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generation with core electrons

Christian Buth,1,2,* Feng He (��),2,3 Joachim Ullrich,2,4 Christoph H. Keitel,2 and Karen Z. Hatsagortsyan2

1Argonne National Laboratory, Argonne, Illinois 60439, USA
2Max-Planck-Institut für Kernphysik, Saupfercheckweg 1, 69117 Heidelberg, Germany

3Laboratory for Laser Plasmas and Department of Physics, Shanghai Jiao Tong University, Shanghai 200240, China
4Physikalisch-Technische Bundesanstalt, Bundesallee 100, 38116 Braunschweig, Germany

(Received 21 May 2013; published 27 September 2013)

High-order harmonic generation (HHG) in simultaneous intense near-infrared (NIR) laser light and brilliant
x rays above an inner-shell absorption edge is examined. A tightly bound inner-shell electron is transferred into the
continuum. Then, NIR light takes over and drives the liberated electron through the continuum until it eventually
returns to the cation leading in some cases to recombination and emission of a high-order harmonic (HH)
photon that is upshifted by the x-ray photon energy. We develop a theory of this scenario and apply it to 1s

electrons of neon atoms. The boosted HH light is used to generate a single attosecond pulse in the kiloelectronvolt
regime. Prospects for nonlinear x-ray physics and HHG-based spectroscopy involving core orbitals are discussed.
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I. INTRODUCTION

High-order harmonic generation (HHG) by atoms in intense
near-infrared (NIR) laser fields is a fascinating phenomenon
and a versatile tool; it has spawned the field of attoscience, is
used for spectroscopy, and serves as a light source in many opti-
cal laboratories [1–3]. Within the single-active electron (SAE)
approximation [4] and the three-step model of HHG [5], the
NIR laser tunnel ionizes a valence electron and accelerates it in
the continuum. When the NIR laser field changes direction, the
liberated electron is driven back to rescatter (or recollide) with
the parent ion. This may cause the electron to recombine with
the ion whereby the excess energy due to the atomic potential
and due to the energy gained from the NIR laser field is released
in terms of a high-order harmonic (HH) of the NIR frequency.
In HHG each rescattered wave packet generates an individual
attosecond burst of radiation. Thus using an ultrashort NIR
laser pulse leads to an attosecond pulse train [6] in which
the individual bursts are separated by a half-cycle period of
the NIR laser from which a single burst can be isolated by
filtering out the harmonics close to the HHG cutoff [7].

The recollision-scenario-based HHG is efficient up to a
driving laser intensity of ∼1016 W/cm2 at infrared wave-
lengths which corresponds to a HH photon energy at the
cutoff of ∼10 keV. At higher intensities, the relativistic
drift motion of the continuum electron in the direction of
propagation of the driving laser field prohibits recollision
and, consequently, suppresses HHG [8]. There are methods
to counteract the relativistic drift [3,9,10]; nonetheless, the
HH photon yield decreases dramatically with rising photon
energy due to the reduced recombination cross section and
the decreased probabilities of ionization per harmonic. In the
nonrelativistic regime, HHG has been pushed to its limits
in recent works using midinfrared lasers [11] at intensities
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of ∼1015 W/cm2. Long-wavelength driving lasers allow a
large ponderomotive potential at relatively low electric field
strengths which decreases the ionization background and
improves phase matching of the HH light in a macroscopic
medium with respect to shorter driving laser wavelengths.
Meanwhile, the low probability of HH emission at high photon
energies is compensated by using high gas pressures [12].

Present-day theory of HHG mostly gravitates around HHG
from valence electrons and the SAE approximation [1–3,5,13].
Frequently, this mindset is also applied to two-color HHG
where a NIR laser is combined with VUV or XUV light which,
thereby, assists in the ionization process leading to an overall
increased yield [14]. This principle is evolved further by using
attosecond XUV pulses to modify the HHG process which
increases the yield for a certain frequency range by enhancing
the contribution from specific quantum orbits [15]. However,
there are only a few exceptions, e.g., Refs. [16,17], in which
many-electron effects are treated for two-color HHG. Fleischer
and Moiseyev [16] include implicitly other electrons by using
a frequency-dependent polarizability for the atoms. Then the
XUV light is found to cause new plateaus to emerge at higher
energies, however, with a much lower HH yield. Explicit
two-electron effects in two-color HHG are considered in Refs.
[17]; there, the XUV photon energy is tuned to the core-valence
resonance in the transient cation that is produced in the course
of the HHG process by tunnel ionization. This leads to a
second high-yield plateau that is shifted to higher energies
by the XUV photon energy. A precursor of HHG boosted
by x rays is x-ray and optical wave mixing—specifically
sum-frequency generation (SFG) of x rays and an optical
laser—which was demonstrated at LCLS by Glover et al. [18]
with a conversion efficiency of 3 × 10−7. This experiment
offers a novel way to probe matter and is a very encouraging
motivation of our theoretical research on x-ray-boosted HHG,
to be discussed in what follows. X-ray and optical wave mixing
was proposed theoretically [19] in the 1970s but only recently
it has been observed experimentally due to the novel FELs
with unprecedented x-ray intensity [18]. The successful SFG
of NIR light and x rays inspires confidence in the prospects of
x-ray-boosted HHG.
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FIG. 1. (Color online) Schematic of the modified three-step
model of HHG with core electrons ionized by x rays. (a) X-ray
absorption ejects a core electron (b) which is subsequently driven
through the continuum by the NIR light; (c) upon returning to the
parent ion it may recombine with the core hole and release its excess
energy in terms of a high-order harmonic of the NIR laser upshifted
by the x-ray photon energy. The NIR laser has only a noticeable
influence on valence and continuum electrons and barely influences
core electrons. The converse holds true for the interaction with the
x rays.

In this paper, we consider x-ray photons from a free electron
laser (FEL) such as the Linac Coherent Light Source (LCLS)
[20] that couple core electrons directly to the continuum. Our
SAE scheme is depicted in Fig. 1 and proceeds in allusion to the
three-step model of HHG [5] as follows: (a) The atomic core
is ionized by one-x-ray-photon absorption; (b) the liberated
electron propagates freely in the electric field of the NIR laser;
(c) the direction of the NIR field is reversed and in some cases
the electron is driven back to the ion and recombines with it
emitting HH radiation. Although Fig. 1(a) suggests that the
electron is born at a specific phase of the NIR light, this is not
the case; instead, electrons are ejected during the entire x-ray
pulse. Because of that electrons appear in the continuum at any
phase of the NIR laser which is in contrast to the usual NIR-
laser-only HHG [1] where ionization predominantly occurs
close to the peak of the electric field of the NIR laser. We
exemplify our method for 1s core electrons of neon with an
ionization potential (IP) of IP = 870.2 eV [21]. This yields
HH radiation close to kiloelectronvolt photon energies from
which we isolate a single attosecond pulse.

X-ray-boosted HHG offers completely new prospects for
HH spectroscopy by involving core electrons; it thus goes
beyond a mere extension of the HHG cutoff into the kilo-
electronvolt regime for which one may use conventional
concepts that are laboratory size and valence-electron based.
The paper is structured as follows. In Sec. II we develop a
theory of x-ray-boosted HHG with core electrons. Results
of single-atom HHG and estimates of phase matching in a
macroscopic medium are discussed in Sec. III. We conclude
our work in Sec. IV.

All equations are formulated in atomic units [22]. The
Bohr radius 1 bohr = 1 a0 is the unit of length, 1 t0 rep-
resents the unit of time, the unit of energy is 1 hartree =
1 Eh, and charge is quantified in units of the elementary
charge 1 e. Intensities are given in units of 1 Eh t−1

0 a−2
0 =

6.43641 × 1015 W cm−2. Electric polarizabilities are speci-
fied in 1 e2 a2

0 Eh
−1 = 1.64878 × 10−41 C2 m2 J−1.

II. THEORY

In the following, we develop a quantum theory of x-ray
ionization-based HHG using the SAE [4]. This approximation
is justified by recent works on neon excited and ionized by

x rays which show that the excitation and ionization process
by x rays is well described by the independent electron
approximation [23–28]. However, electron correlation in the
ground state and final states plays a role in the photoionization
process, particularly in the near-threshold regime, and needs
to be accounted for if the accuracy of the description is to be
improved. The ground state |0〉 is represented by the electron
in the core orbital of the atomic ground state. Continuum
states are described by plane waves |�k〉 for �k ∈ R3 where we
neglect the impact of the atomic potential which is termed the
strong-field approximation [13,29]. The Hamiltonian of the
model is

Ĥ = ĤA + ĤL + ĤX, (1)

with the atomic electronic structure Hamiltonian ĤA and the
interaction of the SAE with the NIR laser ĤL, and the x rays
ĤX is expressed in the electric dipole approximation in length
form [30]. The SAE-model electronic structure is

ĤA = |0〉
(

− IP − i

2
�′

0(t)
)
〈0|

+
∫
R3

|�k〉
( �k2

2
− i

2
��k(t)

)
〈�k|d3k, (2)

where IP is the IP of the core electron. In Eq. (2), we need
to account for the finite lifetime of the involved states due to
ionization and Auger decay. The total destruction rate of the
ground state due to x-ray and NIR-laser-induced ionization—
that involves also core electrons—is expressed as �0(t)
whereas �′

0(t) stands for ionization of valence electrons only.
The destruction of core-ionized states by Auger decay [31]
and ionization is given by ��k(t). Here, �′

0(t), �0(t), and ��k(t)
depend on time because photoionization is determined by the
envelope of the NIR and x-ray pulses. The subscript “�k” is only
a label as ��k(t) depends negligibly on �k for fast continuum
electrons. For a linearly polarized NIR laser with an electric
field �EL(t), we have

ĤL =
∫
R3

∫
R3

|�k〉〈�k| �EL(t) · �r|�k′〉〈�k′|d3kd3k′, (3)

where �r is the electric dipole operator. The form of ĤL

incorporates only the impact of the NIR laser on continuum
electrons; it does not describe the coupling of valence electrons
to the continuum. Ionization is treated via �′

0(t), �0(t), and
��k(t) whereas conventional HHG from valence electrons is
not included; it can be described via the established approach
of Lewenstein et al. [13]. Further, the interaction with the
x rays is given by

ĤX =
∫
R3

|�k〉〈�k|EX(t) �eX · �r|0〉〈0|d3k + H.c., (4)

with the electric field EX(t) and the linear polarization
vector �eX of the x rays. Inner-shell electrons are tightly bound
such that the NIR laser hardly affects them. Hence, in the
transition matrix elements only the x-ray term is present, i.e.,
〈�k|ĤX|0〉.

Based on the above model of an atom in two-color light,
we derive equations of motion (EOMs) for its time evolution
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using the following ansatz [13] for the SAE wave packet:

|�,t〉 = ei IP t [a(t)|0〉 +
∫
R3

b(�k,t)|�k〉d3k]. (5)

Inserting Eq. (5) into the time-dependent Schrödinger equation
i ∂

∂t
|�,t〉 = Ĥ |�,t〉 and projecting onto 〈0| yields the EOM

for the ground-state amplitude

i ȧ(t) = − i

2
�′

0(t) a(t) + EX(t)
∫
R3

b(�k,t)〈0|�eX · �r|�k〉d3k. (6)

Projecting onto 〈�k| for all �k ∈ R3 results in EOMs for the
continuum amplitudes

i
∂b(�k,t)

∂t
=

[
IP +

�k2

2
− i

2
��k(t)

]
b(�k,t) + i �EL(t) · �∇k b(�k,t)

+ a(t) EX(t) 〈�k|�eX · �r|0〉. (7)

The NIR laser related matrix elements are determined using
Eq. (3) yielding 〈�k|ĤL|�k′〉 = i �EL(t) · �∇k δ3(�k − �k′).

To solve the coupled system of linear first-order partial
integro-differential equations (6) and (7), we realize that the
second term on the right-hand side of Eq. (6) represents the
core-ionization rate by the x rays. Hence we may drop this term
and account for its contribution by replacing �′

0(t) with �0(t).
This approximation decouples Eq. (6) from Eq. (7) which can
now be integrated assuming that there is no light for t < 0.
The solution is

a(t) =
{

1, t < 0,

e− 1
2 �0(t), t � 0,

(8)

where the temporal destruction exponent is defined by

�i(t) = θ (t)
∫ t

0
�i(t

′)dt ′, (9)

with the Heaviside step function θ [32] for i ∈ {0} ∪ {�k |
∀ �k ∈ R3}. With the closed-form solution of Eq. (8), we
integrate Eq. (7) formally [13] by introducing the canonical
momentum �p = �k − �AL(t) and the vector potential of the NIR
laser �AL(t) = − ∫ t

−∞ �EL(t ′)dt ′. This yields for the continuum
amplitudes

b(�k,t) = (−i)
∫ t

0
a(t ′) EX(t ′)〈 �p + �AL(t ′)|�eX · �r|0〉

× e−i S( �p,t,t ′) e−i ωX (t−t ′)

× e− 1
2 [��k(t)−��k (t ′)]dt ′ | �p=�k− �AL(t) , (10)

with the quasiclassical action

S( �p,t,t ′) =
∫ t

t ′

[
1

2
[ �p + �AL(t ′′)]2 + IP − ωX

]
dt ′′, (11)

where we neglected the dependence of ��k(t) on �k in Eq. (10).
Having solved the EOMs, we calculate the HH emission

along the direction �eD which is determined by the electric
dipole transition matrix element [5,13,17,33],

D(t) =
∫
R3

a∗(t) 〈0|�eD · �r|�k〉 b(�k,t)d3k = D′(t) e−i ωX t ,

(12)

introducing the slowly varying dipole moment D′(t). Inserting
Eqs. (8), (10) and (11) into Eq. (12) and using the saddle-point
approximation [32] to simplify the triple integration over �k
produces

D′(t) = − i

2

∫ t

0

√
(−2 π i)3

τ 3
〈0|�eD · �r| �pst(t,τ ) + �AL(t)〉

× 〈 �pst(t,τ ) + �AL(t − τ )|�eX · �r|0〉 e−i Sst(t,τ )

× EX(t − τ ) e− 1
2 [�0(t)+�0(t−τ )+��k (t)−��k (t−τ )]dτ.

(13)

Here we introduced the excursion time τ = t − t ′ of the
electron in the continuum; at the stationary point (saddle point),
for which �∇p S( �p,t,t ′) = 0 holds, the canonical momentum is

�pst(t,τ ) = − 1

τ

∫ t

t−τ

�AL(t ′)dt ′ (14)

and the quasiclassical action [Eq. (11)] at the stationary
point is Sst(t,τ ) ≡ S( �pst(t,τ ),t,t − τ ). The term e−i ωX (t−t ′)

in the middle line of Eq. (10) was omitted by employing
the rotating-wave approximation [30], i.e., only the positive
frequency components of the x-ray electric field E+

X (t) remain.
Specifically, we introduce the decomposition

E+
X (t) = 1

2 EX(t) e−i ωX t (15)

with the complex field envelope EX(t) = E0X(t) e−i [ϕX(t)+ϕX,0],
the real field envelope E0X(t), the time-dependent phase ϕX(t),
and the carrier to envelope phase (CEP) ϕX,0 [34].

The emission of HH light is quantified by the harmonic
photon number spectrum (HPNS) [17,33] of a single atom,
which is the probability density function [32] to find a
HH photon with specific energy ω. Along the propagation
axis of the NIR laser, the HPNS is

d2P (ω)

dω d�
= 4 π ω �(ω) |D̃(ω)|2, (16)

with the density of free-photon states �(ω) = ω2

(2π)3 c3 in the
interval [ω,ω + dω] [30], the speed of light in vacuum c, and
the solid angle �. The HHG spectrum of Eq. (16) follows from
the Fourier transformation [32] of D(t) denoted by D̃(ω); the
transforms of D(t) and D′(t) [Eq. (12)] are related by D̃(ω) =
D̃′(ω − ωX); i.e., the entire harmonic spectrum is shifted by
ωX toward higher energies.

III. RESULTS AND DISCUSSION

A. Single-atom high-order harmonic generation

We apply our theory to generate HH radiation from 1s core
electrons of a neon atom where the linear polarization vectors
of NIR laser �eL, x rays �eX, and HH emission �eD are along
the z axis. The atomic orbitals of neutral neon are calculated
in Hartree-Fock-Slater approximation [36] with the program
of Herman and Skillman setting α = 1 [37]; they are used
to evaluate the electric dipole matrix elements in Eq. (13)
following Sec. V A of Ref. [38]. Present-day FELs generate x
rays on the basis of the self-amplification of the spontaneous
emission (SASE) principle [20]. We model SASE pulses with
the partial coherence method [28,39]. Two sample pulses
are displayed in Fig. 2 where modeling parameters are
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FIG. 2. (Color) Two exemplary SASE x-ray FEL pulses (black
and red) for an x-ray photon energy of ωX = 569 ωL = 881.8 eV.
The electric field envelope E0X(t) is specified in units of the peak
electric field E′

0X for the peak intensity of 2.2 × 1016 W/cm2 and
is represented by solid lines whereas the phase ϕX(t) is depicted as
dashed lines with CEP ϕX,0 = 0. The average FWHM pulse duration
of an ensemble of SASE pulses is 1.5 optical cycles with a cosine
square pulse envelope [35]. The average pulse spectrum is taken to
be Gaussian with a FWHM bandwidth of 8 eV which corresponds to
a coherence time of 0.24 fs.

specified in the figure caption. The chosen x-ray photon energy
ωX = 881.8 eV is above the K edge but still fairly close
to it such that ionization by x rays is efficient. The rate of
destruction of neutral and core-ionized neon is determined as
follows. For destruction with photoionization by x rays, we
use the total ionization cross section (involving 1s, 2s, and
2p electrons) at ωX which is σ0 = 3.0 × 10−19 cm2 for the
neutral atom and σ�k = 3.1 × 10−20 cm2 for the core-ionized
cation obtained with Ref. [40]. Double core hole formation via
ionization of the remaining core electron of the core-ionized
state is energetically not possible for the chosen ωX; core
excitation of a second electron is also not included in σ�k .
Additionally, the NIR laser destroys the system by tunnel
ionization which occurs with the instantaneous rate �0,L(t)
that is determined with the Ammosov-Delone-Krainov (ADK)
formula [41] and the valence IP of neon 21.5645 eV [42].
At the chosen peak intensity (caption of Fig. 3), the cycle-
averaged destruction rate of a neutral neon atom at the peak
intensity of the NIR laser is 0.03 eV. The ionization rate for
a core-ionized neon cation is set to zero, i.e., ��k,L(t) = 0,
because the valence IP of core-ionized states is much larger
than the valence IP of the neutral atom leading to a vanishingly
small width due to the exponential dependence of the ADK rate
on the IP [41]. Summing up all destructive contributions yields
for a neutral neon atom

�0(t) = σ0 JX(t) + �0,L(t) (17)

and for a core-ionized neon cation

��k(t) = �c + σ�k JX(t) + ��k,L(t), (18)

where JX(t) is the instantaneous x-ray flux. In Eq. (18), we
account also for destruction of the system by Auger decay of
the core hole [31]. The experimental width of a Ne 1s core
hole, �c = 0.27 eV, is taken from Ref. [21].

Although neon atoms are destroyed by the mechanisms
discussed above and are thus no longer available for the
HHG process that is modeled in this paper, there are secondary
HHG processes involving the produced cations. Namely,

units of

FIG. 3. (Color online) Harmonic photon number spectra (HPNS)
[Eq. (16)] for 1s core electrons of neon using the SASE pulses of
Fig. 2. The solid, black line is from the black SASE pulse and the
dashed, red line from the red pulse. The x-ray intensity (caption of
Fig. 2) was chosen such that the ionization probability is the same
as the tunnel ionization probability by the NIR laser. The NIR laser
vector potential �AL(t) has a cosine square pulse envelope [35] with a
FWHM duration of 1.5 optical cycles, CEP ϕL,0 = π/2, and a peak
intensity of 5 × 1014 W/cm2 for 800 nm wavelength, i.e., the photon
energy is ωL = 1.55 eV.

HHG spectra from neon dications which are produced by
Auger decay are shifted significantly in energy with respect
to the spectra discussed here because the returning continuum
electron can only recombine with a valence orbital and conse-
quently the added energy difference due to the IP for valence
orbitals is much smaller than for core orbitals. Therefore, these
HHG processes are excluded from our treatment; their light
can be suppressed experimentally by a suitable filter [43].
Further, for two-color light, additional photoionization occurs
with fairly low probability for neutral and core-ionized neon
induced by both the NIR laser and the x rays. As we choose
the x-ray energy quite close to the core-ionization threshold,
destruction by double core ionization, etc., is energetically
forbidden [26] and only core excitations and valence ionization
by x rays are allowed which are fairly small. The resulting
HHG spectra from the produced neon dications are again
shifted noticeably in energy with respect to the spectra
discussed here because of the changed IP and thus can be
clearly distinguished.

Spectra from HHG with 1s core electrons of neon for the
two SASE pulses of Fig. 2 are shown in Fig. 3. We see an
upshifted HPNS toward higher harmonic orders as well as an
appreciable impact of the SASE pulse shape on the spectra as
was also found for x-ray-boosted HHG based on resonant core
excitations of the transient cation during the HHG process [17].
Although a variation due to SASE pulses is clearly visible, it
is not dramatic and the overall structure of the two HPNS
is similar. For an accurate description of the HPNS below
the IP of the core shell of IP = 870.2 eV = 861 ωL [21], also
influences from the Rydberg states of neon need to be taken
into account (e.g., Ref. [44] and references therein), which
were not included in our theory of Sec. II. Hence these parts
of the HPNS are not shown in Fig. 3.

To gain deeper insight into the temporal evolution of the
emission of HH light from core electrons, we carry out a
time-frequency analysis of the dipole moment Di(t) [Eq. (12)]
for SASE pulse i ∈ {1,2} from Fig. 2 (the first and the
second pulses are drawn in black and red, respectively) with a
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FIG. 4. (Color) Difference plot [Eq. (21)] of the time-frequency
analysis [Eq. (19)] of HHG with 1s core electrons of neon for the
black and the red SASE pulses of Fig. 2. The plotted values are

unity for | ˇ̃
D1(t,ω)| = | ˇ̃

D2(t,ω)| and they are zero in the limit that the
absolute value of the difference between both dipole moments goes

to infinity. For the plotting, we set values log10 | ˇ̃
D1(t,ω)|2 < −22 to

−80 and values log10 | ˇ̃
D2(t,ω)|2 < −22 to −40 in Eq. (21).

short-time Fourier transform—also called windowed Fourier
transform—which reads

ˇ̃
Di(t,ω) =

∫ ∞

−∞
Di(τ ) Wi(τ − t) ei ω τ dτ, (19)

using a Gaussian window function

Wi(t) = 1√
2π σw

e−t2/2σ 2
w , (20)

with a variance of σw = 0.1 fs where the transform is not
particularly sensitive to this choice. The resulting time and

frequency dependent dipole moment ˇ̃
Di(t,ω) is employed in a

difference plot in Fig. 4 that shows the function

�(t,ω) = 10−| log10 | ˇ̃
D1(t,ω)|2−log10 | ˇ̃

D2(t,ω)|2|. (21)

For all t , ω for which the absolute values of the windowed
Fourier transforms of the two pulses are equal, �(t,ω) is unity.
Conversely, the larger the difference between the windowed
Fourier transforms, the closer �(t,ω) approaches zero.

Inspecting the difference plot [Eq. (21)] in Fig. 4 of the
time-frequency analysis of the dipole moment [Eq. (19)] for
the two FEL x-ray pulses of Fig. 2 reveals that the imprinting
of the SASE pulse shape onto the HPNS is noticeable but
the temporal evolution of HH emission is largely determined
by the NIR laser. Clearly, the cycles of the NIR laser can
be identified and the emission of HH radiation from x-ray-
boosted HHG follows it closely. For the harmonics close to
the cutoff, only the probability of harmonic emission differs
between the HPNS for the two FEL x-ray pulses preserving
the pattern imposed by the NIR laser. The largest influence
of the SASE pulse shape is on the low harmonics up to a
harmonic order of 600. Here the cycle structure of the NIR
laser is significantly altered in the difference plot and largely
dissolved in a flamelike shape indicating an appreciable impact

FIG. 5. (Color online) Attosecond pulses from x-ray-boosted
HHG for harmonics with ω � 608 ωL. The pulse shapes are approxi-
mated by Gaussian functions with a FWHM duration of 220 as. Line
styles as in Fig. 3.

of the SASE pulse shape onto HH emission. Namely, for NIR-
laser-only HHG, the highest HH photon energies are generated
from electrons that are ionized close to the maximum of the
NIR laser field [1]. Inspecting Fig. 4, we find a similar property
for x-ray-boosted HHG where the highest harmonic orders are
emitted around the maximum of the electric field. This implies
that these harmonics are generated during a short time interval
in which only a small part of the FEL x-ray pulse influences
their generation causing only a variation of the HH yield but
not a noticeable modification of the shape of the HPNS close
to the cutoff. Conversely, low harmonic orders are generated
by longer stretches of the NIR laser pulse; i.e., longer time
intervals of the FEL x-ray pulse are sampled. This leads to a
much larger dependence of the lower harmonics on the FEL
x-ray pulse shape as is revealed in Fig. 4.

For the NIR-laser field of 1.5-cycle FWHM duration used
to compute Fig. 4, the intensity of each cycle is different; the
highest harmonic orders are produced at the peak of the NIR
laser pulse where the single maximum of the vector potential
produces the orders larger than 608. By filtering out harmonic
orders lower than 608, we obtain the single attosecond pulses
shown in Fig. 5 for the two FEL x-ray pulses of Fig. 2 that we
fit with a Gaussian profile of FWHM duration of about 220 as.
The SASE pulse shape impacts only the peak intensity of the
attosecond pulses.

The difference between NIR laser-only HHG from Ne 2p

valence electrons and x-ray boosted HHG with Ne 1s core
electrons is caused by the following four points. First, the
initial ionization step is mediated, on the one hand, by tunnel
ionization and, on the other hand, by a one-x-ray-photon
absorption process. Tunnel ionization occurs predominantly
along the linear NIR laser polarization axis leading to a
continuum electron wave packet elongated along this axis [41].
In contrast, one-x-ray-photon ionization of a Ne 1s elec-
tron produces a wave packet with the figure-8 shape of a
p wave [38]. Hence only part of the electron wave packet
which is ejected along �eL will have a significant probability
to recombine with the ionic remnant and thus contribute to
HHG. Second, core-hole recombination is less efficient than
valence-hole recombination due to more compact core orbitals
compared with valence orbitals. This causes the dipole matrix
element, which is responsible for core-hole recombination,
to have a smaller overall magnitude than for valence-hole
recombination. Third, valence holes are stable whereas core
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(a) (b)

FIG. 6. (Color online) Schematic of (a) propagation of a NIR
laser pulse, FEL x rays, and the generated HH light in a macroscopic
medium. (b) Longitudinal phase matching condition of HH emission
by two atoms. Here, L is the length of the macroscopic medium and
θ is the opening angle of the cone of coherent HH emission.

holes decay. Hence the HH yield for core holes is reduced
compared with valence holes because there is a significant
probability for core holes to decay during the excursion of
the core electron in the continuum. Fourth, tunnel ionization
releases electrons at rest but one-x-ray-photon ionization ejects
electrons with a kinetic energy of ωX − IP. For ωX � IP, the
NIR laser electric field may not be strong enough to drive
liberated electrons back to the atom such that they cannot
recombine with the parent ion and no HH light is emitted.

B. High-order harmonic generation in a macroscopic medium

We have investigated x-ray-boosted HHG from a single
atom. In order to predict the yield of HHG from a macroscopic
ensemble of atoms, one needs to examine the propagation of
the FEL x rays, the NIR laser light, and the generated HH light
in a dense gas [Fig. 6(a)], i.e., solve the Maxwell equations
together with the Schrödinger equation [45]. This task is out
of the scope of the present paper and, instead, we provide a
simple estimate of the order of magnitude of the macroscopic
yield, in the following.

As a macroscopic medium, we use a cylindrical gas cell
filled with neon gas of an atom number density of na =
1018 cm−3 and a length of L = 0.1 mm. The gas cell is

placed within the Rayleigh range zR = π
w2

0
λL

= 2.3 mm, i.e.,
L � 2 zR, of the Gaussian NIR-laser beam [34] for a beam
waist of w0 = 30 λL and a wavelength in vacuum of λL =
2πc
ωL

= 800 nm. The gas cell has a radius of w0 such that the

interaction volume becomes V = π w2
0 L. In order to achieve

a substantial output of x-ray-boosted HH radiation, the chosen
length L of the medium needs to be smaller than the absorption
length of the FEL x rays and the x-ray-boosted HH light
which is given by the inverse of the absorption coefficient
μ = σ0 na [31,46]. This yields μ−1 = 3.5 cm which is much
larger than the length of the gas cell. Thus the condition
μ−1 < L is well fulfilled.

The index of refraction of the propagation of NIR light, the
FEL x rays, and the generated HH x rays in the medium is
determined following the Appendix of Ref. [46]. The largest
of these indices is the refraction of the NIR light which is given
by

nL = nL,a + nL,p − 1; (22)

it consists of the refraction due to the polarizability of the atoms
nL,a and the refraction due to free electrons from ionization
of the medium nL,p. The contribution nL,a is obtained via the
dynamic polarizability of neon atoms for ωL = 1.55 eV which

is αL = 2.7075 e2a2
0E

−1
h [47] and follows with

nL,a = 1 + 2 π na αL (23)

to nL,a − 1 = 2.5 × 10−6 [46]. The free electrons add a
negative term nL,p − 1 to the refractive index nL, where the
corresponding index of refraction is

nL,p =
√

1 − ω2
p

ω2
L

(24)

and the plasma frequency is ωp = √
4 π ne [46,48] with

the free electron density ne. The free electrons arise due
to ionization by the NIR laser and the FEL x rays. The
probability of ionization of an atom in the gas by the NIR
laser is given by the integral over the pulse duration of the
instantaneous ADK rate [41] for tunnel ionization. For the
pulse parameters of the NIR laser from the caption of Fig. 3, a
probability of P = 0.083 to ionize an atom in the medium is
obtained. The ensemble-averaged ionization probability from
FEL x-ray pulses is chosen to be the same as P which leads
to the parameters in the caption of Fig. 2. Depending on
the actual shape of a specific SASE pulse, an x-ray-induced
ionization probability is found that slightly differs from P

which is, however, neglected in what follows. The number
density of free electrons after irradiation by the NIR laser
and FEL x rays is ne = 3 P na = 2.5 × 1017 cm−3. The factor
of 3 accounts for the fact that half the atoms are ionized
by FEL x rays leading predominantly to core holes which
decay in neon almost exclusively by Auger decay producing
dications. Production of higher charge states via ionization
by the NIR light and x rays and ionization by the HH light
are neglected. The index of refraction due to free electrons

is nL,p − 1 ≈ − ω2
p

2 ω2
L

= −7.2 × 10−5 and the total refractive

index of the NIR light becomes nL − 1 = −6.9 × 10−5.
The refractive index for the x rays from the FEL and the

HHG is generally very small [23,24,31,46]. Although the FEL
x-ray photon energy of ωX = 881.8 eV is quite close to the ion-
ization potential of neon 1s electrons of IP = 870.2 eV [21],
resonant effects are already small in this region [23,24,46] and
the formula

nR(ω) = 1 − 2 π Z na

ω2
(25)

can be used where Z = 10 is the number of electrons in a
neon atom [31]. For the FEL x rays, we obtain nX − 1 =
nR(ωX) − 1 = −8.9 × 10−9 and, accordingly, for the HH light
nH − 1 = nR(ωH) − 1 = −7.5 × 10−9 with a photon energy
ωH = h ωL = 960.9 eV close to the x-ray-boosted cutoff at
harmonic order h = 620.

As NIR-laser-only HHG depends only on the phase of the
NIR laser, there is a stable phase relation between the emitted
HH light from spatially separated atoms. This is mostly also
the case for x-ray-boosted HHG (Fig. 4) although the impact of
the FEL x rays plays a role. In order to estimate phase match-
ing in a macroscopic medium, we consider longitudinally
separated atoms in a macroscopic medium in Fig. 6(b). The
HH light adds coherently, when the phase difference between
HH emission between the spatially separated atoms is smaller
than π . However, SASE FELs have only a limited longitudinal
(temporal) coherence [20] as is seen by the phase fluctuations
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in Fig. 2. As can be seen in Fig. 4, HH emission is not too much
impacted by fluctuating phases of the FEL x rays but largely
dominated by the phase of the NIR laser. Therefore, we assume
for our estimate here that there is approximately no impact
of the fluctuating phase of SASE pulses on the longitudinal
coherence of HH emission. Moreover, the NIR and x-ray
pulses have a total longitudinal extent of only 3.3 μm which is
shorter than the medium length L. Clearly, these are issues that
need to be investigated further with pulse propagation [45].

Now let us analyze the phase-matching condition. The
harmonic emission phase driven by the FEL x rays and the
NIR laser depends on the coordinate of the emitter atom �r via

φ(�r) = �k · �r =
(ωH

ωL

�kL − �kH + �kX − ωX

ωL

�kL

)
· �r ; (26)

see Eq. (32) of Ref. [9]. The phase difference of the harmonic
field emitted from two atoms at points �r1 = x1 �ex and �r2 =
x2 �ex along the propagation axis of the NIR laser and the FEL
x rays is

�φ = φ(�r2) − φ(�r1) = �k · (�r2 − �r1). (27)

The HH field propagates along the x axis with a small angular
divergence θ � 1 as depicted in Fig. 6(b) giving rise to a
HH phase difference of

|�kH · (�r2 − �r1)| = |�kH| �x cos θ ≈ nH
ωH

c
�x

(
1 − θ2

2

)
,

(28)

where �x = x2 − x1. Then the phase-matching condition
becomes

|�φ| ≈
∣∣∣∣ωH�x

c

[
nH

θ2

2
+ (nL − nH) − ωX

ωH
(nL − nX)

]∣∣∣∣ < π.

(29)

It is expressed as follows:∣∣∣∣nH
θ2

2
+ (nL − 1)

(
1 − ωX

h ωL

)∣∣∣∣ <
λL

2 h L
, (30)

for the highest harmonic h and the length of the medium L.
Using the assumption that the θ -dependent term, which is
always nonnegative, is larger than the magnitude of the other
term on the left-hand side, if that one is negative, relation (30)
simplifies to

θ <

√
2

nH

[
λL

2 h L
− (nL − 1)

(
1 − ωX

h ωL

)]
. (31)

The coherence length of the medium quantifies the maxi-
mum length of the medium that still leads to coherent emission.
It is derived from Eq. (30) by setting θ = 0, replacing L by
�coh, and turning the relation into an equation which leads to

�coh = λL

2 h

∣∣∣∣(nL − 1)(1 − ωX

hωL
)

∣∣∣∣
; (32)

i.e., the medium length should be restricted by L � �coh =
0.11 mm.

To estimate the total harmonic yield, we use relation (31)
to determine the angular spread of harmonics to θ = 4.9 ×
10−3 rad. Within this cone centered on an atom, another atom

in the cone emits HH light coherently with the other atom. The
cone has an opening angle of θ along the propagation axis and
subtends a solid angle �� of

�� =
∫ 2π

0

∫ θ

0
sin ϑ dϑ dϕ ≈ π θ2. (33)

Then, the HH photon number emitted per pulse by the medium
is found from the HH spectrum of a single atom [Eq. (16)] by

Nph = (naV )2 ��

∫ ∞

ωX

d2P (ω)

dω d�
dω, (34)

where the factor (na V )2 is caused by the coherent emission
by the atoms in the medium. The Nph is estimated to be
∼107 photons which is a sufficiently high to make x-ray-
boosted HH light interesting for applications. In the attosecond
pulses, there are ∼105 photons. Furthermore, Nph can be
increased by orders of magnitude using a higher x-ray intensity
and—if one is only interested in a large HH yield—longer
NIR- and x-ray light pulses. Using a suitably chosen material
filter, one can absorb low-energy x rays and thus isolate the
attosecond pulse; e.g., Mylar with a thickness of 10 μm at a
density of 1.4 g

cm3 has a rapidly increasing transmission around
1000 eV [43].

IV. CONCLUSION

Using x rays to ionize core electrons as a first step in HHG,
we predict high-order harmonics boosted into the x-ray regime.
By superimposing the harmonics close to the cutoff, we have
obtained single attosecond pulses. Our approach complements
FEL-based strategies to reduce the pulse duration of x rays—
which are presently several femtoseconds—to attoseconds
(Ref. [49] and references therein). It has the advantage that
the attosecond x-ray pulses have a defined phase-relation to
the NIR laser and that x-ray-boosted HHG can be employed
at any FEL with moderate cost and minimal impact on other
experiments.

The focus of this paper is to model the basic physics under-
lying HHG with core electrons ionized by x rays without aim-
ing for high accuracy of the HH yield. Therefore, we base the
theory on the three-step model [5] and the strong-field approxi-
mation [13,29]. Within these approximations, the obtained HH
yield is somewhat overestimated by up to an order of magni-
tude. Using the Eikonal-Volkov approximation (EVA) [50]
or numerical integration of the time-dependent Schrödinger
equation in the SAE approximation [51] are routes to obtain a
more accurate HH yield.

Our scheme extends most HHG-based methods to inner-
shell atomic and molecular orbitals using suitably tuned
x rays. Specifically, we see a potential for the following
applications. The HHG spectra depend on the pulse shape
of SASE x rays; a reconstruction with frequency-resolved
optical gating (FROG) [52] may be possible—thus offering the
long-sought pulse characterization for SASE light [53]—but
requires further theoretical investigation. Finally, the emitted
upshifted HH light due to core recombination bears the
signature of the core orbital; thus it can be used for ultrafast
time-dependent chemical imaging [54] involving inner shells,
which is not feasible so far.
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[27] E. P. Kanter, B. Krässig, Y. Li, A. M. March, P. Ho, N. Rohringer,
R. Santra, S. H. Southworth, L. F. DiMauro, G. Doumy, C. A.
Roedig, N. Berrah, L. Fang, M. Hoener, P. H. Bucksbaum, S.
Ghimire, D. A. Reis, J. D. Bozek, C. Bostedt, M. Messerschmidt,
and L. Young, Phys. Rev. Lett. 107, 233001 (2011).

[28] S. M. Cavaletto, C. Buth, Z. Harman, E. P. Kanter, S. H.
Southworth, L. Young, and C. H. Keitel, Phys. Rev. A 86, 033402
(2012).

[29] K. C. Kulander, Phys. Rev. A 38, 778 (1988); G. G. Paulus,
W. Nicklich, H. Xu, P. Lambropoulos, and H. Walther, Phys.
Rev. Lett. 72, 2851 (1994).

[30] M. O. Scully and M. S. Zubairy, Quantum Optics (Cambridge
University Press, Cambridge, 1997); P. Meystre and M. Sargent
III, Elements of Quantum Optics, 3rd ed. (Springer, Berlin,
1999).

[31] J. Als-Nielsen and D. McMorrow, Elements of Modern X-Ray
Physics (John Wiley & Sons, New York, 2001).

[32] G. B. Arfken and H. J. Weber, Mathematical Methods for
Physicists, 6th ed. (Elsevier Academic Press, New York,
2005).

[33] D. J. Diestler, Phys. Rev. A 78, 033814 (2008).
[34] J.-C. Diels and W. Rudolph, Ultrashort Laser Pulse Phenomena,

2nd ed., Optics and Photonics Series (Academic Press, Amster-
dam, 2006).

[35] I. Barth and C. Lasser, J. Phys. B 42, 235101 (2009).
[36] J. C. Slater, Phys. Rev. 81, 385 (1951); J. C. Slater and K. H.

Johnson, Phys. Rev. B 5, 844 (1972).
[37] F. Herman and S. Skillman, Atomic Structure Calculations

(Prentice-Hall, Englewood Cliffs, NJ, 1963); C. Buth and
R. Santra, Phys. Rev. A 75, 033412 (2007).

[38] C. Buth and K. J. Schafer, Phys. Rev. A 80, 033410 (2009).
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