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Frequency conversion of single photons in a nonlinear crystal is theoretically discussed. Losses and noise are
included within a Heisenberg-Langevin formalism for the propagating photon field. We calculate the first- and
second-order correlation functions of the frequency-converted light when the input is a train of single-photon
pulses. This model allows one to identify the requirements on the nonlinear device so that it can be integrated in

a quantum network.
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I. INTRODUCTION

The ability to process information at the single-photon
level has become a crucial prerequisite for quantum commu-
nications [1,2]. Implementations of networks based on single
photons face the challenge of bridging the frequency at which
the nodes optimally operate with the telecom band frequency
at which transmission losses in optical fibers are minimized. A
possible solution is to frequency convert single-photon wave
packets into and back from the telecom band wavelengths
using multiwave mixing in nonlinear devices [3-6]. Several
experiments have demonstrated frequency conversion of light,
e.g., nonclassical states of light [7] and weak coherent
states, both in up-conversion (infrared to visible) [8-10] and
down-conversion (visible to infrared) [5,11-13]. Very recently
quantum frequency conversion of single-photon states was
demonstrated both in up-conversion [3,14—16] and down-
conversion [17-19]. For single photons it has been proven that
some of their classical (coherence) and nonclassical (photon
statistics) properties are conserved in the frequency conversion
process [18,19]. All of the experiments mentioned so far used
three-wave mixing in nonlinear [ x ®] crystals [20]. Moreover,
frequency conversion can also be efficiently achieved making
use of four-wave mixing (FWM) in x® materials (e.g., Bragg
scattering in nonlinear fibers or FWM in atomic gases) as
demonstrated for weak coherent fields [21,22] and heralded
single photons [23,24]. We mention that the use of atomic
ensembles as nonlinear media for single-photon frequency
conversion is also being discussed [25,26], and has been
experimentally demonstrated [24]. This latter approach offers
a smaller bandwidth compared with nonlinear crystals, but
also a better perspective for achieving coherent control [27].

Since these devices shall be integrated in a quantum
network, it is important to determine their efficiency at the
single-photon level. Hence this requires one to evaluate the
efficiency making use of a model describing propagation of
quantum electromagnetic radiation in a medium, which we
here assume to be a x @ crystal. This model shall include losses
and detrimental scattering processes, which can generate
photons in the considered frequency width and/or modify the
spectral and coherence properties of the frequency-converted
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photon at the crystal’s output, and are thus a source of noise.
Studies on frequency conversion between three modes have
appeared, for instance, in Refs. [4,28]: These works describe
three-wave mixing in the absence of noise and losses and do not
take into account propagation inside the medium. In Ref. [29]
the theoretical model has been extended to a multimode case
in which the pump field is pulsed but noise and losses are not
taken into account.

Noise and losses in the conversion process are critical in
determining the efficiency of the operation at the single-photon
level [12,13,18]. Typical noise sources are optical parametric
fluorescence (OPF) [12] and Raman scattering [13,18], which
can be both induced by the intense laser field required for the
conversion process. To take into account realistic conditions
for the frequency conversion process, in this article we discuss
atheoretical model for single-photon frequency conversion in a
nonlinear crystal including noise and losses in the propagation
dynamics. We consider a continuous pump laser and first
extend the model in Refs. [4,28] in order to include propagation
of the photon field, using the quantum theory developed in
Refs. [30-34]. We identify the conditions for which a periodic
exchange of single-photon excitations between the input and
the target frequency band occurs. Noise and losses are then
introduced within a Heisenberg-Langevin equation for the
photon field propagating inside the dielectrics.

This article is organized as follows. In Sec. II the theoretical
model is derived. In Sec. III noise and losses are introduced
using the Heisenberg-Langevin equation. In Sec. IV we apply
the model to determine the first- and second-order correlation
functions of the frequency transformed light when the input is
a train of single photons in the optical regime. The conclusions
and outlooks are presented in Sec. V.

II. THEORETICAL MODEL

In this section we start from the equation for the propagation
of the photon field in an ideal x ® medium using the theoretical
description developed in Refs. [30-34]. Here, we identify
the conditions under which a periodic exchange of photonic
excitation between the input and target frequency band occurs
during propagation inside the crystal. We then introduce the
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FIG. 1. (Color online) (a) A photon wave packet with center
frequency w,, typically in the visible, enters the nonlinear x©®
medium and is ideally converted into a photon wave packet
with center frequency w; in the low loss bands of optical fibers.
(b) Sketch of the frequency conversion process. A photon at pump
frequency w, is converted into two photons at frequency e, and
w;, with w, = w; + w;. The process is stimulated by a laser at
frequency w;.

loss terms by means of quantum reservoirs [31] and solve the
corresponding Heisenberg-Langevin equations of motion for
the photon field. These equations allow us to determine the
correlation functions of a train of photons after interaction
with the crystal as a function of the input state and the noise
during the propagation dynamics.

A. Hamiltonian dynamics

The starting point of our analysis is the Hamiltonian
for nondegenerate three-wave mixing in a lossless dielectric
medium of length L, where the three coupled optical modes
are at frequency w,, w;, and w;. The frequencies are within a
band with center frequency wg)), wfo), and 0, respectively,
the corresponding wave vectors read Kp, K, and kg, such that
wp, = w; + oy andkp = K; + k. In the following we restrict to
propagation along the positive direction of the x axis, as shown
in Fig. 1(a), and assume that the wave vectors are all parallel
to x so that we write only their modulus in the equations.
Using second quantization of the electromagnetic field inside
the dielectric medium according to [30], we denote by a;, aj.
the annihilation and creation operators of a photon of the mode
at frequency w; and wave vector k;, with [a j,aZ] = §j. The
effective Hamiltonian describing three-wave mixing can be
written as Hy = Hepr + Hip, where Hopr = Z;, hw,,a;a,, +

Z; ha)[aj a; + Z; ha)saias contains the sum over the modes
which are resonantly coupled (denoted by >_') and

Hi = iRy gy piF(ky — ki — k)ahasa; + He. (1)

S, pii

describes  their —mutual interactions, with F(k) =
sin(kL/2)/(kL/2) (apart from a k-dependent phase which can
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be absorbed in the operators) [29,32]. Here, the sums over
the modes are about the corresponding relevant frequency
bandwidth and g, ,; is the coupling parameter, which has the
dimensions of a frequency and depends on the wave numbers
of the modes j = s,p,i [29,32,35].

From Eq. (1) one can see that frequency conversion of
a single-photon wave packet between the frequency region
centered at frequency |’ and wave vector ki, into the

frequency a)go) and wave vector kfo) is ideally realized by
a nonlinear process in which an additional photon at the
difference frequency w; = w, — w; and wave vector k, =
k, — k; is emitted.

The process is sketched in Fig. 1(b). It can be enhanced by
means of a laser at driving frequency »!® which stimulates
the photon emission process. Within this formalism, this
is described by assuming that the mode at frequency w®
is in a coherent state at amplitude o = |a;|e’®. A useful

representation is found by means of the unitary transformation

D(at) = explo(t)al — (1) a,] [36], with a,(r) = are=e"

so that the initial state of the mode is in this representation
the vacuum and the new Hamiltonian governing the unitary
dynamics reads

H' = DHD' —ihD3,D' = Heng + Hi + Hr, (2

with

Hp = ihz/ﬂ;iefi“""aja,, + H.c., 3)
p.i

and where Qp,‘ = Qo,pieiq)".f(kp —k; —ks;) and QO,pi =
8spilog|. The Hamiltonian in Eq. (2) explicitly shows that
this process exhibits quantum noise fluctuations due to
spontaneous parametric processes described by Hiy. This
contribution can be made very small with respect to the
stimulated emission process by choosing amplitudes «; with
a mean number of photons |a,|* >> 1. In this limit, stimulated
emission processes will be prevailing over spontaneous down-
conversion processes, which can be neglected for sufficiently
small interaction times. This will be assumed in the following,
where we will approximate the Hamiltonian H' with

H/gHemf"l‘HF- (4)

B. Propagation equations for the photon field

Within the validity of this description the time evolution
of the modes p and i is given by the Heisenberg equations
governed by Eq. (4), whose form can be found, for instance,
in Ref. [29]. In this article we assume that the signal
is a continuous-wave laser and eliminate the explicit time
dependence by performing the transformationa; — a; e “’5'0)’,
with j = i, p, which corresponds to moving to a rotating frame.
The Heisenberg equations, in the absence of noise, take the

form,
iy = —i8ya, = Y Qpua. 5)

6.1[ = —iéiai + Z/Q;ia,,, (6)
)4
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withd; = w; — w? i ). The case of perfect frequency conversion
is found when the dependence of the coupling rate g ,;
on the frequency of the photon can be discarded, which is
verified when the input photons possess a frequency width
much smaller than the crystal’s acceptance bandwidth, while
the dispersion relation for the modes p and i is essentially
linear, such that , ~ vfk, and &; >~ v;k; with k; the wave
vector and vy the group velocity. In this limit we denote by
¥ ;(x,t) the field operator of a photon with a spectrum in the

bandwidth around a)_(l.o) (j=i,p)and0 < x < L,
1 . 0}
Y= —= Y %k, @
VL

whose dynamics are governed by the equations of motion,

(;t . )wp(x D=-Quin,  ®

8 *
(az ga >1ﬁl(x 1 =+, (x,1), €))

and which are valid for 0 < x < L. These equations are found
by taking the time derivative of Eq. (7) and using Egs. (6)
and (5), after setting Q = Qpe’® and under the assumption
that the medium is sufficiently long. Periodic exchange of
excitations between the p and i modes is realized when
vg ~ v}, which is the case for the experimental conditions in

Refs. [13,18]. In this limit the solutions of Egs. (8) and (9) read

Vp(x,1) = cos(Qot)Y,(0,1 — 1)
— &' sin(Qot )Y (0,1 — Ty, (10)

Yi(x,1) = cos(RoT)¥i (0, — x)
+ e sin(QoT )Y, (0,1 — 7o), (11)

where 7, = x/v,. The equations are written as a function of
the field at x = 0 and are valid for times ¢ > t,. They describe
periodic conversion of a p photon into a i photon and vice
versa. The period is fixed by the frequency €2y, and thus can
be controlled by the intensity of the driving laser. Therefore,
by setting the laser intensity 9 = (2n + 1)mwvg/(2L) (with
n € N), one has perfect conversion at the crystal end x = L.

Equations (8) and (9) are valid under a series of conditions.
In the first place, we have neglected noise effects, which will
be treated in the next section. We also neglected dispersion
during the propagation inside the nonlinear crystal. This relies
on the fulfillment of the inequality,

1 320),,’1'
2 9k?

AT < 1, (12)
k=k,,;

with Ty the interaction time, Tin ~ L/vg, and Ay is the
typical dispersion around the wave vector mean value. We
also assumed that the group velocities of idler and pump are
equal, which practically implies that

0] — v | AT < 1. (13)

When the bandwidth of the input photon is sufficiently
small, then Ay is determined by the interaction, Ay ~ Qq/v,.
Using Q0L /v, = (2n + 1)m /2, the two inequalities to fulfill
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become
72 1 8w,
2 1—— Ll
2n+1) vil 9K

<« 1, (14)
k=kp.i
Qn + D |vg — vy
2 Vg

The derivation of Egs. (8) and (9) also relies on the assumption
that the length of the medium L is much larger than the
photon coherence length, LA >> 1. This leads to the choice
of numbers n > 1, thus setting a lower bound to the above
inequalities. Another approximation we made was to neglect
spontaneous down-conversion processes, corresponding to the
absorption of a pump photon followed by the spontaneous
emission of a signal and an idler photon. These processes
are also detrimental for frequency down-conversion purposes,
since the idler photon has a larger line width due to correlations
with the signal photon. They can be neglected provided that
the number of spontaneous emission events during propagation
of a single photon are negligible, which is verified when the
corresponding rate y fulfills the inequality y L /v, < 1.
Before concluding this section, we provide the com-
mutation relations of the field operators. At equal
times, [wj(x,t),w}(x/,t)] =8;08(x —x'), where §(x)~
sin(Ak;x/2)/(mx) is a smoothed version of a Dirac-delta
function due to the band-limited Fourier transform: Its width
scales with 1/Ak;, and Ak; is the half width of the distribution

of modes with wave numbers about the mode at k. We shall
assume that this smearing effect is not pronounced (which is
correct for n > 1) so that we can treat 5(x) as a Dirac-delta
function [32]. The commutation relation at different times
takes a simple form when the dispersion relation is linear,

and reads [v;(x,0), %, (x',1)] = 8,;,8(x — x' — vg(t — 1')).

< L 15)

III. HEISENBERG-LANGEVIN EQUATIONS

Noise and losses are introduced in the propagation equa-
tions by means of loss and Langevin terms, which are derived
after assuming that the photon fields couple with quantum
reservoirs [31]. These processes are taken to be Markovian for
simplicity, such that the propagation equations in the presence
of noise reads

d d
(a + vg@ V.

= —Qyi(x,1) — kp¥p(x,0) + Lp(x,2),  (16)

0 ;0
(E + Uga> Yi(x,t) = Q Y, (x,1) — ki (x,1) + Li(x,1).
a7
Here, «;—; , is the difference between the total loss and
gain rates, and can thus be either positive or negative, while
L;—; »(x,t) are sums of Langevin operators for different kinds

of noise which are uncorrelated from one another [36] and will
be specified below. The solutions of Egs. (16) and (17) read

Yo(x,t) = fip(t)¥,(0,t — 7o) — fo(to)i(0,8 — 1)
+ f) Lfip Lot — 1)
(
— fo(r)Li(x1,t — T)ldT, (18)
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Yi(x,t) = fii(m)Vi (0t — 7o) + f5(T)y,(0,t — 1))
+ /0 X[fli(fl)Li(xlat_Tl)
+ 5 (t)L,(x t — 1)ldTy, (19)

where x; = x1(7;) > 0,
x1(11) = x — 11,

with 7; < 7, and 7, = x/v, < t. The time-dependent coeffi-
cients take the form,

fip(y) = em(cos @) — %D sin (9y>>,
fuy) = e‘”(cos @y) + %D sin (9y)>,

Q
()= e sin(0y).

with 0 = (IQI* —«2)%, «kp=(k, —«k)/2, and K, =
(ki +Kp)/2.

Let us now discuss the noise sources which are accounted
for in the following. These are typically (i) generic losses,
where the p or i photon can simply be absorbed by the
medium, (ii) higher nonlinear optical processes, such as
optical parametric fluorescence (OPF), where an s photon can
generate an i photon and a photon at another wavelength, and
(iii)) Raman scattering, in which s photons are converted into
i photons by exchanging phonons with the bulk. While it is
plausible that the first two types of noise can be described by
means of Markovian processes, Raman scattering is instead
known to be non-Markovian. This leads to integro-differential
Heisenberg-Langevin equations, whose solution requires the
knowledge of the corresponding noise spectrum [31]. The
following treatment is restricted to Markovian noise for
convenience. This provides a solution for estimating the
quantities of interest as a function of the noise threshold (it
can be extended to include a full description of Raman noise,
following the lines of Ref. [31]). For these assumptions, the
rates,

Kj = Z (Kr(j_) — Kﬁj_)),

Tj

are the sum of the individual loss (4) and gain (—) rates, where
the label r; refers to the specific process. The corresponding
Langevin forces are L ;(x,t) = er L;;(x,t), have mean value
(L,j (x,t)) = 0, and the two-point correlations read

(Li,_ (L, (x,1)) = K§;>5,.j,,;5(t —)8(x — x"), (20)

(L,; (x’,t/)Lil_ (x,0)) = Kfﬁsrj,,; 8(r — 1) (x — x'), 21)

where the average is taken over the state of the reservoirs,
which is assumed to be unaffected by the coupling with
the electromagnetic field within the dielectric medium, as
is consistent with the Markov approximation. A microscopic
theory for the coupling between the system and the quantum
reservoirs allows one to establish a relation between the rates
kr, and the physical parameters determining the process [36].
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IV. COHERENCE PROPERTIES OF THE FREQUENCY
CONVERTED PHOTON

The formalism just derived allows one to analytically
determine the state of the outcoming photon, therefore to
theoretically predict the results of homodyne tomography [38].
The level of noise, however, must be calibrated with the noise
measured in the experiment. For this purpose we evaluate
the first- and second-order correlation functions of a train of
single photons which is injected into the x® medium in the
presence of typical noise sources [12,13,18]. We first define the
input state: When reflection at the boundary of the dielectric
medium can be neglected and the photon spectral properties
are within the transmission band of the medium, the field
at x = 0 is proportional to the external incident photon, and
the photon at the output of the dielectrics is proportional
to the propagated solution until x = L [33,34]. The first-
and second-order correlation functions are thus evaluated at
x = L within the dielectric medium, and their values are
plotted using parameters which are compatible with existing
experiments [12,13,18].

A. Input state

Let the input field be a train of single-photon Gaussian
pulses with width in k space Ay (hence with coherence length
Ay = 1/Ay), which propagates from left to right outside the
dielectrics (at x < 0). We fix the repetition rate r = 1/Tip
so that the photons are spatially well separated, v, TrepAr =
v, T /A, > 1.The (non-normalized) input state for# < Oreads
| Din); = ®§.\’=1<I>;(t)|vac)x<0, where |vac),_g is the vacuum
state for the electromagnetic field in the volume at x < 0 and

., (0) .
elkf) (x—jxo—ct)  (—jxg—c)?

0
f o) = - __ Sl
ol = [ e yio. @)

with xg = —cTp < 0 and ¥, (x) is the photon field at x < 0
for frequencies within the p band. In this limit operators corre-
sponding to different photon wave packets fulfill the commuta-

tion relation [dDj(t),CD}:(t)] =exp[—(j — k)2c2Tr§p/A,%] R 8 jk
fort < 0. We further assume that the photon spectral properties
are within the transmission band and that the transmission
coefficient is uniform, so that the field inside the dielectric
medium can be assumed to be proportional to the input photon
(note that these assumptions can be lifted, but then one shall
resort to a description in k rather than x representation, as in
Ref. [33]). The input field is the photon field at the boundary

x = 07, assuming unit transmission.

B. First- and second-order correlation functions
of the frequency-converted field

We now provide some quantities of the frequency converted
field at the other end of the crystal, x = L. Here we analyze the
mean photon number of the field i, the first- and second-order
correlation functions.

The mean number of photons at x = L and time ¢

ni(L,t) = (¥ (L,0)yi(L,1)), (23)
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is evaluated over the input state (22). For the dynamics given
by Eq. (8) it reads

nil(L 1) = sin*(QoT)n ,(0,1 — 1), (24)

where T = L/v, and n,(0,t) = (1//,T,(O,t)1/fp(0,t)) is the mean
photon number per time in the p band at the input. In the
presence of noise, we use operators (19) in Eq. (23) and obtain
the expression,

ni(L,t) = | () np0,t — 7) + I(L;1,1), (25)
where the second term reads

I(x;t,t + At)
T 70
_ f dr, / des8(AL — (23 — T1)8(x2 — x1)
0 0

x| i fue) 3o + e 3ok |

(26)

where we have used Egs. (20) and (21). The contribution of
this latter term becomes relevant in the presence of gain. When
the medium is only lossy this term vanishes and the mean
number of photons decreases with the factor p; = | FH(D2.
This factor gives the probability that a photon is generated
by frequency conversion in the i band, which is maximal for
0t = arctan(6/k,) and reduces to 6t = 7 /2 when k; < Q2. In
this limit p; , = (90/9)2 exp(—mky/6).

The first-order correlation function is given by the
expression,

DL, A) = Re{(Y] (L. OOYi(Lt + A1)}, (27)

and is here reported in non-normalized form. In the
ideal case it reads g(V'9ed(L 1 A1) = sinz(QoL/vg)g<pl>(O,t —

v, A1), where g(V(0.1,Ar) = Re{(¥}(0,0)¥,(0.f + An)} is
the first-order correlation function of the input field. In the
presence of noise, it takes the form,
V(L1 A1) = g (L,t,At) + Re{I(L;1,t + Ap)},  (28)
with
g8 (L.t, A1) = pig (0.1 — 7, A1), (29)
In particular, when the noise is due to losses, the first-order
correlation function is the same as the one of the input photon
(apart for the factor p; multiplying the whole expression).
Its form can change when I(L;t,t + At) is different from
zero, as it additionally contains the contribution of the photons
generated by noise processes. For the Markovian noise we

choose here, I(L;t,t + At) vanishes for |At| > 0.
The non-normalized second-order correlation function is

gP(L,t,Ar)
= (Y (LW (L.t + ALt + ADYi(L,1),  (30)
and takes the form,
gP(L,t,Al)
= gy (L.t,A1) + 2piRe{(y}(0.1)
x Yp(0,t + ADYI(L;t + At,1)}

PHYSICAL REVIEW A 88, 053807 (2013)

+ pi(np(0,t — 1)+ 1,0, + At — 7)) I(L;t,t)
+I(L;t,t + ADI(L;t 4+ At,t) + I(L;1,1),

where
gD (L.1.A1) = p2g®(0.1 — T, A1) (31)
and £2(0,1,A0) = (WHO.0Y (0.1 + AP, (0,1 +

ANY,(0,1)). In Eq. (30) we have assumed that the
noise is stationary. When the medium is only lossy, then the
second-order correlation function is the same as the one of
the input photon, except for the overall factor piz, which is
the probability that two photons at the input are frequency
converted into two photons in the i band. Noise such that
I # 0, like OPF and Raman processes, gives rise to additional
terms. One of the overall effects is to reduce the antibunching,
as clearly visible after setting At =0 in Eq. (30). For
At = Tyep > 7 in particular, the second term on the right-hand
side of Eq. (30) vanishes and antibunching is reduced
by processes arising from the coincidence measurements
between frequency-converted photons and noise photons, as
well as between noise photons.

In order to illustrate these predictions, we apply them to
experimentally relevant situations. We take photonic wave
packets with temporal width of 1 ns and repetition rate
Trep = 107s~ !, consistent with [13,18]. In order to minimize
detrimental effects, one would try to minimize the length of
the crystal. For a crystal length of the order of L ~ 5.3 cm,
we choose Qg = 27 x 0.6 GHz with Q¢L /v, = /2, where
we assumed v, ~ ¢/2.2. Figure 2 displays n;(¢), Eq. (25), as a
function of the crystal length L. The curves compare the ideal
case, Eq. (24), with the case in which 8% losses are present,
and then when also gain processes (due, for instance, to Raman
scattering or optical parametric fluorescence) are present. For
these gain processes we take values of the signal-to-noise
(SNR) ratios which are 20:1 [18] and 100:1 [37], respectively.
The observed increase of the maximum as a function of the

N
121 P
co08f | ]
= { ]
04F | 3
ot/ . V. V.
0 1 2 3 4 5 6 9 10

7
crystal length L/L,

FIG. 2. Photon rate n,(¢), in units of max[ni9(¢)], versus crystal
length L evaluated from Eq. (25) for the input state in Eq. (22) taking
Gaussian wave packets of temporal width 1 ns and repetition rate
107s~!. The crystal length is given in units of the minimal length Ly =
(7 /2)vg / 0, for which perfect conversion is expected. The black
solid line corresponds to the photon rate in the ideal case, Eq. (24);
the gray solid line is found when «; = k, = 0.03%, corresponding
to 8% losses; the gray (black) dotted line is found for 8% losses and
Kgain = 0.06€2, corresponding to SNR 100:1 (respectively: kguin =
0.08%2, such that SNR is 20:1).
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-100 0 100

delay time 1 [ns]

FIG. 3. (a) First- and (b) second-order correlation function. The
first-order correlation functions is evaluated using Eq. (28), rescaled
by the maximum of g(()l), Eq. (29). The second-order correlation
function is calculated from Eq. (30), rescaled by the maximum of
g(()z), Eq. (31). The parameters and line styles are the same as in
Fig. 2, where we choose €2p = 2w x 0.6 GHz. The width of the noise
photons is here assumed to be of the order of 50 GHz, which is

consistent with the measurement in [18,37].

propagation length is due to noise photons, which are generated
during the propagation time.

Figures 3(a) and 3(b) display the first- and second-order
correlation function as a function of At for the input state in
Eq. (22). The different curves correspond to different noise
sources and strength. The first-order correlation function has
been rescaled by the probability p;, and is in general unaffected
by losses. Gain gives rise to a contribution about At =0,
which corresponds to a peak with the temporal width of an
incoherently generated photon. Inspection in the behavior of

PHYSICAL REVIEW A 88, 053807 (2013)

the second-order correlation function shows how antibunching
degrades due to the effect of gain processes, giving rise to a
background noise and a peak at zero-time delay due to the
generation of incoherent photons.

V. CONCLUDING REMARKS

We have presented a model which describes frequency
conversion of a photon field propagating inside a x ®medium,
when the medium is continuously pumped by a laser. We have
identified the conditions for which ideal frequency conversion
is achieved. Noise and losses have been introduced within a
Heisenberg-Langevin equation formalism. For simplicity, we
have assumed the noise to be Markovian. The model derived
here can be applied to calculate all coherence properties
of the generated photon, including for modeling quantum
correlations revealed by Franson interferometry [3,39]. Here,
we have used it to determine the first- and second-order
correlation functions of the frequency-converted field, which
are currently measured in experiments dealing with single-
photon frequency conversion.

This theoretical description can be extended to take into
account specific properties once the spectral features of the
noise of the medium is known, as done, for instance, in [31].
In this case the equations should be conveniently cast in k rep-
resentation. One could also consider minimizing detrimental
effects by using a pulsed drive, in the spirit of the work in
Ref. [29]. Here, the frequency spectrum of the pulses could
be so shaped in order to optimize the frequency-conversion
process for a given type of input photon. These ideas can be
integrated with optimal control techniques [40]: Such an ap-
proach could possibly reduce the interaction time, and thereby
detrimental effects which are unavoidable in bulk materials.

ACKNOWLEDGMENTS

The authors acknowledge discussions with Andreas Christ,
Andreas Lenhard, Christine Silberhorn, and Sebastian Zaske.
This work has been supported by the BMBF (QuORep,
Contracts No. 01BQ1011 and No. 16BQ1011), the Spanish
Ministry of Research and Science, and by the German
Research Foundation (DFG).

[1] N. Gisin and R. Thew, Nat. Phot. 1, 165 (2007); Electron. Lett.
46, 965 (2010).

[2] N. Sangouard and H. Zbinden, J. Mod. Opt. 59, 1458
(2012).

[3] S. Tanzilli, W. Tittel, M. Halder, O. Alibart, P. Baldi, N. Gisin,
and H. Zbinden, Nature (London) 437, 116 (2005).

[4] Z. Y. Ou, Phys. Rev. A 78, 023819 (2008).

[5] N. Curtz, R. Thew, C. Simon, N. Gisin, and H. Zbinden, Opt.
Exp. 18, 22099 (2010).

[6] M. S. Shahriar, P. Kumar, and P. R. Hemmer, J. Phys. B 45,
124018 (2012).

[7] J. Huang and P. Kumar, Phys. Rev. Lett. 68, 2153 (1992).

[8] M. A. Albota and E. N. C. Wong, Opt. Lett. 29, 1449 (2004).

[9] R. V. Roussev, C. Langrock, J. R. Kurz, and M. M. Fejer,

Opt. Lett. 29, 1518 (2004).

[10] J. S. Pelc, L. Ma, C. R. Phillips, Q. Zhang, C. Langrock, O.
Slattery, X. Tang, and M. M. Fejer, Opt. Exp. 19, 21445 (2011).

[11] H. Takesue, Phys. Rev. A 82, 013833 (2010).

[12] J. S. Pelc, C. Langrock, Q. Zhang, and M. M. Fejer, Opt. Lett.
35, 2804 (2010).

[13] S. Zaske, A. Lenhard, and C. Becher, Opt. Exp. 19, 12825
(2011).

[14] M. T. Rakher, L. Ma, O. Slattery, X. Tang, and K. Srinivasan,
Nat. Phot. 4, 786 (2010).

[15] J. Lavoie, J. M. Donohue, L. G. Wright, A. Fedrizzi, and
K. J. Resch, Nat. Phot. 7, 363 (2013).

053807-6


http://dx.doi.org/10.1038/nphoton.2007.22
http://dx.doi.org/10.1049/el.2010.1626
http://dx.doi.org/10.1049/el.2010.1626
http://dx.doi.org/10.1080/09500340.2012.687500
http://dx.doi.org/10.1080/09500340.2012.687500
http://dx.doi.org/10.1038/nature04009
http://dx.doi.org/10.1103/PhysRevA.78.023819
http://dx.doi.org/10.1364/OE.18.022099
http://dx.doi.org/10.1364/OE.18.022099
http://dx.doi.org/10.1088/0953-4075/45/12/124018
http://dx.doi.org/10.1088/0953-4075/45/12/124018
http://dx.doi.org/10.1103/PhysRevLett.68.2153
http://dx.doi.org/10.1364/OL.29.001449
http://dx.doi.org/10.1364/OL.29.001518
http://dx.doi.org/10.1364/OE.19.021445
http://dx.doi.org/10.1103/PhysRevA.82.013833
http://dx.doi.org/10.1364/OL.35.002804
http://dx.doi.org/10.1364/OL.35.002804
http://dx.doi.org/10.1364/OE.19.012825
http://dx.doi.org/10.1364/OE.19.012825
http://dx.doi.org/10.1038/nphoton.2010.221
http://dx.doi.org/10.1038/nphoton.2013.47

SINGLE-PHOTON FREQUENCY CONVERSIONIN ...

[16] S. Ramelow, A. Fedrizzi, A. Poppe, N. K. Langford, and
A. Zeilinger, Phys. Rev. A 85, 013845 (2012).

[17] R. Ikuta, Y. Kusaka, T. Kitano, H. Kato, T. Yamamoto,
M. Koashi, and N. Imoto, Nat. Commun. 2, 537 (2011).

[18] S. Zaske, A. Lenhard, C. A. KeBler, J. Kettler, C. Hepp,
C. Arend, R. Albrecht, W.-M. Schulz, M. Jetter, P. Michler,
and C. Becher, Phys. Rev. Lett. 109, 147404 (2012).

[19] S. Ates, I. Agha, A. Gulinatti, I. Rech, M. T. Rakher, A. Badolato,
and K. Srinivasan, Phys. Rev. Lett. 109, 147405 (2012).

[20] J. A. Armstrong, N. Bloembergen, J. Ducuing, and P. S. Pershan,
Phys. Rev. 127, 1918 (1962).

[21] K. Krupa, A. Tonello, V. Kozlov, V. Couderc, P. Di Bin,
S. Wabnitz, A. Barthelemy, L. Labonte, and S. Tanzilli, Opt.
Exp. 20, 27220 (2012).

[22] A. S. Clark, S. Shahnia, M. J. Collins, C. Xiong, and B. J.
Eggleton, Opt. Lett. 38, 947 (2013).

[23] H. J. McGuinness, M. G. Raymer, C. J. McKinstrie, and
S. Radic, Phys. Rev. Lett. 105, 093604 (2010).

[24] A. G. Radnaev, Y. O. Dudin, R. Zhao, H. H. Jen, S. D. Jenkins,
A. Kuzmich, and T. A. B. Kennedy, Nature Phys. 6, 894 (2010).

[25] A. Gogyan and Y. Malakyan, Phys. Rev. A 77, 033822 (2008);
A. Gogyan, ibid. 81, 024304 (2010).

[26] M. Johnsson and M. Fleischhauer, Phys. Rev. A 68, 023804
(2003).

[27] M. D. Lukin, S. F. Yelin, and M. Fleischhauer, Phys. Rev. Lett.
84, 4232 (2000); M. Fleischhauer, S. E. Yelin, and M. D. Lukin,
Opt. Commun. 179, 395 (2000).

[28] P. Kumar, Opt. Lett. 15, 1476 (1990).

PHYSICAL REVIEW A 88, 053807 (2013)

[29] A. Christ, B. Brecht, W. Mauerer, and C. Silberhorn, New J.
Phys. 15, 053038 (2013).

[30] T. A. B. Kennedy and P. D. Drummond, Phys. Rev. A 38, 1319
(1988).

[31] P. D. Drummond and J. F. Corney, J. Opt. Soc. Am. B 18, 139
(2001).

[32] M. Hillery and L. D. Mlodinow, Phys. Rev. A 30, 1860 (1984).

[33] M. Hillery and P. D. Drummond, Phys. Rev. A 64, 013815
(2001).

[34] B. Yurke, Quantum Squeezing, edited by P. D. Drummond and
Z. Ficek (Springer, Berlin-Heidelberg, 2004).

[35] B. Brecht, A. Eckstein, A. Christ, H. Suche, and C. Silberhorn,
New J. Phys. 13, 065029 (2011).

[36] C. Cohen-Tannoudji, J. Dupont-Roc, and G. Grynberg, Arom-
Photon Interactions (Wiley-VCH, Weinheim, 2004).

[37] A. Lenhard, S. Zaske, S. Blum, G. Morigi, and C. Becher,
in CLEO:2012 (Optical Society of America, Washington DC,
2012), p. JTh1K 4.

[38] D.-G. Welsch, W. Vogel, and T. Opatrny, in Homodyne De-
tection and Quantum State Reconstruction, Progress in Optics,
Vol. XXXIX, edited by E. Wolf (Elsevier, Amsterdam, 1999),
p. 63-211.

[39] J. D. Franson, Phys. Rev. Lett. 62, 2205 (1989).

[40] J. P. Palao, R. Kosloff, and C. P. Koch, Phys. Rev. A 77, 063412
(2008); P. von den Hoff, S. Thallmair, M. Kowalewski, R.
Siemering, and R. de Vivie-Riedle, Phys. Chem. Chem. Phys.
14, 14460 (2012); M. M. Miiller, A. Kolle, R. Low, T. Pfau, T.
Calarco, and S. Montangero, Phys. Rev. A 87, 053412 (2013).

053807-7


http://dx.doi.org/10.1103/PhysRevA.85.013845
http://dx.doi.org/10.1038/ncomms1544
http://dx.doi.org/10.1103/PhysRevLett.109.147404
http://dx.doi.org/10.1103/PhysRevLett.109.147405
http://dx.doi.org/10.1103/PhysRev.127.1918
http://dx.doi.org/10.1364/OE.20.027220
http://dx.doi.org/10.1364/OE.20.027220
http://dx.doi.org/10.1364/OL.38.000947
http://dx.doi.org/10.1103/PhysRevLett.105.093604
http://dx.doi.org/10.1038/nphys1773
http://dx.doi.org/10.1103/PhysRevA.77.033822
http://dx.doi.org/10.1103/PhysRevA.81.024304
http://dx.doi.org/10.1103/PhysRevA.68.023804
http://dx.doi.org/10.1103/PhysRevA.68.023804
http://dx.doi.org/10.1103/PhysRevLett.84.4232
http://dx.doi.org/10.1103/PhysRevLett.84.4232
http://dx.doi.org/10.1016/S0030-4018(99)00679-3
http://dx.doi.org/10.1364/OL.15.001476
http://dx.doi.org/10.1088/1367-2630/15/5/053038
http://dx.doi.org/10.1088/1367-2630/15/5/053038
http://dx.doi.org/10.1103/PhysRevA.38.1319
http://dx.doi.org/10.1103/PhysRevA.38.1319
http://dx.doi.org/10.1364/JOSAB.18.000139
http://dx.doi.org/10.1364/JOSAB.18.000139
http://dx.doi.org/10.1103/PhysRevA.30.1860
http://dx.doi.org/10.1103/PhysRevA.64.013815
http://dx.doi.org/10.1103/PhysRevA.64.013815
http://dx.doi.org/10.1088/1367-2630/13/6/065029
http://dx.doi.org/10.1103/PhysRevLett.62.2205
http://dx.doi.org/10.1103/PhysRevA.77.063412
http://dx.doi.org/10.1103/PhysRevA.77.063412
http://dx.doi.org/10.1039/c2cp41838j
http://dx.doi.org/10.1039/c2cp41838j
http://dx.doi.org/10.1103/PhysRevA.87.053412



