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Ultrafast and selective coherent population transfer in four-level atoms
by a single nonlinearly chirped femtosecond pulse
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We report a simple scheme to achieve ultrafast and selective population transfer in four-level atoms by utilizing
a single nonlinearly chirped femtosecond pulse. It is demonstrated that the almost complete population may be
transferred to the preselected state of atoms just by manipulating the so-called frequency offset parameter. The
robustness of the scheme against the variation of laser pulse parameters is also investigated. The proposed scheme
may be useful for selective population transfer in molecules.
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I. INTRODUCTION

The development of many efficient schemes such as stim-
ulated Raman adiabatic passage (STIRAP), Raman chirped
adiabatic passage (RCAP), and adiabatic rapid passage (ARP)
for controlling the population transfer between the quantum
states of atoms and molecules has opened new routes for
controlling various atomic and molecular processes [1–10].
For example, coherent control is now conceived as a very
useful method to actively influence the outcome of a chemical
reaction [11–13]. Moreover, today coherent control techniques
are widely used in the fields of robust quantum dot excitation
generation [14], controllable coherent population transfer
in superconducting qubits [15], collision dynamics [11,13],
atomic interferometry [16,17], high precision spectroscopy
[18,19], quantum computing [15,20,21], quantum information
processing [22,23], and ultrafast optical switching [24–26].
Many authors have demonstrated selective and efficient pop-
ulation transfer to the target state by combining two or more
schemes. For example, Band and Magnes [27] demonstrated
selective coherent population transfer (CPT) in �-like or
ladderlike four-level atoms by combining STIRAP and RCAP
techniques. Moreover, Yang and Zhu [28] investigated the ef-
fect of collisions on control of CPT in inverse Y-type four-level
atoms driven by three laser fields with the STIRAP scheme.
They found that low population transfer efficiency could be
enhanced dramatically with an increase of collision-induced
coherence decay rates. In another study, Yang et al. [29]
presented an efficient scheme for selective CPT in �-like four-
level atoms by combining STIRAP, temporal coherent control
(TCC), and RCAP techniques. Apart from the coherent control
of population transfer using two or more pulses, recently
much attention has been paid towards realizing CPT by using
a single frequency chirped pulse in three- and four-level
atoms, owing to the easy realization of complete population
transfer. In particular, Djotyan et al. [30] demonstrated CPT
in �-like atoms using a single frequency-chirped laser pulse.
Very recently, Collins and Malinovskaya [19] demonstrated
CPT in �-like three-level rubidium atoms with a low-intensity
chirped pulse. Again, Zhang et al. [31] have proposed a
scheme for CPT and arbitrary superpositions of quantum states
by a single-chirped laser pulse in a �-like excited-doublet
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four-level system. They demonstrated efficient and robust
CPT via a single-chirped pulse when the pulse bandwidth
is smaller than about 1/10 of the energy separation between
the excited-doublet levels and between the ground states. In
the present article, we discuss and demonstrate a scheme for
selective and ultrafast CPT in a system of Y-like four-level
Na atoms by using a nonlinearly chirped femtosecond laser
pulse. It is shown that selective CPT could be achieved simply
by manipulating the frequency offset parameter, defined later
in the article. The phenomenon of CPT is investigated by
numerically solving the appropriate density matrix equations
beyond the rotating wave approximation. In addition, we
assume that all the atomic relaxation times are considerably
longer than the interaction times. In Sec. II we present the
optical Bloch equations that describe the interaction of the
Y-like four-level system with a single femtosecond laser pulse.
Section III contains our simulated results and discussions,
followed by conclusions in Sec. IV.

II. THE MODEL

Our proposed scheme is depicted in Fig. 1. In Fig. 1, the
levels |1〉, |2〉, |3〉, and |4〉 represent the 3s, 3p, 5s, and 4d states
of the sodium atom, respectively. The complete Hamiltonian,
without invoking the rotating wave approximation, which
describes the interaction of a single pulse with four-level
atoms, is given by

Ĥ = h̄

⎛
⎜⎜⎜⎝

ω1 −�12(t) 0 0

−�12 (t) ω2 −β�12 (t) −γ�12 (t)

0 −β�12 (t) ω3 0

0 −γ�12 (t) 0 ω4

⎞
⎟⎟⎟⎠ .

(1)

Here, �12(t) = μ12E(t)/h̄ is the time-dependent Rabi fre-
quency and μ12 is the transition dipole moment of the |1〉 →
|2〉 transition. The transition dipole moments μ23 and μ24 are
chosen as follows: μ23 = βμ12 and μ24 = γμ12. Here, β and γ

are the dipole moment coefficients. The electric field part of the
pulse is defined as follows: E(t) = f (t) cos[ωt + δ(t)], where
f (t) is the pulse envelope, given by f (t) = E0 exp[−(t/τp)2].
Here, E0 is the peak amplitude of the pulse envelope, τFWHM =
1.177τp,ω is the central frequency, and δ(t) is the time-varying
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FIG. 1. Schematic of the scheme.

phase, say, the chirping parameter. The temporal profile of
δ (t) is defined as δ (t) = −α tanh[(t − t0)/τ ]. This temporal
profile has been considered by other researchers as well as
in various contexts [32,33]. The chirping parameter of the
pulse may be controlled by manipulating the three parameters
α, t0, and τ . In this work, these three control parameters
are termed as the frequency sweeping, the frequency offset,
and the frequency steepening parameters, respectively. The
time-varying frequency of the pulse has the form ω (t) = ω −
α sech2[(t − t0)/τ ]/τ . The Bloch equations, without invoking
the so-called rotating wave approximation, describing the
temporal evolution of the density matrix elements, are

dρ11

dt
= i�12 (t) (ρ21 − ρ12) ,

dρ22

dt
= i�12 (t) [ρ12 − ρ21 + β(ρ32 − ρ23) + γ (ρ42 − ρ24)],

dρ33

dt
= i�12 (t) [β (ρ23 − ρ32)] ,

dρ44

dt
= i�12 (t) [γ (ρ24 − ρ42)] ,

dρ43

dt
= −iω43ρ43 + i�12 (t) (γρ23 − βρ42) ,

dρ42

dt
= −iω42ρ42 + i�12 (t) [γ (ρ22 − ρ44) − ρ41 − βρ43] ,

dρ41

dt
= −iω41ρ41 + i�12 (t) (γρ21 − ρ42) ,

dρ32

dt
= −iω32ρ32 + i�12 (t) [β (ρ22 − ρ33) − ρ31 − γρ34] ,

dρ31

dt
= −iω31ρ31 + i�12 (t) (βρ21 − ρ32) ,

dρ21

dt
= −iω21ρ21 + i�12(t)(ρ11 − ρ22 + βρ31 + γρ41). (2)

Here ωij = ωi − ωj . It may be noted that ρij = ρ∗
ji ·

ρnm(n,m = 1 → 4) is the component of the density matrix,
ρnn is related to the population of the nth level, while ρnm

refers to the coherence between the n level and the m level.
The time-independent Rabi frequencies are defined as fol-
lows: �12 = μ12E0/h̄, �23 = μ23E0/h̄ = β�21, and �24 =
μ24E0/h̄ = γ�21. We use the following typical parameters:
�12 = 0.60 rad/fs, ω21 = 3.19 rad/fs, ω32 = 3.06 rad/fs,
ω42 = 3.30 rad/fs, τp = 16.5 fs, t0 = ∓16.5 fs, τ = 16.5 fs,
ω = 3.6 rad/fs, β = 0.90, γ = 1.10, and α = 10.0 rad. It is
worth mentioning that the aforementioned pulse parameters
are chosen so that selective and maximum population transfer
could be achieved.

III. RESULTS AND DISCUSSIONS

In Fig. 2, the effects of the variation of the control
parameters on the time-varying pulse frequency are depicted.
Figure 2(a) depicts the temporal evolution of the pulse
frequency for control parameters α = 10.0 rad, t0 = −16.5 fs,
and τ = 16.5 fs. It is observed that with α = 10.0 rad, the
sweeping of pulse frequency occurs from 3.6 to 3.0 rad/fs.
The dip in the time-varying frequency occurs at time t =
−16.5 fs, which is equal to the frequency offset parameter
t0 = −16.5 fs. It should be noted that for the chosen pulse

FIG. 2. (Color online) Temporal evolution of the pulse frequency.
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FIG. 3. (Color online) Temporal evolution of the pulse frequency [(a), (c)], the pulse envelope [(a), (c)], and the populations [(b), (d)].

parameters (α = 10.0 rad, τ = 16.5 fs) the frequency spec-
trum of the nonlinearly chirped pulse overlaps with the transi-
tion frequencies of the chosen states of a real sodium atom. On
the other hand, transitions between the other states are either
off resonant or dipole forbidden. However, the same frequency
sweeping range (3.6–3.0 rad/fs) may be achieved also for other
parameters (e.g., α = 14 and τ = 24). In Fig. 2(b), the result is
plotted for a different frequency sweeping parameter α while
keeping the other parameters unchanged. It can be observed
from Fig. 2(b) that with α = 15 rad, the sweeping of pulse
frequency occurs from 3.6 to 2.5 rad/fs. It can be seen from
Fig. 2(c) that the dip in the time-varying frequency occurs
at time t = 16.5 fs, which is equal to the frequency offset
parameters t0 = 16.5 fs. Hence, the frequency offset parameter
is responsible for the shifting of the temporal position of
the dip in the time-varying frequency. In Fig. 2(d), we have
changed the frequency steepening parameter τ , keeping the
other parameters the same as those in Fig. 2(c), in order to
examine the effect of the τ parameter on the time-varying
frequency. It is observed that for the frequency steepening
parameter τ = 8 fs, along with the sweeping, the steepening
of the temporal profile of the pulse frequency also occurs. It
is clear that the temporal profile of the phase considered in
this work offers the possibility to select a particular transition
path if the control parameters are chosen judiciously. Next, in
Fig. 3, we depict the temporal evolution of the pulse frequency,
the pulse envelope, and the populations in different states. The
control parameters chosen here are α = 10 rad and τ = 16.5 fs.
On the other hand, the frequency offset parameter chosen
is t0 = −16.5 fs in Figs. 3(a) and 3(b) and t0 = 16.5 fs in
Figs. 3(c) and 3(d).

It may be understood from Fig. 3(a) that the pulse is
interacting with the |1〉 → |2〉 and |2〉 → |3〉 transitions in a
counterintuitive manner because with the chosen frequency
offset parameter, t0 = −16.5 fs, initially the time-varying
frequency is resonant with the |2〉 → |3〉 transition frequency

at time t ≈ −18 fs, and at a later time t ≈ −8 fs, it is resonant
with the |1〉 → |2〉 transition frequency. This counterintuitive
sequence makes the |2〉 → |4〉 transition nearly forbidden
and leads to almost complete (98.40%) population transfer
to state |3〉, as can be observed in Fig. 3(b). On the other
hand, it might be clear from Fig. 3(c) that the pulse is
interacting with the |1〉 → |2〉 and |2〉 → |4〉 transitions in
a counterintuitive manner also, because, with the chosen
frequency offset parameter t0 = 16.5 fs, initially the time-
varying frequency is resonant with the |2〉 → |4〉 transition
frequency at t ≈ 2 fs, while at a later time t ≈ 6 fs, it is resonant
with the |1〉 → |2〉 transition frequency. This counterintuitive
sequence makes the |2〉 → |3〉 transition nearly forbidden

FIG. 4. (Color online) Contour plots of the final population
ρ33 (∞) for the varying frequency sweeping parameter α and the
frequency steepening parameter τ . Other parameters are the same as
in Fig. 3(a).
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FIG. 5. (Color online) Contour plots of the final population
ρ44 (∞) for the varying frequency sweeping parameter α and the
frequency steepening parameter τ . Other parameters are the same as
in Fig. 3(c).

and leads to almost complete (98.50%) population transfer
to state |4〉, as can be observed in Fig. 3(d). Hence selective
population transfer could be achieved just by manipulating the
chirp offset parameter. It is important to verify the robustness
of the scheme against the variation of the pulse parameters
for practical realization of the scheme. So, in Figs. 4 and 5,
we present the simulation result for the variation of the final
population transfer to state |3〉, i.e., ρ33 (∞), and state |4〉, i.e.,
ρ44 (∞), with frequency sweeping and frequency steepening
parameters.

A careful inspection of Fig. 4 reveals that the final
population in state |3〉, ρ33 (∞), is fairly robust against a
small variation in the frequency sweeping parameter α and
the frequency steepening parameter τ . One can obtain a more
than 95% population transfer against the variation in these
parameters in the range, say, α ≈ 8–11 rad and τ ≈ 12.5–
21 fs. However, a more than 85% population transfer is
possible in a sufficiently large range of variation in α and τ .

Figure 5 reveals that the final population in state |4〉,
ρ44 (∞), is sufficiently robust against variation in the

FIG. 7. (Color online) Contour plots of the final population
ρ33 (∞) for the varying Rabi frequency �12 and pulse width τFWHM.
Other parameters are the same as in Fig. 3(a).

frequency sweeping parameter α and the frequency steepening
parameter τ to a large range, α ≈ 9–25 rad and τ ≈ 12–
22 fs, respectively, which amounts to more than 95% pop-
ulation. Thus the final population transfer to state |4〉 is more
robust compared to that of the final population transfer to state
|3〉. For example, one can obtain a nearly 67% population
transfer to state |3〉 with α = 11 rad and τ = 14 fs, as can be
observed in Fig. 4, while with the same set of control parame-
ters one can obtain a nearly 97% population transfer to state |4〉,
as can be observed in Fig. 5. In order to investigate the reason
behind this difference, we depict the temporal evolution of the
time-varying pulse frequency and pulse envelope in Fig. 6.

It can be observed from Fig. 6(a) that the time-varying
frequency ω (t) with α = 11 rad, t0 = −16.5 fs, and τ = 14 fs
is resonant with the frequency of the |2〉 → |3〉 transition at
time t ≈ −24.4 fs. At a later time t ≈ −4.7 fs, it is resonant
with the frequency of the |1〉 → |2〉 transition. It can be seen
that at time t = −24.4 fs, the corresponding value of the pulse
envelope is too low (0.04) to completely transfer population
to state |3〉, while the pulse envelope has a value (0.25) at
time t = −18 fs [see Fig. 3(a)]. However, the time-varying
frequency ω (t) with α = 11 rad, t0 = 16.5 fs, and τ = 14 fs is
resonant with the frequency of the |2〉 → |4〉 transition at time

FIG. 6. (Color online) Temporal evolution of the pulse frequency ω (t) and the pulse envelope f (t): (a) α = 11 rad, t0 = −16.5 fs, and
τ = 14 fs; (b) α = 11 rad, t0 = 16.5 fs, and τ = 14 fs.
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FIG. 8. (Color online) Contour plots of the final population
ρ44 (∞) for the varying Rabi frequency �12 and pulse width τFWHM.
Other parameters are the same as in Fig. 3(c).

t ≈ 1.65 fs, and at a later time t ≈ 25.7 fs it is resonant with the
frequency of the |1〉 → |2〉 transition. It could be seen that at
time t = 1.65 fs the corresponding value of the pulse envelope
is sufficient (0.59) to transfer nearly all of the population
to state |4〉, which is nearly equal to the pulse envelope
value (0.58) at time t = 2 fs, as can be seen from Fig. 3(c).
In Fig. 7, we depict the robustness of the final population
transfer to state |3〉 with respect to the pulse duration and the
time-independent Rabi frequency. It can be seen that ρ33 (∞)
is fairly robust against variation in the pulse duration and
the time-independent Rabi frequency in the range τFWHM =
21–26 fs and �12 = 0.35–0.55 rad/fs, respectively.

In Fig. 8, we depict the robustness of the final population
transfer to state |4〉 with respect to the pulse duration τFWHM

and the time-independent Rabi frequency �12. It can be
observed from Fig. 8 that ρ44 (∞) is fairly robust against the
variation in the pulse duration and the time-independent Rabi
frequency in the range τFWHM = 16–22 fs and �12 = 0.4–
1.0 rad/fs, respectively. In addition, ρ33 (∞) and ρ44 (∞) are

found to be nearly 96% and 97%, respectively, for β = γ = 1
and nearly 92% each for β = 1.1 and γ = 0.9. However,
one can achieve more than 92% population with β = 1.1
and γ = 0.9 by judiciously choosing the pulse parameters
such as �12, α, and τ . For example, nearly 97% population
transfers to state |3〉 may be achieved with �12 = 0.55 rad/fs,
α = 11.50 rad, and τ = 18 fs.

IV. CONCLUSIONS

In Y-like four-state Na atoms, we have demonstrated ultra-
fast and selective population transfer using a single nonlinearly
chirped femtosecond pulse. Effects of the control parameters
on the temporal phase have been investigated. We have
suggested that by judicious choice of the control parameters,
one can select the specific transitions states of an atom.
We have demonstrated selective coherent population transfer
either to the third or fourth state by manipulating the frequency
offset parameter. Selective population transfer is found to
be robust against variations in the simulation parameters
such as the time-independent Rabi frequency, the frequency
sweeping parameter, the frequency steepening parameter, and
the dipole moment coefficients. This scheme may be explored
in other atoms as well which could be modeled as Y-like
four-level atoms such as lithium, potassium, and rubidium.
The scheme may also be explored in the electronic states of
molecules owing to the selectivity offered by the frequency
offset parameter. For example, the proposed scheme may
be explored in the electronic states (X 1∑+

g , A 1∑+
u , 1 1�g ,

and 2 1�g) [34,35] of sodium molecules. Here, the electronic
states X 1∑+

g , A 1∑+
u , 1 1�g , and 2 1�g denote the quantum

states |1〉 , |2〉 , |3〉, and |4〉 of the chosen atomic system,
respectively.
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