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Transport theory for a dilute Bose-Einstein condensate
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We obtain microscopic expressions for the six hydrodynamic modes of a dilute Bose-Einstein condensate:
two transverse (shear) modes and four longitudinal modes corresponding to the first sound (elastic waves) and
second sound (temperature waves). Our microscopic expressions include both the speed of the two types of sound
and the rate of relaxation of the sound waves. We obtain numerical values for the shear viscosity of a dilute
BEC composed of bosons which interact via a contact potential. Our values for the shear viscosity are obtained
using the eigenvalues and eigenvectors of the three types of collision operators that govern the relaxation of the

condensate.
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I. INTRODUCTION

In 1995, Bose-Einstein condensation of dilute Bose gases
was first observed in a gas of rubidium ®Rb atoms [1]
and then in a gas of sodium Na atoms [2]. Since those
first experiments, there have been a number of experiments
investigating properties of dilute Bose-Einstein condensates
(BECs), and it has been shown that the mean-field theory of
dilute BECs, first proposed by Bogoliubov [3], shows excellent
agreement with experiment for temperatures below about 60%
of the critical temperature [4-6]. An excellent review of the
mean field theory for dilute BECs can be found in [7].

Since the early work of Bogoliubov, there have also been a
number of works that have incorporated mean-field theory
into a kinetic theory that can describe the relaxation of
BECs to thermodynamic equilibrium. One of the earliest
efforts was due to Hohenberg and Martin [8], who related
two fluid hydrodynamics to a microscopic mean-field theory
using a Green’s function approach. This led to the later work
of Kirkpatrick and Dorfman [9], who derived expressions
for transport coefficients in a BEC using mean-field theory
and a Green’s function method. However, Kirkpatrick and
Dorfman do not give a unified microscopic theory for all
the hydrodynamic modes in the BEC and they obtain an
incomplete set of collision operators [10]. Contemporary to
Hohenberg and Martin was the work of Peletminksii and
Yatsenko [11,12], who derived a more traditional kinetic
equation that could incorporate a mean-field description of
relaxation processes in the superfluids. This approach to
superfluid kinetic theory has been used by a number of
authors to describe relaxation processes in superfluids [13-16],
although none of these references specifically deal with
dilute BECs. Gust and Reichl [10,17] have applied this
method to a spatially uniform nonequilibrium BEC and have
found collision operators describing processes not previously
included in BEC kinetic equations. For a noncondensed dilute
monatomic gas of bosons with temperatures higher than the
critical temperature 7, for Bose-Einstein condensation, five
slowly varying hydrodynamic variables govern the relaxation
to equilibrium. These five variables correspond to the five
quantities conserved during elastic collisions between the
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particles: the particle number, momentum (three components),
and kinetic energy of the particles. Above 7., relaxation
is governed by three transport coefficients: shear viscosity,
thermal conductivity, and bulk viscosity (which is O for the
dilute gas [18]). Below the critical temperature 7, the boson
gas has six hydrodynamic modes, but the microscopic collision
processes occur between Bogoliubov excitations (bogolons)
and only four quantities are conserved: bogolon momentum
and energy. The additional hydrodynamic modes are due to
particle number conservation and broken gauge symmetry.

Once a kinetic equation is derived there are two traditional
approaches to computing transport coefficients: the method
outlined by Chapman and Enskog [19] and a method due to
Resibois [20], which directly uses the microscopic hydrody-
namic modes of the system. In subsequent sections, we use
the Peletminksii and Yatsenko method to derive the kinetic
equation of a dilute BEC and the Resibois method to derive the
microscopic hydrodynamic modes of the BEC (microscopic
modes for a superconductor have been obtained [16] using
this method). We obtain microscopic expressions for the six
hydrodynamic modes of a dilute Bose-Einstein condensate:
two transverse (shear) modes and four longitudinal modes
corresponding to the first sound (density waves) and second
sound (temperature waves). Our microscopic expressions
include both the speed of the two types of sound and the rate of
relaxation of the sound waves. We also obtain a microscopic
expression for the shear viscosity of the BEC, and we compute
the shear viscosity of a dilute Bose-Einstein condensed gas
composed of sodium atoms for a variety of temperatures and
densities.

We begin in Sec. II, with an outline of the derivation of
the kinetic equation for a dilute gas of neutral particles that
interact via a contact potential and have undergone Bose-
Einstein condensation. Our derived kinetic equations contain
the macroscopic phase of the condensate and the superfluid
velocity. In Sec. III, we specialize the kinetic equations to the
hydrodynamic regime where all quantities are slowly varying
in space, and in Sec. IV, we linearize the kinetic equations
about absolute equilibrium. In Sec. V, we show that our derived
kinetic equations conserve the total particle number. In Sec. VI,
we transform the particle kinetic equations to kinetic equations
describing the dynamics of Bogoliubov excitations (bogolons)
in the presence of the condensate and we determine the closure
relation that connects the macroscopic phase to the bogolon
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dynamics. The microscopic hydrodynamic modes are derived
in Sec, VII and the speeds of the first and second sound are
plotted. By matching the frequency of the microscopic and
macroscopic transverse hydrodynamic modes we can obtain a
microscopic expression for the shear viscosity. This is done in
Sec. VIII, where we also plot the shear viscosity of the dilute
BEC gas for temperatures 0 < T < 0.67,. Finally, in Sec. IX
we make some concluding remarks.

II. KINETIC THEORY

The derivation of the kinetic equation for a spatially
uniform, nonequilibrium BEC was discussed in [21]. We
outline the key steps here for a spatially nonuniform gas. The
Hamiltonian for N bosons of mass m, in a cubic box with very
large volume V, can be written in the form

. . 72 R 1
A = /dr\w(r) (—-Vf) U(r) + —//drldrz
2m 2
x V(Ir; — e DY )& () & () ¥ (ry), (1)

where Wi (r) [¥(r)] creates (removes) a particle at point r, and
the integration is over the entire volume V. These operators
satisfy the boson commutation relations (W), Ui =
8(r; —rp). We assume that the interaction between particles
is given by the contact potential V(|r; — ry|) = gé(r; —rp).
The probability density operator p for this system satisfies the
Liouville equation

) _
at

Equations (1) and (2) give the exact behavior of the BEC gas.

Below the critical temperature for Bose-Einstein condensa-
tion, the gauge symmetry of the fluid is broken. To accurately
describe the behavior of the BEC this broken symmetry
needs to be incorporated into the dynamics. We introduce the
one-body reduced density operator

Pir)d(ry) \i{*(rl)@f(rz))
PPy V)i )

Lon
—}:I[H,p(t)]- 2

O(ry.ry) = ( 3)

We also introduce the one-body reduced density matrix

Fri,r2.0) = Tr [H(0)O(r1,1)]
_ (FraCriran) Fio(ry,r,i)
Foi(ri,ra,t)  Foa(ri,r,t)

:(<\Tﬁ(r1>§l(rz)) <¢;T(r1>{v'f(rz)>> @
(PP (PPl )

The one-body reduced density matrix evolves in time as
AF(ry,ro,t
_in (ry,ro,1)
ot

According to the Bogoliubov assumption, after a very short
time ¢ the density operator p(z) will be a functional of the
single-particle reduced density operator F(ry,ra,t) [11,12].
The density operator then can be written

A1) = p(F(1)), (6)

where F(r) denotes a vector containing F(ry,ry,t) for
all values of (rj,r;). The average F(ri,rp,t) is defined

= Te(p()LH, O, )]} (5)
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self-consistently so that
F(ry,r0,t) = Tr [HFO)O 1)), (7)

We make the existence of the broken symmetry explicit
by introducing a mean-field Hamiltonian. We rewrite the total
Hamiltonian in the form H = Hy + H;, where

2
Hy = /drxiﬁ(r) (‘%Vrz - u) b+, ®)
.1 .
A= / / dride V(i — ¥
x U)o ¥ (ry) - U, )

R 1 & 2 \/ \/
0=3 / dri o) )G + o) B )i
1 o
+ z/drlAT(I‘1)\IJ(I'1)‘I/(1'I)

+ % / dr AW e (), (10)

where v(r) = 2g(UTr) (), A = g(PE)br)),
Af(ry) = g(¥fr)¥i(r))), and p is the equilibrium chemical
potential.

Kinetic equation
As discussed in [21], the kinetic equation describing the
dynamic evolution of the one-body density matrix is given by
L OF(r,ry,1)
_p et
ot
= Tr{p(F)[Ho,O(r1,r)1} + Tr {H(F)[H1,O(r1,r)])

~.

0
2 f dsTe (PEOLAL, 01 (0,5)

x [O(r1,12), H10°(0.5)}. (11)
where
00sy,57) = e Hobi=s2/h (12)

The form of the mean-field Hamiltonian ﬁo, defined in Eq. (8),
has been chosen so that

Tr {p(F)H,, Oy .,ry)]} = 0. (13)

This removes secular terms from the kinetic equation (at least
to lowest order in the coupling constant). The kinetic equation
takes the form of four coupled equations,

(b e e
Y2 g i) — an ()

+ A]I<®1\i/2> + T,
(P ]) Ciad

—ih el (E) + Ex) (¥ 0)) + A;(‘@I@Z)
+ AT B + T,
L () A A TR
—ih—— == = (= £ = Ex)(I1%y) — Ao (010))

— A (‘i’f‘i/z) + Iy,
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bl
Lo wy) A Ao P
i = (B B8] + AL (9, 0)
— A(UT]) + T, (14)
where ¥, = \I/(rl) \If = LIIT(rl) E —;‘—mViz + v; — u for

i = 1,2, and the quantltles
.00
iy Lip)_ 1t ACE (AT 7700
(12,1 1272) = h/_oodSTf{p(}_(t)[Hl,U 0,s)
x [O(r1,r2), A110°(0,5)]) (15)

are the collision integrals which govern the relaxation pro-
cesses in the BEC gas. The next step is to transform these
equations to the superfluid rest frame.

Superfluid velocity

The field operators W(r) and W(r) describe motion in the
laboratory frame. We introduce the unitary transformation to
the reference frame moving with the superfluid (superfluid rest
frame) [9,22]. It is given by

U(1) = exp [—i / dr¢(r,t)\iﬁ(r)®(r)] , (16)

where ¢(r,¢) is the macroscopic phase of the condensate wave
function. We let ¥f(r) and v/(r) denote particle creation and
annihilation operators in the superfluid rest frame. Then

U)oU) = e T 0(r) = §(r), (17)

where 1/7(1‘) [I/Aﬁ(r)] removes (creates) a particle in the
superfluid rest frame. Thus we find

Ur) = ™) and i) =00 r). (18)
The one-body reduced density matrix now takes the form
Ory,r) = T(rp) - 6(ry,r2) - T*(ro), (19)
where

5 _ (¥iaDPr) W(IW)W(I‘z))
br1r) = (wm)w(rz) o)

o i$
wma = (% %) 0)

0(ry,r,) is the one-body density operator in the superfluid rest
frame and ¢; = ¢(r;,1).
The kinetic equations can now be written

~

i <1ﬁ o) = @D = &)W 2) — Aol b))
AT(&Hﬁz) + Ty,

—ifio <$ 01y = @ + &) + AL )
+ AL + Too

—zh (i) = —@ + &) — A )
—A2(W11/A/2T)+121,
~iho <1/7¢7T>= o — &) (W) — Ay ()

+ AL ) + T, Q1)
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where
A 'h
& = €SIV, - v (D] + —vs(ﬂ
¢J
£ ihv(j) -V +h— " (22)
with
e Gr="Lv0
€ =—5-V; Vi—M, Vs(J)= —V;0,
2m m (23)

v =281y, Ay =g, Al=g@ld.
The coupled kinetic equations contain the full quantum
dynamics of the BEC gas (to second order in the coupling H)).
We now can specialize these equations to the hydrodynamic
regime where all macroscopic quantities are slowly varying
in space and time. This can best be achieved by writing the
kinetic equations in terms of Wigner functions.

III. KINETIC EQUATIONS IN TERMS
OF WIGNER FUNCTIONS

Wigner functions [23] provide a means to describe the
behavior of a quantum system in phase space and are defined in
Appendix A. The one-body density matrix, in terms of Wigner
functions, can be written

(Fn(K,R) Flz(K,R))

i (K,R)  Fn(KR)
= lfdre“"“ wafﬁ <‘/flf‘f%) N )
Vi ()  (Wniv,)
where 7K is the momentum of particles in the gas and R is
their position. We now specialize the kinetic equations to the
hydrodynamic regime, where all macroscopic quantities are
slowly varying in space. We therefore keep only the lowest
order derivatives with respect to R in the kinetic equations.
The superfluid velocities, vi(r;) = vy(R + %r) and vy(rp) =
vi(R — %r) can be written

vi(RE1r) = v,(R)£3r - Vrv,(R)
+ 30 VRIV,(R) + - - - (25)

We note that §v(r;), AT(rj), and A(r;) are also slowly varying
functions of R in the hydrodynamic limit. Thus, we again
neglect higher order derivatives with respect to R, write

8v (REir) = Sv(R)Eir- VRsv®) +---,  (26)

and write similar expansions for A (R & 1r) and AT (R & Ir).

‘We also note that
1 .
v / dre’®'rF, g(R,r) = —i Vg Fy (R K). 27)

At this point, it is useful to separate v(r;) into its equilibrium
part vy and a deviation from equilibrium év(r;), so that v(r;) =
Vo + §v(r;). Then define

g<i>=_ﬁ 1V +v, |- 1V +V, ) +00 — . (28)
Rr 2m 2 R r 2 R r .

This decomposition into an equilibrium component and a
deviation from equilibrium assumes that we have decomposed
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the density operator /6(.7:" (1)) in terms of a density operator
describing the equilibrium state of the gas and a correction
describing deviations from equilibrium.

The kinetic equations now take the form

0 F11(K,R)
ot
o) -
= (€ r — Er ) F1I(K,R) + VR k F11(K,R)

—i [VRO®(R)] - Vk F11(K,R) — A, (K,R)Fi»(K,R)

—ih

+ Al (K R) Py (K,R) + T (K, R), (29)
COFLKR) .
—ih =02 = (G + ) P R) + Vrk Fia(K.R)

+20(R)Fi2(K.R) + Al (K.R)F;  (K.R)
+ Al (KR Fu(K.R) + Zp(K.R), (30)
d0F»(K,R)
ot
=~ + &P (KR) + Vr k F21 (K.R)
—2®R)F1(K,R) — A(_)(K,R)Fll(K,R)
— A (KR Fn(K.R) + Iy (K.R), 31)

—ih

.. 0F»(K,R)
—ih— =

T — (@R — Er ) F2(KR) + Vr k F2(K,R)

+i[VROR)] - Vk Fo(K,R)
— ALK, R)F»(K,R)
+Al (K R)Fy (K.R) + Z;1(K.R),  (32)

where

Vrk = +ihVg - vi(R) + ifivy(R) - Vg

—ih[Vr(K-vy(R)] - Vi, (33)
A (K.R) = A(R):tlz[VRA(R)] VK, (34)
®R) = h%(tR) + SV(R), (35)

2
Rk = —h—mGVRq:iK> : <%VR:F1'K> +1°—u.  (36)
It is easy to show that the Wigner functions satisfy the condi-
tions Fi1(K,R) = F},(—K,R) and Fi»(K,R) = F};(—K,R).

Expressions for transport coefficients can be determined
from kinetic equations that are linearized about absolute
equilibrium. Therefore, in the next section we describe the
process of linearizing these kinetic equations.

IV. LINEARIZED KINETIC EQUATIONS

We now write the hydrodynamic variables in terms of
their equilibrium values plus small deviations from their
equilibrium values,

F; j(K,R) = Ffj*(K) +8F; ;(K.R), v,(R) =V +v,(R),
AR) = A +5AR), ATR)=A+35ATR), (37)

where F;(K), v0, and A denote the equilibrium values of
the various quantities. Furthermore, we evaluate the transport
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properties of the BEC at temperatures below about 60% of
the BEC critical temperature 7. For these low temperatures,
the “Popov” approximation to equilibrium quantities has
been shown to give good agreement with experiment [4—6].
In this approximation Flelq(()) ~ Fleg(O) R F;?(O) ~ F;g(O) ~
Ngq, where N(e)q is the number density of particles in the
condensate at equilibrium.

We next Fourier transform the space dependence of the
kinetic equations and write the linearized kinetic equations
in terms of the component of the spatial variation with wave
vector q (see Appendix A):

1 )
Fy(KR) = 3 e " F(K.q). (38)
q

Since the kinetic equations are linearized, each wave-vector
component evolves independently. We also introduce the
notation

2

h 1
(o K+—-q| + o — . 39)

Ka™ om| "2
The resulting linearized kinetic equations can be written in
matrix form,

95 F = em(- -
—i—— = (e 8F — SFE )} +hqv,(q)F™

: ‘

—nK-vy(q)q-Vg F®4 + (BF — F*B")
+q-Vg{DF® — FD'} + 81, (40)
where

P 0F(K,q,t) §F(K,q,1)
§Fy(K,q,0) SFn(K.q.0))’

e _ (FHE) FHK)
F(K) FRK))

- -
e _ [“Ka A o) _ [“Ka A 42)
K.q — —A _e(+) ’ K.q — A —6(_) ’
K.q K.q

(41)

B:< @(q) an)) B/=<d>(q> —3AT<q>>
—5A(q) —D(q) )’ SA(qQ) —P(q) /°
(43)
5o <—%d>(q) —%aAT(q))
LIsA 1o
58 A(q) > P(q) 44)
5 10(q) —38AT(q) ’
18A(@)  —19(q)
_ 8T,
T — II(K’qvt) SIIZ(KJ]J) ) (45)
SIZI(K,QJ) SIZZ(qust)

In these matrices ®(q) = h% +dv(q) and 6Z;(K,q,1)
are the linearized collision integrals for the particle kinetic
equations. The collision integrals are discussed in [21] and
8Z;;(K,q,?) given in Appendix B. [For simplicity and without
loss of generality, we have set v = 0 (superfluid velocity at
equilibrium), although the space and time derivatives of v?
are not 0.]

The particle kinetic equations are now in a form that allows
us to transform them into kinetic equations for Bogoliubov
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excitations (bogolons) in the gas. But first we demonstrate
that the linearized particle kinetic equations conserve the
particle number.

V. PARTICLE NUMBER CONSERVATION

The total particle number density in the interval q — q +
dq at time ¢ is

1
8N(q,t) = — ) §F1(K,q,1). 46
(Q)VEK 1(K,q,1) (46)
From Eq. (40) we can write
. BSFII(K’qvt)
A
ot

= (&g s — ESFI(K.q.0)
+hq-vs(q,1)NE + 71 q-v,(q,1)q- VRNE
— ASF1(K,q,1) — SA(q, ) F{(K) + A8 Fy (K, q,1)
+8AT(q,1) F5 (K) + 8Z11(K,q,1). (47)
Note that

_ 8 eq 8 eq
A= V EK F]Q(K)_ V EK Flz(K)a
8
SA(q,t) = =) §Fn(K,q,1), 48
(q,7) v EK 21(K,q,1) (48)

sAT(q.r) = %ZéFu(K,q,t).
K

Let us now sum over all momentum states in Eq. (47). The
terms that depend on A cancel. One can also check that
the third term on the right-hand side of Eq. (47) gives a
negligible contribution, compared to the second term, when
one integrates over K (see Appendix C), so we neglect this
term in all subsequent calculations involving the particle

conservation equation. Equation (47) reduces to
. 98N(q,r) R*1
—ih——— = ——> K-q§F11(K,q,?
l Y . VXK: qéFii(K,q,1)

1
hq - ve(q,r)N® 4+ — 111 (K,q), (49
+7iq - vy(q,1) +V; 1(K,q), (49)

where N® is the total particle number density. The linearized
collision integral §7;(K,q) is given in Appendix B.

From the definitions of the collision integrals linearized
about equilibrium in Appendix B, it is straightforward to show
that ZK#SL](K,q) = —87,,(0,q). Therefore,

98N(q.1) 1?1
ot S mV
+hq - vo(q.))N, (50)

and we obtain the continuity equation for the total particle
number density.

—ih Y K-asFi(K.q.0)
K

VI. BOGOLON KINETIC EQUATION

The hydrodynamic relaxation of the BEC is governed by the
dynamics of the Bogoliubov excitations (bogolons). The colli-
sion operators that appear in the kinetic equation conserve bo-
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golon momentum and energy. Therefore, in order to determine

the hydrodynamic behavior of the BEC, we need to transform

the particle kinetic equations to bogolon kinetic equations.
The Bogoliubov transformation from particle creation and

e . At At PN .
annihilation operators, d; = ay, and a; = ag, , respectlvely,

to bogolon creation and annihilation operators, 1311' = BL and
by = 13k1, respectively, can be written

Since we are linearizing the kinetic equations about absolute
equilibrium, it is sufficient to express the parameters u; and
vy in terms of equilibrium quantities. When the BEC is at
equilibrium, the mean-field Hamiltonian (in the superfluid rest
frame) takes the form [21]

N ’ A . .
Hy=>)" [(e,- — A)aja; + 5(@! a; + aja»]

1

— %Né + > Eblb;, (53)
where
n2i? n2k?
Ei=\e—A? with e;=—L+1"—p=—>+A,
2m 2m

(54)

and we have used the Hugenholtz-Pines relation u = 10 — A
[24]. In terms of these equilibrium quantities, the Bogoliubov
transformation parameters take the form

1 1+ €] 1 €] 1 (55)
Uy = — —, vy =—[/——1.
TV TET T 2V E

Note also that

2_ .2
uy —vy =1,

A(u%—i—v%) —2ejuv; =0, (56)
el(u% + vf) —2Au vy = E;.

This transformation has the property that
_— e A _
o (5 8)o
T €] —A =1 __ E| 0
_U1.<A —61>.U1 _<0 —E1>' &0

Particles in a BEC form a condensate, but excitations
(the bogolons) do not form a condensate. Therefore, we
require that (13113;) =0 and (b_,b,) = 0. Also, since we
linearize the kinetic equations about absolute equilibrium,
we can use the equilibrium expressions for the Bogoliubov
transformation. Then

N0\ (thhr)e 0
0 ff(q Bl 0 (EfKBJLK%q

=0 F - Ug', (58)
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where N! = [exp(BEk) — 117! is the Bose-Einstein
distribution for bogolons and ]:f(q =N, Ie(q + 1. We also require
(because of the structure of the nonequilibrium density
operator) that

<5/\/qu 0 )_ 8(bf, br,) 0
0 8Fk, 0 8(bibly)

=0, - 8F-U., (59)

where k] = K + anndkz _K— =
We can now expand the partlcle number distribution in
terms of bogolon distributions. We obtain

8F11(K,q,1) = u% SN (K,q,1) + vi SN (—K,q,t)  (60)
and

1
N0 = 5D (uk

K

+ vz )SN(K.q.1). (61)

We can also expand the particle current in terms of bogolon
currents

> KsF(K.q.t) = Y Klug
K K

= ZK&/\/(K,q,t), (62)
K

SN(K,q.1) + vi SN (—K.q.1)]

since u%{ — v%( = 1. Thus, we obtain the very useful result
that the bogolon momentum density is equal to the particle
momentum density.

We can now obtain the bogolon kinetic equation. If we
multiply Eq (40) on the left by the Bogoliubov transformatlon
matrix U, = K !"and on the right by U, I = Uk , we obtain

WN o g
—ih— ={0;'60,6N — sNT,&] U, '}

—‘r{UI;IBU](./\Teq NeqUKB _1; }

+hav(@N™ — K-y (@q - [T Vi FO, ]
+{Ux'DUkq - [Ug' VK FUL"]
—q-[Og'VkFU " |Ux D'}
+ 01670, ", (63)

where €7 denotes th_e transpose of lnatrix_ €, and we have made
the approximation U; = Uk and U, & Uk in the third to fifth
terms on the right-hand side (neglect higher order terms in g),
and

- Ei 0 I E; 0
U, 161U1=<Ol —E1>’ U262TU21=<02 _E2>.
(64)

Before simplifying Eq. (63), it is useful to write again the
Hugenholtz-Pines equation [24] for the BEC. As discussed
in [23], the time derivative of the macroscopic phase ¢(R,?) is
proportional to the chemical potential u = —h%. Therefore,
in the hydrodynamic regime, where we can assume that the
system is locally in equilibrium, we can write the Hugenholtz-
Pines equation in the form

h—aqbg:’[) +8v(R,1) — AR, =0, (65)
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where Su(R,T) = —h 2482

potential,

is the spatially varying chemical

Su(R.1) =2g Y 8Fy (K.R) = 2g5N(R. 1), (66)
K

where 6N(R,#) denotes deviations in the particle number
density, and

SAR.D) = £Y (SFa(KR.1) + 5P (K.R.1)
K

= %(MT(RJ) + 8A(R,1)) (67)

is a real function of R and 7.

In subsequent sections, we combine Eq. (50) for particle
conservation with the Hugenholtz-Pines equation in order to
obtain closure of the kinetic equations. This can be done using
a “Bogoliubov-like” approximation for the nonequilibrium
order parameter, SA(R,t) = g6N(R,?) (this approximation is
also used in [9]). As we see, this approximation only affects
the longitudinal modes and allows us to write a microscopic
expression for longitudinal modes that yields the correct speed
of second sound at 7 = 0 K. In addition, it maintains the real
nature of the nonequilibrium extension of the Hugenholtz-
Pines equation. The Hugenholtz-Pines equation can now be
written in the form

ad)(R 2 gSN(R,1) = 0. (68)

This approximation limits us to very dilute gases, and we
expect that it limits the accuracy of our results for the
longitudinal modes to the temperature range 0 < 7 < 0.37..
Equation (68) gives a closure condition for the hydrody-
namic equations. We analyze Eq. (63) in Appendix C using the
closure condition in Eq. (68). Without loss of generality we can
choose q to lie along the z axis so q = gé, vs(q) = vs(q)é;,
and é; is a unit vector along the z direction. We obtain the
following expression for the bogolon kinetic equation:

SN (K,q,1) . h (ex + A)

a7 —IZquE—KM\[(K,q,I)'Fiqvx(q,l)r?
i
+iqKO%N(Q.) + =8G1(1,2), (69)
where ex = %’
=N+ LA ZEKNeqfeq (70)
2mkyT K: E;
and
e h 2ugv .
OF = —g5, e = v i + v AR
+g " 26—K(uK—uK) (ux + Vg )N Fg. (D)
2kaT E; KoK

Note that our expression for ® is consistent with the “Popov”
approximation used to evaluate properties of the equilibrium
BEC.
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Let us now take the time derivative of Eq. (68) and use
Eq. (50) for particle number conservation. The combined
equations take the form

¢(q.1)

1 .
Y —gqu[;KZSN(K,q,t)} —igq - vs(q,)N*,

K
(72)

where N is the total particle number density.

In order to prepare for analysis of the sound modes, we
consider one Fourier component of the kinetic equations. Since
the equations are linear, each Fourier component propagates
independently. Thus, we write

SN(K,q,1) ~ " SN (K,q,0). (73)
Then the bogolon kinetic equation, (69), takes the form
wSN(K,q,w)

A)hgK.
_ ek ¥ DMK 3K g,0) — gK.O98N(g,0)
EK m
e T i
—iT¢—4’¢(q.0) = G1/(K,q,0), (74)

where we have used the fact that v,(q,?) = —i %qd)(q,t) and
have retained terms to order ¢ on the right-hand side of these
equations, and Eq. (72) takes the form

» ¢<q,w>—ngZ[ KSN(K, q,w)} +2q —¢(q,w)Neq

K+£0
(75)

Equations (74) and (75) are the bogolon kinetic equations
that describe the hydrodynamic behavior of a dilute BEC.
We now investigate the consequences of these equations.
The first step is to obtain microscopic expressions for the
hydrodynamic oscillations in the condensate. We then connect
these to macroscopic quantities.

VII. MICROSCOPIC HYDRODYNAMIC MODES

For simplicity (and without loss of generality) let us assume
that q = gé,. Also, write the bogolon distribution as

SN(K,q,0) = N Fh(K,q,0), (76)
where h(K,q,w) is a small deviation from equilibrium.
Equation (75) can be written in the form

P(q.0) = J ZK NIFIR(K,q.0), (77)

where

1
A=g—N and J = LA YINS (78)
m
If we now use Eq. (77), Eq. (74) for the bogolon distribution

can be written

NG TFIh(K,q,0) = ¢Bx K NG FIh(K,q,0)
3 ,
q hoeq 1 Aed el pe
+ a)z——fWZFK \7?; KZN;,fle(,h(K ,q,a))
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1
e KZ@?VZ(MQ + vg )N Feh(K' q,0)

K’

- %N,‘;‘*ﬁ;’éuh(K,q,w), (79)

where G, is the linearized collision operator and

By — h(ex +A) (&0)
m EK

There are four microscopic hydrodynamic modes corre-

sponding to the four conserved quantities, wl(o)(K) = CiK,,
¥y (K) = C:K,, 3 (K) = C3K., and ;" (K) = C4Ex.
where C; (i = 1, ...,4) are normalization constants. Given the

form of Eq. (79), these modes naturally separate into transverse
modes 1//,(0) and %0) and longitudinal modes wgo) and wjo).

Below, first we find the frequencies associated with the
transverse modes and then we consider the longitudinal modes.
For both cases we need to expand the frequencies w and the
deviations from equilibrium in powers of ¢, which is the wave
vector of the hydrodynamic modes. We let

o, = 00 + g0 + ¢?0® + 0(¢%) (81)
and
h(K.q.0)

= ¥ OK,0) + q¥ P (K,0)
+ PP (K,w) + 0(g?). (82)

Note that, for hydrodynamic modes, w,(10> =0, a),(ll) corresponds
to the speed of the mode if it is a propagating mode, and w?
gives the rate of decay of the mode. For nonhydrodynamic
modes wflo) = XA,, where 1, is the nth nonzero eigenvalue of
the collision operator. Also, we will normalize the states using
the scaling factor N} 9F . Therefore, we require

Y NEFEY LKW K) = 8,0 (83)
K
The normalization constants C; are defined as C; 2 = (K?2),
= (K2),C;? = (K2),and C;” = (E%), where
(fOK) = Y NAFLFK). (84)
K

To zeroth order in ¢, Eq. (79) reduces to

Oy OK) = —%G,Jw,g(”(l() =0 for n=1234 (85)

since the states ¥ O(K) (n = 1, ... ,4) are eigenvectors of the

collision operator G;; with eigenvalue equal to 0. Therefore,
o® =0 for n = 1,2,3,4, and to second order in g, Eq. (79)
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takes the form

(gl + - INFFWOK) + gV (K))

3
= By K NIFI(yOK) + gV (K)) + 1

1 [ A
—gKO D (e + v )NEFL (1O KD + qu(K)) = SNGFEG (g K) + 47y (K).

K

We now can compute the frequencies of the hydrodynamic
modes.

A. Transverse modes

The two transverse modes correspond to wfo)(K) = CiK,

and 1//%0)(K) = (1K, Let us first consider mode n = 1. To
first order in ¢, Eq. (86) becomes

o NFFHCIK,

1 h 1
=By KNGFLC Ky + ———— T T —

7y —am TV
’ o 1
x Y KINGFACK - KZ®,§VZ(M§<, +v%)
K' K'
i A

X NEFECIK = =NZFEG 1K), 87)
The second and third terms on the right are 0 because of the
summation involving K',. Therefore, Eq. (87) reduces to

i
o\"C K, = BxC K.K, — ﬁG”wa(K). (88)

Now multiply on the left by C le/\/quf;q and sum over K.
Since C?(K?2) = 1, we find

o =Y By KNJFSCIK? =0 (89)
K
and
Cih
v (K) = ———BxK.K,. (90)
lG]]

Let us now consider terms that are second order in g. The
second and third terms on the right in Eq. (86) again do not
contribute due to the summation »_ .. Therefore, Eq. (86)

reduces to
N
0?C K, = By Ky (K) — ﬁGuwfl)(K)- 1)

Now multiply on the left by C; K, N Fi' and sum over K to
get

B
o? = —ZN,?’]-",?BKKZCIKXEBK K.CiK,. (92)
K

It is straightforward to show that w(lz) = a)éz). Thus, the trans-
verse modes are decoupled from each other and the frequencies
associated with the microscopic transverse modes are of the
form o = w®q? for n = 1,2. Because " = 0" =0, the
transverse modes cannot propagate. Transverse fluctuations in

the gas will relax at a rate determined by w(lz) and a)gz).

(gen”)’ ~

PHYSICAL REVIEW A 88, 053603 (2013)

h

1 ’
—TAT =Y KINGFE(WO(K) + qu"(K))
qu K Vv m K'Y K

(86)

B. Longitudinal modes

The longitudinal modes are coupled to each other and
are degenerate for ¢ =0 so we need to use degenerate
perturbation theory to determine the correct combination of
modes w;o) (K) = (3K, and wf» (K) = C4Ek to use in the
perturbation expansion. Also, because the equations are not
symmetric, the left and right zeroth order (in g) states will be
different. Let us write

WiV (K) = T3, 093” (K) + Ty 1y (K)
and  W(K) = T3 x93 (K) + Do g9y "(K) - (93)

for the left and right eigenvectors, respectively. Keeping terms
first order in ¢, Eq. (86) becomes

w(l)./\f;q]:?}q\lfgg)(l()
=B KJ\/eqfeqqz<°)(K)+—1 B eyl
B S St (@D2 = AHm Ky

’ , 1
x Y KINGFGURK) - KZ("D?VZ(M%( +v%)
K’ K’

x NUFIGO(K') — %N,i"f;q(’}j W D(K). (94)

Although the collision operator only admits two longitudinal
modes with zero eigenvalue, Eq. (94), because of its nonlinear
dependence on the frequency " has four solutions. These
four solutions correspond to the four longitudinal hydrody-
namic modes.

Let us multiply Eq. (94) on the left by \IJEO) (K) and sum
over K. The term involving the collision operator gives O when
\IJ(LO)(K) acts on it from the left. We then obtain

—o o I
(Tie Tar) (,B(a)(l)) _w(1)> (FZ’R =0, (95
where

|4

B) =a+ @ — A’

(96)
o = ZBK KZZC3C4EKN;q]:;q
K

1
— ;QKZ?@‘,’?V;(M; + 0} ) CLEp NGFR,

o7

and

h -
y = jZZQEKr;‘*VZ (K C3Nl Fig (98)
K K’
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Equation (95) has solutions if
()
—w o
det (5(0)(1)) _a,a))
_ (@) = (@ + AV + o’ A~ ay
- (D)2 —

=0. (99

This equation has two pairs of solutions for w). The solutions

undergo an avoided crossing at low temperatures. We call them

a)g and wu . so that

ol = \/[a2+A+ (A —a??+4ay] (100)

and

1
o =/ a2+ A= VA= @R+ ap). (10D

Note that y — Oas T — 0 K so that at very low temperatures

the two sound modes decouple. Then we obtain lim7_, ¢ w%lj[ =

VA= \/ ﬁ—y (which is the Bogoliubov speed of sound at

T =0) K and limy o, =« = /4% at T = 0 K. These

results agree with those obtained by Lee and Yang [25] using
a very different method. In Fig. 1, we plot the speeds of these
two types of sound as a function of 7/ T..

We can construct orthonormal pairs of left and right
eigenvectors for the first sound and second sound modes.
Let us first consider the first sound waves. The left and right
eigenvectors, U/, and W4, respectively, take the form

P = 1 (i O‘/,B(U)I,:I:))
V2 1

1
E(i\/ﬂ(wl,i)/a’l)~

Therefore, the right and left eigenvectors can be written

e

and U, = (102)

1
YR (K)y=+—Y" v OK)+ OK) (103)
NI VAL
and
wi (K) = £ YD oy L Lo 0
’ V2a V2
.4}
el
1.2
o® I /,/ 1l
Vgn/m 1.0
0.8}
1
0.6
000 005 010 0.5 020

T|Tc

FIG. 1. Plot of the speed of the first sound (dashed line) and
second sound (solid line) versus temperature at a particle number
density n = N such that na® = 1.0 x 107>, Speeds are plotted in
units of \/gn/m, which is the Bogoliubov speed of sound at zero
temperature.
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respectively. Analogous expressions can be written for the
second sound modes. Namely,

iL
V2B(wn,+)

VLK) = vOK) + — w“”ao (105)

5

and

:t\/:B(wII,:I:)
V2a V2

Let us now return to the perturbation expansion for the four
longitudinal microscopic modes. We can solve Eq. (94) for the
first-order (in g) correction to the right eigenvector. We obtain

NEFUR (K)
= NP

lG[]

vk (K) = v OK) + — w“”(K). (106)

[(@" — Bk K )W (K)]

h
T, [K oeq—z (% + V2 NP FEW P (K)
11

1

B (@M)? — ) eqj ZK N ;qffg‘l’(o)(K,)}

(107)

‘We next find the correction to w of order qz. From Eq. (86)
we can write

WP NG FLUL (K)
1
= By KN Fwr (K) — K:@%‘;Z(u% + 5

eqj Z

/\/'eqf“'GH ¥ P (K). (108)

x Nl Féyrp (K + —( e

— KINGFEUR (K —

If we multiply on the left by \Iféo)(K) and integrate over K, we
obtain

w(Z) _ ZW(O)(K)B[(K Ne‘]f‘eqw.(l)(K)

Z\IJ(O)(K)K @eq—z uk + vi )N Feh
/ e 1
< YK + Z\D(O)(K)W reT
x ZKU\/“]—'Z‘W(”(K’). (109)

This expression applies for all four longitudinal modes. We
simply insert the appropriate values of w and wg)(K) into
Eq. (109). The detailed behavior of the decay rates given by
Eq. (109) is rather involved and will be considered elsewhere.

VIII. VISCOSITY

We can obtain a relation between the viscosity and the
microscopic hydrodynamic modes from the bogolon kinetic
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equation. The bogolon kinetic equation can be written
ISN(K,R,1)
at
A)RK
= —Vg- (ex + A)IK

7 SN(K R,t) + Vr - Ok KS6NR,1)
K

— Ve - vyROIE + 53911(K,RJ)- (110)

The balance equation for the momentum density is obtained
by multiplying the bogolon kinetic equation by the momen-
tum 7K and summing over all K. As shown earlier, the
bogolon current is equal to the particle current [[J(R,?) =
Y kNKSN(K,R,t) = Y («hKS§F;(K,R,1)] and we obtain

BIRD) _

(€ —i—A)h
o =""r Z K KK(SN(KRt)

+hVg - Z@KKK(SN(R,I). (111)
K

The two-fluid hydrodynamic expression for the total parti-
cle current in the laboratory frame is J = p;v, + 0,V,, where
on(ps) is the hydrodynamic expression for the normal fluid
(superfluid) density, and v,, is the normal fluid velocity [26,27].
The time derivative of the total particle current then can be
written (to first order in deviations from equilibrium) as

8] vy v, eqdVs | 08T (R,1)
b Py TPy =Nt T,

= Vg -8P(R,1)— Vg - [Ip(R,1), (112)

where § P(R,t) is the pressure and I1p(R,?) is the dissipative
momentum current (stress tensor).

We now introduce the coefficient of shear viscosity 1. The
dissipative part of the stress tensor can be written [22] [T1” =
I1® + ITU, where I is a symmetric tensor, I is a scalar,
and U is the unit tensor. The shear viscosity is the generalized
conductivity, which relates gradients in the transverse particle
current, J| = p, v, 1 to the symmetric stress tensor so that

8Vn, 1 o %

a ot
It is now useful to transform from variables (R,?) to the Fourier
components of the (linearized) hydrodynamic equation with
wave vector q and frequency o via a transformation of the
form

= (VR.ﬁgy)lE —2nVavay. (113)

On

ST(R,1) ~ e 7R s 7(q,w). (114)

In order to pull out the transverse parts of Eqs. (111) and (113),
we assume that q = gé,, where €, is a unit vector in the
z direction. Eq. (111), then separates into two independent
equations for J, and J, (the transverse modes) and an equation
for the longitudinal part of the flow 7. The two transverse
hydrodynamic modes each satisfy the equation

wdJ1(q.0) = (115)

2
T 7 (q.).

where §.7,(q,w) is a component of the momentum current
perpendicular to the z direction.

If we now equate the microscopic expression [Eq. (92)]
and the macroscopic expression [Eq. (115)] for the transverse
hydrodynamic modes, we obtain the following microscopic

PHYSICAL REVIEW A 88, 053603 (2013)

0.10
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17 0.06 Joe
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TITc

FIG. 2. Variation of the shear viscosity with temperature for a
dilute BEC. Circles represent the density na® = 2.5 x 107% and
squares represent the density na® = 1.0 x 107> (n is the particle
number density).

expression for the shear viscosity:

h
n= _anN]iqff(qBKKzCle ~
X G

BxK.C1 K, (116)

Numerical values of the shear viscosity for a dilute gas can be
explicitly calculated using this expression. To carry out this
calculation, we use a spectral decomposition of the linearized
collision operator [10,18]. The viscosity depends on the
particle properties and the equilibrium density and temperature
of the system. The particle density is parameterized by a> N4,
where N is the particle number density, a = ;”% is the
s-wave scattering length, and the temperature is parameterized
by T/T¢, where T¢ is the BEC transition temperature of an
ideal gas. In this parametrization scheme, the viscosity can
be written as a pure function of ¢>N® and T /T, times the

quantity
E _ 1 JkaBT
© 8wa?V 2

The results of the viscosity calculation are shown in Fig. 2.
We have plotted the viscosity as a function of 7/7¢ for
two densities, a> N4 = 2.5 x 107% and a®> N = 1.0 x 1077,
Compared to the noncondensed case, where n/& ~ 0.5, the
viscosity of the BEC is much lower. This is a result of the
higher relaxation rates as discussed in Ref. [10].

(117)

IX. CONCLUSIONS

We have derived the kinetic equation for a dilute BEC
using Bogoliubov mean-field theory and we have retained
terms to second order in perturbations H, to the mean-field
Hamiltonian. The superfluid velocity is given by the gradient
of the macroscopic phase of the condensate wave function.
In all our calculations, the equilibrium state of the gas is
evaluated in the “Popov” approximation A = gN;* and are
expected to give good results for the transverse modes and the
viscosity in the temperature range 0 < 7 < 0.67,. To obtain
the longitudinal modes, we use a closure relation that has the
form of a nonequilibrium Hugenholtz-Pines relation, and we
evaluate it using the Bogoliubov approximation §A(R,T) =
gSN(R,T). We expect our expressions for the longitudinal
modes to give good results for temperatures 0 < T < 0.37,.

We have used the bogolon kinetic equation to derive micro-
scopic expressions for the six hydrodynamic modes of a dilute
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BEC gas: two transverse modes and four longitudinal modes.
Using our microscopic expressions for the four longitudinal
modes, we have computed the speeds of the first and second
sound. We obtain sound speeds that are in agreement with
those obtained by Lee and Yang [25] for 0 < T < 0.3T..

We have computed the shear viscosity for a dilute BEC of
neutral atoms that interact via a contact potential, using the full
information contained in the three collision operators (see [10]
and Appendix B) that contribute to the relaxation of the gas.
For the temperature region we consider, we find that the shear
viscosity of a Bose-Einstein condensed gas is about 10% of its
value just above the critical temperature.
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APPENDIX A: WIGNER FUNCTIONS

Wigner functions are distribution functions in phase space
for quantum systems [28]. They are particularly useful in
dealing with transport processes because in the classical limit
they reduce to classical probability distributions in phase
space. Let us introduce center-of-mass and relative coordinates
R = %(rl +r,) and r = r| — r,, respectively. Then we write
the one-body density matrix in the form

(Frl(l’,R)

Fo@R)\ _ (i) (]
F1(r,R) N v

T
A Az) Al
Fo(mR)) =\ (Y1)« wb)' (D

If we next introduce center-of-mass and relative wave vectors
K= %(kl +k;) and q = k; — ky, respectively, the Wigner
functions for the BEC are defined

<F11(K ,R)  Fi(K, R))

F1(K,R) F»(K,R)
— _/dre-HKr 1Jr ) (lél“?;) , (Az)
Jidn) ()

where 71K is the momentum of particles in the gas and R is their
position. In the classical limit, F};(K,R) is the particle number
density in the interval K — K 4+ dK and R — R + dR.

The field operators 1}1 and v, are related to the operators

&qu and ax,, which create and annihilate, respectively, a particle
with momentum 7Kk, via the Fourier transforms

A 1 .
and Y = \/_Vze-ﬂk]'n&kl'
ki

(A3)

—ik;ry AT

A 1
i
vy = _Ze ax
Ve ‘

We can relate the configuration space distributions to momen-
tum space distributions via the Fourier transformation

Wi WY
(Y1) (Y

1 : , @l a,)
— e*lkl-l‘le#*lkz]‘z Kk, 2
v E G

ki ky aiklakz)

NP
e ) L (A

<a7k1 -k, >
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This, in turn, allows us to write

Fi1(r,R)  Fi2(r,R)
F1(r,R)  Fpn(r,R)
_ I —ikr —iqgr ( FLK, @) F2(K,q)
= vKZq:E e (FZI(K,cv Fzz(K,Q)) (A3
and
Fii(K,R) Fpp(K,R)
F1(K,R) F»(K,R)
1 _igr ( FLK,q) FK,q)
_ I qr [ F11
_V;e (le(K,Q) Fzz(K‘l))’ (A6)
where
(FH(K,m Fu(K,q)): (@, i) <a,'ﬂ:k2> A7)
Fi(K,q) Fn(K,q) (a_x,bx,) (k@ k) ’

In terms of Wigner functions, the particle number density N(R)
at point R is

NR) =Y Fu(KR) = (Jir) =Y ¢ N(q), (A3)
K q
where N(q) = ) g F11(K,q) is the component of the particle

number density whose spatial variation has wave vector . The
number of particles N(K) with momentum 7K is

N(K) = / dRF;(K,R) = (a}ax). (A9)
The component of the order parameters whose spatial variation
has wave vector q is given by

Al(q)=g) Fn(K,q and A(q) =g) Fa(Kq).
K K

(A10)

APPENDIX B: LINEARIZED COLLISION INTEGRALS

In this Appendix we give the linearized collision integrals
that appear in the particle kinetic equations and the bogolon
kinetic equations. We first give the linearized particle collision
integrals.

1. Linearized particle collision integrals

The linearized particle collision integral 6Z;;(q,K) is the
sum of three contributions:

8Z;1(q,K) = Scll(zl,q + 8(312(21,,1 +8C, q (BD)

They are obtained by linearizing the bogolon collision integrals
given in [10] and [21]. All of the particle collision integrals
depend on the bogolon distribution functions. To linearize the
collision integrals, we let F; = ﬁ 14+ /\/e q]: Y and N; =
./\fﬁq —I—/\/eqfeqcbj, where ®; = <I>K Qo and keep only those
terms of ﬁrst order in the small parameter ®;. The energy
conservation § function ensures that the zeroth order terms
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cancel. The linearized particle collision integrals are

47[N0g2 / .
i = Wz 81.2438(61 — & — ENW3L [T 3 (FTNG NG (@2 + @3 — @)
23
A 4 A/ed g /ed 87 Nog? ~— -
+ T (FIASNT) (@2 + @5 — @] + 2 Z 814230(E1 + & — E)W 55
23

X [0 (FNTINT) (@ = @1 = ©2) + T, 5 (AN (@3 — @y — @),

4
CK, = g Z 81323448(E1 + & — & — EYW 23 4[T1 234 (FUFINGNGY) (@3 + @4 — D) — D)
234

— Vs (FURNGING) (@ 54+ Dy — Dy — D y)),
and

471g2
i = 3ny?

D 8124344861 — &2 — E = EWh 5 [ 103 s (FIINTINGINGT) (0 + @3 + Dy — D))

2,34

2 /
g Z 814243481 + & + & — EOWSh 5

TP (FEATATNT) @+ @ s+ @ — @
2,3,4

x [sz,3,4(/\/1€q-/\/;q-/\/§qﬁq)(q>4 — Q) — Py — P3) — 1234(/\/eq-/\/eqf\/eqf€q)(® 4= P =D, —Dy)],

where the weighting functions are given in terms of u; and v; by

12
W1,2,3 = UUU3 — U] VU3 — V1UrU3 + U VU3 + V{UV3 — V VU3,
22
Wi534 = Uilauzls + Ujv2Uu3vs + U10203U4 + V1UoU3V4 + VIU2V3UL + V1 V2V3Vs,

and

31
W1’2,3’4 = UIUU3V4 + U UL V3U4 + UTVU3U4 + V1V V3U4 + V1 V2U3V4 + V1UV3V4.

(B2)

(B3)

(B4)

(BS)

(B6)

(B7)

Each of these weighting functions has specific symmetry with respect to interchanges of its indices that is shared by its collision

operator. Also,

A
T1,2,3 = UjlUpUsz — U1VU3 — UTUL V3,
YE | = -
12,3 = UiloU3 + UjV2V3 — U VU3,
c
T1’2,3,4 = U UU3U4 F+ U1 V2V3U4 + U VU3V,
b ., =
12,34 = W1V2U3U4 + U UQV3U4 + UIUIU3 V4,
E
Y1534 = U1Vl + U V2U3U4 + UIV2V3V4,

and T is Y with each u and v interchanged.

2. Linearized bogolon collision integrals

The linearized bogolon collision integral § 7;;(q,K) is the sum of three contributions,

8\711(q,K) — SQKI q + agKl q + 8gKl q’

(B8)
(B9)
(B10)
(B11)

(B12)

(B13)

defined below. They are obtained by linearizing the bogolon collision integrals given in [10] and [21]. To linearize the bogolon
collision integrals, we have let F; = f;q —|—J\/jeqf7th and V; = ./\f;q +A/;qf7th, where h; = hg, 4, and keep only those
terms of first order in the small parameter / ;. The energy conservation § function ensures that the zeroth-order terms cancel. The
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linearized particle-bogolon collision integrals are

47 Nog* '
8GK ¢ = T8 D 81243861 — & — 53)(W31,22,1)2[(fqu[26qA/3eq)(h2 +hs = )]
23

hv?
O € 42 W AT~ ) @19
80k .q = 4ng N 1123188 + & — & — ENWE 3.0 [(FF NN s + ha — i — o)), (BL3)
and o
= e b6 = 2= 65— S0 TN s 1 =]
4ng

D 1243401 + & + & = EDWIL o [VFNT NG s — by = o = )] (B16)

2
hV 2,3,4

APPENDIX C: GRADIENT TERMS IN THE KINETIC EQUATION

In this Appendix we examine terms involving Vg F that appear in Eq. (40). We can evaluate them if we express them in terms
of bogolon distributions. Note that
v Fi/(K) FREK)\ v ug  —vg P ug  —vg
) F/(K)  Fy(K) : —vg Uk 0 F —vg  ug
2ugv —(u% +v2
ey e, )
—(uK+vK) UK Vg

n? 2 uz +v32  —2ugv
6KJ\/""JE‘Q( Kk S (1)

 2mksT " E —2ugvg uy + vy

=—-——K
2m E

h2 2MKUK
k

22
where ex = hzﬁ

It is useful to change to dimensionless variables and write K; = ‘2’21‘5

c; for (j =x,y,2), b= kAT, €. =c*+b, and

E. = /€2 — b?, where c; is the jth component of the dimensionless wave vector. If we then use the results of Eq. (C1), we can
write

2

(K- vi(@lq - Ve F}(K) = —(c-vi(q)(c: q)[ Bele (Neq +F) + 2 (uf + vf)]\/qufq] (C2)

c
In order to get an estimate of the size of this term, let us consider, as an example, a condensate made of 23Na atoms at temperature
. . 3/2 . .
T = 1077 K, with b = 1 and number density & = 10% m—>. Then (2%T) /> — 1.2 x 10"7. Without loss of generality, let us
assume that q lies along the z axis so that q = gé,, where ¢, is a unit vector. Then v,(q) = v,(q)é;. If we integrate over momentum
we obtain

cq 2mkpT \** o 5 o [2uv?
/dK[K vy(@lq - VkF'(K) = —qu(q)<—> 271/ dfsin(0)cos (9)/ dcc [E;‘(Neq(C) + F*(c))
0 0

hz
+ ;—Zucvc (u + vf)Nm(c)f%)} 7. zqu(q>(2’"kﬂ>3/2. (C3)
We compare that to
[aKla v @IFE®) = g ~ qu 3+ lqu<q><2m:fT)3/2, ()

where N is the number of particles in the condensate and N is the total particle number. Thus, Eq. (C4) is three orders of
magnitude greater than Eq. (C3), so the contribution from Eq. (C3) can be neglected in Eq. (47).
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We next consider the effect of the Hugenholtz-Pines relation on Eq. (63). For the case ®(q) = §A(q), the bogolon kinetic

equation matrix takes the form

SN (K, n? Qugv -
_"h% = (E1 = E)SN (K@) +7q - vy(@NF' = T—q- K== g — v (V3! + F7)5A@)
K
h2 26K X h2 261{
K L - 2 4 qu h K ) s . K R oAeq q ) 1’2
o7 K A, x — vk PNEFRSA@ + K - 8% (@)@ - K5 mn T N+ 8G1(1.2)

and now includes the Hugenholtz-Pines equation.
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