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In this paper, we have described electron-correlation trends in the calculations of the hyperfine A and B

constants for a few elements belonging to the Na isoelectronic sequence. The hyperfine A and B/Q values
of the ground state 3s 2S1/2 and the excited states 3p 2P1/2, 3p 2P3/2, 3d 2D3/2, and 3d 2D5/2 of the ions from
Si3+ to V12+ are presented. The influence of the Breit interaction in the unretarded approximation to these
hyperfine values is reported briefly. With increasing atomic number of this sequence, the variations of the
different correlation contributing terms such as core correlations, core polarizations, and pair correlations are
discussed in the framework of the relativistic coupled-cluster theory. The electron-correlation effect relative to
the Dirac-Fock value in the hyperfine A constants of the 3d 2D3/2,5/2 states follows unusual trends with increasing
ionization. The relative pair-correlation effect influences the hyperfine constants of the fine-structure states of a
term in an identical way at each species of this sequence. The presented relativistic coupled-cluster results are
found to agree excellently with the other available results for a few ions.
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I. INTRODUCTION

Elements belonging to the isoelectronic sequences of lighter
and heavier atoms are being considered as ideal species
to investigate the electron-correlation trends with increasing
ionization in different atomic properties [1–9]. In particular,
research on the isoelectronic sequences of alkali-metal atoms is
a subject of considerable interest to observe the correlation ef-
fects on the hyperfine properties in various levels of ionization
[3–6]. In the calculations of the hyperfine fields or hyperfine
constants, it was noticed earlier that the electron correlation
relative to the single-particle approximation decreases rapidly
for the first few elements with increasing atomic number
(Z) in an isoelectronic sequence [2–6]. The linked-cluster
many-body perturbation theory was applied in relativistic
(RLCMBPT) and nonrelativistic (LCMBPT) forms to analyze
these correlation effects in some Li-like [3,6] and K-like
systems [4]. In their work, they gave detailed descriptions
of the different correlation mechanisms such as exchange core
polarization and other many-body effects with respect to the
single-particle approximation in the hyperfine properties of
these systems [3,4,6]. Calculations on the ground-state hyper-
fine constants of a few Li-like species were also performed by
the relativistic many-body perturbation theory (RMBPT) [5].
This work included the estimations of Dirac-Fock contribution,
complete polarization, and first- and higher-order correlations
to these constants [5].

The hyperfine calculations associated with the LCMBPT,
RLCMBPT, and RMBPT were carried out mainly on the
ground states of the species considered there [3–6]. There are
some calculations on a few excited states of Li-like F6+ only
[6]. However, the correlations in the hyperfine calculations
of the excited states of the elements that are isoelectronic
to alkali-metal atoms are very interesting. In particular, the
A constants of 2D5/2 states of such singly ionized ions are
abnormally correlated, as observed in some earlier calculations
[10,11]. For the alkali-metal-like singly ionized ions, it was
demonstrated earlier by Mani et al. and Sahoo et al. that
the relativistic coupled-cluster (RCC) theory has the potential
to exhaust even such an abnormal correlation in the most

accurate way [10,11]. This theory has been used successfully
to analyze the correlation contributions to the hyperfine A

constants of a few low-lying states of these ions [10–12]. The
correlations arising from the different coupled-cluster terms
were discussed there extensively [10–12]. But, to the best of
our knowledge, using the coupled-cluster theory, there are no
discussions on the correlation trends for a series of species
which are isoelectronic to an alkali-metal atom.

In the work of Mani et al., the discussions were aimed at the
hyperfine A constants only [10]. Also, with 2S1/2 states as the
ground states of Li-like and K-like systems, there was no scope
in the LCMBPT, RLCMBPT, and RMBPT calculations to
understand the correlation trends in the hyperfine B constants,
as their values are zero there [13]. The work of Sahoo et al.
presented the exhaustiveness of the electron correlations in the
hyperfine B constants of 2D5/2 states using the RCC theory
through several singly ionized alkali-metal-like ions [11]. In
this work, more than 150% correlation contribution is observed
for the B constant of the Na-like 25Mg+ [11]. However, no
work has been done yet on the isoelectronic trend in the B

constants to the best of our knowledge.
The stripped ions of the Na isoelectronic sequence are

very important elements in various astronomical bodies.
The ultraviolet emission lines of these ions from the solar
atmosphere, transition regions, and coronae of active stars have
been identified using advanced high-resolution spectroscopy
[14–16]. With the availability of wavelengths [17] and oscilla-
tor strengths [18] from the literature, the analysis of these
high-resolution spectra requires the inclusion of hyperfine
splitting for proper modeling of line profiles [19]. Hence, one
can get a more accurate picture of abundance analysis [19,20].
Therefore, it is necessary to provide more hyperfine data in
the literature for such ions. Hyperfine data for stripped ions
can be considered as an excellent benchmark comparison
between experiment and theory [3,6,21]. Also, these data may
be used for nuclear quadrupole moment estimations using
experimental techniques such as laser spectroscopy [22].

In the present work, we use RCC theory in a nonlinear form
[12,23,24] to study the correlation trends in the hyperfine A

and B constants of a few elements of the sodium isoelectronic
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sequence. In the present method, the Breit interaction is imple-
mented in the atomic Hamiltonian in the unretarded approxi-
mation [2]. The earlier coupled-cluster calculations [10–12]
did not consider this interaction. However, in the present
work, we treat this in an all-order way. The coupled-cluster
theory has the advantage to incorporate all of the important
correlation contributing terms, such as core correlation, core
polarization, and pair correlation, exhaustively [11,25]. These
terms arise from the Goldstone diagrams [11,26] obtained
from the contractions of different one-body and two-body
cluster operators with the hyperfine operators [11]. Our present
work contains all of the detailed analysis of these correlation
contributions to a few low-lying states, including the ground
state. Both the hyperfine A and B/Q values are presented
at the RCC levels for the ionic species from Si3+ to V12+.
The separate presentation of these values is performed from
the point of view of various applications, as mentioned in the
previous paragraph. The hyperfine A constants for the first six
elements of the Na isoelectronic sequence were calculated by
employing the relativistic all-order many-body perturbation
theory (RAOMBPT) [7]. Therefore, it is a good opportunity to
compare these results with our RCC calculations for the three
elements 29Si3+, 31P4+, and 33S5+. However, in the RAOMBPT
calculations, the hyperfine B constants are presented for the
neutral Na only.

II. THEORY

The details for the coupled-cluster theory are given in
some earlier publications [23,26–28]. According to this theory,
the correlated wave function |�v〉 of a single-valence system
can be derived from the corresponding reference-state wave
function |�v〉 using the following relation:

|�v〉 = eT {1 + Sv}|�v〉. (1)

Here, v indicates the valence orbital. The reference state |�v〉
is generated at the single-particle (Dirac-Fock) level of the
closed-shell system [23]. This closed-shell system is obtained
by removing the valence electron from the single-valence
system. T and Sv are the closed-shell and open-shell cluster
operators, respectively [23], and are solved from the energy
eigenvalue equations associated with the closed-shell and
open-shell atomic Hamiltonians, respectively [2].

The Breit interaction is the correction to the Coulomb
interaction due to the exchange of a transverse photon [29]. The
magnetic part of this interaction is called the Gaunt interaction.
The other part, called the retardation part, contributes little
with respect to the Gaunt part [29,30]. Therefore, the Gaunt
part can be treated as a good approximation of the Breit
interaction. The inclusion of the Gaunt interaction in the atomic
Hamiltonian at the Dirac-Fock and coupled-cluster levels is
discussed descriptively in Ref. [2].

The expectation value of a hyperfine operator Ô [13] in the
state |�v〉 can be written by using the coupled-cluster theory
as

Ov = 〈�v|Ô|�v〉
〈�v|�v〉 = 〈�v|{1 + S†

v}eT †
ÔeT {1 + Sv}|�v〉

〈�v|{1 + S
†
v}eT †

eT {1 + Sv}|�v〉

= 〈�v|{1 + S†
v}O{1 + Sv}|�v〉

N
, (2)

where O = eT †
ÔeT . Here, N = 〈�v|{1 + S†

v}eT †
eT {1 +

Sv}|�v〉 is the factor which is associated with the normal-
ization of the wave function |�v〉. The different correlation
contributing many-body terms arise from the O and from the
contractions of O with S at the numerator of Eq. (2) [11].
These terms such as core correlation, pair correlation, and
core polarization are defined from O − O, S

†
1vO + OS1v and

S
†
2vO + OS2v , respectively [11,25]. Here, 1 and 2 stand for

single and double excitations, respectively.
The detailed descriptions of the hyperfine A and B constants

along with their corresponding single-particle operator forms
are given in Refs. [13,31].

III. RESULTS AND DISCUSSIONS

Our calculations start from the generation of Dirac-Fock
(DF) reference states. These reference-state wave functions are
generated from the Gaussian-type orbital (GTO) basis func-
tions [25]. These GTO basis functions have two parameters,
α0 and β, which are considered the same for all of the s, p,
d, and f symmetries of an element. The parameters α0 and
β are optimized with respect to the numerical energies and
radial expectation values of r and 1/r of the bound orbitals,
as obtained from the GRASP 92 code [32]. These optimized
parameters for the ions from Si3+ to V12+ are presented in
Table I. The Fermi-type distribution is used here to describe
the nuclear potential function [10]. We use 33, 28, 25, and
21 number of GTOs for the s, p, d, and f symmetries,
respectively, to calculate the hyperfine constants at the DF
levels. However, at the coupled-cluster levels, the number of
active orbitals are considered as 12, 11, 10, and 9, respectively,
for the symmetries mentioned above. These numbers of active
orbitals, which include all of the bound orbitals and the first
few unbound orbitals, follow the convergence criteria of the
core correlation energies [25].

In Tables II and III, the hyperfine A and B/Q values,
respectively, are presented with the correlation and Gaunt
contributions. Here, Q is the nuclear quadrupole moment. In
order to calculate the A constants, the magnitudes of the gI

(g factor of nucleus) values for most stable isotopes are taken
from Ref. [33]. For some of these isotopes, we could not find
any Q value from Ref. [33]. This is the reason for choosing
B/Q values instead of B constants in Table III. In both of these

TABLE I. Basis parameters α0 and β.

Si3+ P4+ S5+ Cl6+ Ar7+ K8+ Ca9+ Sc10+ Ti11+ V12+

α0 0.00500 0.00725 0.00975 0.01250 0.01550 0.01875 0.02250 0.02675 0.03150 0.03675
β 2.73 2.73 2.73 2.73 2.73 2.73 2.73 2.73 2.73 2.73
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TABLE II. Calculated hyperfine A constants (in MHz) with the
correlation (Corr) and Gaunt contribution and their comparisons with
the RAOMBPT calculations (Other) [7]. Total = DF + Corr + Gaunt.

Ions States DF Corr Gaunt Total Other

29Si3+ 3s 2S1/2 5102.09 945.43 2.82 6050.34 6060.00
3p 2P1/2 1140.08 235.65 0.38 1376.11 1388.00
3p 2P3/2 224.62 18.80 0.06 243.48 245.20
3d 2D3/2 40.01 −0.10 0.03 39.94 39.65
3d 2D5/2 17.14 −20.11 −0.02 −2.99 −3.24

31P4+ 3s 2S1/2 15865.43 2547.08 9.48 18421.99 18407.00
3p 2P1/2 3785.60 675.70 1.26 4462.56 4488.00
3p 2P3/2 743.97 35.30 0.18 779.45 783.40
3d 2D3/2 164.75 1.47 0.15 166.37 165.40
3d 2D5/2 70.56 −72.89 −0.05 −2.38 −2.52

33S5+ 3s 2S1/2 4308.64 610.97 2.74 4922.35 4910.00
3p 2P1/2 1075.90 169.21 0.36 1245.47 1250.00
3p 2P3/2 210.88 5.01 0.06 215.95 216.80
3d 2D3/2 54.55 0.68 0.06 55.29 55.02
3d 2D5/2 23.35 −21.07 −0.02 2.26 2.36

35Cl6+ 3s 2S1/2 7530.66 957.34 5.07 8493.07
3p 2P1/2 1944.55 273.68 0.66 2218.89
3p 2P3/2 380.06 2.97 0.10 383.13
3d 2D3/2 110.27 1.41 0.12 111.80
3d 2D5/2 47.19 −37.39 −0.03 9.77

39Ar7+ 3s 2S1/2 6757.32 778.81 4.78 7540.91
3p 2P1/2 1790.54 228.17 0.61 2019.32
3p 2P3/2 348.92 −1.17 0.10 347.85
3d 2D3/2 110.52 1.29 0.12 111.93
3d 2D5/2 47.27 −33.16 −0.02 14.09

41K8+ 3s 2S1/2 3359.19 354.27 2.49 3715.95
3p 2P1/2 908.59 105.84 0.31 1014.74
3p 2P3/2 176.49 −1.98 0.05 174.56
3d 2D3/2 59.89 0.61 0.07 60.57
3d 2D5/2 25.60 −16.05 −0.01 9.54

43Ca9+ 3s 2S1/2 11146.61 1076.86 8.60 12232.07
3p 2P1/2 3065.63 328.05 1.06 3394.74
3p 2P3/2 593.50 −9.98 0.17 583.69
3d 2D3/2 212.87 1.82 0.26 214.95
3d 2D5/2 90.96 −51.41 −0.02 39.53

45Sc10+ 3s 2S1/2 49926.47 4452.30 39.37 54418.14
3p 2P1/2 13922.11 1369.14 4.55 15295.80
3p 2P3/2 2685.82 −56.20 0.72 2630.34
3d 2D3/2 1008.08 7.11 1.26 1016.45
3d 2D5/2 430.52 −221.12 −0.07 209.33

47Ti11+ 3s 2S1/2 14164.11 1180.02 11.52 15355.65
3p 2P1/2 3995.88 367.00 1.31 4364.19
3p 2P3/2 768.02 −18.28 0.21 749.95
3d 2D3/2 299.38 1.66 0.39 301.43
3d 2D5/2 127.79 −60.07 −0.02 67.70

51V12+ 3s 2S1/2 79740.39 6234.51 66.49 86041.39
3p 2P1/2 22721.34 1957.85 7.53 24686.72
3p 2P3/2 4350.11 −112.53 1.25 4238.83
3d 2D3/2 1750.88 6.90 2.29 1760.07
3d 2D5/2 746.89 −323.39 −0.06 423.44

tables, the DF results are calculated using the Dirac-Coulomb
(DC) Hamiltonian. The correlations (Corr) are also defined
here by the Coulomb correlation among the electrons. The

TABLE III. Calculated hyperfine B/Q values (in MHz/b) with
the correlation (Corr) and Gaunt contributions. Total = DF + Corr +
Gaunt.

Ions States DF Corr Gaunt Total

29Si3+ 3p 2P3/2 374.38 78.05 −0.50 451.93
3d 2D3/2 22.20 7.86 −0.02 30.04
3d 2D5/2 31.68 11.25 −0.02 42.91

31P4+ 3p 2P3/2 608.74 102.64 −0.85 710.53
3d 2D3/2 44.87 7.37 −0.05 52.19
3d 2D5/2 64.00 10.58 −0.04 74.54

33S5+ 3p 2P3/2 910.26 128.53 −1.35 1037.44
3d 2D3/2 78.37 5.23 −0.08 83.52
3d 2D5/2 111.70 7.60 −0.06 119.24

35Cl6+ 3p 2P3/2 1285.76 155.89 −2.01 1439.64
3d 2D3/2 124.17 1.63 −0.12 125.68
3d 2D5/2 176.83 2.57 −0.09 179.31

39Ar7+ 3p 2P3/2 1742.25 184.78 −2.88 1924.15
3d 2D3/2 183.68 −3.28 −0.18 180.22
3d 2D5/2 261.34 −4.29 −0.13 256.92

41K8+ 3p 2P3/2 2286.94 215.32 −3.97 2498.29
3d 2D3/2 258.30 −9.39 −0.26 248.65
3d 2D5/2 367.17 −12.81 −0.18 354.18

43Ca9+ 3p 2P3/2 2927.56 247.50 −5.33 3169.73
3d 2D3/2 349.50 −16.65 −0.37 332.48
3d 2D5/2 496.30 −22.88 −0.25 473.17

45Sc10+ 3p 2P3/2 3671.65 278.15 −6.96 3942.84
3d 2D3/2 458.70 −24.99 −0.50 433.21
3d 2D5/2 650.69 −34.44 −0.34 615.91

47Ti11+ 3p 2P3/2 4526.91 313.87 −8.98 4831.80
3d 2D3/2 587.38 −34.38 −0.67 552.33
3d 2D5/2 832.31 −47.40 −0.46 784.45

51V12+ 3p 2P3/2 5501.16 351.48 −11.41 5841.23
3d 2D3/2 737.02 −44.50 −0.88 691.64
3d 2D5/2 1043.13 −61.72 −0.60 980.81

Gaunt contributions are added to the overall DC results to
obtain the total results, which are the RCC results based on the
Dirac-Coulomb-Gaunt (DCG) Hamiltonian. Except for the A

constants of the 3d 2D5/2 states, the approximate theoretical
uncertainty is estimated around ±1% for the total values
presented in Tables II and III, whereas in the total values of
the former cases this uncertainty is calculated around ±6%.
Here, in determining these uncertainties approximately, we
have considered the noninclusion of the retardation part of
the Breit interaction, other quantum electrodynamic effects,
higher-order coupled-cluster terms, and more numbers of
orbitals and orbital symmetries in the calculations of the
hyperfine constants. The RAOMBPT calculations [7] of the
hyperfine A constants are presented in the last column of
Table II. Safronova et al. obtained these results using the
B-spline basis set [34], whereas our results are based on the
GTO basis. The present coupled-cluster method incorporates
the single, double, and partial triple excitations in linear and
nonlinear forms [CCSD(T)] [12,24]. The CCSD(T) method
was used earlier in the correlation descriptions for the
hyperfine constants of a few low-lying states of Mg+ [12].
However, the calculations performed by Safronova et al.
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FIG. 1. Percentage correlation contributions to the hyperfine A

constants of the 3s 2S1/2 (3s1), 3p 2P1/2 (3p1), and 3p 2P3/2 (3p3)
states.

used single and double excitations (SD) in linear form only.
Theoretically, CCSD(T) is more accurate with respect to the
linearized SD [12,24,35]. However, inclusion of the higher-
order excitations is expected to improve the accuracy of
the present calculations [24], which are not considered here.
Nevertheless, the results of Safronova et al. agree excellently
with our RCC results, which is evident from this table. As seen
from both tables, with respect to the Coulomb correlations,
the Gaunt effects are found to be small in the determination of
the hyperfine constants. Our calculated values of these Gaunt
contributions to the A constants of the 3s 2S1/2 states are found
to be consistent with the analytical expression of the Breit
contribution δA = 0.68ZAα2 as derived by Sushkov [36]. For
example, according to this analytical expression, the Breit
contributions to the 3s 2S1/2 states of 29Si3+, 39Ar7+, and
51V12+ should be 3.07, 4.91, and 71.64 MHz, respectively.
These values are calculated to be 2.82, 4.78, and 66.49 MHz,
respectively, by our present all-order treatment of the Gaunt
interaction. The good agreements among these contributions
ensure the accuracy of our correlated treatment of the Gaunt
interaction using the coupled-cluster theory.

The trends of percentage correlation contributions to the
hyperfine A constants are presented in Figs. 1–3 and those to
the hyperfine B constants are presented in Fig. 4 for the states
as indicated there. These percentage values are calculated
with respect to the corresponding DF results. The percentage
correlations have the same significance in the B constants and
B/Q values, as Q is entirely a nuclear property. Here, we
include the Gaunt interaction at the DF levels as well as in
the correlation contributions. The inclusion of this interaction
provides a more accurate representation of the percentage
electron correlation. In order to show the Z dependence of
the percentage correlation, we consider the ions from Z = 14
to Z = 23 in Figs. 1 and 4. This is due to the fact that the
trends which are depicted there have been found to follow
general trends of rapid decreases in percentage correlations
with increasing ionization between the elements from Z = 11

FIG. 2. Percentage correlation contributions to the hyperfine A

constants of the 3d 2D3/2 state.

to Z = 14. This behavior is expected because, with increasing
ionization of an isoelectronic sequence, the core electrons and
valence electron become more tightly bound and hence are
less perturbed by the correlation [4]. But, in the A constants of
the 3d 2D3/2,5/2 states, we have found unusual pictures inside
the region of Z = 11 to Z = 14. Therefore, here we extend
the curves depicting the trends in Figs. 2 and 3 from Z = 14
to Z = 11. In estimating the correlation contributions of Na
and Mg+, we have considered 13, 12, 12, and 9 number of
active orbitals for the s, p, d, and f symmetries, respectively,
in order to satisfy the convergence of core correlation energies,
as mentioned earlier.

As seen from Fig. 1, the correlation contributions to the
3s 2S1/2, 3p 2P1/2, and 3p 2P3/2 states decrease monotonically
from 18.6% to 8.0%, 20.8% to 8.8%, and 8.5% to −2.4% with
increasing Z. Also, the percentage correlations to the 3s 2S1/2

and 3p 2P1/2 states fall in an almost similar way with increasing
ionization and remain positive everywhere. However, for the
3p 2P3/2 state, these percentage values become negative at
Z � 18.

FIG. 3. Percentage correlation contributions to the hyperfine A

constants of the 3d 2D5/2 state.
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One can see from Fig. 2 that with increasing Z, the curve
depicting the percentage correlation contribution to the 3d
2D3/2 state rises sharply from −8.1% at Mg+ and finds a
maximum at Cl6+ (about 1.4%), from where it falls relatively
very slowly to 0.6% at V12+. From Z = 14 to Z = 23, the
correlation is seen to have little impact on the hyperfine
constants. Therefore, in order to ensure this unusual picture
of Z dependence, we have increased the number of orbitals
and orbital symmetries. But we have not found any change in
this trend. The reason behind this picture can be understood
from the behaviors of the different correlation mechanisms at
different regions of Z, which is discussed later in the present
section. The percentage negative correlation contribution to
Na (Z = 11) is seen to be slightly more then Mg+ (Z = 12).
However, with the consideration of orbital symmetries beyond
f states, we have found the opposite case, i.e., the point at Z =
11 is shifted slightly above with respect to the point at Z = 12.

From Table II, one can see very large changes in the A

constants from the DF to the total values due to abnormal
correlation contributions in the 3d 2D5/2 states of all the ions.
Due to this very large correlation, the signs of Si3+ and P4+
are changed from the DF to the coupled-cluster levels. The
trend of the percentage value of this abnormal correlation with
increasing ionization is presented in Fig. 3. This trend is seen to
be unusual in the lower Z region. From Z = 11, the magnitude
of the total percentage correlation increases from 43.2% and
becomes maximum with value 127.2% at Z = 13. From Z =
13, it decreases with increasing ionization and finds a value
43.3% at Z = 23.

Figure 4 shows that in the B constants, the correlations
decrease gradually from 20.8% to 6.4%, 35.4% to −6.1%, and
35.5% to −5.9% for the 3p 2P3/2, 3d 2D3/2, and 3d 2D5/2 states,
respectively, with increasing Z. The B constants of the 3d 2D3/2

and 3d 2D5/2 states follow almost exactly the same percentage
correlation trend with increasing Z, which is obvious in
Fig. 4. Also, the percentage correlations to the 3d 2D3/2,5/2

FIG. 4. Percentage correlation contributions to the hyperfine B

constants of the 3p 2P3/2 (3p3), 3d 2D3/2 (3d3) and 3d 2D5/2 (3d5)
states.

states vary in a relatively wider range with respect to those of
the 3p 2P3/2 state.

The effects of the important many-body terms, i.e., core
correlation (CC), pair correlation (PC), and core polarization
(CP), to the hyperfine A and B constants are discussed in
the next few paragraphs. Here, also, the percentage values of
these terms are calculated with respect to the corresponding
DF results and within the framework of the Dirac-Coulomb-
Gaunt Hamiltonian. Besides these important terms, some
small contributions from the term S†OS, the other effective
two-body terms, and normalization correction [11,25] are
expected and are accounted for in the total correlation. But
these terms are not discussed later in the present section.
However, the CC contributions are plotted for both the A and
B constants of all the states; these contributions rarely have
any significance with respect to the PC and CP contributions
at any value of Z. The CC effect is accounted for by the
modification of the valence orbital due to the correlation
among the core electrons. The tightly bound core electrons are
perturbed little by this correlation [4] and hence are responsible
for the negligible CC effect. Therefore, in the following
discussions, we focus mainly on the PC and CP mechanisms to
observe their responsibilities in the Z dependence of the total
percentage correlations. Like the trends of the total percentage
correlations, the trends of these different contributing terms
between the elements from Z = 11 to Z = 14 have been
found to follow general trends of rapid decreases in percentage
correlations with increasing ionization for the A constants of
the 3s 2S1/2, 3p 2P1/2, and 3p 2P3/2 states and the B constants
of the 3p 2P3/2 state.

3s 2S1/2 state. For the ground state 3s 2S1/2, the percentage
correlation contributions from the different many-body terms
to the A constants are plotted in Fig. 5. All of these
contributions show trends of decreasing with increasing Z.
The maximum core correlation contribution is seen to be
slightly less than 1%. The dominant correlation mechanism

FIG. 5. Percentage correlation contributions from the CC, PC,
and CP to the hyperfine A constants of the 3s 2S1/2 state.
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FIG. 6. Percentage correlation contributions from the CC, PC,
and CP to the hyperfine A constants of the 3p 2P1/2 state.

is the CP effect, which varies here from 13.4% to 6.9%. In
the case of Ca9+, this effect was estimated around 8.4% by
the LCMBPT theory [6], which is found around 8.2% from
our RCC calculation. The PC contribution is seen to vary
from 4.1% to 0.9%. Here, one thing can be noticed: there
is no negative contribution from any one of the three terms
at any value of Z. Hence, the addition of all the percentage
correlations from these terms ensures a systematic decrease of
the total percentage correlation with increasing Z.

3p 2P1/2 state. The correlation contributions from the
different terms to the A constants of the 3p 2P1/2 states are
plotted in Fig. 6. This figure also shows trends of decreasing
percentage contributions for all of the terms with increasing
ionization. However, for a few ions of higher atomic number,
the CC contributions are negative. Here, the CP and PC
contributions decrease from 15.1% to 7.8% and 4.9% to 1.1%,
respectively, as Z increases. Like the 3s 2S1/2 state, here also the
behavior of the different correlation terms leads to a systematic
decrease in the total percentage correlation with increasing
atomic number.

3p 2P3/2 state. For the 3p 2P3/2 state, we have the
opportunity to discuss both the hyperfine A and B constants.
The percentage correlation trends from the CC, PC, and CP
effects to the A constants are plotted in Fig. 7, whereas those to
the B constants are plotted in Fig. 8. In the A constants of this
state, one can see a few distinct features which are not observed
in the 3s 2S1/2 and 3p 2P1/2 states. The first is the greater
correlations from the PC effects compared to the CP effects
for a few ions (Z = 14 to Z = 17). The second is the negative
contributions from the CPs for the ions with Z � 15. At Cl6+
and Ar7+, strong cancellations occur between the negative CPs
and positive PCs, leading to the total results which are close
to the DF results. As seen from Fig. 7, the PC varies from
4.9% to 1.1% and the CP varies in a relatively wider range
from 2.3% to −3.8% with increasing atomic number. The
percentage PC contributions to the A constants of the 3p 2P1/2

FIG. 7. Percentage correlation contributions from the CC, PC,
and CP to the hyperfine A constants of the 3p 2P3/2 state.

and 3p 2P3/2 states have been found to be identical to each
other at every value of Z. Due to the relatively greater negative
contribution of the CP with respect to the positive contribution
of the PC, the total correlation becomes negative for the ions
at Z � 18.

One can see, in Fig. 8, that the percentage correlations
from the CP and PC terms to the B constants of the 3p 2P3/2

state fall with increasing atomic number and remain positive
everywhere. As mentioned earlier, the corresponding terms in
the A constants of 3s 2S1/2 and 3p 2P1/2 states also behave
like this. However, the percentage CP effect falls rapidly for
the former case compared to the latter two cases. Here, the
dominant CP effect and the relatively much less contributing

FIG. 8. Percentage correlation contributions from the CC, PC,
and CP to the hyperfine B constants of the 3p 2P3/2 state.
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FIG. 9. Percentage correlation contributions from the CC, PC,
and CP to the hyperfine A constants of the 3d 2D3/2 state.

PC effect decreases from 15.3% to 5.3% and 4.9% to 1.1%,
respectively, with increasing Z. Also, it has been observed that
the percentage PC affects the B constant at a Z value identically
to how it affects the A constant at the same Z.

3d 2D3/2 state. The contributions from the different cor-
relation mechanisms to the hyperfine A constants of the 3d
2D3/2 state are plotted in Fig. 9. Here, the competition between
the CP and PC is interesting. As one can see from Fig. 9,
the CP remains negative and the PC remains positive at every
value of Z. From Z = 14, both of these effects systematically
decrease with increasing ionization, but the former is from
−5.1% to −0.3% and the latter is from 4% to 0.7%. As a
consequence, one of the effects is largely canceled by the other
one in the total correlation at all of the ions considered after
Z = 14. Therefore, for these ions, the correlated values of
the hyperfine A constants of this state can be approximated
by the corresponding DF results. The negative CP effect
dominates with respect to the positive PC effect from Z = 11
to Z = 13. As a result, the total correlation remains negative
here. However, the PC values are seen to be greater with respect
to the CP values at Z � 15 and hence the total correlations
become positive here. A close observation of Fig. 9 explains the
unusual picture of the total percentage correlation curve at the
higher Z region as plotted in Fig. 2. In the region from Z = 12
to Z = 17, the negative CP effect decreases rapidly compared
to the positive PC effect, resulting in a sharp increase in the
total percentage correlation curve from Z = 12. In contrary,
an opposite flow between these two correlation terms is seen
to happen at Z > 17, leading to a fall in the total percentage
correlation curve with increasing ionization. Unexpectedly,
from Z = 12 to Z = 11, both the percentage PC and CP effects
change their trends in opposite direction, i.e., both of these
effects reduce their impacts with decreasing ionization.

In the B constants of the 3d 2D3/2 state, as observed in
Fig. 10, the CP is seen to dominate over the PC except in the
region from Z = 16 to Z = 18. Here, the former decreases
rapidly from Z = 14 to Z = 19 and then decreases very slowly

FIG. 10. Percentage correlation contributions from the CC, PC,
and CP to the hyperfine B constants of the 3d 2D3/2 state.

for Z > 19, covering a wide range of 32.2% to −7% with
increasing ionization. The PC remains positive everywhere.
For this state also, we have found that the percentage PC
contribution to the A and B constants is the same at every
value of Z. Hence, the percentage PC effect to the B constants
of this state also follows the unusual trend at the lower Z
region, as depicted in Fig. 9. However, unlike the PC effect,
the percentage values of the very strongly dominating CP
effect (about 357% for Na, 163% for Mg+, and 71% for Al2+)
have been found to decrease with increasing ionization in this
region. As a consequence, the total percentage correlation
for this case, which is almost determined by the CP effect,
follows a general trend, as mentioned earlier in this section.
Due to relatively more negative contributions of the CPs, the
total correlations become negative for the ions at Z � 18.

FIG. 11. Percentage correlation contributions from the CC, PC,
and CP to the hyperfine A constants of the 3d 2D5/2 state.
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FIG. 12. Percentage correlation contributions from the CC, PC,
and CP to the hyperfine B constants of the 3d 2D5/2 state.

The combined effects of these two terms at Cl6+ and Ar7+
provide little correlation contributions due to large cancella-
tions between them.

3d 2D5/2 state. Figure 11 represents the correlations from
the different many-body terms to the A constants of the 3d
2D5/2 state. As seen from this figure and Fig. 3, the CP effect
can be treated excellently as a determinable factor to the total
correlation. This effect itself accounts for the unusual trend of
the total percentage correlation at the lower Z region in Fig. 3.
It contributes a huge amount of negative correlation by more
than −100% to Mg+, Al2+, Si3+, and P4+. But, as seen from
Fig. 11, the percentage CP effect reduces its impact consider-
ably at relatively highly ionized species. However, a close look
at the curve shows that this reduction decreases consistently on
consecutive Z values with increasing ionization from Z = 14.
This is the reason that even for a highly stripped system like
V12+, this effect can hold total correlation of about −43%.
From our investigation, we have found that here also, the
percentage PC contributes equally to the hyperfine A constants
of the 3d 2D3/2 and 3d 2D5/2 states at every value of Z.

The percentage correlations from the different contributing
terms to the B constants of the 3d 2D5/2 state can be observed

in Fig. 12. A close look at Figs. 10 and 12 indicates the fact
that the corresponding terms in the B constants of the 3d 2D3/2

and 3d 2D5/2 states follow almost exactly the same trends
with increasing ionization. The differences between them are
too small at every ion that it is very difficult to identify any
difference between Figs. 10 and 12. This is the reason that both
of the total percentage correlation plots of 3d 2D3/2 and 3d
2D5/2 states in Fig. 4 almost overlap each other. Therefore, the
discussions in the context of the hyperfine B constants of the
3d 2D3/2 state are also valid here, even for Z = 11 to Z = 14.

IV. CONCLUSION

The correlation trends in the hyperfine A and B constants
of the ground and a few excited states of the Na-like systems
have been described extensively. The responsibilities of the
different correlation contributing terms for such trends have
been analyzed using the coupled-cluster theory based on the
Dirac-Coulomb-Gaunt Hamiltonian. The effects of the Gaunt
interactions on these hyperfine constants have been presented
separately. We have found different pictures of percentage
correlation trends in the hyperfine A constants of the 3d
2D3/2,5/2 states with respect to those of the other cases with
increasing ionization. The percentage contributions of the
corresponding many-body terms have been found to be almost
the same for the hyperfine B constants of the 3d 2D3/2 and 3d
2D5/2 states at every element. The percentage pair-correlation
contribution has been found to affect the hyperfine constants of
the fine-structure states of a term in a similar way with increas-
ing ionization. Our presented hyperfine data may be applied
for astrophysical applications and nuclear quadrupole moment
estimations. We hope that this kind of work will be continued
in the near future on the several other group of elements,
especially on elements that are isoelectronic to heavier atoms.

ACKNOWLEDGMENTS

We want to acknowledge Prof. B. P. Das and Dr. R. K.
Chaudhuri, of the Indian Institute of Astrophysics, Bangalore,
India, and Dr. B. K. Sahoo, of the Physical Research Labora-
tory, Ahmedabad, India, for providing the COUPLED-CLUSTER

code. The calculations are performed by the servers of IIT
Kharagpur, India. We would like to recognize the support from
the Council of Scientific and Industrial Research (CSIR), India
which provided funding for our research.

[1] L.-H. Hao and G. Jiang, Phys. Rev. A 83, 012511 (2011).
[2] N. N. Dutta and S. Majumder, Phys. Rev. A 85, 032512

(2012).
[3] Surya N. Panigrahy, R. W. Dougherty, T. P. Das, and

J. Andriessen, Phys. Rev. A 40, 1765 (1989).
[4] A. Owusu, X. Yuan, S. N. Panigrahy, R. W. Dougherty, T. P.

Das, and J. Andriessen, Phys. Rev. A 55, 2644 (1997).
[5] W. Xiao-Li, Y. Kai-Zhi, G. Bing-Cong, and Z. Meng,

Chin. Phys. 16, 2389 (2007).
[6] S. N. Ray, J. E. Rodgers, and T. P. Das, Phys. Rev. A 13, 1983

(1976).

[7] M. S. Safronova, A. Derevianko, and W. R. Johnson, Phys. Rev.
A 58, 1016 (1998).

[8] E. Biémont, C. F. Fischer, M. R. Godefroid, P. Palmeri, and
P. Quinet, Phys. Rev. A 62, 032512 (2000).

[9] L. C. Owono Owono, M. G. Kwato Njock, and M. L. C. Owona
Angue, Phys. Lett. A 339, 343 (2005).

[10] B. K. Mani and D. Angom, Phys. Rev. A 81, 042514 (2010).
[11] B. K. Sahoo, C. Sur, T. Beier, B. P. Das, R. K. Chaudhuri, and

D. Mukherjee, Phys. Rev. A 75, 042504 (2007).
[12] C. Sur, B. K. Sahoo, R. K. Chaudhuri, B. P. Das, and

D. Mukherjee, Eur. Phys. J. D 32, 25 (2005).

062507-8

http://dx.doi.org/10.1103/PhysRevA.83.012511
http://dx.doi.org/10.1103/PhysRevA.85.032512
http://dx.doi.org/10.1103/PhysRevA.85.032512
http://dx.doi.org/10.1103/PhysRevA.40.1765
http://dx.doi.org/10.1103/PhysRevA.55.2644
http://dx.doi.org/10.1088/1009-1963/16/8/039
http://dx.doi.org/10.1103/PhysRevA.13.1983
http://dx.doi.org/10.1103/PhysRevA.13.1983
http://dx.doi.org/10.1103/PhysRevA.58.1016
http://dx.doi.org/10.1103/PhysRevA.58.1016
http://dx.doi.org/10.1103/PhysRevA.62.032512
http://dx.doi.org/10.1016/j.physleta.2005.02.079
http://dx.doi.org/10.1103/PhysRevA.81.042514
http://dx.doi.org/10.1103/PhysRevA.75.042504
http://dx.doi.org/10.1140/epjd/e2004-00176-1


ELECTRON-CORRELATION TRENDS IN THE HYPERFINE . . . PHYSICAL REVIEW A 88, 062507 (2013)

[13] K. T. Cheng and W. J. Childs, Phys. Rev. A 31, 2775 (1985).
[14] G. Del Zanna, M. Landini, and H. E. Mason, Astron. Astrophys.

385, 968 (2002).
[15] F. P. Keenan, A. C. Katsiyannis, J. W. Brosius, J. M. Davila, and

R. J. Thomas, Mon. Not. R. Astron. Soc. 342, 513 (2003).
[16] J. C. Raymond and J. G. Doyle, Astrophys. J. 245, 1141 (1981).
[17] A. Kramida, Yu. Ralchenko, J. Reader, and NIST ASD Team

(2013). NIST Atomic Spectra Database (ver. 5.1), [Online].
Available: http://physics.nist.gov/asd [2013, June 1]. National
Institute of Standards and Technology, Gaithersburg, MD.

[18] C. E. Theodosiou and L. J. Curtis, Phys. Rev. A 38, 4435 (1988).
[19] Per Jönsson, J. Phys.: Conf. Ser. 72, 012011 (2007).
[20] M. M. Dworetsky, C. M. Jomaron, and C. A. Smith, Astron.

Astrophys. 333, 665 (1998).
[21] W. L. Randolph, J. Asher, J. W. Koen, P. Rowe, and E. Matthias,

Hyperfine Interact. 1, 145 (1975).
[22] H. Backe, Hyperfine Interact. 171, 93 (2006).
[23] G. Dixit, B. K. Sahoo, R. K. Chaudhuri, and S. Majumder,

Phys. Rev. A 76, 042505 (2007).
[24] R. K. Chaudhuri, B. K. Sahoo, B. P. Das, H. Merlitz, U. S.

Mahapatra, and D. Mukherjee, J. Chem. Phys. 119, 10633
(2003).

[25] G. Dixit, H. S. Nataraj, B. K. Sahoo, R. K. Chaudhuri, and
S. Majumder, Phys. Rev. A 77, 012718 (2008).

[26] I. Lindgren and J. Morrison, in Atomic Many-Body Theory,
edited by G. E. Lambropoulos and H. Walther, Vol. 3 (Springer,
Berlin, 1985).

[27] I. Lindgren and D. Mukherjee, Phys. Rep. 151, 93 (1987).
[28] S. Pal, M. Rittby, R. J. Barlett, D. Sinha, and D. Mukherjee,

Chem. Phys. Lett. 137, 273 (1987); J. Chem. Phys. 88, 4357
(1988).

[29] J. B. Mann and W. R. Johnson, Phys. Rev. A 4, 41 (1971).
[30] M. G. Kozlov, S. G. Porsev, and I. I. Tupitsyn, Phys. Rev. Lett.

86, 3260 (2001).
[31] N. N. Dutta, S. Roy, G. Dixit, and S. Majumder, Phys. Rev. A

87, 012501 (2013).
[32] F. A. Parpia, C. F. Fischer, and I. P. Grant, Comput. Phys.

Commun. 175, 745 (2006).
[33] P. Raghavan, At. Data Nucl. Data Tables 42, 189 (1989).
[34] W. R. Johnson, S. A. Blundell, and J. Sapirstein, Phys. Rev. A

37, 307 (1988).
[35] R. Pal, M. S. Safronova, W. R. Johnson, A. Derevianko, and

S. G. Porsev, Phys. Rev. A 75, 042515 (2007).
[36] O. P. Sushkov, Phys. Rev. A 63, 042504 (2001).

062507-9

http://dx.doi.org/10.1103/PhysRevA.31.2775
http://dx.doi.org/10.1051/0004-6361:20020164
http://dx.doi.org/10.1051/0004-6361:20020164
http://dx.doi.org/10.1046/j.1365-8711.2003.06559.x
http://dx.doi.org/10.1086/158889
http://physics.nist.gov/asd
http://dx.doi.org/10.1103/PhysRevA.38.4435
http://dx.doi.org/10.1088/1742-6596/72/1/012011
http://dx.doi.org/10.1007/BF01022448
http://dx.doi.org/10.1007/s10751-007-9509-4
http://dx.doi.org/10.1103/PhysRevA.76.042505
http://dx.doi.org/10.1063/1.1621616
http://dx.doi.org/10.1063/1.1621616
http://dx.doi.org/10.1103/PhysRevA.77.012718
http://dx.doi.org/10.1016/0370-1573(87)90073-1
http://dx.doi.org/10.1016/0009-2614(87)80218-X
http://dx.doi.org/10.1063/1.453795
http://dx.doi.org/10.1063/1.453795
http://dx.doi.org/10.1103/PhysRevA.4.41
http://dx.doi.org/10.1103/PhysRevLett.86.3260
http://dx.doi.org/10.1103/PhysRevLett.86.3260
http://dx.doi.org/10.1103/PhysRevA.87.012501
http://dx.doi.org/10.1103/PhysRevA.87.012501
http://dx.doi.org/10.1016/j.cpc.2006.07.021
http://dx.doi.org/10.1016/j.cpc.2006.07.021
http://dx.doi.org/10.1016/0092-640X(89)90008-9
http://dx.doi.org/10.1103/PhysRevA.37.307
http://dx.doi.org/10.1103/PhysRevA.37.307
http://dx.doi.org/10.1103/PhysRevA.75.042515
http://dx.doi.org/10.1103/PhysRevA.63.042504



