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Phase-dependent optical effects in a four-level quantum system near a plasmonic nanostructure
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We study the linear absorption and dispersion properties of a four-level double-V-type quantum system near a
plasmonic nanostructure. The quantum system interacts with two orthogonal circularly polarized laser fields with
the same frequency and different phases and electric field amplitudes. We find that the presence of the plasmonic
nanostructure leads to strong modification of the absorption and dispersion spectra for one of the laser fields, in
the presence of the other, and show that one can use the phase difference and the relative electric field amplitudes
of the two laser fields for efficient control of the optical properties of the system. Effects such as complete optical
transparency, zero absorption with nonzero dispersion, and gain without inversion are obtained.
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I. INTRODUCTION

Recent studies have revealed that several coherent optical
phenomena can be strongly modified in quantum systems
near plasmonic nanostructures. Examples of these phenomena
include quantum interference effects in spontaneous emis-
sion [1-5], controlled population dynamics [6—11], optical
transparency and slow light [12—15], and enhanced second
harmonic generation and nonlinear optical switching [16,17],
as well as gain without inversion [18,19]. In addition, phase-
dependent effects in spontaneous emission lineshapes [20,21],
unexpected population inversions [22,23], controlled absorp-
tion and dispersion [24-26], and slow light [26] have been
studied in multilevel quantum systems that exhibit quantum
interference in spontaneous emission.

In this work we study phase-dependent effects on the linear
absorption and dispersion properties of a four-level double-
V-type quantum system near a plasmonic nanostructure. In
the quantum system under study one V-type transition is
influenced by the interaction with surface plasmons, while the
other V-type transition interacts with free-space vacuum. As a
plasmonic nanostructure we consider a two-dimensional (2D)
array of metal-coated dielectric nanospheres and calculate the
relevant decay rates by a rigorous electromagnetic Green-
tensor technique [1-3,14]. The quantum system interacts with
two orthogonal circularly polarized laser fields with the same
frequency and different phases and electric-field amplitudes,
which couple the lowest state with the upper states in the
free-space transitions. We use a density matrix methodology
for the calculation of the linear susceptibility and show that
the presence of the plasmonic nanostructure leads to strong
modification of the absorption and dispersion spectra for one
of the laser fields, in the presence of the other. In addition, we
show that one can use the phase difference and the relative
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electric-field amplitudes of the two laser fields for efficient
control of the optical properties of the system. Effects such as
complete optical transparency, zero absorption with nonzero
dispersion, and gain without inversion are shown, and the
conditions under which these phenomena occur are presented.

The article is organized as follows. In Sec. II we em-
ploy the density matrix equations for the interaction of the
double-V-type system with the laser fields and the plasmonic
nanostructure in order to calculate the linear susceptibility
of the system. Then, in Sec. III we present results for the
phase dependence of the absorption and dispersion spectra
for different parameters of the system. Finally, in Sec. IV we
summarize our findings.

II. THEORETICAL MODEL AND CALCULATION OF THE
LINEAR SUSCEPTIBILITY

The quantum system of interest is shown in Fig. 1. We con-
sider a four-level system with two closely lying upper states,
|2) and |3), and two lower states, |0) and |1). We call this system
adouble-V-type system, in order easily to identify two different
three-level V-type transitions in the structure. The quantum
system is located in vacuum at distance d from the surface of
the plasmonic nanostructure. We take states |2) and |3) to char-
acterize two Zeeman sublevels. Then the dipole moment oper-
ator is taken as i1 = u/(|2)(0|8_ + |3)(0|84) + w(|2){1]8_ +
|3)(11&4) + H.c., where &L = (e, & iex)/«/z describe the
right-rotating (£) and left-rotating (£_) unit vectors and u
and ' are taken to be real.

The quantum system interacts with two circularly polarized
continuous-wave electromagnetic (laser) fields, with total
electric field

E(t) = &4 E, cos(@at + ¢a) + &_Epcos(opt + ¢p), (1)

where E, (Ep) is the electric-field amplitude, w, (wp) is the
angular frequency, and ¢, (¢) is the phase of field a (b). Laser
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FIG. 1. The quantum system under study is a double-V-type
system where two upper states, |2) and |3), decay with spontaneous
emission to the two lower states, |0) and |1). The system also interacts
with two circularly polarized weak probe laser fields with equal
frequencies w, = wj. Laser field a couples state |0) with state |2)
and laser field b couples state |0) with state |3).

field a couples state |0) with state |2) and laser field b couples
state |0) with state |3). We assume that both fields have equal
frequencies w, = wp = w. The Hamiltonian that describes
the interaction of the electromagnetic field with the quantum
system, in the dipole and rotating-wave approximations, is
given by

f{:h(—@—-%?)nx2y+h<—a4-3¥>mxa

2
hQ el hQei?
— 0){2
( > 10) (2] + >

|mm+HQ) )

Here, § = w — & is the detuning from resonance with the
average transition energies of states |2) and |3) from state
|0), with @ = (w3 + w2)/2 — wp, w32 = (w3 — w7)/2, and 2,
and €2, are the Rabi frequencies for fields a and b, respectively,
defined as Q, = w'E,/h and Q, = u' E,/h. Also, hw,, with
n =0 — 3, is the energy of state |n). We note that Eq. (2)
describes only the interaction with the external laser fields.
The quantum system also interacts with the vacuum and
this process leads to spontaneous emission. For the form of
the interaction Hamiltonian of the quantum system with the
vacuum, see Eq. (28) of Ref. [27].

Both excited state |2) and excited state |3) decay sponta-
neously to state |0) with decay rates 2y, and 2y;, respectively,
and to state |1) with decay rates 2y, and 2ys, respectively.
We assume that transitions from |2) and |3) to |1) lie within
the surface-plasmon bands of the plasmonic nanostructure,
whereas transitions from |2) and |3) to |0) are spectrally distant
from the surface-plasmon bands and are not influenced by the
plasmonic nanostructure. Therefore, in transitions from |2) and
|3) to |0) the spontaneous decay occurs due to the interaction
of the quantum system with free-space vacuum modes. In
what follows, we refer to this decay as free-space spontaneous
decay. We choose the energy difference of states |2) and |3) to
be rather small, i.e., w3, to be just a few I'g, where Iy is the
decay rate of states |2) and |3) to state |1) in the vacuum. The
latter is taken to be the same for both states. We can therefore
assume that y, = y3 =y and y; = y; = ¥’ [2].
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Using the Hamiltonian of Eq. (2) we obtain the following
equations for the density matrix elements of the system,
assuming a Markovian response:

) , .§2q _ig, i¢
Poo(t) = 2y [p22(1) + p33()] — 17[,0020)6 “ — p2o(t)e'™]
Q . .
— i pox(0)e " = pao(0)e ™), 3)

. ’ .Qa —ig, i
022(t) = =2(y + ¥ )pn(t) +i 7[,0020)6 " — poo(t)e'®]
—k[p23(t) + p3(t)], €]

. ’ . Qb —i¢ iy
033() = =2(y + y)p33() +17[1003(f)6’ " — p3o(t)e'™]
—k[p23(t) + p32(8)], )

Pa(t) = <15 + l% -y - V’)pzo(f)
.2 —ig,
+176 “Loo(t) — p22(2)]
.Qb —igy
—l7€ 023(8) — Kkp30(2), (6)
. . .32 /
P30() = <l5 i TY Y ),030(l)

.Qb —i¢h
+17€ "[poo(t) — p33(1)]

Q4 —id
—ie “p32(t) — Kk p20(2), N
. . ’ -Qa —ig
023(t) = (w2 — 2y — 2y )pa3(t) + i—e “ 003 (1)
S2p idp
—ie P20(t) — k[p22(t) + p33(1)], ®)
with  poo(t) + p11() + p22(t) + p33(1) =1 and 0, (1) =

P (t). Here, k is the coupling coefficient between state |2) and
state |3) due to spontaneous emission in a modified anisotropic
vacuum [28] and it is responsible for the appearance of
quantum interference [29].

The values of y and « are obtained by [30-33]

2=2

y = MG ) - £, )
2 -2

=P o ImGr )-8, (10)

Here, G(r,r; ») is the dyadic electromagnetic Green’s tensor,
where r refers to the position of the quantum emitter, and 1
is the permeability of vacuum. Also, ® = (w3 4+ v2)/2 — w;.
From Egs. (9) and (10) we obtain the values of y and « as
[30-33]

[op’@?

y == ImGL(r,r;®) + G(rr;a)]

1
= E(FL +T), (11)

2-=2
= %Imwl(r,r; @) — G(r,r; )]

1
= L =T, (12)
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FIG. 2. (Color online) (a) A metal-coated dielectric nanosphere
and (b) a 2D array of such spheres used in this work.

Here, G| (r,r; @) = G, (r,r;@)and G| (r,r; ®) = G (r,1; ®)
denote components of the electromagnetic Green’s tensor,
where the symbol L (||) refers to a dipole oriented normal—
along the z axis (parallel—along the x axis) to the surface
of the nanostructure. Finally, we define the spontaneous
emission rates normal and parallel to the surface as I'} | =
pop?@&*Im[G (r,r; @)]/h. The degree of quantum interfer-
ence is defined as p = (I'y —TI"))/(T"'L +T)). For p =1 we
have maximum quantum interference in spontaneous emission
[29]. This can be achieved by placing the emitter close to a
structure that completely quenches I'j. We stress that when
the emitter is placed in vacuum, I'y =T'j and x =0, so no
quantum interference occurs in the system.

The plasmonic nanostructure considered in this study is
a 2D array of touching metal-coated silica nanospheres [see
Figs. 2(a) and 2(b)]. Periodic arrays of metallic nanoshells can
be fabricated via self-assembly [34,35], nanopatterning and
nanolithographic [36,37] techniques. The dielectric function
of the shell is provided by a Drude-type electric permittivity
given by

w2
€l =1-—"~——, (13)
ow+1i/1)

where w,, is the bulk plasma frequency and 7 the relaxation
time of the conduction-band electrons of the metal. A typical
value of the plasma frequency for gold is hw, = 8.99 eV.
This also determines the length scale of the system as ¢/w), ~
22 nm. The dielectric constant of SiO, is taken to be ¢ = 2.1.
In the calculations we have taken T~ = 0.05w,. The lattice
constant of the square lattice is a = 2¢/w, and the sphere
radius S = ¢/w, with core radius S, = 0.7¢/w,,.

The electromagnetic Green’s tensor providing the corre-
sponding spontaneous emission rates I'; and I'j is given
by [1,38,39]

EE . 4. N _ EE,. /. i 2 L
Gy (rrw) =g (rr,o) — 872 //SBZd K Z czK;7
g <

X Vg, ;i (1) exp(—iK;r . r)éir(Kg), (14)
with

Vgk ;i (r)= Z Rg’;g(w’kH) eXP(—iK; . r)éi (K;) (15)
o
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FIG. 3. (Color online) Absorption spectrum [Im(x"); solid
curve] and dispersion spectrum [Re(x"); dashed curve] of the
quantum system in units of Nu'?/(heoly), as given by Eq. (20),
in the absence of the plasmonic nanostructure. We take w3, = 1.5T
and y' = 0.31.

and
KE=(k+g > — &+ (16)

The vectors g denote the reciprocal-lattice vectors corre-
sponding to the 2D periodic lattice of the plane of scatterers,
and k|, is the reduced wave vector which lies within the surface
Brillouin zone associated with the reciprocal lattice [40]. When
q* = 0*/c* < (kj + g)*, K defines an evanescent wave. The
term gf,E (r,r'; ) in Eq. (14) is the free-space Green’s tensor,
and éi(Kg) the polar unit vector normal to K; Ry (@)
is the reflection matrix, which provides the sum (over g’s)
of reflected beams generated by the incidence of a plane
wave from the left of the plane of scatterers [40]. Also, in
Eq. (14), the terms corresponding to s-polarized waves [those
containing components with the azimuthial unit vector €; (K;t)
normal to K;‘E] make a small contribution to the decay rates
and have, therefore, been neglected.

We take @ = 0.632w),, and the distance between the quan-
tum system and the surface of the plasmonic nanostructure,
d, to vary from 0.5¢/w, to ¢/w,. For the results of I'; and
'y that are used in the present work, we refer to Fig. 3 in
Ref. [14]. We find that I'; exhibits significant suppression
and its actual value becomes significantly lower than the
free-space decay rate. In addition, the value of I'; decreases
with increasing distance between the quantum system and the
plasmonic nanostructure. For distances close to the plasmonic
nanostructure, I'} becomes much larger than the free-space
decay rate. The value of I' | is larger than the free-space decay
rate for distances up to 0.6c/w,, while for distances between
0.65¢/w, and c¢/w), the value of I'} becomes lower than the
free-space decay rate.

The absorption and dispersion response for a weak laser
field a is determined by the linear electric susceptibility, which
is given by [26,41]

2 i 1
2NM/ a ZNI,L/ €l¢’l @

Dy = _NH ) _
X ( ) eoEae_i¢a P20 8071 Qa

)

where ,oé(l)) is calculated in the steady state and in first order in
terms of E, (or £2,), & is the vacuum permittivity, and N is
the density of the quantum systems.

Using perturbation theory and assuming that both field a
and field b are weak fields, we obtain from Egs. (3)—(8), after
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some algebra,
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M iGre T (—ib+i%% +y +y) —ikGe (18)
Py = (it y +y)(—is— i +y+y)—/<2'
We substitute ,0(1) from Eq. (18) into Eq. (17) and obtain
2 §— 2 +iy+iy — E”e"’
xV®) = 24 (19)

eoli (—i5+i%+y+y)(—z$—z%+y+y')—/<2’

where ¢ = ¢,
applied fields.

— ¢, is the phase difference between the two

III. PHASE-DEPENDENT EFFECTS IN THE ABSORPTION
AND DISPERSION SPECTRA

In Fig. 3 we present the real (determines dispersion) and
imaginary (determines absorption) parts of x ! as a function
of the detuning § with the quantum system in vacuum, i.e.,
without the plasmonic nanostructure. In this case,

2 w33 ; i1y
IO P e St 2 AT
£l (—i§ + Lo+ y')? + 22

There, typical absorption and dispersion spectra [41] are
obtained, which are centered at § = —w3,/2. Also, no phase
dependence is shown in this case.

The absorption and dispersion properties are very dif-
ferent when the quantum system is near the plasmonic

nanostructure. In order to obtain compact forms in the
h s a=% 7=
y+y,x= g—ﬂ, o =uo(p,x)=kxsing —a, p=p(¢p,x) =
7 —kxcosp, e =a*+ 72— k> =+ T +y)TL+y)
(>0), and ¢ = -2y (<0). Then the real and imaginary parts
of the susceptibility of Eq. (19) read as

(o + 8)(e — 8% + BCs

following analysis we define A =%

Re[x ()] = A 21
e[x V()] Py @1
and
-8 — 8 +9)
ImixV(s)] = AP€ 2
m[xV(8)] =T (22)
We first present the conditions corresponding to

zero absorption (Im[x(8)] =0) but nonzero dispersion
(Re[xM(8)] # 0), which leads to enhancement of the index of
refraction without absorption [42,43]. We find that this occurs
at detunings

7@ — kxsing) + /7@

— kx sin@)? + e(k2x? cos? ¢ — P2)

8y = 23
= Y + kx cos ¢ 23)
I
This is accomplished if the quantity in the square root is this occurs when § = 0 and § = —« or
positive or zero, leading to
Eb L+ +2y
7 (a — KX smq)) s(y — k2x? cos? b). 24) Ea 0s¢ = 1']_——1"” 27
When 6 =0 or w = & (at this particular frequency the d
system exhibits strong absorption suppression when it interacts an
with a linearly polarized laser field [14]), Eq. (23) leads to wp T -Ty Eb )
x2k? cos? ¢ = p? or, for positive cos ¢, §= 2 T 2 E ——sing. (28)

Eb _ FJ_+FH+2)//

Ea (Fl —FH)COS¢
provided that I} # I'j. In this case,
Relx V(s =0) = A=
_N/L —a)32+(FJ_+FH+2y)tan¢
260h 4 (T 4T+ )
(26)

Next, we present the conditions for exact optical trans-
parency [ xP(8) = 0]. From Egs. (21) and (22) we obtain that

This means that exact optical transparency is possible for laser
a in this system as long as I' | # I', which is a typical case
next to the plasmonic nanostructure [1]. In addition, the optical
transparency here is exact and not approximate and can occur
irrespective of the value of the free-space decay rate y’, in
contrast to the results found in Ref. [14], where the system
interacts with a single linearly polarized laser field.

Furthermore, for ¢ satisfying Eq. (27), Eq. (28) provides
complete optical transparency at

2

E;
§= % - —\/(FJ_ - F||)2— —(CL+Ty+2y). (29

a
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FIG. 4. (Color online) Absorption spectrum [Im(x V); solid curve] and dispersion spectrum [Re(x ("'); dashed curve] of the quantum system
in units of NM’Z/(hsoI‘O), as given by Eq. (19), in the presence of the plasmonic nanostructure. We take ws, = 1.5T, y’ = 0.30, E,/E, = 1.5,
® = 0.632w,, and d = 0.4c/w,, leading to I', = 4.132'y and I'j = 0.0031T. (a) ¢ =0, (b) ¢ = 7/2,(c) ¢ = 7, and (d) ¢ = 37/2.

We note that if the quantity in the square root is positive or 0
(which, in compact form, is written k>x> > 72), then complete
optical transparency can always be obtained in the system.

When § = 0, we obtain that exact optical transparency is
obtained for

w32

tan =
¢ ry+Iy+2y

(30)

and

E, \/6032 + @+ +2y)?
E, -y .

€29

If w3y =0, then ¢ =nmw with n =0,1,2, ..., and Eq. (31)
reduces to

Eb _ FL+F||+2]/,

= ; (32)
FL=T

E,

which, for y’ = 0, provided that I"; >> T'; (typical case next
to the plasmonic nanostructure under study [1-3,14]), gives
approximately E, ~ E}.

Furthermore, we can obtain gain [Im[x"(®)] < 0] in the
system, which is without inversion, as the vast majority of
population remains in state |0). The condition for gain without
inversion is also given by Eq. (24). Then we can obtain
gain without inversion between the values of §_ and 6 for
kxcos¢ + 7 > 0or

E
(T, — FH)E—b cosp+T, +T 42y >0, (33)
a

which, for cos ¢ > 0, is always satisfied next to the plasmonic
nanostructure. If, however, kx cos¢ + 7 < 0, then we obtain
gain outside the region [§_, §,].

In Fig. 4 we present examples of the absorption and
dispersion spectra for different phases ¢ and for £ = 1.5
when the quantum system is placed at distance d = 0.4c¢ Jw,
from the surface of the plasmonic nanostructure. We see that
the shape of the absorption and dispersion spectra is strongly
influenced by the change of ¢. In addition, in all cases, zero
absorption with nonzero dispersion and gain without inversion
are obtained. The detuning values for zero absorption, which
also determine the region of gain without inversion, change
with ¢ too, due to the dependence of 61 on phase ¢ [see
Eq. (23)].

Next, in Fig. 5 we present the absorption and dispersion
spectra for the same parameters used in Fig. 4 but for a
different distance of the quantum system from the plasmonic
nanostructure, d = 0.7c/w,. As the change in d leads to a
change in the values of I and I'}, the shape of the absorption
and dispersion spectra in this case is rather different from that
in Fig. 4. In addition, here we observe zero absorption with
nonzero dispersion and gain without inversion [Figs. 5(a), 5(c),
and 5(d)], as well as a case where only absorption appears
[Fig. 5(b)].

Finally, in Fig. 6 we present two cases where complete
optical transparency is obtained, namely, in Fig. 6(a) (d =
0.4c/wp) and in Fig. 6(b) (d = 0.7c/w,). In both cases the
phase ¢ is taken so as to satisfy Eq. (27). The shapes of the
absorption and dispersion spectra are different in the two cases
due to the difference in I';, I', and £ However, complete

E,
optical transparency is obtained at a detuning given by Eq. (28)
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FIG. 5. (Color online) The same as Fig. 4, but with d = 0.7c¢/w,, leading to I, = 0.722I"; and "}y = 0.0039T.

or (29). Besides complete optical transparency, zero absorption
with nonzero dispersion at different frequencies as well as gain
without inversion is also found. In addition, the dispersion
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FIG. 6. (Color online) Absorption spectrum [Im(x"); solid
curve] and dispersion spectrum [Re(x‘V); dashed curve] of the
quantum system in units of N yu'>/(figoly), as given by Eq. (19), in
the presence of the plasmonic nanostructure. We take ws;; = 1.5T,
y' =0.3T, and & = 0.632w,. (a) d = 0.4c/w, and E;/E, = 1.5.
(b)d =0.7c/w, and E,,/ E, = 2. In both cases the phase ¢ is chosen
to satisfy Eq. (27).

curve near the transparency window behaves very differently
in the two cases, implying that very different values of the
group velocity are obtained.

Before closing this section we outline some possibilities for
experimental realization of the double-V-type quantum system
that we study here. As the transitions from |2) to |1) (or |0)) and
from |3) to [1) (or |0)) have orthogonal dipole matrix elements,
the quantum system can be realized in several atomic systems,
having, for example, two J = O states for the lower states, |0)
and |1), and M = %1 sublevels of a J = 1 state for excited
states |2) and |3). The energy difference fiws, can be changed
by a static magnetic field. In addition, the quantum system may
be realized in hyperfine sublevels of D lines in alkali-metal
atoms like Rb and ¥Rb [4,9,15] or in dual CdSe/ZnS/CdSe
quantum dots [15].

Furthermore, the results presented above can also be
realized in a regular (single) V-type system as well, where the
optical transitions are influenced by the presence of the surface
plasmons and the laser fields couple in these transitions [8,44].
In that case, however, the electric-field amplitudes may also
be modified by the presence of the plasmonic nanostructure
[4,15], and this should be properly taken into account by
changing the initial values of the electric-field amplitudes.
This quantum system may be realized in various atoms, using
the prescription outlined above, as well as in semiconductor
quantum dots, where state |0) is the ground (no-exciton) state
and the upper states are the left and right circularly polarized
single-exciton states.

IV. SUMMARY

In this work we have studied the linear absorption and
dispersion properties of a four-level double-V-type quantum
system near a plasmonic nanostructure. In the quantum
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system under study one V-type transition is influenced by
the interaction with surface plasmons, while the other V-type
transition interacts with free-space vacuum. As a plasmonic
nanostructure we have considered a 2D array of metal-coated
dielectric nanospheres, in which case we have calculated the
relevant decay rates by a rigorous electromagnetic Green-
tensor technique [1-3,14]. The quantum system interacts with
two orthogonal circularly polarized laser fields with the same
frequency and different phases and electric-field amplitudes,
which couple the lowest state with the upper states in the
free-space transitions. Using a density matrix methodology
for the calculation of the linear susceptibility, we have shown
that the presence of the plasmonic nanostructure leads to strong
modification of the absorption and dispersion spectra of one of
the laser fields, in the presence of the other. In addition, we have
shown that the phase difference and the relative electric-field
amplitudes of the two laser fields can be used for efficient
control of the optical properties of the system. Effects such as
complete optical transparency, zero absorption with nonzero
dispersion, and gain without inversion have been identified,
along with the conditions under which these phenomena occur.

We note in closing that from the above analysis we have
found that the effects presented here are not limited to the
specific plasmonic nanostructure studied in this work (2D
array of metal-coated dielectric nanospheres) but can also
occur in other plasmonic nanostructures, such as, for example,
a metallic slab or a metallic nanosphere, where quantum
interference effects in spontaneous emission can occur [1].

PHYSICAL REVIEW A 88, 053832 (2013)

Furthermore, our analysis has revealed that the studied effects
can also occur for large values of the free-space spontaneous
emission rate with proper adjustment of the parameters of
the phase difference and the relative electric-field amplitudes
of the two laser fields. This is in contrast to the quantum
coherence phenomena obtained when a single linearly po-
larized field interacts with the system [14]. Finally, in the
present study we have assumed that the quantum system and
the plasmonic nanostructure are in vacuum. The phenomena
reported above are manifested even when the quantum system
and the plasmonic nanostructure are embedded in a host
matrix, as long as I'} is different from I';. In that case the
electric-field amplitudes or the Rabi frequencies should be
modified by the effective dielectric constant by taking into
account the local field effect due to the dielectric mismatch
[45]. Correspondingly, the values of I'j and I"; will change.
If the host matrix is a polymer with a low index of refraction
(values from 1.3 to 1.4), then only weak quantitative changes
will be observed.
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