. This bound is independent of the
current density. Hence, P, has no eigenvalues greater than
2if

2p (1 /3
Az — (—Nllpllq> . (41)
7 \4

These steps hold also for Q,, showing that it has no

eigenvalues greater than 2 when p > %r—p(}lN||p||q)2p/3.
Finally, consider a convex combination Dy = 6P, +

(1 -0)Q,, which belongs to Dy; since this set
is convex. Moreover, diagA 1is linear in A since
diag(A + B)(r) = diag(A)(r) + diag(B)(r) almost every-

where. Therefore, diag Dy = 6 diag P, + (1 — 6)diag O, =
o almost everywhere. |
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C. The canonical Kinetic energy of P, and Q,

We now turn to the question of whether the current j, can be reproduced by D. Indeed, a formal calculation shows that

i 0
—Ea—Px(l’ ,S)|s=r +c.c. = p(r)

(Koz (r)

Qu(r S)ls=r +

and

20r,

Thus, we expect jp,, =
”

Ak (r) . K (r)
+r- ) = 2 jpa(r) + p(r)r- (42)
Ta 0ry
cc.=—pr- Oue(r) (43)
ory

% Jp P, r)+ % Jp 0 (r) = jp(r) to hold almost everywhere. To prove this result, it suffices to find conditions

on p and « such that P, and Q,, have a locally finite kinetic energy.

The kinetic energy density of P, is

1
tp(r) = S IV2G: (0 sy =

2

1
_vr : VSP)L(I',S)|S_ -

IVp(m)I*

T8p() —|V(r k(@) p(r) + Ap(r).

(44)

Here, we have used the fact that the integral in ||V, G(-,r)||? 2R €an be performed analytically, so that the evaluation at s =r

after the second equality is in fact well defined. Similarly,

3

2

3
1 |V,o(r)|2 dkg(r) 1 5
To(F) = 3 Ve - ViQu(r9)lser = g0 . 5 Zl ;rﬁ o ” ; Vg0 | p(e) + po(r).
The total kinetic energy density becomes
® V()2 N 1 23: ) 2 e d(r)\> L1 1 Z aK/g(l’) )+ l()\ + ) 5)
T = —_ — —r-K . _ ,
D 8o 42| \or, e 8=\ or, prO T AT e
where we have used the fact that the kinetic energy density is linear in the density matrix. Using the special form 2|ab| < a® + b?
of Young’s inequality, with a = k,(r) and b =r - 9k (r)/dry, we find that
2 2 2
ok (r ok (r
Dok = a1 208 <P 42 ‘r' e (46)
o roz
Hence, the canonical kinetic energy density is bounded by
i 3 2
IV o(r)|? , 3 k() \> 1 ok p(r) 1
< ———+= —\r: — —(r
7p(r) 8o 2 e ()~ + AGAETS + 6 2=\ or, p(r) + 2( + wp(r)
IV p(r)[? i 3 1 2L (k) 1
< ———+ = 2 - — —(x , 47
spm T2 |l +(2r + o );1( o ) P + S0+ wp(r) 47)
[
where the second inequality was obtained by using |rg| < |r|. Theorem 7. Let p and k be given such that p > 0, /p €

A finite canonical kinetic energy of Py, Q,,, and D,,, is ensured

if
v 2
Tw[p]:/ | 8”' /|Vf| dr < 0o, (48)
. |.|p|2 1 2
Tplp.jpl = 2 dr = § pK-dr < 00, 49)

dKcg(r)

2
aﬂ[Pva]—/(l )P ( oy

a

> dr <oco.  (50)

We remark that, by the definition of the vorticity, v = V x
o, = %V X k, a consequence of the last condition is that

f(1 + r})pvdr < oco. (51)

We have thus proved the following result.

H'(R3), px2 € L'(R?),(1 —i—rz),o(alcﬁ/(’ira,)2 e L'(R?)forall
Cartesian components «,f € {1,2,3}. Then there exist real
constants A, > 0 and a IRDM D with density p and current

b= % pk such that the canonical kinetic energy is bounded
by

1 1 1
5 Ti(V1 - VaD) < Twlp] +47; |:,0,§,0Ki| + 50+ N

oo ) 5 ()

Note that, by a Sobolev inequality, ,/0 € H 1(R3) implies
that p € LY(R?) for all ¢ € [1,3].

L1
_r —
32

dxp(r)
0ry
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D. Lifting the global integrability condition

Theorem 7 may be strengthened by replacing the global
integrability conditions on the total kinetic energy by local
integrability conditions, replacing integrals R* by integrals
over arbitrary compact sets K C R3. A larger class of p and
k is then seen to be reproducible, albeit with merely a locally
finite kinetic energy.

Theorem 8. Let p and k be given such that p > 0,
pe L'RHNLIR?, g >1, p7'|Vp|> e LIIOC(R3), p/cozl €
L (R3), (14 7r?)p(dkp/0re)* € L) .(R?) for all Cartesian
components «, 8 € {1,2,3}. Then there exists a IRDM D with
density p and current j, = % pK.

V. DISCUSSION

We have provided an explicit construction of a 1RDM
that reproduces a prescribed density and paramagnetic current
density. This type of N-representability problem arises in
Kohn-Sham CDFT, as it is known that not all current densities
can be represented by a single Kohn-Sham orbital. Lieb and
Schrader have recently proved [11], under some additional
assumptions, that there also exist current densities that cannot
be represented by two Kohn-Sham orbitals. The question
is open for three orbitals. For four or more orbitals, Lieb
and Schrader provide an explicit Slater determinant that
reproduces any density and paramagnetic current that satisfy
mild regularity conditions. Our results are complementary in
that we establish that an extended Kohn-Sham approach, where
fractional occupation numbers are allowed even if there is
an integral total number of electrons, is flexible enough to
represent any density and paramagnetic current density, under
minimal regularity assumptions (finite 7w, T}, and Tg).

The generalization from finite total canonical kinetic energy
to finite local canonical kinetic energy is of some value in
light of gauge freedom. The kinetic energy Tp[0,jp] is not
gauge invariant; on the contrary, it can made to become infinite
by applying a gauge transformation j, — j, + oV x with a
rapidly growing gauge function y. Our results establish that
such gauge transformations do not affect N-representability,
as long as x exhibits some minimal regularity.

The explicit constructions of density matrices can be used
to provide orbital-free upper bounds on the canonical kinetic
energy Ti[p,jp] for an extended Kohn-Sham formalism.
Combining the above results with the standard lower bound
Tw + T, on the kinetic energy, we get the following orbital-free
bounds on the extended Kohn-Sham kinetic energy:

TW + Tp g T[pvjp]

1
< Tw+4Tp+ E(A—FM)N

+/ (r) 3o, 1 |Varcp(@)* dr.  (52)
PO\ G T3, ) IYeks '

Noting that several authors, following Vignale and
Rasolt [21], have discussed CDFT formulations in terms of
spin-resolved densities (04,0} .Jp;t-Jp;4)» We also remark that
our 1RDM construction is easily modified for spin-resolved
IRDMs D' and DYV, The eigenvectors then correspond to
natural spin orbitals with eigenvalues bounded by one rather
than by two as in the case of natural spatial orbitals. The

PHYSICAL REVIEW A 89, 012515 (2014)

modifications to the above presentation are trivial—condition
4 in Theorem 1 becomes that no occupation is larger than 1,
and the factors 1 consequently disappear from the equations

4
in Theorem 6 and Eq. (41).
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APPENDIX A: THE REGULAR REPRESENTATION
OF TRACE-CLASS OPERATORS

The density matrix D(r,s) is an element of L>(R3 x R?)
and also the kernel of a trace-class operator over L>(R?). As
such, it is not pointwise defined everywhere. At the same time,
we wish to make sense of “the diagonal D(r,r)” in order to
define the density in an unambiguous manner.

Brislawn [17] has presented a thorough study of trace-class
operators and their kernels. The basic tools are found in this
reference, but we restate some results for a self-contained
treatment. We begin by clarifying some points concerning
Lebesgue spaces that are often glossed over but are important
here.

1. Lebesgue spaces

Let X C R" be an open set. The L?(X) norm of a
measurable function f : X — C is defined by

1/p
11l = </X|f(x)|pdx) .

The vector space L£”(X) consists of all functions f such that
| fll, < +o0c. The space L£7(X) is not a normed space, since
I fll, = 0if and only if f(x) = O for almost all x € X (rather
than for all x € X). On the other hand, the set L”(X) consisting
of all equivalence classes [ f]1 = {g € LP(X) : || f —gll, =0}
is a normed space. It is customary to speak of a function f
as an element of L”(X) even though, strictly speaking, it is a
representative of [ f] € L?(X).

This distinction between f and [ f] is not merely academic:
two pointwise defined wave functions ¥ and ® describe the
same physical state if and only if |¥ — ®||; = 0. Thus, [¥] €
L*(R3V) is the wave function. Similarly, a reduced density
matrix D € L>(R? x R?) is not defined pointwise: its formal
diagonal D(r,r) may therefore be redefined without changing
the physics. If [W] = [®], then Dy = Dg almost everywhere,
but if D is given there is no a priori way to know how the
pointwise values D(r,s) are affected by modifying the wave
function on a set of zero measure.

(AL)
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2. Locally integrable functions

A function f € LIOC(R”)ifand onlyif f € L?(K) for every
compact measurable K C R”. We furthermore have L] C

LY forgq > p,and
LP(R") C Ly,

R") C L}, (R™). (A2)

loc

Clearly, L] _ is a large class of functions, and functions in L] _
are said to be “locally integrable.” We also need a slightly more
general notion of local integrability, as follows:

Definition 2. Let X C R", Y C R™ be open sets. The set
LP(Xjoc X Y) is the set of (equivalence classes of) all mea-
surable functions u : X x ¥ — C such that for all compact
measurable K C X, u € L?(K x Y). A similar definition is
made for arbitrary products and positions of the subscript “loc.”
In particular, L (X) = L7 (Xioc).

loc

3. The regular representation

The goal of this section is to establish a unique representa-
tive f of [ f] € Llloc, called the regular representative of f. This
representative will aid in defining the diagonal of D € Dy ;.
The first step is to introduce the local averaging operator A..
Deﬁniti0n 3: Local averaging operator A.. Let f €

(R™) and € > 0. For a box C, = [—¢,€]" of Lebesgue

loc

measure |C.| = (2¢)", the (linear) local averaging operator
Ac: L}, — L} isdefined by
1
Acf(x) = fx+y)dy. (A3)
ICel Je,

Since C. is compact, A, f(x) is everywhere finite and
is independent of the particular representative f of [f]
that appears in the integrand. It can be shown that A, f(x)
is continuous both in x and in € > 0 [22]. We are here
interested in the limite — 0 and therefore invoke the Lebesgue
differentiation theorem.

Theo;em 9: Lebesgue differentiation theorem. Let f €
(R™). Then for almost all x € R”,

f(x).

Proof. See Ref. [22]. |
Since A¢ f(x) is independent of the particular f € [ f], this
limit determines a unique representative.

Definition 4: Regular representative. The regular represen-
tative f of f € L\ (R”") is defined by

Fx) = lim A f ()

loc

lim A f(x) = (A4)

loc

(AS5)

whenever the limit in Eq. (A4) exists.

Since f(x) = f(x) almost everywhere, f and f represent
the same element [ f] € L] . Moreover, it is easy to see that f
is independent of the starting representative f and that the set
of zero measure (where f is undefined) is uniquely given by

[f] € L} Intuitively, f is more regular than f, “smoothing
out” unnecessary discontinuities, and so on.

Related to the regular representative is the Hardy-
Littlewood maximal function and associated inequality.

Definition 5: Hardy-Littlewood maximal function. For f €

loc(R”) and C. =[—¢€,€]" of Lebesgue measure |C.| =
(2¢)", the Hardy-Littlewood maximal function M f is defined

PHYSICAL REVIEW A 89, 012515 (2014)

Mf(x):= (A6)

If (x+yldy.
e>0 |C |

The following theorem is also called the maximal theorem.

Theorem 10: Hardy-Littlewood maximal inequality. If f €

LP(R"), then Mf(x) is finite almost everywhere. Moreover,

there exists a constant C, (independent of f and n) such that

IMfllp < Coll Fllp-

Proof. See Ref. [22]. |

Since |A¢ f(x)| < M f(x) for all x, we obtain as a corollary
that A, is a bounded linear operator from L? to L?. Using this
fact, it is straightforward to show that A, not only smoothes
f, but also smoothes the mode of convergence:

Lemma 1. Suppose f, — f in L?(X). For all € > 0,
Ac fn = Ac f uniformly [i.e., in L*(X)].

Proof. We show that, for every € > 0, there exists a constant
K (¢) such that, for all f € L7,

lAc flloo < KNSl p-
‘We have

|[Ac f(x)] < ||f||L 1e4+Co)

|Ce
Since C. is bounded in R”,

/ 1 x |ge)ldx <|Clgllirercy, (A7)
x+Ce

where 1/g + 1/p = 1. Thus,

A f Ol <IC VN flloe),
independent of x. ]

4. The diagonal of a factorized kernel

Based on our intuition, we may now hypothesize that,
given an arbitrary reduced density matrix D(r,s) € Dy i, the
diagonal of D is the proper definition of the density:

p(r) = D(r,r). (A8)

This is indeed true, as we show. To this end, a slight reformu-
lation and generalization of Theorem 3.5 in Ref. [17] is useful
for us. The reformulation states that, if an operator kernel is
factorized, then the diagonal of the regular representative is
given by the diagonal of the factorization, almost everywhere.
The proof carries over with only trivial modifications, but since
it is important, we rephrase it here.

Theorem 11: Diagonal of factorization. Let (X,dx) and
(Y,dy) be open subsets of Euclidean spaces equipped with the
standard Lebesgue measures. For P € L> (X xY)and Q €
L*(Y x X),letC : X x X — C be given by

C(x,X’)=(P*Q)(x,X’)=/;P(x,y)Q(y,X’)dy- (A9)

Then C € L*(X x X) (a pointwise representative) and
C(x,x) = C(x,x) (A10)

for almost all x € X. Moreover, the map x > C(x,x) = (P %
0)(x,x) belongs to LY(X).

012515-8



FERMION N-REPRESENTABILITY FOR PRESCRIBED ...

Proof. We now demonstrate that C € L?(X x X). For
almost all x € X and for almost all x’ € X, it holds that
P(x,-),0(-,x") € L*(Y). From the Cauchy-Schwarz inequal-
ity, we obtain

1COrx)] < / Pyl Qx| dy

NP 2o 1 XDl 2yy < 400

for almost all x and almost all x’ and hence also for almost
all (x,x’) € X x X. Squaring and integrating, we obtain
1C 1 < NP1y 112y ey < 0O

Next, we demonstrate that the diagonal is in L'(X x X).
For € > 0, let A¢; P(x,y) be the averaging operator acting on
the ith argument and let M; P(x,y) be the maximal operator
acting on the ith argument. For almost all x,x’,y, we then
obtain

|Ac1 P(x,)Ac20(,x)] < MiP(x,y)M2Q(y,x"). (A12)
By the Cauchy-Schwarz inequality, we obtain

(Al1)

/ |My P(x,y)M,Q(y,x")*dy

< ( / |M1P(x,y>|2dy) ( / IMzQ(y,x/)|2dy), (A13)

where both factors on the right-hand side are finite by the
maximal theorem, for almost all x and almost all x’. These
bounds justify the use of Fubini’s theorem to write

AC(x,x) =

1
5 / P(x +1,9)0(y,x" +t)dtdt'dy
|Ce| CcxCexY

- f Act P(y) AcaQ(yx') dy., (A14)
Y
which holds for almost every x and x'.
We now observe that, for each factor on the right-hand side,

lirr(l) A1 P(x,y) = P(x,y) aa.xelX, (A15)
€—

lim A2 Q(y.x') = Q(y.x) aa.x' € X. (A16)

The dominated convergence theorem together with the bounds
in Egs. (A12) and (A13) now imply that we can take the limit
in Eq. (A14) to get

5(x,X)=1irr(1)AeC(x,x)=/P(x,y)Q(y,x)dy (A17)
€—> Y
for almost all x. We have

[ PO =0 P A19)
with O(x,y) = Q*(y,x). Being an inner product on L2, this
expression is finite, completing the proof. ]

Remark 1. Although the diagonal of P % Q is in L', we
cannot conclude that P x Q is trace class; see Ref. [17] for a
counterexample. On the other hand, if X = Y in Theorem 11,
then P * Q is by definition trace class and it is also true that
Tr P % Q = [y(diag P * Q)(x)dx.

Remark 2. C = P * Q is the kernel of a Hilbert-Schmidt
operator over L2(X). We see that it is meaningful to define

PHYSICAL REVIEW A 89, 012515 (2014)

the diagonal diag C of any Hilbert-Schmidt operator on an
explicitly factorized form from the expression

[diag P x Q](x) := (P * Q)(x,x),

and the theorem states that this function belongs to L'(X),
independent of the factorization.

Remark 3. As a corollary, if P € L*(R}.
L2(R™ x Ri.),then P x Q € LIIUC(R”).

Remark 4. If P(x,y) = Q*(y,x), then P % Q is positive
semidefinite. Since diag P * Q is integrable, it follows from a
theorem in Ref. [17] that P % Q is trace class over L2(X).

(A19)

x R™), O €

APPENDIX B: SOME PROOFS FROM SECTION III
1. Proof of Theorem 2

For this proof, we use Theorem 11 in Appendix A.

Proof. LetT" € Dy be given. Assume that Dr(r,s) = D(r,s)
almost everywhere in R3 x R3. It follows that Dr(r,r) =
D(r,r) = (G' % G)(r,r) for almost all r, since the regular
representative is unique, and by using Theorem 11, with
P(r,s) = G(s,r)* and O(r,s) = G(s,r) (X =Y = R3).

We need to show that pr(r) = (G % G)(r,r) for almost all
r. Assume that I' = |W)(W¥|. Now, pr(r) = py(r) = Dr(r,r)
for almost every r, by definition of py(r). Applying Theorem
11 to P(r,rpy) = W(r,ray) and Q(ray,r) = ¥(r,ray)%,
X =R? and Y = R3* 3, we see that pr(r) = Dr(r,r) =
(Gt % G)(r,r).

We invite the reader to fill in the details when I" is a general
mixed state. |

2. Proof for Theorem 3

Proof. 2 = 1: Leta G € L*>(R? x R?) be given such that
VoG € L*(R? x R3 ). Then, for every compact K C R3,

loc

To(r,s) := %[82,01G]T * [02,4G(r,s)

1
=5 / dudy , G(u,r)* 3, G(u,s) (BI)

is in L2(K x K) by Theorem 11. T,, is positive semidefinite,
so by Remark 4 after Theorem 11, T,, is trace class over L*(K).

By the definition of the weak derivative and Fubini’s
theorem, we easily verify that in fact T, = %Bl,aaz,aD almost
everywhere. Thus V; - V, D is trace class, and D has locally
finite kinetic energy.

1 = 2: Since D € Dy ; there exists a spectral decomposi-
tion

B(r,s) =Y Mei(r)gi(s)", (B2)
k

where {¢r} € L*(R%) is a complete, orthonormal set, and
where 0 < A; < 2 such that Zk A = N. Of course B(r,s) =
D(r,s) almost everywhere, but they may be pointwise different.

Let K C R? be compact. Restricted to K x K, V-
VoD = V; - VB (almost everywhere) is trace class, and we
compute

Vi-VaB(rs) =Y MVGr) - Vr(s)* ae.  (B3)
k
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Let Ai(r,s) = V@i (r) - Vor(s)*. By assumption,

Te(Vi - VaB) =Y e TrAc =Y il Vel g, < 00,
k k

(B4)
implying that V¢, € L2(K) for every K; hence, V¢y €
L2 (R3).

Let G be given by
(BS)

Gr.s) =Y 1 pmpe(s)".
k

Clearly, G € L*(R?® x R3) and D = G' % G. Moreover,

VaG(r,s) = Y 12 Vei(s)”. (B6)
k

Computing the L?(R? x K) norm,

2 2
IV2GI? = > 10 (e 2wy (Ve Vo) Lk
ke

= MlVell: ok (B7)
k

3 & 1:Let T be such that Dr = D almost everywhere. We
have

Dr(r,s) = Zlﬂi /er:Nlyi(rer:N)\I"i(Ser:N)*- (B®)

Furthermore,

1
To(r,s) := 581,a82,aD(r,S)

1
=3 ZP:‘ /dl‘z;Nal,a‘Ifi(l',l‘z:N)al,a‘I’i(S,l‘z;N)*,

(B9)
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using the definition of the weak derivative and Fubini’s
theorem. By Theorem 11,

- 1
T =53 pi / |01.o Wi,y Pdroy - (B10)

for almost all r. For any compact K C R3, integration
yields

- 1
/ drly(rm) = 5 3 pillda¥illicmonsy (BID
K i

Since Ty, is positive semidefinite, the left-hand side is the trace
of %81,0582,&0 Thus, D has locally finite kinetic energy if
and only if any representing I' = D has locally finite kinetic
energy. ]

3. Proof for Theorem 4

Proof. Most of the proof is similar that of Theorem 3, so
we skip some details.

Let I" be such that D = D almost everywhere. The state I"
has alocally finite kinetic energy by Theorem 3. By areasoning
similar to that of the proof of this lemma, we obtain

cro(r) = co(r) = [diag(—id2,G)' * G(r,r) (B12)

almost everywhere, independently of I'. Squaring and integrat-
ing over acompact K C R? and applying the Cauchy-Schwarz
inequality, we obtain the bound
/ eaOPdr < 1920 G g IG s ) < +00.
K
(B13)
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