
PHYSICAL REVIEW A 88, 053818 (2013)

Near-perfect nonmagnetic invisibility cloaking

Nina A. Zharova*

Institute of Applied Physics, Russian Academy of Sciences, Nizhny Novgorod, 603950, Russia

Alexander A. Zharov, Jr. and Alexander A. Zharov
Institute for Physics of Microstructures, Russian Academy of Sciences, Nizhny Novgorod, 603950, Russia
(Received 20 June 2013; revised manuscript received 24 September 2013; published 14 November 2013)

We suggest a way to obtain a near-perfect nonmagnetic invisibility cloak structure. Within the particular
example of cylindrical geometry and transverse magnetic polarization of light, we show that such a cloak can
operate for a cylindrical object of very large diameter, keeping the total scattering cross section limited by 2λ/π .
We also demonstrate that proposed cloak does not require extremely high values of dielectric permittivity, in
contrast to the cloaks designed according to a transformation optics technique.
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I. INTRODUCTION

The studies of invisibility cloaking have attracted a great
deal of effort in recent years after pioneering works [1,2] that
suggested a way of spatial transformation to design material
objects invisible to incoming electromagnetic radiation. The
basis for this phenomenon is the equivalence between light
propagation in curved space and in some particular inhomo-
geneous and anisotropic optical material. This concept led to
a new field of contemporary electromagnetics called trans-
formation optics (TO). The first experiment in microwaves
using TO ideas demonstrated that the visibility of the objects
can be significantly reduced using properly designed covering
metamaterial [3]. In recent years, several different concepts of
cloaking of small subwavelength particles have also been sug-
gested [4–8]. One of them is based on the resonant cancellation
of the dipole scattering by means of covering the spherical
particle with a layer of another material [4–6]. The other
concept exploits the coating of the nanoparticle of arbitrary
shape and material with a spherical shell of zero-permittivity
material to shield it from the incident radiation and suppress its
dipole scattering with an extra dielectric layer [7,8]. The latter
type of cloak design is highly promising because it does not use
magnetic metamaterials and can be realized with only natural
homogeneous materials. However, such kind of cloak can
operate solely for rather subwavelength-sized particles and it is
ineffective for bigger objects due to the higher multipole input
to the optical cross section. At the same time, the realization
of an invisibility cloak designed by transformation optics is
quite challenging. It requires an effective covering medium
with identical tensors of dielectric permittivity ε̂ and magnetic
permeability μ̂. These tensors have to be anisotropic and
spatially inhomogeneous and in two-dimensional case some
components of ε̂, μ̂ have to reach infinite values at the inner
boundary of the cloak. Actually, the most serious obstacle in
constructing such a device is to provide necessary magnetic
response. This difficulty can be overcome in the microwave
band by exploiting split-ring resonator arrays [9]. Magnetic
resonance in the array of ferroelectric cylinders of micron
size was suggested for terahertz frequencies [10]. However,
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for visible and near-infrared light, a strong degeneration of
magnetic properties, μ̂ → 1̂, takes place even for most of the
known artificial metamaterials.

Therefore, efforts in this field focus on design of completely
nonmagnetic cloak where the hiding effect is to be reached in
a medium with μ̂ = 1̂. In recent years, numerous works have
been published on different types of simplified nonmagnetic
cloaking design (see, for example, Refs. [11–13]), which either
lead just to the reduction of the scattering cross section or
operate only under very specific conditions. Some alternative
approximate approaches to the optical cloaking are based upon
geometrical optics when only the refractive index is taken
into account but not dielectric permittivity and permeability
themselves [2,14,15]. Noticeable progress was reached in
design of cloaking shells in two-dimensional case by means
of quasiconformal transformations for creating the so-called
carpet or ground cloak [16]. The efficiency of this kind of
cloak was then confirmed not only by numerical simulations
but also in real experiments [17–19]. One more design of
simplified cloak suitable for two-dimensional (2D) geometry
and transverse magnetic (TM) polarization of electromagnetic
radiation [14,20,21] incorporates, in a certain sense, TO ideas
and a geometrical optics approach, when two components of
dielectric tensor and a single component of magnetic tensor
are calculated according to TO formulas and then redefined
in such a way to keep longitudinal and transverse refraction
indices and obtain a purely nonmagnetic medium.

Thus, to date a number of simplified approaches exist, and
some of them have been experimentally demonstrated, but
they do not provide an appropriate cloaking. Actually only
one way is known for perfect invisibility cloaking which is
based on TO ideology. However, it cannot be realized in optics
owing to, in particular, the required identical permittivity and
permeability and their extreme values. In this article, we
show that modification of the “classical” TO approach allows
design of an ideal nonmagnetic cloaking shell that ensures
invisibility of a cylindrical object irradiated by TM-polarized
electromagnetic waves. A nearly perfect hiding shell with
finite values of dielectric tensor components provides a total
scattering cross section, σ , less than 2λ/π , independent of the
object size. This behavior leads to a possibility of realization
of a nearly perfect macroscopic invisibility cloak. In contrast
to the ground cloak with “limited cloaking potential,” [16] the
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proposed device is of the “push-forward mapping” [1] kind; it
crushes the cloaked object to a point and is relevant to cloaking
a localized object.

II. NONMAGNETIC CLOAKING FORMALISM
VS TO: 2D CASE

The 2D evolution of a TM-polarized monochromatic
electromagnetic wave in a vacuum can be described by the
scalar Helmholtz equation for the z component of the magnetic
field, H ,
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where r and φ are cylindrical coordinates. Following the TO
ideas, we want to find some specific transformation R = R(r),
H̃ = H̃ (r,H ) (keeping φ unchanged) which transforms (1)
to more general form for magnetic field H̃ in anisotropic
nonmagnetic medium with permittivity tensor components
ε̂rr = ε‖, ε̂φφ = ε⊥
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It reduces the problem of electromagnetic field propagation
in a medium with inhomogeneous permittivity tensor ε̂ to the
problem of a plane wave propagation in free space, in case
such a transformation should be found.

It is convenient to use logarithmic cylindrical coordinates,
ρ = ln(k0r), ρ̃ = ln(k0R), since the both Eqs. (1) and (2) take
simpler forms:
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One should note that introducing of auxiliary logarithmic
coordinates does not give an additional freedom in transfor-
mations. Since ρ(r) and r(ρ) both are single-valued functions,
we can use any representation of these two because they are
equivalent. Thus, further we make all the calculations using ρ

dependencies and finally return to initial radial coordinates.
Assuming that

H = G(ρ)H̃ ,
dρ

dρ̃
= Rdr
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≡ g(ρ), (5)

with some unknown functions G(ρ), g(ρ) we can rewrite first
term of Eq. (3) as
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By substituting this expression into Eq. (3) and collecting the
terms, we obtain after simple transformation
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(7)

which coincides with the form of Eq. (4) if the following
conditions are satisfied:

ε⊥ = g

G2
, ε‖ = 1

gG2
, (8)

and
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)
= exp(2ρ̃). (9)

The expressions (8) define components of the permittivity
tensor through the functions g(ρ) and G(ρ). However, taking
into account the definition of g(ρ), Eq. (5), notice that the
last condition (9) gives the relation between the scaling factor
G(ρ) and new logarithmic radial coordinates ρ̃(ρ). Thus, only
one of functions g(ρ), G(ρ) remains unspecified.

Using Eq. (5), one can rewrite Eq. (9) in the form
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or in radial coordinates [R = 1
k0

exp(ρ̃), r = 1
k0

exp(ρ),
d/dρ = rd/dr],

G̈ + 1

r
Ġ + k2

0G = k2
0

Gr
RṘ, (11)

where the dot denotes the derivative over the old coordinate r .
Therefore, by defining an arbitrary monotonously increasing
function R(r) [demanding only matching R(r) with vacuum
conditions at the outer boundary of the cloak Rext: R(r =
Rext) = Rext, dR/dr(r = Rext) = 1], the problem reduces
to the differential equation (11) with boundary conditions
G(Rext) = 1, dG/dr(Rext) = 0. The solution of this equation,
G(r), and Eqs. (8) allow one to find the components of the
tensor ε⊥, ε‖. Mapping the plane wave in vacuum to the (R,
φ)-space gives the structure of the magnetic field H̃

H̃ (R) = H/G = 1

G
exp[ikxr(R) cos(φ) + ikyr(R) sin(φ)]

(12)

corresponding to diffraction of a unit-amplitude plane wave
on cloaked object. Simple calculations determine also the
relations between transformed and vacuum electric fields:

Ẽr = G
dr

dR
Er, Ẽφ = G

r

R
Eφ + r

R

dG

dr

H

i
. (13)

The main difference between the standard TO and our
approach is the appearance of the G(r) function defined
by Eq. (11). Indeed, the case of G = 1 gives TO results:
unchanged magnetic field, H̃ = H , Eq. (12), and respective
expressions for ε⊥ and ε‖, Eq. (8). By substituting G =
1 in Eq. (11) we obtain the corresponding mapping R =√

r2 + R2
int, the only TO mapping which transforms the virtual

vacuum into a medium with μ fixed as 1. However, matching
of this TO solution with vacuum at finite R, i.e., for finite
thickness of hiding shell, can be reached only for trivial
transformation, R = r .
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III. NONMAGNETIC HIDING OF CYLINDRICAL
OBJECTS: TRUNCATION PROCEDURE

A. Cloaking shell with infinite value of permittivity
at the inner boundary

We apply this method of mapping r → R using the simplest
function

R = Rext(1 + ξ + αξ 2), ξ = r/Rext − 1 , α < 1/2, (14)

which satisfies the matching conditions at the outer boundary
(interface with vacuum) of the cloak, r = Rext. This mapping
ensures hiding a cylindrical region with radius Rint = αRext

by a nonmagnetic shell with thickness of (1 − α)Rext. In
Fig. 1 the radial dependence of longitudinal and transverse
components of ε̂ calculated for the parameters α = 0.3,
k0Rext = 20 are shown. Inner boundary of the cloak turns out
to be k0Rint = 6. Inset also shows the function G(r), which is
a solution of a differential equation (11) with R(r) given by
Eq. (14).

Figure 1 also illustrates the common drawback of the
obtained recipe and TO formulas: A singularity of the az-
imuthal component of dielectric tensor appears at the boundary
of the concealed region (inner boundary of the shell, Rint).
To overcome the problem of infinite permittivity, the same
procedure as in TO method can be applied. It is “truncating” the
cloaking shell at certain maximal value of εmax. Although this
makes the cloak nonideal, it still gives a substantial decrease
of the scattering cross section of the object. Numerical finite-
element method (FEM) simulations exhibit the efficiency of
the truncated cloak as illustrated in Fig. 2. We consider a
unit-electric-field TM-polarized plane wave with wave vector
k along the x axis, Einc(X,Y ) = y0 exp(ik0X), incident on a
metal (perfect electric conductor, PEC, boundary conditions)
cylinder of radius Rint. In Fig. 2(a) the distribution of the y
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FIG. 1. (Color online) Radial structure of longitudinal, εrr (red
[gray] dashed line), and transverse, εφφ (black solid line), components
of dielectric permittivity of the medium which ensures a creation
of nonmagnetic cloak for TM-polarized radiation in a cylindrical
problem. The structure of the cloak is given by the mapping (14).
Internal and external boundaries of the cloaking shell are k0Rint = 6
and k0Rext = 20 respectively; at R > Rext the both components of ε̂

are 1. Inset shows the corresponding dependence of scaling factor G

on the “old” (virtual vacuum) radius r .

FIG. 2. (Color online) [(a), (c)] Distribution of y component
of electric field, Ey(X,Y ), for the plane-wave scattering by a PEC
cylinder of radius Rint = 0.315Rext (k0Rint = 6.25); [(b), (d)] absolute
value of the scattered field. Panels (a) and (b) correspond to the
radiation scattering by the cylinder covered by nonmagnetic cloaking
shell with the permittivity distribution εrr , εφφ , corresponding to
Fig. 1; and panels (c) and (d) correspond to the case of scattering
by the bare cylinder.

component of electric field, Ey(X,Y ), is shown for the case of
scattering from the PEC cylinder covered by the nonmagnetic
shell designed according to Eqs. (14) and (8) and truncated
at k0Rint = 6.25 when the transverse permittivity, ε⊥, exceeds
6.78. For comparison, in Fig. 2(c) much stronger scattering
of the radiation by the same metal cylinder but without
the cloaking cover is shown. The effect of the cloaking
cover on the scattering intensity becomes even more evident
when comparing the corresponding patterns for the absolute
value of scattered field,

√|Ey − Einc|2 + |Ex |2, [Figs. 2(b)
and 2(d)]. Though the field scattered from the cylinder does not
completely disappear, as it has to in the ideal case, the absolute
value of the scattered field becomes approximately 5 times
smaller (the line contours shown correspond to the scattered
field absolute values of 0.2, 0.6, and 1). So one can conclude
that the nonzero scattered field is caused by imperfectness
of the cloak, and this imperfectness relates to two factors:
(1) truncating procedure and (2) numerical discretization
errors.

The obtained cloak structure is scalable: If we increase Rext

in formula (14) while keeping α unchanged, the calculated per-
mittivity as a function of R/Rext changes slightly. This effect
is demonstrated in Fig. 3, where dependencies εrr (R/Rext)
and εφφ(R/Rext) are shown for three values of k0Rext =
2, 20, 20 000. The difference between the corresponding
curves is evident only for smaller cloak (k0Rext = 2), but when
comparing the cases with k0Rext = 20 and k0Rext = 20 000 we
see actually the same shell structure. Thus, we believe that this
structure can be applied for cloaking of macroscopic objects,
though it cannot be confirmed by FEM simulation because of
necessity for extreme numerical resources.
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FIG. 3. (Color online) Radial structure of transverse, εφφ (dashed
lines), and longitudinal, εrr (solid lines), components of dielectric
permittivity of the medium which ensure a creation of nonmagnetic
cloak for TM-polarized radiation in a cylindrical problem. The
structure of the cloak is given by the mapping (14). Internal and
external boundaries of the shell are k0Rint = 0.3 and k0Rext = 2
(curves 1, 1’), k0Rint = 3 and k0Rext = 20 (curves 2, 2’), and k0Rint =
3 000 and k0Rext = 20 000 (curves 3, 3’).

B. Cloaking shell with finite permittivity

The application of the truncating procedure removes the
singularity in permittivity distribution, but makes the cloak
imperfect, so some another way of avoiding singularity would
be preferred for applications. The problem of singularity
removal in material parameters of the “push-forward” cloak
has been extensively discussed in the literature, and different
solutions have been suggested [22–27], but all these proposals
use magnetic materials.

However, for the considered type of shell it is possible to
design an ideal nonmagnetic cloaking cover using only the
materials with finite permittivity.

Formally, the origin of infinite value of ε⊥ at the inner
edge of the shell, R = Rint, is caused by a factor r → 0 in the
denominator of expression (5) for g function. The presence
of a singularity at the inner edge of the shell is typical for
the cloaking applications when the whole region R < Rint is
mapped onto a point r = 0. However, unlike TO results, the
expression for ε⊥ includes also a factor of 1/G2. So, if we
set the scaling factor around the inner boundary of the shell
tending to infinity, G → ∞, then ε⊥ can take a finite value. The
detailed analysis shows that the problem of infinite permittivity
can be solved if G(r) in the vicinity of zero r (at the inner edge
of the cloak) is chosen as

G(r) = A +
√

a + b(ln r/Rext)2, a,b > 0. (15)

By substituting this expression into Eq. (11) we obtain

Ṙ ≈ abG

r(G − A)3k2
0R

(16)

and therefore ε⊥ = g/G2 = R/(rṘG2) ≈ (k0R)2(G −
A)3/(abG3). It is clear that in this case ε⊥ stays constant.
Furthermore, the singularity in Eq. (16) is integrable, and
there is no problem with the mapping r → R. In such a
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FIG. 4. (Color online) (a) Space mapping R(r) (14) with the
parameters of Fig. 1 (red [gray] solid line), and also the mapping
modified around r = 0 according to formula (15) with the parameters
a = 17.98, b = 1.48, A = −5.11 (blue [gray] dashed line); (b) cor-
responding unperturbed and modified distributions of the dielectric
permittivity components εrr , εφφ .

way, slight modification of the expression (14) around r = 0
allows us to obtain a distribution of permittivity tensor with
the components limited by certain maximal value εmax:
εrr (r) < εmax, εφφ(r) < εmax.

C. Structure of nonmagnetic cloak without singular
values of permittivity

The dependencies ε⊥(R), ε‖(R) shown in Fig. 4 are the
particular example of the cloaking realization with the finite
material parameters ε̂. The spatial transformation R(r) has the
same form as Eq. (14) for r > r∗ = 6.25/k0, but for r � r∗
it is defined by formula (15) with the parameters a = 17.98,
b = 1.48, A = −5.11. The values of parameters in Eq. (15)
are chosen to ensure the continuity of the functions G and
R (and accordingly dR/dr , ε̂) at the matching point r = r∗.
The application of this procedure limits the permittivity in this
modified layer within 6.78 > εφφ > 4.71, εrr ≈ 0. However, it
also leads to some increase of shell thickness: The boundaries
of the modified region are k0R = 5.79 : 6.25, such that the
size of the concealed volume reduces down to k0Rint ≈ 5.79.

The cloaking effect obtained with this modified cover is
illustrated in Fig. 5.

IV. DISCUSSION: A LIMITATION OF INVISIBILITY

It is obvious from the Fig. 5 that modification of the shell
(namely, an extra layer with finite εφφ) leads to additional
reduction of scattering, but not to complete vanishing.

An analysis of far-field structure shows that in this case the
scattered field is actually an azimuthally symmetric wave, and
its amplitude does not converge to zero as the resolution of the
computational grid is increased. The reason is simple: From
Eqs. (12) and (13) it is clear that magnetic field have to vanish
at r = 0 if G(r = 0) tends to infinity according to Eq. (15),
whereas the azimuthal components of electric field remains
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FIG. 5. (Color online) (a) Distribution of electric field Ey(X,Y )
for the scattering of plane wave by the metal cylinder with the radius
of Rint = 0.29Rext (k0Rint = 5.79), covered by nonmagnetic cloaking
shell with the tensor permittivity structure εrr , εφφ corresponding to
Fig. 4; (b) absolute value of the scattered field.

constant, Ẽφ → (rĠH )/(iR) ≈ √
b/(iR). This behavior evi-

dently conflicts with PEC boundary conditions. Actually, the
problem appears only for the zero-order azimuthal harmonic,
such that the total scattering cross section (TSCS) may reach
the maximum value of 2λ/π . This upper limit of TSCS is rather
high for the subwavelength cloaked object. However, for larger
object, the ratio of the TSCS to the object size decreases and
tends to zero in case of macroscopic objects.

To confirm this statement, we have calculated the TSCS as a
function of geometric size of the cloaked region, Rint ≈ αRext.
For a cloak design, we applied the described procedure of
mapping (14) with α = 0.3, solved Eq. (11), calculated the
radial dependence of permittivity components truncated for
ε⊥ > 7, and finally added the compensating permittivity layer
corresponding to Eq. (15). The obtained permittivity profiles
were used in computation of plane-wave diffraction on the
cloaked PEC cylinder employing the multipolar expansion of
the fields. The results are represented in Fig. 6 (solid curve),
and the total scattering cross section is close to the theoretical
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FIG. 6. (Color online) Total scattering cross section k0σ as a
function of cloaked size, k0Rint; red (gray) solid curve corresponds to
the ideal cloaking shell (with added compensating layer); blue (gray)
dashed curve corresponds to the truncated at ε⊥ = 7 permittivity
profile; and black dotted line is the theoretical limit 2k0λ/π = 4.
Inset shows the respective ratios of the TSCS to the scattering cross
section of the bare PEC cylinder.

limit of 2λ/π (black dotted line), the main contribution due
to scattering of the zero-order mode (≈86%). For comparison,
the scattering characteristics of the truncated cloaking shell are
shown also in Fig. 6 (dashed curve), and the main contribution
is due to scattering of the first-order (dipole) mode (≈96%).
It turns out that the truncated cloak operates better than
ideal [28]; this paradoxial point is due to the fact that the
size of truncated region in virtual r space, rtr , is small, such
that multipoles with the azimuthal number more than 1 do
not scatter, and the dipole scattering cross section is less
than 2λ/π . This is an interesting and specific point because
in the standard TO approach increase of Rint induces the
proportional increase of the truncated region, rtr ∼ Rint/ε

max
⊥ ,

and respective growth of the visibility if the maximum value of
ε⊥, εmax

⊥ , is fixed. On the contrary, it is clear from Fig. 6 that the
proposed nonmagnetic design ensures nearly constant value of
rtr when Rint increases. Moreover, this effect can be confirmed
analytically. Indeed, with the used mapping (14) we have finite
value of Ṙ = 1 − 2α at R = Rint, and Eq. (11) allows one to
find the behavior of the G function in the vicinity of r = 0
(R ≈ Rint): It tends to zero as G ≈ A

√
r with the amplitude

A = 2k0

√
RintṘ. By substituting these expressions in Eq. (8)

we obtain an estimation for rtr ,

rtr ≈ (2k0Ṙ
√

εmax
⊥ )−1 ,

and it truly does not depend on Rint. This result motivates more
detailed investigation of the effect and its real application for
macroscopic cloaking.

By comparing the expressions for transverse permittivity
in the vicinity of r = 0 obtained in TO theory, εT O

⊥ =
R/(rṘ), and for square root of transverse permittivity in
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16

k/k
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k 0σ

FIG. 7. (Color online) Total scattering cross-section k0σ as a
function of the normalized wave number, k/k0; red (gray) solid curve
corresponds to the ideal cloaking shell (with added compensating
layer); blue (gray) dashed curve corresponds to the truncated at
ε⊥ = 7 permittivity profile; black dash-dotted line corresponds to
the scattering from bare metallic cylinder; and black dotted line is the
theoretical limit 2k0λ/π = 4.
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our nonmagnetic design, when G ≈ 2k0
√

RintṘ
√

r ,
√

εNM
⊥ ≈√

R/(2k0rṘ
√

Rint) ≈ λ/(4πrṘ), we see very similar formu-
las, though in our case the role of the size of cloaked region,
R ≈ Rint, plays a value given by λ/(4π ). Thus, unlike TO,
our design is evidently tuned to the specific wavelength.
Dispersion behavior of scattering characteristics was studied
numerically; however, the dispersion of near-zero medium was
not taken into account, and we supposed ε̂ to be frequency
independent. Figure 7 shows the dependence of TSCS on the
normalized wave number.

We see that the spectral dependence of TSCS is not resonant
and the cloak is rather broadband in this approximation.

V. CONCLUSION

In conclusion, it has been shown that nearly ideal nonmag-
netic invisibility cloaking of cylindrical objects with respect

to TM-polarized electromagnetic wave is quite feasible. The
cloaking shell does not contain any materials with extremely
high dielectric permittivity and it is scalable, which potentially
makes possible experimental observation of the cloaking
effect for macroscopic sizes of hidden objects. The developed
approach can be easily implemented for design of nonmagnetic
devices analogous to multiple TO ones. This work takes one
more step toward highly effective devices based upon existing
materials for electromagnetic wave manipulations at micro as
well as macro scales.
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