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Scale breaking and fluid dynamics in a dilute two-dimensional Fermi gas
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We study two observables related to the anomalous breaking of scale invariance in a dilute two-dimensional
Fermi gas, the frequency shift and damping rate of the monopole mode in a harmonic confinement potential.
For this purpose we compute the speed of sound and the bulk viscosity of the two-dimensional gas in the
high-temperature limit. We show that the anomaly in the speed of sound scales as 2P — pc2)/ P ~ z/[In(T/ E)?
and that the bulk viscosity ¢ scales as £/n ~ z2/[In(T/E)]°. Here, P is the pressure, c? is the speed of sound,
n is the shear viscosity, z is the fugacity, and Ep is the two-body binding energy. We show that our results are
consistent with the experimental results of Vogt, Feld, Frohlich, Pertot, Koschorreck, and Kohl [Phys. Rev. Lett.
108, 070404 (2012)]. Vogt et al. reported a frequency shift §w/w of the order of a few percent and a damping

rate smaller than the background rate I /wy ~ 5%.
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I. INTRODUCTION

Scale invariant or nearly scale invariant fluids play a
role in many areas of physics. Examples include the three-
dimensional Fermi gas at unitarity, the quark gluon plasma
at very high temperature, and a number of fluids that can
be described in terms of holographic dualities [1,2]. A very
interesting example is provided by a two-dimensional gas of
fermions interacting via a zero range interaction. This system
is scale invariant at the classical level, but scale invariance
is broken in the quantum theory. The quantum mechanical
scattering amplitude depends logarithmically on a scale, which
we can take to be the binding energy Ep of the two-body
bound state. This is analogous to what happens in QCD in
three dimensions. QCD is classically scale invariant, but at
the quantum level scale invariance is broken and the coupling
depends logarithmically on the QCD scale parameter.

Two properties related to the breaking of scale invariance
were recently studied by Vogt et al. [3]. The first is the
frequency of the monopole mode in a harmonically trapped
gas. One can show that in a scale invariant gas this mode has
frequency 2w,, where wy is the frequency of the harmonic
confinement potential [4]. Deviations from this value provide
a measure of scale breaking [5,6]. Vogt et al. [3] found that
these deviations are small, on the order of a few percent, for
the entire range of parameters studied in their experiment. The
second observable is the damping of the monopole mode. In
a scale invariant fluid the monopole mode is undamped [7].
The experiments find the that the damping is too small to be
reliably measured, although one has to keep in mind that the
background damping rate is sizable, I' >~ 0.05wy.

In this work we present a rigorous calculation of the
frequency shift and the damping rate of the monopole mode
in the high-temperature limit. Our calculation is based on
the virial expansion for thermodynamic properties and on
kinetic theory for nonequilibrium effects. We show that the
results are in agreement with the measured frequency shift
and consistent with the failure of the experiment to observe a
nonzero damping rate. We note that the experimental data were
taken for T/Tr ~ 0.4 and a range of values of In(7r/Ep).
In the vicinity of the BCS-BEC crossover, corresponding
to In(Tr/Ep) ~ 0, it is not clear that a high-temperature
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calculation is quantitatively reliable. Ultimately comparison
between theory and experiment will determine in what range
of T/Tr the kinetic theory description is applicable. In the
case of the three-dimensional Fermi gas at unitarity there is
some evidence that kinetic theory is reliable for T 2 0.4TF
(see, for example, Ref. [8]).

Our study builds on earlier work that relates the frequency
shift of the monopole mode to scale breaking in the speed
of sound [5] and on our own work on bulk viscosity in the
three-dimensional Fermi gas [9]. In the latter work we showed
that the bulk viscosity of the three-dimensional Fermi gas near
unitarity scales as ¢ ~ [(AP)/P]*n, where AP = P — 2€
is the scale breaking part of the pressure and 5 is the shear
viscosity. Here, d is the number of spatial dimensions and &£
is the energy density. We show that the bulk viscosity of the
two-dimensional gas in the limit 7 > E is even smaller than
this estimate suggests. We find that ¢ is suppressed by two
additional powers of In(7/ Ep).

This paper is organized as follows. In Sec. II we introduce a
diagrammatic approach to the virial expansion. We also apply
this method to the calculation of the quasiparticle energy. In
Sec. III we compute the frequency of the monopole mode.
In Sec. IV we describe a calculation of the bulk viscosity in
kinetic theory. We use the result to compute the damping of
the monopole mode. We present an outlook in Sec. V.

II. EQUILIBRIUM AND QUASIPARTICLE PROPERTIES

A. Two-body interaction

A dilute gas of nonrelativistic spin-1/2 fermions can be
described by the effective Lagrangian

2

\% C
L= ¢T<i3o+%>1ﬁ— f(wﬂmz, (1)

where m is the mass of the fermion and Cj is the coupling
constant. The scattering amplitude in the spin singlet channel
is

A(E) = 2

Cy' —TI(E)’
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where I1(E) is given by
d’q 1
QP E— € yic’

I(E) = 3)

This can be compared to the general structure of the s-wave
scattering amplitude in two dimensions [10]

AE) = 4 1
 m —mwcot$(E)+in’

“4)

where 6(E) is the s-wave scattering phase shift. We conclude
that cot§(E) = % ln(ELB), where Ejp is the two-body binding
energy. We also define the scattering length a by Ez =1/
(ma®). The relation between C, and Eg depends on the
regularization scheme. In cutoff regularization we find

1 _om mEg
Colh) Eln( A2 ) ®

B. Thermodynamic potential

In order to compute the thermodynamic potential it is
useful to apply a Hubbard-Stratonovich transformation to the
effective Lagrangian. Introducing a complex difermion field
@ we can write

1
— |,
Co

(6)

where o is the Pauli spin raising matrix. The integration over
the fermion fields is Gaussian. We obtain an effective action
for the bosonic field ®,

. Vv?
L=y (iaz + %>¢f + [(Yory)® +He] +

-1 * VIR SO
§ = ~Trin(G (@0 D} + [ d'x o, ()
0
where G~! is a 2 x 2 matrix,
. i+ T o
G [P,0"] = " , |- (3
o 0 — 3

The thermodynamic potential €2 is computed using the
Matsubara formalism. We continue the fields to imaginary
time T and impose periodic (antiperiodic) boundary conditions
on the bosonic (fermionic) fields. We also introduce a
chemical potential for v. We evaluate the partition function
by expanding the logarithm in powers of ®. The leading term
is the free fermion loop,

vzT Z
Q) = 7[1 -5+ 0(z2)}, 9)
where v =2 is the number of degrees of freedom, z =
exp(u/T) is the fugacity, and A = [(27)/(mT)]"/? is the
thermal wavelength. Terms of order z*> and higher arise
from quantum statistics. The complete 0(z?) result includes
quadratic fluctuations in ®. We find

dzq —ly:
Q, = TZ/ P In[D~ ! (iwy,q)], (10)
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where w, = 2wnT are bosonic Matsubara frequencies and
D~ (w,,q) is the one-loop difermion polarization function

2 — f —
D*l(z‘wn,q)zf x {l S Jiwa }

Q) liwy, — & — &g Ep — 26

(1)

Here, f; = [exp(B&) + 117! is the Fermi-Dirac distribution,
& = € — 1, and ¢, = k?/(2m). In order to deriving Eq. (11)
we have used the relation between Cy and Ejp given in
Eq. (5). The sum over Matsubara frequencies in Eq. (10) can
be performed using contour integration. The result can be
expressed in terms of the discontinuity of D~!(w,q) along the
real axis in the complex frequency plane. We obtain

1
T 2w

o0 2
Q / do / K isein D (@ + i€ )] fup (@),
—0 (2m)?

12)

where fpp(w) = [exp(Bw) — 117! is the Bose-Einstein distri-
bution function. In order to compute €2, at second order in
fugacity z we need to evaluate D~!(w,k) to zeroth order in z.
We get

13)

w—%+2
Do) = 4ﬂ1n <—2—“>
T

Ep
The simplest strategy to compute the integral over @ and k
is to compute n = (9€2)/(du) and then integrate over u. The

result can be used to extract the interaction part of the second
virial coefficient. We find

dk —2Bek
8by = ePEr — 2/ —e—,
k [In(ak?)]? + w2
with B = 1/T. The result agrees with the expectation from

the standard Beth-Uhlenbeck expression for the second virial
coefficient in terms of the phase shift,

1 ds
8by = ePEs + —/dk — e P, (15)
T dk

The integral can be computed in terms of a function called
v(x) in Ref. [11]. We find

(14)

x'dt
Ft+1)
For small x the function v(x) can be expanded in in-
verse powers of In(1/x) (see Appendix B and Ref. [12]).

This expansion determines the virial coefficient in the limit
T > Ep. We get

$by(T) = v(BER), v(x) = / (16)
0

In(T/Eg) * [n(T/Ep)P "

where yr is Euler’s constant. We note that the virial expansion
in two dimensions was previously studied in Ref. [13].
Since this work was submitted for publication, additional
investigations have appeared in Refs. [14,15].

8by(T) =

a7

C. Quasiparticle properties

We can construct a systematic expansion for the two-
dimensional gas in the dilute limit by writing the Lagrangian
in terms of fermion and boson degrees of freedom. For this
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purpose we write the Lagrangian as the sum of free and
interacting terms, £ = Ly + £, with

Lo =98 (w.p)¥ + O*D (0, p)P,
Ly = [(Yo )@ +Hel + @*[Cy' — D N (w,p)]@

Here, S(w,p) = [w — &,]7" is the fermion propagator and
D(w, p) is the boson propagator given in Eq. (13). The bosonic
term in the interaction serves as a counterterm that removes
fermion loop insertions in the boson self-energy order by order
in the expansion. The leading-order fermion self-energy is
given by

(18)

d2
S(iwn k) =T Z/ (2:)22)(1'@” Fiopqg + )Siwnq).

19)

The Matsubara sum can be performed as in the previous
section. The resulting contour integral receives contributions
from the cut in the boson propagator and the pole in the
fermion propagator. At leading order in the fugacity expansion
we can neglect the cut contribution. In order to compute
the quasiparticle self-energy we analytically continue the
pole term to the on-shell point iw,, = &. The result can be
determined analytically as an expansion in [In(7/Eg)]~". We

get
2zT { 1 [ < ek>
ReX(k) = — 1— —Eil —=
In(T/Eg) In(T/Eg) T
+l“(2Tﬂ+”'}’
2T
O = e v

where Ei is the exponential integral. The quasiparticle energy
is E; = €, + ReX(k) and the width is 'y = —2ImX (k). We
note that ReX is momentum independent at leading order in
[In(T/E 517", but develops momentum dependence at next-
to-leading order. The imaginary part only appears at order
[In(T/E)]~? and is momentum independent.

III. FREQUENCY SHIFT OF THE MONOPOLE MODE

We follow the work of Refs. [5,16,17] and compute
the frequency of the monopole mode using a variational
method. The use of variational methods in hydrodynamics
was pioneered in Refs. [18,19]. The Euler equations follow
from the variational principle §S = 0, with § = [ d¢L and

1
/d2 |:2 5(,0 S) ext(r)

d -
—¢( +V - ))—E(—QS+V~(M,0§)>:|.
21

The hydrodynamic variables are the mass density p, the
velocity #, and the entropy per particle § = s/n. Here, s is
the entropy density and 7 is the particle density. The fields ¢
and & are Lagrange multipliers that enforce the continuity and
entropy conservation equations. £(p,5) is the energy density
and Vi is an external potential. We consider a harmonic,
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rotationally invariant potential Ve = %mwo? 2. We also add
Lagrange multipliers po and Tp to allow for solutions with
finite particle number and entropy,

1
D=Lt / Pr(pio + pSTy). 22)

Varying S” with respect to the hydrodynamic variables and
setting # = 0O we get the hydrostatic equations

apP

VP =—|Vp+ —| V5§ = —nVV, (23)
ap |; a5 0
- aT | - oT | = _
VT = —| Vp+ —| V§i=0. 24)
00 |5 o
The partial derivatives are related by the Maxwell relation
aT 10P
P =——= (25)
apl; pO5|,

We denote the solution to the hydrostatic equations by py and
5o. Small oscillations around this solution are governed by

1 ., 1 [/aP aT
L, = —/dzr [,oou2 - —(—) 6p)* — 2,00<—> pds
2 po\ dp /5 I /s

oT
- po( 5% ) (SS)z} (26)

A variational ansatz for monopole vibrations is given by u =
ge~'®", with iiy = oF. This ansatz corresponds to an exact
solution of the Euler equation in the scale invariant case. The
continuity equation implies that

bp = ==V (poiig), 85 = ——iip- V(). 27)

w w

The variational estimate for the mode frequency w is ob-
tained by setting L, to zero. Using the hydrostatic equations
[Egs. (23) and (24)] and the Maxwell relation [Eq. (25)] we
find [5]

oz =1l o] [[ [ o]
=1—= drys(r) drno(r)Vex(r) [, (28)
4a)0 2

with y», = 2P — ,ocf, where ¢? is the speed of sound. This
result has a simple physical interpretation: The deviation of
the monopole frequency from the value w = 2wy in a scale
invariant theory [4] is governed by the trap average of the
difference between the actual speed of sound and the sound
speed C?,o = 2P/p in a scale invariant gas.

In the dilute limit we can compute y, using the virial
equation of state. We find

2E2 E
yy = "By V~<_B>_ 29)
b4 T

We perform the trap average using the density profile in the
high-temperature limit,

mT (Tg 2 ma)gr2
no(x)—§<7) exp (— ) (30)

where Tr = ~/Nwy is the Fermi temperature of the trap. We
can now compute the frequency shift in the dilute limit:

w_2_1 1T2E12~} ” EB (31)
12 8 "\T)
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FIG. 1. (Color online) Frequency shift relative to the prediction
w = 2wy for a scale invariant fluid of the collective monopole mode
in a two-dimensional Fermi gas. The frequency shift is shown as a
function of In(kra) for T/ Tr = 0.42. The solid line is based on the
virial expansion, the dashed line shows the result at leading order in
1/[In(T/E )], and the data are taken from Fig. 1(c) in Ref. [3].

The result is shown in Fig. 1. We observe that the frequency
shift is in agreement with the data for In(kra) = 1.75. For
smaller values of In(kra) the contribution of the bound state
is large and the virial expansion breaks down. In Fig. 1 we
also show the contribution of the leading [In(T/Eg)]~' term
in the second virial coefficient. We observe that the leading
term dominates for In(kra) 2 2.

IV. BULK VISCOSITY AND THE DAMPING
OF THE MONOPOLE MODE

A. Chapman-Enskog expansion

In the context of hydrodynamics the damping of the
monopole mode is determined by the bulk viscosity of the
two-dimensional Fermi gas. In this section we use kinetic
theory and the Chapman-Enskog expansion to compute the
bulk viscosity. An analogous calculation of the shear viscosity
and the damping of the quadrupole mode can be found in
Refs. [20,21] (see also Refs. [22-24]).

In kinetic theory we write the stress tensor of the gas in
terms of the quasiparticle distribution function f,(x,). We
assume that the gas is spin symmetric so that f,j = pi = fp.
Close to equilibrium we can write

FoEot) = fOG) + 8fp(R.0) = f,?(z,n(l - %) (32)

where fg(?c,t) is the local equilibrium distribution in a fluid
with local velocity #(x,t), temperature T (X,t), and chemical
potential w(x,t). In the case of a fluid undergoing a scaling
expansion the off-equilibrium factor has the form v, =
xB(p)V - ii. The off-equilibrium distribution § fp induced by
the bulk stress V - i is determined by the Boltzmann equation:

I S
Df, = <E 0, Vo +F- V,,)f,,(x,t) =CIf,]. (33)

Here, v, = %,,E » 1s the quasiparticle velocity, F=-V,E »
is the force term, and C[f,] is the collision term. Using
the methods described in Ref. [9] the left-hand side of the
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Boltzmann equation can be written as

T 2 1. - 2 9
“Df =T 4 |2V, — T 52 S
fb Cy ’ 2 Cy SoP T
2
9 -
i B o (34)
Cy oT P

where h is the enthalpy per particle, ¢, and cr are the speed
of sound at constant entropy per particle and temperature,
respectively, cy is the specific heat at constant volume, and « is
the thermal expansion coefficient. This result can be simplified
by writing E, = €, + AEp and dropping terms of order 22
We get

T 2 2
—Dfy = {apCTh—mcsz—i—[l—ach]ep
Jo cy cy

1., - a a S
-p-V —+7T——-1|AE,; V-u.
+[2p ,,+,uaM+ 9T ] ,,} u

(35)

This result satisfies a number of consistency checks.
Equation (35) vanishes for a free gas and for a general
scale invariant gas characterized by a temperature-independent
second virial coefficient and a scale invariant dispersion law
of the form AE, ~ zTg(e,/T) where g(x) is an arbitrary
function.

In order to solve the Boltzmann equation in the limit
T > Ep we use the second virial coefficient given in Eq. (16)
and the quasiparticle energy using Eq. (20). We expand all
quantities to leading nontrivial order in [In(7/ E 2)]7!. We get
%Dfo = X,(V - i) with

. 2zT €
X0 = T/ EnD {? (o

() (@) e

where Ei(x) is the exponential integral. We note that both the
thermodynamic terms and the self-energy contain contribu-
tions of order [In(T/Eg)]~2, but these terms cancel and X »
scales as [In(T/E )72, Equation (36) satisfies two sum rules:

/ dr, f)X, =0, / dT, e, X, =0, (37)

withdI", = d?p/(2m)?. The sum rules follow from conserva-
tion of particle number and energy.

B. Collision term

The linearized collision operator can be written as

0
Clfy+8f] = ];—”CL[W)](% ), (38)

where, at leading order in the fugacity, the collision term is
dominated by two-body collisions. We have

4
Crlxs(p)] = / (Hdr,-) w(1,2;:3.4)fy)

i=2
x [x(p1) + x8(p2) — x8(p3) + x3(ps)],
(39
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where w(1,2; 3,4) is the transition rate,

w(1,2;3,4) = 27)*8> ( > ﬁ,)a ( > E,-) A7, (40)

and A is the scattering amplitude given in Eq. (2). In
order to be consistent with the calculation of the streaming
term we expand the scattering amplitude to leading order in
[In(T/Eg)]~". We get

4

=~ mIn(T/Eg)’ @

To leading order in z we can approximate the quasiparticle
energy by the noninteracting result £, > €,. The linearized
Boltzmann equation

Xp =Crlxs(p)] (42)

can be solved by expanding the off-equilibrium factor xz(p)
in Laguerre polynomials:

N
x5(p) = Zc,LO(ET") 43)

i=2

Restricting the sum to terms of order i > 2 guarantees that
the orthogonality constraints [Eq. (37)] are satisfied. The
coefficients ¢; can be determined by taking moments of
the Boltzmann equation [Eq. (42)] with L?(ep/T) for i =
2,...,N. As a first approximation we can take N = 2. We

find
v, 4(6_> <6_) "
4nln(T/E3)|: “N\7) T\ 7 ] (

The convergence of the expansion in Laguerre polynomials
was studied in the case of three dimensions in Ref. [9]. We
found that corrections to the leading term contribute to the
bulk viscosity at a level of less than 5%.

x8(p) =

C. Off-equilibrium stress and bulk viscosity

In fluid dynamics the trace of the stress tensor in the fluid
rest frame is given by I[1 = 1'[,, =P - {(V 1), where ¢ is
the bulk viscosity. In kinetlc theory this expression has to be
matched against

s, =2 f AT (@, - B)f, +v / dr, E, f, — ELf,].
45)

where v =2 is the number of spin degrees of freedom,
dr, = d? p/(2m)? is the phase space measure, f, = f(p,X,t)
is the quasiparticle distribution function, E, is the quasiparticle
energy, and U, = VE p is the quasiparticle velocity. We split
the distribution in an equilibrium and a nonequilibrium piece,
fp = [+ 8fp, and write the bulk stress as

N[ f +8f,] =

The _term S6IT is then identified with viscous correction
—¢(V - i) in fluid dynamics. We compute H[fl(,) +8fp] by

N[ f7] + 811 = 11° 4 811 (46)
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functionally expanding Eq. (45) in powers of §f,,. We find [9]

1. ) i)
81'[:1)de 5f,,( v, ™ —i—Tﬁ—l)AEp.

(47)

It is interesting to note that the bulk stress is determined by
the same scale violating part of the self-energy that appears in
the streaming term (35). This ensures that in a scale invariant
gas there is no bulk viscosity irrespective of the structure of
the off-equilibrium distribution function.

We can now compute the bulk viscosity by inserting the
solution of the linearized Boltzmann equation given in Eq. (44)
into the expression for the bulk stress. Comparing the result to
8T1 = —¢(V - it) determines the bulk viscosity. We find

25 -2
(= (48)
7 [In(T/Ep)]
This result is valid in the limit z << 1 and In(T/Eg) > 1.
Higher-order corrections in z require a calculation of the
pressure at the level of the third virial coefficient and the
inclusion of three-body scattering in the collision term. Higher-
order terms in [In(7/E)]~! can be determined by computing
the self-energy to all orders in the logarithm of 7/Eg, as we
have done for the second virial coefficient. However, unless
we include bosonic quasiparticles in the kinetic theory, the
result for the bulk viscosity will still break down for T ~ Ep.
We can compare Eq. (48) to the result for the shear viscosity
obtained in [20,21]
)\’72
n=— [In(T/Ep)L’, (49)

where we have taken the limit In(7/Eg) > 1 used in the
calculation of the bulk viscosity. We observe that ¢ is sup-
pressed by two additional powers of [In(T/E)]~! compared
to the expectation [9] ¢ ~ [(AP)/P]*n, where AP = P — £
is the scale breaking part of the equilibrium pressure. The
reason for this extra suppression is related to the fact that the
leading scale violating term in the quasiparticle energy is just
a shift in the chemical potential, which does not contribute to
the bulk pressure. Finally, we can write Eq. (48) in terms of
dimensionless ratios. We find
Tloc
(5 -

¢ 1 1
n 4x [In(T JEp)I*
where 7% is the Fermi temperature of the homogeneous gas.

D. Damping of monopole oscillations

The damping of the monopole mode is determined by the
amount of energy dissipated by viscous effects. Note that
the cloud remains approximately isothermal so that thermal
conductivity does not contribute to dissipation. The rate of
energy dissipation is

E= —%fdzr cr)(V - i), 51

and the damping constantis ' = —E/(2E), where E is energy
of the collective mode. Using the velocity profile & ~ 7 of the
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FIG. 2. (Color online) Damping of the collective monopole mode
in a two-dimensional Fermi gas. The figure shows I" /w,, the damping
rate in units of the trap frequency, as a function of In(kra) for T/ Ty =
0.42and N =4 x 10°.

monopole mode we find

= [/dzrg(r)]/[m/dzx no(r)72]. (52)

Note that, in contrast to the shear case [20,21], there is no
difficulty in carrying out the integral over ¢ () because the bulk
viscosity is proportional to a positive power of the fugacity.
The result in Eq. (52) can be evaluated in the same way as the
frequency shift considered in Sec. III. We get

r__1 ! (E) (53)
wo  32aNV2[In(T/Ep)*\ T )’

where N is the number of particles and Ty = V' Nay is the
Fermi temperature of the trap. The result is plotted in Fig. 2.
We consider the conditions explored in the experiment of Vogt
etal.[3], N = 4 x 10* and T/Tr = 0.42. Based on our results
for the frequency shift we assume that Eq. (53) is reliable for
In(kpa) 2 2. We observe that the damping constant in this
regime is extremely small, I'/wy < 10~*. This is consistent
with the measurements of Vogt et al. [3], who find I'/wy <
5 x 1072, but our result implies that it will be very difficult
to measure the bulk viscosity of the two-dimensional gas in
the BCS limit. We also note that the source of the background
damping rate remains poorly understood (see Ref. [25]).

V. OUTLOOK

The main results obtained in this work are the scaling of
the pressure anomaly (AP)/P ~ z/[In(T/Eg)]? and the bulk
viscosity ¢ /n ~ z2/[In(T / E)]° in the high-temperature limit
7z K landIn(T/Eg) > 1. These results quantitatively explain
the observed frequency shift of the monopole mode and the
failure of the experiment to detect a nonzero damping rate.

It would be interesting to extend the calculation to the
regime T ~ Ep. In the context of kinetic theory this would
presumably require the inclusion of explicit bosonic degrees
of freedom. Alternatively, one might try to compute the
pressure and the bulk viscosity using purely diagrammatic
methods. At weak coupling the mechanism for generating bulk
viscosity is related to a finite relaxation time for rearranging
the internal energy of the gas among noninteracting and
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interacting terms in the single-particle energy. For T ~ E the
physical mechanism is likely to be related to the formation of
molecules. This involves three-body collisions and is therefore
suppressed in the low-density limit z < 1, but the process may
be enhanced by powers of In(7T/Ep).

It is also important to consider the frequency dependence
of the bulk viscosity. Taylor and Randeria [5] proved the sum
rule

3/ dw¢(w) =3P — & — pc. (54)
T Jo

At high temperature the right-hand side scales as
22mT?/[In(T/E)]>. On the left-hand side the contribution
of the transport peak is (Aw)z?mT /[In(T/Ep)]*, where Aw
is the width of the transport peak. Consistency with the
sum rule then requires that Aw < T In(T/Eg). This bound
can be compared to the width of the transport peak in
the shear channel, which is Aw ~ zT/[In(T/Ep)]> < T.
Taylor and Randeria [5] also studied the tail of the spec-
tral function (see also Ref. [26]). They found ¢(w) ~
22A72T H{w[In(w/ E )*[In(T / E5)]?}, where we have used the
high-temperature limit of the contact. This result matches the
kinetic theory prediction for w ~ T'.
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APPENDIX A: THERMODYNAMICS

In this Appendix we compute thermodynamic properties
like the scale breaking contributions to the equation of state
and the speed of sound using the virial equation of state. We
follow the methods used in Ref. [9]. At second order in the
virial expansion we have P = f\—f(z + by(T)zZ?). At this order
the scale breaking contribution to the equation of state is

P—_E = —zTb,(T). (A1)
The enthalpy per particle is
h =2T{1 = z[by(T) — 3THY(T)]} (A2)
and the specific heats are given by
ev = =5 {1 +202b2(T) + T*B4(D)1} (A3)
cp = ey + {1 +2lba(T) = 2TH(DN.  (Ad)

The speed of sound at constant 7" and s /n as well as the thermal
expansion coefficient are as follows:

i = %[1 — 2zby(T)], (A5)

2= %T{l — z[bz(T) + THy(T) + %szg(T)} } (A6)
1

a = —{1 4 z[2by(T) — THy(T)]}.

(AT)
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Using these results we can compute the scale breaking
parameter y»:

T2Z2

m
Y2 =2P — pc? = [2Tb5(T) + T*b5(T)].  (A8)

APPENDIX B: ASYMPTOTIC EXPANSION OF v»(x)
The asymptotic expansion of v(x) can be found by writing

b(x) = /Oodt exp[—? In(1/x)]

Ci+1) B
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and Taylor expanding the y function, I'(t + 1)~ = 1 4 ygt +

(% — T2 + 0(). We find

2 2
YE YE 6

= +

In(1/x) ~ [In(1/x)1* ~ [In(1/x)}}
We can now apply this results to the thermodynamic quantities
studied in Appendix A. We find, in particular,

V(x) +.-. (B2

_ mT?72 2yE
P-é= n[ln(T/EB>]2{ +1n<T/EB)+"'}’ ®3)
_ mT?72 2y — 2
= _n[ln(T/EB)P{ In(T/Ep) +} B9
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