PHYSICAL REVIEW A 88, 052319 (2013)

Thermodynamic work gain from entanglement
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We show that entanglement can be utilized to extract the thermodynamic work beyond classical correlation via
feedback control based on measurement on part of a composite system. The net work gain due to entanglement
is determined by the change in the mutual information content between the subsystems that is accessible to the

memory.
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I. INTRODUCTION

Feedback control of thermal fluctuations has been discussed
by a number of researchers [1-14] since the seminal work by
Maxwell [1], who pointed out that if an observer can access
microscopic degrees of freedom, the second law of thermo-
dynamics may break down. Szilard devised a quintessential
model of Maxwell’s demon, in which kg7 In2 of work can
be extracted from a thermodynamic cycle [2]. It has been
shown [8,9] that extractable work W3 from a system is
determined by the information gain (or the quantum-classical
mutual information) 7 [8,15,16], which measures the acquired
knowledge of the system via measurement, and that the same
quantity sets the lower bound on the total cost WM of
measurement and erasure of information:

WS < —AFS +kgTI, (1)

ext

Waly > ksT1, )

where AFS is the free-energy difference of the system. It
has also been shown that a positive entropy production in
measurement compensates for the work gain via feedback
control [10]. Quite recently, Maxwell’s demon [13] and Lan-
dauer’s principle [14] have been demonstrated experimentally.

There has been considerable experimental interest in
quantum feedback control concerning, for example, cooling
[17-19] and spin squeezing [20]. A number of results have
been obtained that exploit quantum entanglement and cannot
be achieved classically [21-32]. Entangled states can also be
used to extract energy by controlling quantum fluctuations
via feedback control [24]. The difference in the extractable
work between local and nonlocal Maxwell’s demons is closely
related to quantum discord [27,28]. In Refs. [31,32], work
gain from entangled states using local operations and classical
communication (LOCC) protocols is discussed. However, the
ability of genuine quantum entanglement to obtain thermody-
namic work gain has yet to be fully explored. In this paper,
we address the question of whether quantum entanglement
can be utilized as a resource for the thermodynamic work
gain beyond classical correlation. We show that work can
be extracted by feedback control from quantum correlations
between the systems as well as from their thermal fluctuations.

To examine the effect of measurement and feedback
control, let us consider a qubit system. Let the initial state
be the maximally mixed state, i.e., p = %(|¢)(¢| + [ D.
The von Neumann entropy of the initial state is given by
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S(p) = In2, where S(p) := —Tr[p In p]. Now let us perform a
projective measurement using the basis {||), [1)}. Depending
on the measurement outcome, we perform a unitary operation
U, =1and Uy = |1){{| + [{) (1], which flips the spin if the
measurement outcome is 1. Then, the final state is given
by a pure state irrespective of the measurement outcome:
o' = |1){{|, and the entropy vanishes, i.e., S(p’) = 0. From
the thermodynamic relation F = E — TS, we observe that the
average reduction in entropy via measurement and feedback
leads to the free-energy gain, which, in turn, can be extracted
from the system as work.

The above protocol can be generalized by considering a
general quantum measurement on the system by introducing
a memory and performing an indirect measurement, i.e., a
unitary transformation on the composite system followed
by a projective measurement on the memory [33]. Also,
the feedback control is realized by performing a unitary
transformation on the system depending on the measurement
outcome as exemplified above.

This paper is organized as follows. In Sec. II, we introduce
a protocol to realize the measurement and feedback control on
entangled states. In Sec. III, we derive a generalized second law
of thermodynamics under the protocol discussed in Sec. II. We
give an upper bound for the work that can be extracted from an
entangled resource. An essential distinction from the classical
case is that the classical mutual information is replaced by the
quantum mutual information. Since the latter can, in general,
be larger than the former due to entanglement, the upper bound
of the extractable work can also be larger than the classical
case. A similar result is obtained for the measurement cost.
In Sec. IV, we summarize the main results of this paper and
discuss future work.

II. SETUP

We consider a composite system AB and a memory M
that stores information about the measurement outcome. We
consider the following protocol (see Fig. 1).

(1) Let the initial Hamiltonian of the total system be H; =
H* ® H? ® HM. Here, we decompose the Hilbert space
of the memory into mutually orthogonal subspaces HM =
D, HM according to the measurement outcome & [9]. We also
decompose the Hamiltonian of the memory as HM = @, HM,
so that each support of H}” belongs to HY. We assume that
the initial state of the memory is the standard state belonging
to H). Let the initial state be p{!2¥ = pA8 ® pl!. The initial
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FIG. 1. (Color online) Schematic illustration of our setup. We
perform a measurement on subsystem A of an initially entangled
composite system AB and obtain an outcome k. We then perform
a feedback control on each subsystem via a local unitary operation
that depends on k. The thermodynamic cycle is completed with the
initialization or erasure of the memory.

correlation between subsystems A and B is characterized by
the quantum mutual information:

(o pf) == S(p!') + S(of) = S(o"). (3

(2) A general quantum measurement on subsystem A
is implemented by performing a unitary transformation
UM on AM followed by a projection measurement PM =
> M b))y (b)| on M, where {| (b))} is an orthogonal
basis set in HkM. The measurement outcome k is registered by
the memory during this process. The postmeasurement state
depending on the outcome k is given by

P B = iPkMUAM(piAB ® py!) UM pM
) ﬁ;cM,éa,,,p{‘ "l ® [ e,
H 0
where
pe = Te[PYUAM (0B @ pl) UM pM] )

is the probability of obtaining k. Here,

ML, =/ PY @ )| UM [y (@) (6)

is a measurement operator acting on A, where

ot =" Pl @ @) @), )
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and the measurement operator satisfy the completeness rela-
tion:

A
Z Mk,jz,leéa,b =1 ®)
k,a,b

We note that the reduced density matrix of AB is given by
1
PP = =D Ml My ©)
k
a,b

(3) We detach the memory from A and perform a feedback
control on each subsystem by means of local unitary operators
U and U that depend on k. The unitary operators are given
by UkA(B) = Texp[—i Otr H,:‘(B)(t)dt], where T is the time-
ordering operator and HkA (B)(t) is the Hamiltonian of A(B) at
time ¢ depending on the measurement outcome k. The density

matrix of the composite system after the feedback control is
given by

P (k) = (UL @ UE)p M y(U @ UE)'. (10)

The final Hamiltonian of the system (at time #;) depends on k
and is given by H# (k) ® HE (k).

(4) We erase the information registered in the memory to
complete the thermodynamic cycle. We attach a heat bath R
to the memory and perform a unitary operation UMK so that
the state of the memory goes back to the standard state, i.e.,

the support of pM. := Trg[pXR] is in H)!, where

Pl = ULE (ol @ o) ULY". (1)
Here, pR = pR := e PH"-FY i the initial density op-
erator of the heat bath, and pY =Y, pipMk) =
> piTraplpf®M (k)] is the final density operator of the
memory, which is obtained by taking the ensemble average
over k. The Hamiltonian and free energy of the heat bath are
denoted by HX and FR, respectively.

The primary purpose of this paper is to show that the
upper bound for the net work gain depends on the amount of
correlation that can be utilized via measurement and feedback,
as shown in inequality (44). In particular, we can extract
work for entangled states beyond classical correlation. For
example, the maximum work gain for a two-qubit system is
given by 2kg T In 2 for entangled states, whereas it is given by
kgT In2 for classically correlated states [34]. This difference
arises from the measurement cost as discussed later [see (35)].
To derive (44), we show three inequalities concerning the
extractable work from feedback control (27), the measurement
cost (35), and the information-erasure cost (40).

III. GENERALIZED SECOND LAWS

A. Second law of thermodynamics without feedback control

We derive second-law-like inequalities using entropy pro-
duction o, which measures the irreversibility of the thermo-
dynamic process. Let us consider a thermodynamic process
where the initial density matrix is given by p; and the system
undergoes a unitary evolution U := Texp[—i ftltf H(t)dt],
where H (t) is the Hamiltonian of the system. Then, the entropy
production is given by

o := =Tr[psIn p:] — S(p1), (12)
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where p; := Up;U" is the final density matrix and p; is a
reference state which is the initial state of the backward
process (i.e., in the time-reversed protocol) in the context of
detailed fluctuation theorems [11]. The entropy production of
the system is nondecreasing, o > 0, which can be evaluated
as follows:

o = —Trlp¢In o] — S(or) = S(exllpr) = 0, (13)

where the last inequality results from the positivity of the
relative entropy: S(p||p") := =Tr[plnp’] — S(p) > 0 [33].
Although inequality (13) holds for any choice of the reference
state, we assume that it is given by the canonical distribution
or = e PUH=F] gince the entropy production can then be
related to thermodynamic quantities. In fact, if the initial state
is given by the canonical distribution, i.e., p; = e PHW—FI
the entropy production is given by

= —B(Wex + AF), (14)

where Wey := Tr[p; H(t;})] — Tr[p¢H ()] is the extractable
work, AF := Fy — F; is the free-energy difference, and 8 is
the inverse temperature. Thus the non-negativity of the entropy
production leads to the conventional second law:

Wexl g —AF. (15)

B. Extractable work via feedback control

When information processing is involved, the second law
should be generalized by including information contents
[8—10]. The relevant information content is the information
gain [8,15,16], which characterizes the additional knowledge
about the system acquired by the measurement:

1(pf : XM) := S(p{") Zka(p k). (16)

The information gain is bounded from above by / (,oi : XMy <
H(XM), where H(XM):=—3", pyInp; is the Shannon
entropy. Equation (16) may take negative values in general due
to the measurement back action. However, it can be shown that
the information gain is non-negative,

0< I(pf : Xx") < H(X™), (17)

if the postmeasurement state (9) is expressed by a single
measurement operator M/, ie., pAB(k) = _IM,?,OABMTA
[8,16]. In this paper, we consider the situation in which the
information gain satisfies inequality (17) so that we can utilize
the measurement result.

We define the following quantity:

oa ==Y pTe[pl () In p (k)] —
k

S, as

where pA(k) is the reference state of A depending on k.
It is s1m1lar to the entropy production defined in Eq. (12),
but 02, can take negative values since it contains not only
the dissipative part but also the information contents via

measurement and feedback:

Zpks(pt 0] o (k) — S(p*) + Z peS(pf (k)

> —I(,oi : XM, (19)
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where the last inequality follows from the positivity of the
relative entropy and S (,of (k)) = S(p”(k)). The equality in (19)
holds when Jor (k) =p; A (k). From inequality (19), we observe
that o2 + I(p{* : X™) is non-negative and measures the
irreversibility of the thermodynamic process. It also shows
that the entropy of A can be decreased up to the information
gain I(p{* : XM). Thus o2, measures the amount of entropy
that can be decreased from the system via measurement and
feedback.
A similar relation holds for subsystem B:

ol > —1I(p? - XM), (20)

ext

where

O = Z pTrpf (I pP (0] = S(pf) 21
is the amount of entropy that can be decreased via measurement
and feedback on B, p® (k) is the reference state of B depending
on k, and

1(p? : XM) = S(p) = DS k) (22)
k

is the Holevo x quantity, which gives the amount of infor-

mation about B acquired by the measurement. Apart from

the information gain (16), Eq. (22) is non-negative for any

measurement operator M ,éa’ 5 [33]:

0<I(pf: XM) < HXM), (23)

since the effect of measurement back action does not directly
affect B.

Next, we derive the upper bound of the work that can be
extracted from subsystems A and B by assuming that their
initial states are given by the canonical distributions p* =
ePEHD and pP = ePF'~H" Such conditions are met by
the following entangled state [35]:

YA =272 e P k), @ k) (24)
k

where |k) 4 g is the kth energy eigenstate, € is the common
energy eigenvalue of A and B, and Z~: is the normal-
ization constant. Such a quantum correlated state can be
created experimentally by parametric amplification [36], and
plays a pivotal role in such diverse phenomena as Hawking
radiation [37], the dynamical Casimir effect [38,39], and
the Unruh effect [40]. By choosing the reference state to
be the canonical distribution p/ (k) = el ®-H{®] \ywhere
FA(k) := —p~ ' InTrexp[—BH(k)], we can relate o, to
work done on system A

Wh = Te[p HY) = > piTe[ pf () Hf (k)] (25)
k

and the free-energy difference AF4 := Y, pyF{*(k) — F* as
ext - /3 ext /SAFA' (26)
A similar relation holds for subsystem B. Then, (19) and (20)
lead to the inequality concerning the extractable work from

the quantum correlated state:

WA +WE < —AF* — AFE

ext
+ksT[I(pf : XM)+1(p® : X™)]. @7)
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The work gain beyond the conventional second law is
expressed by the mutual information contents between each
subsystem and the memory: I(p? : X¥) and I(p? : XM).
For initially uncorrelated states, /(o : X™) = 0 because the
work gain of B arises from the initial correlation between the
subsystems. Then, the result of Ref. [8] is reproduced for A,
Wi < —AF* + kgT1(p : XM), (28)

ext \

and the conventional second law holds for B, W2 < —AF5.
For a single system, a feedback control that achieves the upper
bound of the extractable work is constructed in Ref. [12].

C. Measurement cost

Next, we derive inequalities for the measurement process
by following Ref. [9], which gives the lower bound of the
measurement cost. We define the following quantity that
measures the additional entropy produced via measurement:

ot = ~Tal ol = S(aY). @9

where pM = 3" & Dk ,0r M (k) is the reference state of the memory
and the support of pM (k) belongs to HM Since the supports
of p} and pM (k) belong to the mutually orthogonal subspace

HM, we have
=2 T
k

Now we derive the lower bound of o, . First, note that

Inp] —

= Tr[pi" In "] = () In p (k)] + H(XM).

(30)

meq _ I(,OAB XM)

_ S( ABM) S ABM

Z piS (o (1))

+ Z piS (of? (k) — Z piTr[ !

() 1np k], GB1)
where pABM Yk pk,oABM(k). The equality in Eq. (31)

follows from Eq. (30) and the fact that p/ 8" (k)’s are mutually
orthogonal. We then have

Omes — I(IOIAB : XM)
= AS+ ) peS(p M0 o P () ® M (K)) = 0, (32)
k

where AS := S(pBM) — S(pABM) and the last inequality is
satisfied because the relative entropy is positive and the von
Neumann entropy of the density matrix that is averaged over
many runs of the projective measurement does not decrease
in comparison with the entropy of the premeasurement state
[33]. The equality in (32) is satisfied if p 8™ (k) = pAB(k) ®
,orM (k) and AS = 0. Inequality (32) gives the fundamental
lower bound of entropy that is produced under measurement.
The bound is expressed by the information gain between the
total system and the memory:

1(pf - XM) :=S(p{*") = Y piS(p*P k). (33)

k
When the initial and reference density operators of the memory
obey the canonical distributions ,0(1)"’ = piL,, = P —HD

and pM (k) = = PP -HD

M
Pr.can - oM can be related to work
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as

oM, = HOX™)+ BWY, — BAFY,  (34)
where WM .= 3", piTr[pM HM] — Tr[p) HY ]and AFM :=
> pe M — F. Then, (32) reduces to

mes = kBT[ ( AP : XM) -

which gives the lower bound of the measurement cost.
For initially uncorrelated states, /(o{*% : X™) reduces to the
classical result / (piA : XM)[9]. The measurement cost depends
on the amount of accessible information for the feedback
controller, and in the present case, the nonlocal correlation
between the subsystems should be considered.

HX"™)]+ AF",  (35)

D. Erasure cost

Next, we derive the lower bound of the work cost for
initializing the memory. The entropy production is given by

oM = S(pM) — S(p") — B Qers, (36)

where Qe := Tr[HR pf] — Tr[HR pX ]. Since the erasure
process is unitary for MR, the entropy production is non-
negative:

o = S(of") = S(pf") = Trlpess In p] —

=S (pers) + S(pers) — Tr[ogts In £, ]
= —Tr[ X In plf @ p&,] — S(p2EF)

= S(per" | Pers ® Pein) = 0. (37)

If o = 3" prpitean and p2

Tory = —HX™) + BWi + BAFY, (38)

S(p™)

= Ppan» We have

where

WM =Tr [pers

ers

Z kaI” pk CanHk ] Qers- (39)
k

Then, the erasure cost is given by [9]
> kgTH(XM) — AFM, (40)

this inequality reduces

ers =
For AFM =, to Landauer’s

principle [4].

E. Net work gain from entangled states

By combining the results derived above, we give the lower
bound of the net work gain from initially entangled states.
The net entropy that can be decreased from the total system is
characterized by one = 04, + 08, + oM, and it satisfies the
following inequality:

1o ) -

pf) is the quantum mutual information given by

Onet = 1(piA : 'OiB}XM)]’ (41)

where 1(p :
Eq. (3) and

1o : p’[X")
= Z PeLS(o () + S0P (K) — S(p P (k)] (42)
k
is the quantum mutual information between the subsystems

conditioned upon the measurement outcomes k. Inequal-
ity (41) can be derived by combining (19), (20), and (32)
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and using the identity
I(,oiA : XM) + I(piB : XM) - I(,oiAB : XM)
= 1(p{" o) = 1(p" : | X™), (43)

which results from the entropy balance in the protocol (see
Fig. 2). We can decrease the entropy of the total system up to
the right-hand side of (41) with the help of the measurement
and feedback.

We define the net work gain Wy, = WA, + WE — wM

WM which describes the work gain due solely to the initial

correlation. It follows from (27), (35), and (40) that
Woe < ksT [1(p : p7) — I(p{* : pP|XM)] — AF*E. (44)

This is the primary result of this paper. The net work gain
depends on the amount of the initial correlation between the
subsystems that the memory can access. This can be seen if
we use a Venn diagram since the term 1(p{ : pf) — I(p{* :
pB1XM) expresses the information that is shared by the three
systems A, B, and M. Since the available correlation for the
quantum state is larger than that for the classical state, we
can extract work from the entangled state beyond classical
correlation. For a two-qubit system, the maximum value of the
quantum mutual information I(p{ : p£)is 21n 2 for entangled
states, whereas it is In 2 for classically correlated states. If we
choose an appropriate scheme for measurement and feedback
control which utilizes all the correlation between subsystems,
ie., I(p : pB|XM) = 0, we observe that the upper bound of
the net work gain for the entangled states is twice as large
as that of the classically correlated states. The result (44)
demonstrates that quantum correlation can be utilized as a
resource to obtain the thermodynamic work gain. For initially
uncorrelated states, inequality (44) reduces to the conventional
second law for the total system including the memory: Wy <
—AF. By considering the cost for establishing the correlation,
we can show that (44) is consistent with the conventional
second law, as shown below.

F. Cost for creating entanglement

Let us start with an uncorrelated state p* ® p? of the
composite system AB and perform a unitary transformation
U4B to establish correlation: pA8 = U4BpA @ pBUTE The
amount of entropy that is produced in subsystems A and B
during this process is given by

ol = —Tr[,oiA In prA] — S(pM),

ent
e = —Tt[p{ Inp’ ] = S(p™), (45)
where the reference states are given by p# and pZ. By noting
that S(p*) + S(p®) = S(pB), we obtain
ol + O = S(oi* | 27) + 8(o | 07)
+5(of') +8(p) = S(0™) = S(p®)
> 1(pf" : pf). (46)

Inequality (46) states that the lower bound of creating corre-
lation is given by the quantum mutual information between
subsystems. The equality in (46) is achieved if and only if
pd = pft and p? = pf. Combining inequalities (41) and (46),
we obtain the lower bound on the total entropy that is produced

PHYSICAL REVIEW A 88, 052319 (2013)
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Memory
AB M
I(p{” . X
/

FIG. 2. (Color online) Entropy transfer in the protocol: (a) A and
B are initially entangled, where the negative entropy is described by
the quantum mutual information —I(p;* : p). We can decrease the
entropy of A and B up to I(p : p®) by performing an appropriate
unitary transformation on the entire system. (b) Measurement on A
and entropy transfer from the system to M. The information gain
of subsystem A is given by —1(p* : X™) and that of subsystem B
by —I(pf : X™), whereas the memory generates a positive entropy
I(pB . XM). (c) Feedback control performed on both A and B
produces negative entropies —I (o : X™) and —1(p® : X™), which
arise from the initial correlation —1(p{* : pf) and information gain
—I(p{*® : XM). Consequently, the total entropy of A and B decreases,
and work can be extracted from them. The correlation 1 (o : pB|X™)
between A and B remains nonvanishing, which, however, cannot be
utilized unless A and B are brought together to perform an appropriate
unitary transformation on the entire state.

under a thermodynamic cycle as

oyele = I(pf* = pP1XM) >0, (47)
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where o¢yele := 0l + 08, + 0ner. From (47), we find that
the entropy production is always positive and bounded from
below by I(p{* : p2|XM). The additional entropy production
1(pf : pB|XM) arises since the feedback control is limited to
local unitary operations, i.e., UkA ® U,f . If we are allowed to
perform a unitary operation U** on the composite system for
the feedback control, we can show that the entropy produced
under a thermodynamic cycle restores the conventional second
law. First, note that the entropy produced on the composite

system is bounded by
oo = —1(p{*? - XM, (48)

ext

where

o’ ==Y pTr[p* (k) In p P (k)] — S(o* ® p®).  (49)
k

and prAB (k) is the reference state which depends on k. We
note that this inequality directly follows by applying the result
discussed in Ref. [8] to the composite system A B. Combined
with the measurement cost (32), we observe that the total
entropy produced for a cyclic process restores the conventional
second law:

Feyete = 0. (50)
where o/ . 1= 0”4 ot Comparing inequalities (47)

and (50), we find that 1(p* : p|X™) measures the difference
in the performance between local and nonlocal feedback
operations.

To address the question of whether a more general LOCC
protocol would lead to a better work gain, let us prepare another
memory that measures B depending on A’s measurement
outcome k. Suppose that the outcome is [ € Y™ and the
postmeasurement state is given by

1
PP (k1) = p—M,?kp;*B(kwﬁ,J : (51)
11k

where M} is the measurement operator which depends on k

and satisfies the relation ) , Mf‘flek = 1. Here the sum is to
be taken over / only because this is a measurement conditioned
upon a particular outcome k of the preceding measurement.
The measurement on B enables us to obtain further knowledge
about A and B:

1ot ) - YM) = St P ) = 3 preS(0 B k.1).
!

(52)

Thus the results in (27)—(44) can be generalized by replacing
I(pf : XM) with

Lot = XMYM) = S(pf') = Y puapeS(p™ (k1)
k,l

= I(pf (k) : YM) + I(pf* : X™), (53)

PHYSICAL REVIEW A 88, 052319 (2013)

and a similar generalization can be made for B and AB.
Thus, (44) is generalized to

Whet < kgT [up{* o0 = puepid (07 (kD) pB(k,l))}
k,l

—AFAB, (54)

which results in a better work gain. The generalization to a
more complicated LOCC protocol is straightforward.

IV. DISCUSSIONS AND CONCLUSION

In contrast to Refs. [27,28], we have added here the work
gain which results solely from entanglement. We also note that
the work gain from entangled states using LOCC protocols
was discussed in Refs. [31,32]. Our result is quantitatively
different from theirs because the upper bound of work gain
in these references gives the same value for both entangled
states and classically correlated states for the same marginal
density matrix, whereas our result shows that genuine quantum
entanglement can be utilized to achieve further work gain. Fur-
ther work gain arises from the difference in the measurement
cost because the initial entropy of AB is smaller for quantum
correlated states than for classical ones. Therefore, the cost
required for the memory to compensate for the decrease in
the composite system’s entropy via feedback is different. It
is an interesting future problem to apply quantum discords
[41,42] to our setup by comparing thermodynamic work gain
between global operations and LOCC protocols. It is also
an interesting future problem to construct an explicit model
which achieves the lower bound of the measurement cost (35)
and also the upper bound of the net work gain (44) from
entangled states.

In conclusion, we have shown that entanglement can be
utilized to extract work beyond classical correlation and that
the maximal work is determined by the difference in the
quantum mutual information between the subsystems that
expresses the memory’s accessible information about the
system. The results of our work serve as the foundation for
controlling quantum correlated thermodynamic systems and
set the fundamental upper bound on the amount of work gain
that can be obtained from such systems.
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