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Positron scattering and annihilation in hydrogenlike ions
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Diagrammatic many-body theory is used to calculate the scattering phase shifts, normalized annihilation
rates Zeff , and annihilation γ spectra for positron collisions with the hydrogenlike ions He+, Li2+, B4+, and
F8+. Short-range electron-positron correlations and longer-range positron-ion correlations are accounted for by
evaluating nonlocal corrections to the annihilation vertex and the exact positron self-energy. The numerical
calculation of the many-body theory diagrams is performed using B-spline basis sets. To elucidate the role of the
positron-ion repulsion, the annihilation rate is also estimated analytically in the Coulomb-Born approximation. It
is found that the energy dependence and magnitude of Zeff are governed by the Gamow factor that characterizes the
suppression of the positron wave function near the ion. For all of the H-like ions, the correlation enhancement of the
annihilation rate is found to be predominantly due to corrections to the annihilation vertex, while the corrections to
the positron wave function play only a minor role. Results of the calculations for s-, p-, and d-wave incident
positrons of energies up to the positronium-formation threshold are presented. Where comparison is possible,
our values are in excellent agreement with the results obtained using other, e.g., variational, methods. The
annihilation-vertex enhancement factors obtained in the present calculations are found to scale approximately as
1 + (1.6 + 0.46�)/Zi , where Zi is the net charge of the ion and � is the positron orbital angular momentum. Our
results for positron annihilation in H-like ions provide insights into the problem of positron annihilation with
core electrons in atoms and condensed matter systems, which have similar binding energies.
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I. INTRODUCTION

The processes of annihilation and scattering of low-energy
positrons on positive ions are quite different from those of
positrons on neutral atoms. For neutral species the long-range
positron-atom interaction is attractive (due to atomic polar-
ization), while for positive ions the interaction is dominated
by the long-range Coulomb repulsion. In addition, the typical
energy scale that characterizes the positron interaction with
positive ions is significantly larger than that of positron-atom
systems: e.g., the positronium (Ps) formation energy threshold
of hydrogen is 6.8 eV, whereas for He+ it is 47.6 eV, and for
F8+ about 1.1 keV.

In the present paper we use many-body theory to compute
the scattering phase shifts, normalized annihilation rate param-
eters Zeff , and the annihilation γ spectra for positron collisions
with the positive ions He+, Li2+, B4+, and F8+. In doing so, we
examine the role of electron-positron correlations, which are
known to be significant in positron interactions with neutral
systems (see, e.g., [1–5] and references therein). In particular,
we study the effect of the electron-positron correlations on the
Zeff and γ spectra for s-, p-, and d-wave incident positrons
with energies up to the Ps-formation threshold.

Despite the significant differences between the positron-
atom and positron-ion systems and the importance of positron
annihilation in plasmas (e.g., in the Galactic Center region
[6,7]), there is a dearth of literature regarding the scattering
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and annihilation of positrons on positive ions. On the experi-
mental side, extensive results exist for positron–neutral-atom
scattering and annihilation (see, e.g., [5,8,9]). In stark contrast,
to date there have been no reported experimental results for
positrons on ions. This can mainly be attributed to the increased
difficulty of working with a low-density ion target. On the
theoretical side, it was probably expected that the strong
positron-ion repulsion will make the problem less interesting
due to suppression of nontrivial correlation effects (which, as
we will see, is not exactly true). In addition to the standard
scattering problem, the interest in the positron–positive-ion
system has in part been driven by the question of the existence
of various resonances [10–13], including “unnatural parity”
resonances [14,15].

The limited attention that has been paid to both the
scattering problem and resonance search generated some
controversy. Phase shifts for positron scattering on He+, Li2+,
Be3+, and B4+ were calculated by Shimamura [16], using the
Harris method for s-wave scattering only, and by Khan et al.
[17], using the polarized orbital approximation for s, p, and
d waves. Abdel-Raouf [18] used a two-state coupled-channel
approximation to study the cross sections of the collisions of
positrons with various hydrogenlike targets, both above and
below the positronium-formation threshold. Later, Bransden
et al. [19] used a coupled-channel approximation to study
scattering on He+ across an energy range of 0–250 eV. There
was, however, significant disagreement between these calcula-
tions. This problem was resolved in the works by Gien [20,21],
who employed the accurate Harris-Nesbet variational method
to calculate the scattering phase shifts for He+, Li2+, Be3+,
and B4+, and Novikov et al. [22], who considered positron
scattering on He+, Li2+, B4+, and F8+ using the configuration-
interaction Kohn (CIKOHN) variational method, and obtained
results in good agreement with those of Gien.
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There is even less information on positron annihilation
on hydrogenlike ions. Bonderup et al. [23] used first-order
perturbation theory to investigate the correlational enhance-
ment of the annihilation rate. More recently, the normalized
annihilation rate parameters Zeff were calculated by Novikov
et al. [22] using a number of approaches ranging from the
simple Coulomb-Born approximation to the configuration-
interaction Kohn method. Lastly, we note that to the best of
our knowledge, there have been no previous calculations of
the annihilation γ spectra for annihilation on positive ions.

In the present work we use diagrammatic many-body
theory (MBT) to comprehensively study the scattering and
annihilation of positrons on the positive ions He+, Li2+, B4+,
and F8+. The motivation is twofold. First, we wish to tackle
the problem of positron annihilation on hydrogenlike ions as
it is of fundamental interest. In doing so, we use the MBT
to focus on the long-range electron-positron correlations that
affect the incident positron wave function, and the short-range
correlations that modify the annihilation vertex compared with
the results of the independent-particle approximation.

Second, the energy scales in the positron–hydrogenlike-
ion problem are similar to those that characterize positron
annihilation in atomic inner shells, a process of interest in its
own right and for applications [4,23–27]. For example, the
ionization energies of the 1s orbital of a hydrogenlike ion of
nuclear charge Z range from ∼50 eV for Z = 2 to ∼1000 eV
for Z = 8, which covers the range of ionization energies for the
outer-core electrons in many-electron atoms. With the existing
variational results of Gien [20,21] and Novikov et al. [22]
providing an accurate benchmark, the hydrogenlike ions are
an ideal testing ground for the numerical implementation of
the MBT at these extended energy scales.

Our calculations cover the positron energy range from
zero to the Ps-formation threshold energy, Z2/2 − 1/4 a.u.
(we use atomic units throughout). For neutral atoms the
Ps-formation threshold is often the lowest inelastic scattering
threshold. The annihilation rate (Zeff) demonstrates a specific
enhancement near this threshold, which is related to the
virtual Ps formation [28–31]. For hydrogenlike ions this
threshold lies above electronic excitation energies, e.g., the 1s–
2s,2p threshold, which is at 3Z2/8 a.u. However, electronic
excitations are suppressed by the positron-ion repulsion, and
the corresponding channels are treated as closed in the present
work. A detailed investigation of the positron-ion resonance
phenomena is also beyond the scope of this paper, although
some manifestations of thresholds and/or resonances are seen
in the scattering phase shifts and annihilation rates.

The structure of the paper is as follows. In Sec. II the
MBT of positron scattering and annihilation is outlined. It
includes a brief overview of the diagrammatic expansions
of the positron-target correlation potential (i.e., the positron
self-energy), the annihilation rate parameter Zeff , and the
annihilation amplitude which determines the annihilation γ -
ray spectra. The numerical implementation of the theory is
described in Sec. III, including discussions of the B-spline
basis and extrapolation methods used. Section IV presents
the MBT results for the scattering phase shifts, Zeff , and γ

spectra for He+, Li2+, B4+, and F8+. Throughout, we compare
with other theoretical calculations where available. In Sec. V
we discuss the parametrization of the effects of short-range

electron-positron correlations through a vertex enhancement
factor. Finally, a summary is given in Sec. VI.

II. MANY-BODY THEORY OF POSITRON SCATTERING
AND ANNIHILATION ON HYDROGENLIKE IONS

The many-body approach to the positron-atom problem is
described in Refs. [1,2]. It has been used to calculate the posi-
tron scattering phase shifts and annihilation rates for atomic
hydrogen [1] and the noble-gas atoms [3,32], and the anni-
hilation γ -spectra for the noble gases [2,4,33]. It develops
further the earlier MBT description of positron-atom scattering
and annihilation [34–37]. In this section we give a brief
overview of the MBT, outlining the methods for determining
the scattering phase shifts, annihilation rates, and γ spectra. In
addition, to elucidate the role of the Coulomb repulsion in the
positron-ion problem, we evaluate the annihilation rate using
the Coulomb-Born approximation.

A. Scattering: Wave functions and phase shifts

In the many-body theory, the fully correlated quasiparticle
wave function ψε(r) of the incident positron with energy ε is
evaluated from the Dyson equation for the positron Green’s
function, which gives the following Schrödinger-like equation
(see, e.g., [38–40]):

(H0 + �ε)ψε(r) = εψε(r). (1)

Here H0 is the unperturbed zeroth-order Hamiltonian which,
for the hydrogenlike ions, can be taken as that for a positron
in the static field of the ion, U (r) = (Z − 1)/r + e−2Zr (Z +
1/r), where Z is the nuclear charge. The operator �ε is the
irreducible self-energy of the positron that acts as �εψε(r) =∫

�ε(r,r′)ψε(r′)dr′, where �ε(r,r′) has the meaning of the
nonlocal energy-dependent positron correlation potential in
the field of the ion.

The diagrammatic MBT expansions of various quantities
involve excited electron and positron states and occupied elec-
tron states (“holes”). For positron scattering on hydrogenlike
ions there is only one hole state n, i.e., the 1s ground-state
orbital. In this case �ε is given exactly by the two diagrams
shown in Fig. 1,

�ε = �(2)
ε + �(�)

ε , (2)

+ Γ

n

μ

ε εν

n

ν1 ν2

μ1 μ2

ε ε

Γ

(a) (b)

FIG. 1. Diagrammatic form of the irreducible positron self-
energy �ε = �(2)

ε + �(�)
ε , or more precisely, of 〈ε′|�ε|ε〉. These two

diagrams give the exact irreducible self-energy provided that the
intermediate states are calculated in the field of the bare nucleus.
In (b), the shaded � block represents a ladder diagram series of
electron-positron Coulomb interactions, as shown in Fig. 2.
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FIG. 2. Diagrammatic form of the � block (electron-positron
ladder diagram series).

provided that the intermediate positron and excited electron
states (labeled ν and μ, respectively) are calculated in the field
of the bare nucleus (cf. Ref. [41] for the all-electron case). The
interpretation of the diagrams follows standard rules. The two
external lines at the extreme left and right of each diagram,
labeled by ε and ε′, represent the positron wave functions. The
internal uppermost horizontal lines represent the intermediate-
state positron. The remaining intermediate lines directed to
right (left), labeled by μ (n) represent excited electrons (the
1s hole). The wavy lines correspond to the electron-positron
Coulomb interaction V .

The first contribution �(2)
ε [Fig. 1(a)] describes polarization

of the ion by the positron. At large positron-ion separations it
takes the form

�(2)
ε (r,r′) � − αd

2r4
δ(r − r′), (3)

where αd = 9/(2Z4) is the static dipole polarizability of
the ion (αd � 1 for Z � 2). The second contribution �(�)

ε

[Fig. 1 (b)] contains the sum of the electron-positron ladder
diagram series, or “� block,” that describes virtual positronium
formation (see Fig. 2). The � block is found by solving the
linear equation

〈ν2μ2|�E|μ1ν1〉 = 〈ν2μ2|V |μ1ν1〉
+

∑
ν,μ

〈ν2μ2|V |μν〉〈νμ|�E |μ1ν1〉
E − εμ − εν + iη

, (4)

where εν and εμ are the energies of the intermediate positron
and electron states, respectively, and η is a positive infinitesi-
mal (see Ref. [1] for details).

In general, the wave function of the positron with incident
momentum k and energy ε = k2/2 is a continuum state of the
form

ψk(r) = 4π

r

√
π

k

∑
�,m

i�eiδ�Y ∗
�m(k̂)Y�m(r̂)Pε�(r), (5)

where Y�m are the spherical harmonics, Pε� is the radial
wave function (normalized to the δ function of energy in
rydbergs), and δ� is the positron scattering phase shift. The
wave function (5) is normalized to the positron plane wave,
ψk(r) ∼ eik·r, at large distances. The fully correlated positron
quasiparticle radial wave function Pε�(r) is calculated as
outlined in Ref. [1], through the reducible self-energy matrix
found from the equation

〈ε′|�̃E|ε〉 = 〈ε′|�E|ε〉 + P
∫ 〈ε′|�̃E|ε′′〉〈ε′′|�E|ε〉

E − ε′ dε′′, (6)

in which P denotes the principal value of the integral, and
where

〈ε′|�E|ε〉 ≡
∫

P
(0)
ε′� (r)�E�(r,r ′)P (0)

ε� (r ′)drdr ′, (7)

and P
(0)
ε� are the positron radial wave functions in the zeroth-

order (static-field) approximation.
Asymptotically, the radial wave functions take the form [42]

Pε�(r) ∼ 1√
πk

sin

(
kr − Zi

k
ln 2kr − �π

2
+ δ�

)
, (8)

where Zi ≡ Z − 1 is the net charge of the ion, and the phase
shift

δ�(k) = δ
(0)
� (k) + 
δ�(k) (9)

is the sum of the static-field phase shift δ
(0)
� and the additional

phase shift 
δ� due to the correlation potential �ε, found
as [43]

tan [
δ�(k)] = −2π〈ε|�̃ε|ε〉. (10)

For positrons scattered by positive ions, the dominant part
of the phase shift (9) is the Coulomb phase shift due to the
repulsive Zi/r potential,

δ
(C)
� (k) = arg �(1 + � + iZi/k). (11)

Hence, when analyzing the results in Sec. IV, we examine only
the non-Coulomb part of the phase shift,

δ�(k) − δ
(C)
� (k) = [

δ
(0)
� (k) − δ

(C)
� (k)

] + 
δ�(k). (12)

In this form, the expression in brackets, δ
(0)
� (k) − δ

(C)
� (k) ≡


δ
(0)
� , is the short-range phase shift due to the difference

between the static potential of the ion and Zi/r .
The short-range phase shift 
δ

(0)
� was evaluated analytically

by Novikov et al. [22] using the Coulomb-Born approximation
(CBA). At small positron momenta, its energy dependence is
governed by the Gamow factor (26) (see Sec. II B2), which
results in exponentially small values. The leading contribution
to the correlation phase shift 
δ� comes from the long-range
polarization potential −αd/2r4. It is given by a simple formula,
also obtained in the CBA [44],


δ� � αdk
5

15Z3
i

= 9k5

30Z4(Z − 1)3
, (13)

which is valid for k � Zi (� = 0) or k � Zi/� (� > 0). As a
result, the total non-Coulomb phase shift (12) at low energies
is dominated by 
δ� and is positive at low positron momenta
(see Sec. IV A).

B. Annihilation rate parameter Zeff

1. Many-body theory expansion

According to quantum electrodynamics (QED), in the
dominant mode, positrons annihilate with electrons to pro-
duce two γ photons [45], this process taking place when the
total spin of the electron-positron pair is zero [46]. In the
nonrelativistic limit, the spin-averaged “Dirac” annihilation
rate in an uncorrelated gas of free electrons with number
density n is given by

λD = πr2
0 cn, (14)

where r0 is the classical electron radius and r0 = e2/mc2 (in
CGS units). The true low-energy positron annihilation rate
in an atomic or molecular gas, λ, is commonly parametrized
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through the dimensionless quantity Zeff , defined as the ratio
[47,48]

Zeff ≡ λ

λD

= λ

πr2
0 cn

, (15)

where n is now the number density of the gas. The correspond-
ing spin-averaged annihilation cross section is

σ̄2γ = λ

nv
= πr2

0
c

v
Zeff, (16)

where v is the positron velocity. By definition, Zeff is the
effective number of electrons per target atom or molecule, with
which the positron can annihilate. Zeff is in general different
from the true number of target electrons. Positron-nuclear
repulsion acts to suppress the positron density at the target.
On the other hand, electron-positron correlations enhance the
electron density in the vicinity of the positron. Zeff can be
further enhanced when positrons are captured into resonances
[49,50].

In the non-relativistic limit, positron annihilation takes
place when the electron and positron coalesce in position space
[51]. For a positron with incident momentum k annihilating
on a system with N electrons, Zeff therefore takes the form

Zeff(k) =
∫ N∑

i=1

δ(r − ri)
∣∣�N+1

k (r1, . . . ,rN ; r)
∣∣2

× dr1 · · · drNdr, (17)

where �N+1
k (r1, . . . ,rN ; r) is the wave function of the fully

correlated system of N electrons and incident positron,
normalized to the incident positron plane wave eik·r. Although
Zeff represents the annihilation probability, Eq. (17) has the
structure of a transition amplitude in which the initial and final
states are the same. Indeed, Eq. (17) can be rewritten as

Zeff(k) = 〈
�N+1

k

∣∣δ̂∣∣�N+1
k

〉
, (18)

where δ̂ is the two-body electron-positron contact density
operator given in second-quantized form by

δ̂ =
∫

δ(r − r′)ψ̂†(r)ϕ̂†(r′)ϕ̂(r′)ψ̂(r) drdr′, (19)

where ψ̂†(r) [ϕ̂†(r′)] and ψ̂(r) [ϕ̂(r′)] are the positron
(electron) creation and annihilation operators. Hence, one can
formally expand Zeff in a Dyson (or S-matrix) expansion
[38–40] in the residual electron-positron interaction.

Note that accurate determination of the δ-function ma-
trix elements can be problematic when approximate (e.g.,
variational) wave functions are used. In the many-body
theory approach, this manifests in a slow convergence of the
Zeff diagrams with the electron and positron orbital angular
momenta. We overcome this difficulty by using extrapolation
(Sec. III D), although alternative approaches for calculating
δ-function matrix elements exist; see, e.g., Refs. [52,53].

Equations (18) and (19) give the expression for Zeff in the
second-quantized form,

Zeff =
∑
μi,νi

〈ν2μ2|δ|μ1ν1〉
〈
�N+1

k

∣∣b̂†ν2
â†

μ2
âμ1 b̂ν1

∣∣�N+1
k

〉
, (20)

where â†
μ (âμ) and b̂†ν (b̂ν) are creation (annihilation) operators

for the electron states μ and positron states ν. The resulting

Γ

Γ

Γ Γ

(a) (b) (c) (d)

(e) (f)

ε ε ε ε ε ε ε ε

ε ε ε ε

n n n n

n n

ν

μ

FIG. 3. The diagrammatic contributions to the annihilation rate
parameter Zeff . The contributions of diagrams (b), (c), and (e) are
doubled to include their mirror images. The double lines labeled
ε denote positron wave functions obtained from Eq. (1) (Dyson
orbitals), i.e., “dressed” with the self-energy (see Fig. 1). Summation
over all intermediate states is assumed.

diagrammatic expansion is simplest when using the Hartree-
Fock (HF) (or static-field, for one-electron systems) basis,
and is shown in Fig. 3. For annihilation on hydrogenlike ions
this set of diagrams is exhaustive provided that intermediate
electron and positron states are calculated in the field of the
bare nucleus. Compared to the self-energy diagrams, the only
additional component in the Zeff diagrams is the vertex (large
solid circle) that represents the contact density operator δ.

The first diagram, Fig. 3(a), describes a purely local quantity
and represents the annihilation rate in the independent-particle
approximation (IPA),

Z
(0)
eff (k) =

∑
n

∫
|ϕn(r)|2|ψε(r)|2dr. (21)

The sum of the remaining diagrams 3(b)–3(f) can be written
generally as

Z
(
)
eff (k) =

∑
n

∫
ψ∗

ε (r)
nε(r,r′)ψε(r′) drdr′, (22)

where the nonlocal annihilation kernel 
nε(r,r′) describes
corrections to the zeroth-order annihilation vertex. The total
annihilation rate is then Zeff(k) = Z

(0)
eff (k) + Z

(
)
eff (k). Note

that in Eqs. (21) and (22), the positron wave function ψε(r)
corresponds to the incident positron wave (5). One can also
determine the contributions of individual positron orbital
momenta to Zeff by taking ψε(r) as a partial-wave component
of the wave function (5).

In Sec. IV, where we present the results of the MBT cal-
culations of Zeff , the contributions of the individual diagrams
will be discussed. For the meantime, however, let us consider
a simplified picture which helps to elucidate the main features
of the annihilation process for positive ions.

2. Coulomb-Born approximation

The positron interaction with a positive ion is dominated
by the Coulomb repulsion which suppresses the positron wave
function in the vicinity of the ion. In this section we disregard
the effects positron-electron correlations and focus on the role
of this repulsion in the annihilation rate. To do this, we estimate
Zeff analytically in the Coulomb-Born approximation, by using
the independent-particle approximation, Eq. (21), with the
incident positron wave function treated as a Coulomb wave
in the ionic potential Zi/r . Novikov et al. [22] previously
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used this approximation to evaluate the individual partial-wave
contributions to Zeff , although the analytic results are far from
transparent. Moreover, a number of partial waves contribute
significantly to the total annihilation rate, and therefore, to find
the total Zeff , one needs to sum over the partial waves. Here,
we work in parabolic coordinates (ξ,η,φ) [42] and use the
CBA to evaluate the total Zeff directly.

The wave function of a positron incident along the z axis
in the Coulomb field of charge Zi , and normalized to a plane
wave of unit amplitude, is given by [42]

ψk(ξ,η) = e−π/2κ�

(
1 + i

κ

)
eiκ(ξ−η)/2F

(−i

κ
; 1; iκη

)
,

(23)

where κ ≡ k/Zi is the scaled positron momentum, ξ = (r +
z)Zi and η = (r − z)Zi are the (scaled) parabolic coordinates,
and F is the confluent hypergeometric function [54]. In the
same coordinates the normalized ground-state electron wave
function takes the form

ϕ1s(ξ,η) = Z̃3/2

√
π

e−Z̃(ξ+η)/2, (24)

where Z̃ ≡ Z/Zi = Z/(Z − 1). Substituting Eqs. (23)
and (24) into Eq. (21) gives the CBA Zeff in the form

Zeff(κ,Z) = γG(κ)I (κ,Z̃). (25)

Here γG is the Gamow (or Sommerfeld) factor, i.e., the ratio
of the Coulomb-wave positron density at the origin to the
corresponding plane-wave density [42],

γG(κ) = 2π

κ(e2π/κ − 1)
. (26)

It describes the suppression of the positron wave function in
the vicinity of the ionic electron cloud due to the Coulomb
repulsion. The second factor in Eq. (25) is the integral

I (κ,Z̃) = Z̃3

2

∫ ∞

0

∫ ∞

0
e−Z̃(ξ+η)(ξ + η)

×
∣∣∣∣1F1

(
− i

κ
,1,iκη

)∣∣∣∣
2

dξ dη, (27)

which is evaluated in the Appendix. This gives

Zeff(κ,Z) = e2φ(χ )/κγG(κ)

{
χ2

(1 + χ2)2
S(κ,χ )

+
[
1 + χ

κ(1 + χ2)

]
2F1

(
− i

κ
,
i

κ
; 1;

1

1 + χ2

)}
,

(28)

where χ ≡ Z/k = Z̃/κ , φ(χ ) = arctan(χ−1), and

S(κ,χ ) =
∞∑

n=0

(−i/κ)n+1(i/κ)n+1

n!(n + 1)!

(
1

1 + χ2

)n

, (29)

(a)n+1 ≡ a(a + 1) · · · (a + n) being the Pochhammer symbol.
Figure 4 shows the total CBA Zeff calculated from Eq. (28),

as a function of κ , for nuclear charges from Z = 2 to Z = ∞.
Also shown is the Gamow factor γG(κ), which governs the
overall dependence of Zeff on the positron momentum. It is
clear, however, that the factor I (κ,Z̃) in Eq. (25) does provide

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Scaled positron momentum κ=k/(Z-1) (a.u.)

10
-4

10
-3

10
-2

10
-1

10
0

Z
ef

f (
κ)

Z = ∞
Z = 9
Z = 5
Z = 3
Z = 2
Gamow factor γG

CBA total

FIG. 4. (Color online) Total Zeff in the Coulomb-Born approxi-
mation, Eq. (28), for various values of nuclear charge Z. Also shown
is the Gamow factor γG defined in Eq. (26) (dotted line).

a significant enhancement of the calculated Zeff above the
Gamow factor γG.

There are two additional points to note from the figure.
First, for a given nuclear charge, Zeff decreases rapidly with
decreasing positron momenta below κ ∼ 1. The Coulomb
repulsion experienced by the positron means that it must
tunnel into the regions where it can annihilate with the
electron. For small momenta the positron wave function has
negligible overlap with the electron, while for larger momenta
the positron can penetrate closer to the nucleus and this overlap
increases. Second, for a given scaled positron momentum
κ , Zeff increases with the nuclear charge of the ion Z.
This increase is entirely due to the integral I (κ,Z̃) which
describes the overlap of the electron and positron densities.
In the scaled coordinates (ξ,η) the positron wave function is
independent of Z. In contrast, the electron radial wave function
depends on Z̃, and its mean radius in scaled coordinates,
〈r̃e〉 = 3/(2Z̃) = 3(Z − 1)/2Z, increases with Z. This means
that in the scaled coordinates the electron density is pushed
out as Z increases, which causes an increase in the overlap of
the electron and positron densities and Zeff .

The Gamow factor underestimates Zeff , as seen in Fig. 4,
because the positron wave function changes rapidly at dis-
tances r ∼ 1/Z, and cannot be replaced by its value at the
origin in the integral (21). However, we can show that at low
positron momenta the two quantities are proportional. In the
limit κ � 1 the positron wave function of Eq. (23) reduces to

|ψκ (ξ,η)| �
√

γG(κ)I0(2
√

η) (30)

for finite η, where I0 is the modified Bessel function of the
first kind. Using this wave function in Eq. (21), we obtain

Zeff � ζZγG(κ), (31)

where

ζZ = 1

2

∫ ∞

0
(1 + η̃) e−η̃I 2

0

(
2
√

η̃/Z̃

)
dη̃, (32)
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TABLE I. Scaling factor ζZ [Eq. (31)] for Zeff in the low-energy
limit (κ � 1) of the CBA.

Z 1 2 3 4 5 6 9 20 100 ∞
ζZ 1 5.93 11.55 16.21 19.90 22.82 28.69 36.94 43.60 45.44

and η̃ = Z̃η. Numerical values of ζZ for various nuclear
charges Z are given in Table I. They range from ζZ = 5.93
for Z = 2 to ζZ = 45.44 for Z → ∞. Although derived for
κ � 1, Eq. (31) describes the behavior of Zeff well over the
whole range of κ < 1; see Fig. 4.

To summarize, the above CBA analysis shows that the de-
pendence of Zeff on the positron momentum κ is dominated by
the effect of the Coulomb repulsion described by the Gamow
factor. However, values of Zeff are significantly enhanced
compared to the Gamow factor due to the overlap of the
electron and positron densities at distances r � 1/Z. Results
presented in Sec. IV below go far beyond this approximation.
They show that the short-range electron-positron correlations
and positron-ion correlations produce a marked enhancement
of Zeff above the CBA estimates.

C. Annihilation γ spectra

Consider a positron with initial momentum k, which
annihilates with a bound electron in quantum state n, producing
two γ photons of total momentum P = pγ1 + pγ2 . In the
center-of-mass frame of the annihilating electron-positron pair,
in which P = 0, these photons have equal energies Eγ =
pγ c = mc2 + 1

2 (Ei − Ef ) ≈ mc2 = 511 keV, where Ei and
Ef are the energies of the initial and final states of the
system (excluding rest-mass energies). In the laboratory frame,
however, the momentum P is nonzero and the energies of
the γ rays are Doppler shifted, e.g., for the first photon
Eγ1 = Eγ + mcV cos θ , where V = P/2m is the center-of-
mass velocity of the electron-positron pair and θ is the angle
between the direction of the photon and V. Hence, the shift of
the photon energy from the center of the line, ε = Eγ1 − Eγ ,
is

ε = mcV cos θ = Pc

2
cos θ. (33)

In the nonrelativistic limit, the two-photon QED annihila-
tion amplitude reduces to the matrix operator of the effective
annihilation operator [2,51,55,56],

Ôa(P) =
∫

e−iP·rψ̂(r)ϕ̂(r)dr, (34)

between the initial state |�N+1
k 〉, and the final state of N − 1

electrons |�N−1
n 〉, with a hole in electron orbital n,

Ank(P) = 〈
�N−1

n

∣∣Ôa(P)
∣∣�N+1

k

〉
. (35)

Averaging over the direction of emission of the two photons,
the annihilation γ spectrum is found as [2]

wn(ε) = 1

c

∫ ∞

2|ε|/c

∫
|Ank(P)|2 d�P

(2π )3
PdP. (36)

The annihilation amplitude Ank(P) is evaluated for each
positron partial wave through its MBT expansion in powers of
the electron-positron Coulomb interaction (see Refs. [2,4,33]

+ +

P

ε

n

ν

P

ε

nμ
Γ

P

μ2

ε ν1

μ1

ν2

n

(a) (b) (c)

FIG. 5. The annihilation amplitude Anε(P): (a) zeroth-order (IPA)
vertex; (b) first-order correction; (c) the electron-positron ladder
series (� block) correction. The double-dashed line represents the
two photons that carry a total momentum P.

for details). The corresponding diagrams are shown in Fig. 5,
including the zeroth-order vertex and the nonlocal first-order
and leading higher-order (� block) corrections to it. This set
of diagrams is exhaustive for the hydrogenlike ions.

Analytically, the annihilation amplitude takes the general
form

Anε(P) =
∫

e−iP·rψε(r)ϕn(r)dr

+
∫

e−iP·r
̃nε(r; r1,r2)ψε(r1)ϕn(r2) dr1dr2dr,

(37)

where the first term is the zeroth-order (IPA) vertex [Fig. 5(a)],
and 
̃nε is the nonlocal annihilation kernel that describes
the corrections to the vertex [Figs. 5(b) and 5(c)]. In this
form, it is clear that Anε is the Fourier transform of the
correlated electron-positron pair wave function. Its modulus
squared is, consequently, the annihilation momentum density.
The analytical expression for the three diagrams in Fig. 5 is

Anε(P) = 〈P|δ|nε〉 +
∑
μ,ν

〈P|δ|μν〉〈νμ|V |nε〉
ε + εn − εμ − εν

+
∑
μi,νi

〈P|δ|μ2ν2〉〈ν2μ2|�ε+εn
|μ1ν1〉〈ν1μ1|V |nε〉(

ε + εn − εμ2 − εν2

)(
ε + εn − εμ1 − εν1

) ,

(38)

where we use the notation

〈P|δ|μν〉 ≡
∫

e−iP·(r+r′)/2δ(r − r′)ϕμ(r)ψν(r′)drdr′

=
∫

e−iP·rϕμ(r)ψν(r)dr. (39)

Note that the zeroth-order (IPA) amplitude A(0)
nε (P) = 〈P|δ|nε〉

is simply the Fourier transform of the product of the positron
and ground-state electron wave functions.

The normalized annihilation rate Zeff can be determined
from the annihilation amplitude and related to the γ spectra as

Zeff(k) =
∑

n

∫
|Anε(P)|2 d3P

(2π )3
=

∑
n

∫
wnε(ε) dε. (40)

Each of the diagrams in Fig. 3 can therefore be obtained
from the squared modulus of the annihilation amplitude
diagrams of Fig. 5, as discussed in Ref. [2]. Mathematically,
this is a consequence of the following identity involving the
annihilation operator Ôa(P) and the electron-positron contact
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density operator δ̂, Eq. (19):∫
Ô†

a(P)Ôa(P)
d3P

(2π )3
= δ̂. (41)

Thus, pictorially the Zeff diagrams are formed by joining the
double-dashed lines of two individual annihilation amplitude
diagrams, administered by the integration over P, leaving the
δ-function vertex. The nonlocal kernels of Eqs. (22) and (37),

nε and 
̃nε, respectively, are therefore intimately related
through Eq. (40), and the correlational corrections to Zeff and
to the γ spectra describe equivalent physics.

We conclude this section by emphasizing that in the
MBT approach one can distinguish two independent types
of correlation effect, both of which enhance the annihilation
rate and affect the γ spectra. The first effect is the change in
the incident positron wave function, arising from the electron-
positron correlations and described by the self-energy. The
second effect is the contact-density enhancement described
by corrections to the annihilation vertices, 
nε for Zeff and

̃nε for the γ spectra. It is of central interest in this paper to
compare the relative importance of these two effects for the
annihilation rates and γ spectra.

III. NUMERICAL IMPLEMENTATION

The numerical approach used in this work was described
earlier in application to the positron–hydrogen-atom problem
[1], and is applied, with little change, to many-electron
atoms [3,4]. We briefly review the main points here, with
the emphasis on the details specific to the hydrogenlike-ion
calculations.

A. B-spline basis sets

To apply the MBT method outlined in Sec. II, one must
first generate sets of single-particle electron and positron basis
states. The atomic ground-state potential and the incident
positron wave functions are calculated using standard HF
ground- and excited-state codes [57].

In order to evaluate the various many-body diagrams,
one needs to perform summations over complete sets of
intermediate states, including integration over the electron
and positron continua. These continua can be discretized by
confining the system in a spherical “box” of radius R (chosen
sufficiently large so as not to affect the physical properties
of the system), and requiring that the radial wave functions
vanish at the boundary, i.e., P

(0)
εl (R) = 0. For the positron, for

example, this is equivalent to the following condition:

kR − Zi

k
ln 2kR − lπ

2
+ δ

(0)
l = nπ, (42)

where n is an integer [cf. Eq. (8)]. For kR � 1 this leads to an
equidistant mesh in momentum space, with the step size


k ≈ π

R
. (43)

For a typical confinement radius, e.g., R = 30 a.u., one has

k ≈ 0.1 a.u., and therefore, hundreds of states will be needed
to achieve convergence (e.g., to cover the energy range up to
∼102 a.u.). This number of intermediate states is critical for
the numerical evaluation of the �-block matrix [see Eq. (4)].

This matrix is of dimension N� ∼ n2
s (lmax + 1)(� + 1), where

ns is the number of states in each partial wave of the single-
particle basis, lmax is the maximum orbital angular momentum
included, and � is the angular momentum of the incident
positron. In practice, the largest N� that our many-body
FORTRAN code (which we run on an x86_64-based Linux
Beowulf cluster) can use is of order 104. This corresponds
to a maximum number of radial basis states ns ∼ 30 for
each angular momentum up to lmax = 10. This number is not
sufficient if states with a fixed momentum step, as in Eq. (43),
are used.

An effectively complete basis set with a relatively small
number of states can be constructed using B splines. B splines
of order k are a set of n piecewise polynomials of degree k − 1
defined in a restricted domain (box) over a knot sequence
of n + k points [58]. Their use is now ubiquitous in atomic
physics (see, e.g., Refs. [59,60]). Their suitability in the
positron-atom many-body problem has been demonstrated for
positron scattering and annihilation on hydrogen in Ref. [1].

Typical bases for atomic physics calculations use B splines
of orders 6 to 10 [60]. In this work we use two bases, the
first constructed from n = 60 B splines of order k = 9, and
the second with n = 40 B splines of order k = 6. For all the
calculations we use an exponential sequence of radial points,

rj = ρ(eσj − 1), j = 0, 1, . . . , n − k + 1, (44)

where ρ = 10−3 a.u. and σ is determined by the condition
rn−k+1 = R. The choice of the exponential knot sequence
allows for the accurate description of both the bound atomic
wave functions, which can have many oscillations inside the
atom and rapidly vanish outside, and the continuum states that
extend to larger distances up to the box radius. It also ensures
rapid convergence of the sums over the intermediate states (see
below).

By expanding the electron and positron states in the
B-spline basis: Pνl(R) = ∑

i c
(νl)
i Bi(r), where Bi(r) is the

ith B spline of the basis and c
(νl)
i is the ith expansion

coefficient for the state ν with angular momentum l, one
reduces the radial Schrödinger equation to the generalized
matrix eigenvalue problem H(l)c(νl) = EνQc(νl), where H

(l)
ij =

〈Bi |H (l)
0 |Bj 〉, Qij = 〈Bi |Bj 〉, and c(νl) is the vector of ex-

pansion coefficients. Note that to implement the boundary
conditions Pνl(0) = Pνl(R) = 0, the first and last B splines are
discarded in the expansions. The solutions of the equation for
a given angular momentum l are a set of n − 2 eigenfunctions.
For the electron, the lowest-energy states from this set
correspond to the ground-state wave functions. The rest are
excited electron states in the field of the atom (or, for H-like
ions, the bare nucleus).

When evaluating the diagrams, in addition to performing
summations over intermediate electron and positron states
(calculated in the field of the bare nucleus), one must also
evaluate matrix elements involving the incident positron wave
function P

(0)
ε� in the field of the ion. Specific examples include

the evaluation of the self-energy matrix 〈ε′|�E|ε〉, Eq. (7), or
the annihilation amplitude Anε(P), Eq. (38). To evaluate these
matrix elements, the true continuum states |ε〉 are calculated
using the HF code with a mesh of 201 states equispaced in
momentum (see below). One then makes further use of the
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B-spline basis completeness, and introduces a resolution of
the identity to rewrite the matrix elements as

〈ε′|�E|ε〉 =
∑
ν,ν ′

〈ε′|f |ν〉〈ν|f −1�Ef −1|ν ′〉〈ν ′|f |ε〉, (45)

〈P|δ|nε〉 =
∑

ν

〈P|δf −1|ν〉〈ν|f |nε〉. (46)

The insertions of f −1f , where f = R − r , are made to
minimize any numerical error arising from the fact that the
B-spline basis states ν are zero at the boundary R, whereas the
true continuum states ε are not. In this way, the matrix elements
of all quantities involving the incident positron states can be
evaluated as matrix elements involving individual B-spline
basis states.

B. Parameter scaling with Z

For positrons incident on a hydrogenlike ion of charge
Z, the characteristic positron momenta scale with Z roughly
as Zi = Z − 1 and the corresponding distances as Z−1

i . To
ensure consistency in the numerical calculations, especially in
considerations of convergence, all numerical parameters were
scaled accordingly: (i) incident positron wave functions were
calculated over a momentum grid consisting of 201 points
in step sizes of 
kZ = 
kZi , where 
k = 0.02 a.u.; (ii) the
B-spline box size for a given ion of charge Z was scaled as
RZ = R/Zi , and two different values of R were considered:
R = 15 a.u. and R = 30 a.u.; (iii) the diagrams were calculated
at eight energies EZ = EZ2

i , with E chosen so that EZ spanned
the range from zero to the Ps threshold and interpolation used
for additional energies required; (iv) when evaluating the γ

spectra, the maximum annihilation pair momentum was scaled
as PZ = PZi , where P = 9 a.u. The calculations were also
performed for a fixed value PZ = 9 a.u., and in most cases
were found to give equivalent results for the spectra over
the Doppler-shift energy range 0–10 keV, although for F8+
the PZ = 9 a.u. results underestimated the full width at half
maximum. All results presented below were obtained using
the scaled momentum grid.

C. Choice of B-spline basis parameters and box size

1. Considerations of convergence and long-range polarization

The choice of optimal numerical parameters for the cal-
culation requires a number of considerations. On one hand,
the vertex corrections to the annihilation amplitude involve
small electron-positron distances, and their accurate evaluation
requires the best possible spatial resolution. This resolution is
partly controlled by the minimum distance between neighbor-
ing knot points, and therefore by ρ and σ in Eq. (44), as well
as lmax (see below). To achieve good radial resolution, both ρ

and σ should be as small as is practically possible to obtain a
good description of the system over the entire spatial region of
interest. With ρ small and fixed, increased resolution can be
achieved by either using a larger number n of B splines for a
given box size, or by reducing the box size, or both. However,
the expressions for the diagrams contain summations over
the intermediate states and energy denominators, e.g., factors
of (ε + εn − εμ − εν)−1 in the corrections to the annihilation
vertex, Eq. (38). Of critical importance are then the energies
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FIG. 6. (Color online) Absolute values of the electron basis-state
energies for l = 0 in Li2+, for different B-spline sets. The states are
calculated in the field of the bare Z = 3 nucleus with the exponential
knot sequence for n = 60 B splines of order k = 9 (squares) and
n = 40 B splines of order k = 6 (circles), using box sizes R = 7.5 a.u.
(solid symbols) and 15 a.u. (open symbols).

of the highest B-spline basis states (ν and μ) included in the
sums, compared with the ionization energy of the subshell of
interest. Convergence of the sums requires energies εν and εμ

much greater than the electron binding energy |εn|.
For a given box size, increasing the number of B splines

in the basis increases the density of states, requiring a greater
number of states to achieve an equivalent energy coverage in
the summations. This is clear from Fig. 6, which shows the
energies of the electron basis states for l = 0 in Li2+, obtained
using two different B-spline sets: n = 60 B splines of order
k = 9 and n = 40 B splines of order k = 6, for R = 7.5 and
15 a.u. Here the larger B-spline set requires approximately
50% more basis states to cover the same energy range, e.g., up
to 103 a.u.

Decreasing the box size also improves the spatial resolution,
and at the same time it increases the energies of the basis
states (leading to a decrease in the density of states). Fewer
states are therefore needed to achieve an equivalent energy
spanning. On the other hand, one does not want the density
of states to be so low that the completeness is lost. Furthermore,
some positron-target correlations are of longer range and their
accurate evaluation requires a large box size. In fact, the
confinement means that the integration domain only spans
r ∈ [0,R]. Important contributions to the matrix elements
of the positron self-energy �E , related to the long-range
polarization described by Eq. (3), may then not be appro-
priately accounted for. One could include this contribution by
making use of the asymptotic forms of both the self-energy
and positron wave function, to calculate the contribution of
r > R as

∫ ∞

R

P
(0)
ε� (r)

(
− αd

2r4

)
P

(0)
ε′� (r)dr. (47)
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FIG. 7. (Color online) Comparison of Zeff for the s-wave positron
on He+ for two B-spline sets: n = 40 B splines of order k = 6
(dashed), and n = 60 B splines of order k = 9 (solid), and two box
radii: R = 30 a.u. (thin lines) and R = 15 a.u. (heavy lines).

Here, P
(0)
ε� is taken to be the asymptotic positron radial wave

function in the field of the ion,

P
(0)
ε� (r) ∼ Fε�(r) cos 
δ

(0)
� + Gε�(r) sin 
δ

(0)
� , (48)

where Fε� and Gε� are the regular and irregular Coulomb
functions in the field Zi/r . The total self-energy matrix
element could then be obtained as the sum of the asymptotic
contribution of Eq. (47) and Eq. (7) evaluated according
to Eq. (45). A similar procedure was used in Ref. [1] for
positron-atom scattering. However, the dipole polarizability
of the hydrogenlike ions is small, αd = 9/(2Z4) � 1 for
all Z � 2, and the polarization potential −αd/2r4 is much
smaller than the strong Coulomb repulsion, especially at
large distances r > R. Hence, the neglect of the asymptotic
correction Eq. (47) is justified for all except very small positron
momenta, where the correlation phase shift itself is very small
(see the end of Sec. IV A and Ref. [61]).

2. Sensitivity of results and energies of basis states

For a given ion of nuclear charge Z, the calculations were
performed using two different B-spline bases: (i) n = 40 B
splines of order k = 6, and (ii) n = 60 B splines of order k = 9,
and two different box sizes: RZ = R/(Z − 1) with R = 30 a.u.
and R = 15 a.u. Figure 7 shows the corresponding values of
Zeff for the s-wave positron incident on He+. The difference
between the calculations is in the quality of the description of
the short-range electron-positron correlations which increase
the contact density. We see that the results are not very sensitive
to the confinement radius R. On the other hand, the larger basis

0 5 10 15 20 25 30
B-spline basis state

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

E
ne

rg
y 

(a
.u

.)

e
+

e
-

He
+

1s

0 5 10 15 20 25 30
B-spline basis state

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

E
ne

rg
y 

(a
.u

.)

e
+

e
-

Li
2+

1s

0 5 10 15 20 25 30
B-spline basis state

10
-1

10
0

10
1

10
2

10
3

10
4

E
ne

rg
y 

(a
.u

.)

e
+

e
-

B
4+

1s

0 5 10 15 20 25 30
B-spline basis state

10
0

10
1

10
2

10
3

10
4

10
5

E
ne

rg
y 

(a
.u

.)

e
+

e
-

F
8+

1s

FIG. 8. (Color online) Absolute values of the energy of the first 30 electron (open squares) and positron (solid circles) B-spline basis states
with l = 0 calculated in the field of the bare nucleus with Z = 2, 3, 4, and 9, using an exponential knot sequence for n = 60 B splines of order
k = 9, for a box size RZ = 15/(Z − 1) a.u.
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of n = 60 B splines of order k = 9 has a higher density of
radial knot points in the box r ∈ [0,R]. This provides a better
spatial resolution, which is important for describing the small
electron-positron separations in the annihilation vertex. As a
result, greater, and more accurate, values of Zeff are obtained.

For all of the results shown in Secs. IV and V, we use
the set of n = 60 B splines of order k = 9, and the box size
RZ = R/(Z − 1) with R = 15 a.u. Figure 8 shows the absolute
values of the energies of the electron and positron basis states
calculated using this set. The numbers of intermediate states
summed over were ns = 28, 21, and 18, for the incident s,
p, and d positron waves, respectively. For all of the ions, the
maximum energy of the basis states included is about 100
times greater than the ionization energy I1s = Z2/2.

D. Convergence with respect to the orbital angular momentum

In addition to the convergence with respect to the number
of B-spline basis states, one must also ensure convergence
with respect to the maximum orbital angular momentum
lmax of the intermediate states in the various diagrams. To
achieve this, all diagrams were calculated for lmax = 7, 8, 9,
and 10, followed by extrapolation of the results to lmax → ∞.
Extrapolation of the correlation correction to the phase shift

δ�, Zeff , and γ spectra w(ε) was performed using the
formulas [2,32,62]


δ�(k) = 
δ
[lmax]
� (k) + A

(lmax + 1/2)3
, (49)

Zeff(k) = Z
[lmax]
eff (k) + B

(lmax + 1/2)
, (50)

w(ε) = w[lmax](ε) + C

(lmax + 1/2)
, (51)

where, for a given positron momentum k (and Doppler
shift ε), A, B, and C are constants that are determined from
the results of the calculations performed using different lmax.

Extrapolation to lmax → ∞ is particularly important for the
annihilation parameters Zeff and the γ spectra w(ε), as they
converge slowly with respect to lmax [see Eqs. (50) and (51)].
Physically, this is related to the importance of small electron-
positron separations in the annihilation vertex, which require
high angular momenta to resolve [63].

The extrapolation procedure is demonstrated in Fig. 9,
which shows values of 
δ

[lmax]
� and Z

[lmax]
eff , as functions

of (lmax + 1/2)−3 and (lmax + 1/2)−1, respectively, for He+,
obtained using the two B-spline bases: (i) n = 40 B splines
of order k = 6 and (ii) n = 60 B splines of order k = 9,
for the positron momentum k = 1 a.u., and in Fig. 10 for
all of the ions, using the n = 60, k = 9 basis for the scaled
positron momentum κ = 1 a.u. It is clear from these graphs
that the calculations have reached the regime in which Eqs. (49)
and (50) apply. In Fig. 9 the sensitivity of the phase shift and
Zeff to the choice of B-spline basis is evident. For both the
phase shift and Zeff , the larger basis set gives improved results:
as well as giving larger values of the phase shift and Zeff at each
value of lmax, the n = 60 B-spline basis results in an increased
gradient, i.e., in improved values of the coefficients A and
B. Note that for Zeff , the extrapolation lmax → ∞ accounts
for a 10% increase in the result compared with the values for
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FIG. 9. (Color online) Extrapolation of (a) the phase shift 
δ
[�max]
�

and (b) Z
[lmax]
eff , to lmax → ∞, using Eqs. (49) and (50), for s-wave

positrons of k = 1 a.u. on He+. The calculations were performed for
lmax = 7,8,9,10 using a box size of R = 15 a.u. for (i) n = 40 B
splines of order k = 6 (squares), and (ii) n = 60 B splines of order
k = 9 (circles). Dotted lines are shown as a guide, while dashed and
dot-dashed lines show linear extrapolations using values for the two
highest lmax.

lmax = 10, while for the phase shift 
δ� the change is only
about 0.5%.

IV. RESULTS AND DISCUSSION

In this section we present and analyze the results of
the many-body theory calculations, obtained as explained in
Secs. II and III.

A. Scattering phase shifts

At long range, the positron moves in the field of the ion
Zi/r . The asymptotic form of the positron radial wave function
is given by Eq. (8). The main contribution of the Coulomb
potential to the phase is the logarithmic term −(Zi/k) ln 2kr ,
which is much greater than the Coulomb phase shift δ

(C)
� .

Compared with kr , the overall phase is therefore negative, as
should be expected for a repulsive potential. In what follows
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FIG. 10. (Color online) Extrapolation of the phase shift 
δ
[lmax]
� and Z

[lmax]
eff , to lmax → ∞, using Eqs. (49) and (50), for s-, p-, and d-wave

positrons of scaled momentum κ ≡ k/(Z − 1) = 1 a.u. on He+ (circles), Li2+ (squares), B4+ (diamonds), and F8+ (crosses). The calculations
were performed for lmax = 7,8,9,10 using a box size of RZ = 15/(Z − 1) a.u. and n = 60 B splines of order k = 9. Dashed lines show
extrapolation to lmax → ∞, while dotted lines are shown as a guide.

we focus on the short-range part of the phase shift, Eq. (12).
In particular, we examine how the correction 
δ� induced
by the correlation potential �ε compares with the short-range
phase shift 
δ

(0)
� = δ

(0)
� − δ

(C)
� due to the difference between

the static potential of the ion and Zi/r .
Figure 11 shows the short-range phase shifts [64] for

positrons scattering on He+ calculated in the static approx-
imation, i.e., neglecting the correlation effects, and with
the correlation potential �(2)

ε and �(�)
ε , calculated using

Eq. (10).

Considering first the s-wave phase shift, as the positron
momentum increases, the static short-range phase shift (dotted
line in Fig. 11) remains close to zero up to k ∼ 0.7 a.u., and
then becomes increasingly negative. This was to be expected,
since the static potential is more repulsive near the origin than
the Zi/r Coulomb field. The static phase shift is close to
the CBA phase shift calculated by Novikov et al. [22]. The
CBA result is obtained as a perturbation due to the short-
range screening potential e−2Zr (Z + 1/r), i.e., the difference
between the static field of the ion and Zi/r . Such agreement

032708-11



D. G. GREEN AND G. F. GRIBAKIN PHYSICAL REVIEW A 88, 032708 (2013)

0 0.5 1 1.5 2
Positron momentum (a.u.)

-0.10

-0.08

-0.06

-0.04

-0.02

0.00

0.02

0.04

0.06

P
ha

se
 s

hi
ft 

(r
ad

ia
ns

)

He
+
; s-wave

0 0.5 1 1.5 2
Positron momentum (a.u.)

-0.02

-0.01

0.00

0.01

0.02

0.03

0.04

P
ha

se
 s

hi
ft 

(r
ad

ia
ns

)

He
+
; p-wave

0 0.5 1 1.5 2
Positron momentum (a.u.)

-0.005

0.000

0.005

0.010

0.015

0.020

P
ha

se
 s

hi
ft 

(r
ad

ia
ns

)

He
+
; d-wave

FIG. 11. (Color online) s-, p-, and d-wave short-range phase shifts for positron scattering on He+: the static-field phase shift 
δ
(0)
�

(dotted line); the correlation correction to the phase shift 
δ� obtained using (i) the second-order approximation for the self-energy, �(2)
ε (dot-

dashed line), and (ii) the exact self-energy �(2)
ε + �(�)

ε (dot-dot-dashed line); total short-range phase shift, 
δ
(0)
� + 
δ�, obtained using (i) �(2)

ε

(dashed line), and (ii) the exact self-energy �(2)
ε + �(�)

ε (solid line). The CBA (plus symbols) and CIKOHN∞ (solid circles) results of Novikov
et al. [22] are shown, as are the results of Gien [20,21] (crosses) and Bransden et al. [19] (squares).

between our nonperturbative and the perturbative CBA results
is not surprising, given that the phase shift itself is quite small.

When the correlation potential is introduced using the
lowest, second-order approximation �(2)

ε , the total short-range

phase shift at small momenta becomes positive (dashed line
in Fig. 11). In this range of momenta, the attraction caused
by �(2)

ε evidently dominates over the static repulsion, making
the overall residual (i.e., non-Coulomb) potential attractive.
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FIG. 12. (Color online) Total short-range phase shifts 
δ
(0)
� + 
δ� for s-, p-, and d-wave (solid, dashed, and dot-dashed lines, respectively)

positron scattering from He+, Li2+, B4+, and F8+, calculated using the exact positron self-energy �(2)
ε + �(�)

ε . Also shown are the results of
Gien [20,21] (crosses) and the CIKOHN∞ results of Novikov et al. [22] (circles).
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Compared to the negative static phase shift 
δ
(0)
� , the phase

shift 
δ� induced by �(2)
ε (dot-dashed line in Fig. 11) is

positive but increases more slowly. This behavior is exactly
as anticipated based on the analytical estimates; see Eq. (13)
at the end of Sec. II A. At large k the negative static phase
shift dominates the total phase shift, which means that the
residual field is effectively repulsive for k � 1.25 a.u. The
inclusion of the virtual positronium formation contribution in
the correlation potential, �ε = �(2)

ε + �(�)
ε , further increases

the phase shift, signaling greater attraction (solid line in
Fig. 11). The resulting dependence on k is similar to that
of the phase shift induced by �(2)

ε alone, with the range of
momenta where the phase shift is positive extending to values
k � 1.4 a.u. This phase shift is in excellent agreement with
other high-quality results [19–22] shown by various symbols.

The p-wave (� = 1) and d-wave (� = 2) static phase shifts

δ

(0)
� behave similarly as in the s-wave case, becoming

increasingly more negative for larger k, although their ab-
solute magnitude decreases rapidly with �. The correlation
corrections 
δ� also show a similar behavior, but in contrast
to 
δ

(0)
� , they decrease more slowly with � [cf. Eq. (13)]. As

a result, the correlational phase shift calculated with the exact
positron self-energy �(2)

ε + �(�)
ε dominates over the static

phase shift for all values of k up to the positronium formation
threshold k ≈ 1.85 a.u. The residual potential is therefore
attractive for the p- and d-wave positrons for all values of k. On
closer inspection one may notice that the d-wave correlational
phase shift contains a “kink” just below the Ps-formation
threshold. We believe that this feature is due to the existence
of a resonance below the Ps-formation threshold resonance at
k = 1.83 a.u. [13] (although the opening of the 1s → 2s,2p

excitation channels at k ≈ 1.73 may also play a role). This
feature was not discussed or noted in the tabulated results of
Novikov et al. [22] or of Gien [20,21]. In our approach it
originates from the diagrams containing the � block, which
describe virtual Ps formation. Although the Ps states are not
included explicitly, the full MBT calculation is “aware” of
this resonance. Its signal is much clearer in the results of the
annihilation parameter Zeff to be discussed in the next section.
The investigation of the precise behavior of the phase shift
near the resonance energies would require detailed calculations
in the corresponding energy range and is beyond the scope of
the present paper.

It is interesting to note that the overall behavior of the
short-range phase shifts for the He+ ion is qualitatively similar
to that of the phase shifts for positron scattering on hydrogen
(see Fig. 9 of Ref. [1]), although the former are much smaller.
This is partly due to the smaller polarizability of He+ compared
to hydrogen, and to the relatively weaker effect of virtual
Ps formation (because of the higher ionization energy of the
ion). In addition, the static short-range phase shifts for the
positive ions are strongly suppressed by the Gamow factor γG

[44,65,66], and the correlation phase shifts 
δ� decrease as k5

at low positron momenta k [61]. As a result, the overall short-
range phase shifts for the ion decrease much faster for k → 0
than in the neutral-atom case (described by the effective-range
expansion [67]).

Figure 12 shows the total short-range phase shifts 
δ
(0)
� +


δ� for s-, p-, and d-wave positron scattering on He+, Li2+,

TABLE II. Total short-range phase shifts 
δ
(0)
� + 
δ� from MBT

calculations for various scaled positron momenta κ = k/(Z − 1). The
numbers in square brackets denote powers of 10.

Partial wave �

κ s p d

He+

0.50 0.687[ −3] 0.424[ −3] 0.214[ −3]
0.60 0.177[ −2] 0.996[ −3] 0.497[ −3]
0.75 0.479[ −2] 0.253[ −2] 0.112[ −2]
1.00 0.103[ −1] 0.667[ −2] 0.283[ −2]
1.10 0.109[ −1] 0.861[ −2] 0.375[ −2]
1.20 0.974[ −2] 0.105[ −1] 0.478[ −2]
1.25 0.853[ −2] 0.114[ −1] 0.534[ −2]
1.50 −0.423[ −2] 0.146[ −1] 0.836[ −2]
1.75 −0.249[ −1] 0.161[ −1] 0.122[ −1]

Li2+

0.50 0.513[ −3] 0.328[ −3] 0.164[ −3]
0.60 0.122[ −2] 0.758[ −3] 0.390[ −3]
0.75 0.255[ −2] 0.178[ −2] 0.866[ −3]
1.00 0.120[ −2] 0.372[ −2] 0.207[ −2]
1.10 −0.189[ −2] 0.419[ −2] 0.263[ −2]
1.20 −0.656[ −2] 0.432[ −2] 0.321[ −2]
1.25 −0.941[ −2] 0.428[ −2] 0.351[ −2]

B4+

0.50 0.245[ −3] 0.164[ −3] 0.819[ −4]
0.60 0.492[ −3] 0.364[ −3] 0.198[ −3]
0.75 0.462[ −3] 0.738[ −3] 0.425[ −3]
1.00 −0.380[ −2] 0.769[ −3] 0.878[ −3]
1.10 −0.747[ −2] 0.348[ −3] 0.103[ −2]
1.20 −0.120[ −1] −0.334[ −3] 0.114[ −2]

F8+

0.50 0.796[ −4] 0.585[ −4] 0.293[ −4]
0.60 0.100[ −3] 0.121[ −3] 0.722[ −4]
0.75 −0.355[ −3] 0.164[ −3] 0.145[ −3]
1.00 −0.418[ −2] −0.402[ −3] 0.161[ −3]
1.10 −0.681[ −2] −0.957[ −3] 0.300[ −3]

B4+, and F8+, from the MBT calculations with the exact
positron self-energy �(2)

ε + �(�)
ε . Selected values are also

presented in Table II. The phase shifts become progressively
smaller with the increase in the nuclear charge Z, but
their general behavior as a function of the scaled positron
momentum κ = k/(Z − 1) is similar to the case of He+
discussed above. One can also see that the correlation effects,
which cause the phase shifts to be positive at low positron
momenta, become smaller for higher Z, compared with the
short-range static repulsion (which determines 
δ

(0)
� < 0). In

fact, one can show that for a fixed scaled momentum κ , the
correlation correction to the phase shift scales as 
δ� ∝ Z−2

[see Eq. (13)], while the short-range static phase shift behaves
as 
δ

(0)
� ∝ Z−1.

Figure 12 shows that the MBT results are in excellent
agreement with the Kohn-variational configuration-interaction
(CIKOHN∞) results of Novikov et al. [22], and with the results
of the Harris-Nesbet variational calculations of Gien [20,21].
This agreement confirms the accuracy of the numerical
implementation of the MBT. A more stringent test comes from
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FIG. 13. (Color online) Zeff for hydrogen [1] and He+ calculated using different approximations to the positron wave function (static field
or Dyson) and the annihilation vertex (zeroth order and all order), for s-, p-, and d-wave positrons. Solid lines show the complete (Dyson
orbital and all-order vertex) MBT results. For hydrogen the s-, p-, and d-wave results of Ref. [68] are also shown (circles). For He+ the s- and
p-wave results of Ref. [22] are shown (circles).

the calculation of the annihilation parameter Zeff , which will
now be discussed.

B. Annihilation rate parameter Zeff

Figure 13 shows Zeff values for hydrogen [1] and He+, for
s-, p-, and d-wave positrons, obtained in MBT calculations
using the static-field and Dyson incident positron wave func-
tions, with the zeroth-order and full (all-order) annihilation
vertices. Also shown are the accurate results for hydrogen by
Ryzhikh and Mitroy [68], and for He+ by Novikov et al. [22].

The first point to note is that for the neutral system, the total
Zeff at low momenta is dominated by the s-wave contribution.
In contrast, for the positive ion, the s, p, and d waves give
comparable contributions to the total Zeff (although successive
higher partial waves still contribute less). The characteristic
momentum dependence of the s-wave annihilation rate in
hydrogen, Zeff ∝ (κ2 + k2)−1, is due to the presence of a
low-energy s-wave virtual state supported by the attractive
correlation potential. Here κ = 1/a is the reciprocal of the
scattering length a, and the enhancement occurs when the latter
is greater than the radius of the atom. This effect is especially
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prominent in enhancing low-energy Zeff in noble-gas atoms
[35,37,69,70]. While the s-wave Zeff in neutral atoms is
constant at low k, the p- and d-wave contributions tend to
zero as Zeff ∝ k2� at small momenta. This is a manifestation
of the Wigner threshold law for inelastic collisions with slow
particles in the initial state [42]. In contrast, the momentum
dependence of Zeff for He+ (and other positive ions) is
dominated for all partial waves by the Gamow factor (26),
which vanishes rapidly for k → 0, γG(k) ∝ exp(−2πZi/k).

For s-wave positrons annihilating on hydrogen, improving
the quality of the positron wave function (by using the Dyson
orbital) and the vertex (using all contributions shown in Fig. 3),
both produce a significant enhancement over the static-field,
zeroth-order-vertex result. For the p and d waves, however, the
vertex contribution dominates. For positron annihilation on the
positive ions the vertex correction dominates the enhancement
of Zeff for all partial waves. The correlation corrections to the
wave function have such a negligible effect on Zeff that the
static-field and Dyson results are almost indistinguishable for
p- and d-wave annihilation on He+ (see Fig. 13). This fact is
due to the dominance of the repulsive Coulomb potential over
the correlation potential. It means that reasonably accurate Zeff

can be obtained using wave functions calculated in the static
field alone, neglecting the correlation potential (provided that
the electron-positron correlation corrections to the annihilation
vertex are properly incorporated). A similar conclusion was
arrived at in the CIKOHN variational calculations of Ref. [22].
For the positive ions, therefore, the enhancement in Zeff above
the static-field IPA result is almost entirely due to corrections
to the annihilation vertex. The vertex enhancement is almost
independent of the positron wave function, and is similar for
all partial waves. Its contribution is vital in obtaining Zeff

values that are in good agreement with the CIKOHN results
of Novikov et al. Lastly, we note that the “kink” in the d-
wave He+ full-vertex result at k ≈ 1.66 a.u. occurs at the
same energy as the kink in the corresponding phase shift, and
is possibly due to the existence of the d-wave resonance at
Er = −0.6288 Ry (total energy) [13].

Figure 14 shows the contributions from the individual dia-
grams of Fig. 3 and the total Zeff for s-, p-, and d-wave positron
annihilation on He+. For the s-wave Zeff , the zeroth-order
vertex (independent-particle approximation) gives the largest
contribution. However, the first-order correction, Fig. 3(b), is
of comparable magnitude. The higher-order vertex correction,
Fig. 3(d), and those describing virtual positronium formation
[Figs. 3(c), 3(e), and 3(f)], contribute less, but they are
not negligible, with the smallest being ∼1% of the total.
For p- and d-wave annihilation, the relative importance
of the first-order correction increases, and for the d-wave
Zeff it is equal in magnitude to the zeroth-order result,
demonstrating the importance of the nonlocal corrections to
the annihilation vertex. For the positron-hydrogen system the
relative importance of the individual diagrams is somewhat
different (see Fig. 11 of Ref. [1]), and the largest contribution
comes from the virtual Ps diagram, Fig. 3(c). For the positive
ions, the role of virtual positronium formation is reduced due
to the strong nuclear repulsion and greater electron binding
energies.

For the d wave, there is a dramatic drop in Zeff at around
k ∼ 1.7 a.u. in the contribution of the diagram Fig. 3(f). The
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FIG. 14. (Color online) Contributions of individual diagrams in
Fig. 3 and the total Zeff for s-, p-, and d-wave positron annihilation on
He+, calculated using the Dyson positron wave function. The feature
in the contribution of Fig. 3(f) to the d-wave Zeff is possibly due to
the existence of a resonance at k ≈ 1.83 a.u. [13]. Also shown are the
CIKOHN∞ results of Novikov et al. [22] (circles).

diagrams of Figs. 3(c) and 3(e) also show a drop around this
energy, although it is less pronounced. Each of these three
diagrams contains the �-block element that describes virtual
Ps formation, and the features in the d-wave Zeff are most likely
due to the existence of the resonance below the Ps-formation
threshold [13]. For the d wave, the effect of this can also be
seen in the total Zeff . Compared with the width of the d-wave
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FIG. 15. (Color online) Annihilation rates of s- and p-wave positrons in Li2+, B4+, and F8+. The graphs show contributions from the
diagrams in Fig. 3 and the total Zeff , calculated using the Dyson positron wave function. The kinks in the virtual positronium diagram
contributions, Figs. 3(c), 3(e), and 3(f), are attributed to resonances below the Ps-formation threshold in these systems. Also shown are the
CIKOHN∞ results of Novikov et al. [22] (circles).

resonance, the widths of the s- and p-wave resonances are
about a factor of 2 smaller [11,13], which may explain why
our calculation “misses” them. The detailed investigation of
the resonances and their effect on Zeff is beyond the scope
of this paper. However, it is clear that the MBT could be
used to investigate the effect of these resonances on the
annihilation rates, by focusing on the corresponding energy
range.

Figure 15 shows the individual diagrammatic contributions
and the total Zeff for s- and p-wave positron annihilation in
Li2+, B4+, and F8+. One can see clearly that on increasing
the nuclear charge Z, the zeroth-order (IPA) diagram begins
to dominate over the nonlocal vertex corrections. At the
same time, the first-order correction shown in Fig. 15 by the
short-dashed line, emerges as the single leading contribution
beyond the IPA, as the system for Z � 1 is in the perturbative
regime. It is worth noting, though, that even for F8+ the
vertex correction to the zeroth-order Zeff is about 20%. The
dependence of the vertex enhancement of Zeff above the IPA
values on the nuclear charge Z is discussed further in Sec. V.
For both s- and p-wave annihilation, the MBT Zeff values are
in excellent agreement with the results of Novikov et al. [22]
shown by solid circles. Figure 15 also shows hints of resonant
structures from the virtual Ps diagram contributions at around
2.6 a.u. in the s- and p-wave (and d-wave, not shown) results
for Li2+, and at around 4.4 a.u. for the p-wave (and d-wave, not
shown) annihilation on B4+. The features are more dramatic
for the s- and p-wave (and d-wave, not shown) annihilation
in F8+, around k ≈ 8 a.u. Again, further investigation using
a finer momentum resolution would be required to study the
effects of these resonances in detail.

Finally, Fig. 16 shows the partial s-, p-, and d-wave
contributions for positron annihilation on He+, Li2+, B4+,
and F8+, from the complete MBT calculation (i.e., using
the full vertex and Dyson incident positron orbital), and
the total Zeff . Our results are also shown in Table III. In
general, the s-wave contribution is 2–4 times greater than the
p-wave Zeff for positron momenta well below the Ps-formation
threshold. Closer to the Ps-formation threshold, for κ � 1, the
contribution of the p wave becomes comparable to that of the s

wave. The contribution of the d wave is an order of magnitude
smaller, except near the Ps-formation threshold in He+, where
it experiences a relatively larger enhancement (see Sec. V).
Hence, the total Zeff can be approximated well by the sum of
the s-, p-, and d-wave contributions. Also shown in Fig. 16 is
the total Zeff calculated in the CBA from Eq. (28). Its behavior
is similar to the MBT result, but the neglect of the vertex
enhancement means that it underestimates the total Zeff at all
positron momenta. This effect is more pronounced for low-Z
ions. For greater nuclear charges, the electron is more tightly
bound and the vertex enhancement effect becomes smaller. For
example, for He+, the vertex enhancement increases the IPA
result by a factor of ∼2, whereas for F8+ the corresponding
factor is only ∼1.2. In fact, we shall see in Sec. V that the
vertex enhancement fraction is inversely proportional to Z. If
necessary, it can be used to correct the CBA result for large
Z, where the CBA already provides a good approximation
for Zeff .

We conclude this section by noting that the MBT total Zeff

obtained as the sum of the s-, p-, and d-wave contributions
is in excellent agreement with the results of Novikov et al.,
composed of the s- and p-wave contributions from their
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FIG. 16. (Color online) Annihilation parameter Zeff for He+, Li2+, B4+, and F8+: complete MBT results for the s, p and d waves (dashed,
dot-dashed, and dotted lines, respectively) and the total (thick solid line); CBA Zeff from Eq. (28) (thin solid line); total Zeff of Novikov
et al. [22] (circles, see text for details).

CIKOHN calculation, augmented by the d-, f -, and g-wave
contributions from their model [22]. This agreement confirms
that our numerical implementation of the MBT formalism for
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FIG. 17. (Color online) Annihilation γ spectra of He+ calculated
using different approximations for the vertex (Fig. 5): zeroth order
(dashed lines), zeroth + first order (dot-dashed lines), and 0 + 1 + �

(solid lines), and for the positron wave function: static-field (thin
lines) and Dyson (thick lines), for s-wave positrons with momentum
k = 1.0 a.u.

positron annihilation on strongly bound electrons is accurate
and reliable. In the next section we use it to evaluate the
annihilation γ spectra of the H-like systems.

0 2 4 6 8 10
Energy shift (keV)

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

A
nn

ih
ila

tio
n 

γ-
sp

ec
tr

um
  (

ke
V

-1
)

s-wave
p-wave
d-wave
Total

 κ = 1.00 a.u.
He

+

FIG. 18. (Color online) Annihilation γ spectra of He+ showing
the s- (dashed), p- (dot-dashed), and d-wave (dot-dash-dashed)
contributions and the total (solid line), calculated using the complete
MBT for positrons with momentum k = 1 a.u.
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TABLE III. Zeff values calculated with the full MBT (Dyson
positron wave function and all-order vertex) for s, p and d-wave
positrons on hydrogen-like ions for the scaled momenta κ = k/(Z −
1) below the Ps-formation threshold. The numbers in square brackets
denote powers of 10.

Partial wave �

κ s p d

He+

0.20 0.858[ −11] 0.207[ −11] 0.793[ −13]
0.25 0.364[ −8] 0.897[ −9] 0.367[ −10]
0.40 0.269[ −4] 0.721[ −5] 0.381[ −6]
0.50 0.477[ −3] 0.137[ −3] 0.878[ −5]
0.75 0.183[ −1] 0.650[ −2] 0.658[ −3]
1.00 0.917[ −1] 0.417[ −1] 0.628[ −2]
1.20 0.181 0.101 0.200[ −1]
1.25 0.204 0.119 0.252[ −1]
1.50 0.308 0.228 0.642[ −1]

Li2+

0.20 0.112[ −10] 0.390[ −11] 0.240[ −12]
0.25 0.470[ −8] 0.167[ −8] 0.110[ −9]
0.40 0.334[ −4] 0.128[ −4] 0.109[ −5]
0.50 0.573[ −3] 0.236[ −3] 0.239[ −4]
0.75 0.197[ −1] 0.989[ −2] 0.156[ −2]
1.00 0.879[ −1] 0.554[ −1] 0.127[ −1]
1.20 0.160 0.120 0.357[ −1]
1.25 0.177 0.139 0.439[ −1]

B4+

0.20 0.138[ −10] 0.596[ −11] 0.500[ −12]
0.25 0.574[ −8] 0.252[ −8] 0.224[ −9]
0.40 0.392[ −4] 0.185[ −4] 0.207[ −5]
0.50 0.650[ −3] 0.327[ −3] 0.436[ −4]
0.75 0.203[ −1] 0.123[ −1] 0.249[ −2]
1.00 0.829[ −1] 0.615[ −1] 0.178[ −1]
1.20 0.142 0.124 0.454[ −1]

F8+

0.20 0.158[ −10] 0.767[ −11] 0.799[ −12]
0.25 0.652[ −8] 0.322[ −8] 0.346[ −9]
0.40 0.432[ −4] 0.228[ −4] 0.298[ −5]
0.50 0.699[ −3] 0.392[ −3] 0.606[ −4]
0.75 0.204[ −1] 0.136[ −1] 0.316[ −2]
1.00 0.788[ −1] 0.633[ −1] 0.201[ −1]

C. Annihilation γ spectra

In this section we present the results of the MBT calcula-
tions of the γ spectra for positron annihilation on the H-like
ions He+, Li2+, B4+, and F8+. Specifically, the effects of the
correlations on the spectra are studied as functions of positron
momentum and nuclear charge Z. Since the γ spectra wn(ε),
Eq. (36), are symmetric about the zero-energy Doppler shifts,
we show only positive energy shifts in the results that follow.
The electron velocity in the hydrogenlike ions scales as Z. For
low-momentum positrons this gives the following estimate
of the Doppler shift from Eq. (33): ε ∼ 1

2mcZ ∼ 70Z (in
atomic units). In practice, the annihilation photon energies
are often measured in keV, which gives ε ∼ 2Z keV for the
typical Doppler shifts. When using these units, the annihilation
spectrum density wn(ε) is given in keV−1. Note that the

magnitude of the annihilation γ spectra is related to the
annihilation rate parameter Zeff through Eq. (40). Since the Zeff

have been discussed in detail above, the following discussion
focuses mainly on the shapes of the γ spectra.

Figure 17 shows the γ spectra for He+ calculated using
different approximations for the annihilation vertex (zeroth
order, first order, or all order; see Fig. 5) and positron wave
function (static field or Dyson), for s-wave positrons with
momentum k = 1.0 a.u. For a given approximation to the
vertex, the spectra calculated using the static and Dyson
positron wave functions are similar, with the latter giving
slightly higher results (due to the correlation attraction; see
Sec. IV A). At small Doppler shifts (ε � 3 keV), the correc-
tions to the zeroth-order vertex produce a marked enhancement
of the spectrum. At larger energy shifts (ε > 4 keV) the
magnitude of the spectrum is reduced as the vertex order
increases. The overall effect of the vertex corrections is thus
to enhance the annihilation rate and cause a narrowing of
the γ spectrum with respect to its zeroth-order (IPA) form.
Physically, the vertex corrections involve excited (virtual)
electrons that are relatively more diffuse than the bound 1s

orbital. Accordingly, their annihilation momentum density
distribution is narrower, as is the resulting γ spectrum.

Figure 18 shows the s-, p-, and d-wave contributions to
the total annihilation γ spectrum of He+ at the positron
momentum k = 1.0 a.u. At small Doppler shifts, the main
component of the total spectrum is due to the positron
s wave. For the p wave, the centrifugal barrier reduces
the ability of the positron to probe distances close to the
nucleus, and the electron-positron wave-function overlap is
consequentially reduced. However, at energy shifts ε > 3 keV
the p wave dominates the spectrum, producing an overall
broader spectrum. Similar results are found for Li2+, B4+,
and F8+. A possible explanation for this is that the presence
of the centrifugal barrier leads to a more rapid variation of
the positron wave function, increasing the contribution of
large momenta P in the Fourier transform Eq. (37). At small
Doppler shifts the spectra behave as w(ε) − w(0) ∝ ε2�+2, i.e.,
as the positron angular momentum � increases, the spectra
become more flat-topped. A similar dependence on the angular
momentum of the electron-positron pair is found in positron
annihilation in many-electron atoms. For example, in noble
gases the np orbitals are less strongly bound than the ns

orbitals, but their annihilation spectra are broader [2,4].
Figure 19 compares the annihilation spectra for ions of

different nuclear charge Z. As expected, the spectra broaden
as Z is increased. This is especially clear in the middle panel
of Fig. 19 where all spectra are normalized to unity at ε = 0.
When the normalized spectra are plotted against the scaled
Doppler energy shift ε̃ = ε/Z, they become very similar (right
panel in Fig. 19). This confirms that the characteristic photon
Doppler shifts are proportional to Z (see the beginning of
Sec. IV C). Given the similarity of their shapes, the annihilation
spectra can be characterized by a single parameter, namely,
their full width at half maximum (FWHM). This quantity is
widely used by experimentalists [9]; it allows one to identify
various trends in positron annihilation in atoms and molecules.

Besides the dependence on the charge of the ion, the
shape of the annihilation spectrum also depends on the inci-
dent positron momentum. This is shown in Fig. 20 for the
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FIG. 19. (Color online) Annihilation γ spectra of hydrogenlike ions for positrons with scaled momentum κ = 1.0 a.u. from the complete
MBT calculations. Left: absolute spectra; middle: spectra normalized to unity at ε = 0; right: normalized spectra as functions of the scaled
Doppler shift ε̃ = ε/Z.

s-wave positron on He+. The figure shows that increasing the
positron momentum leads to broader spectra, due to increased
center-of-mass momenta of the electron-positron pair and,
consequently, larger Doppler shifts. Another contribution to
the broadening can be due to the greater ability of energetic
positrons to penetrate the repulsive ionic potential and annihi-
late with the electron at smaller nuclear separations where it
moves faster.

Table IV contains values of the annihilation spectrum den-
sities for all of the ions from the full MBT calculation, for two
scaled positron momenta, κ = 0.5 and 1.0 a.u. The variation of
the shape of the γ spectra with the nuclear charge and positron
momentum is shown in Fig. 21, where the FWHMs of the
partial s-, p-, and d-wave positron γ spectra are plotted as
functions of Z, for four incident positron momenta. The graphs
confirm that, to a good approximation, the FWHM values
increase linearly with Z. The graphs also show that greater in-
cident positron momenta lead to broader annihilation spectra.

The dependence of the FWHM of the partial (s, p, and
d wave) and total annihilation γ spectra on the positron
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FIG. 20. (Color online) Normalized annihilation γ spectra for the
s-wave positron incident on He+ with various momenta k, obtained
in the complete MBT calculation (full vertex and Dyson positron
orbital).

momentum is approximately quadratic, as shown in Fig. 22.
As k → 0, the FWHM approaches a constant value, owing
to the dominance of the electron momenta. In this limit the
FWHMs (
ε) of the total spectra are described accurately
by a very simple relation, 
ε ≈ 1.2Z keV; see Table V.
As k increases, the center-of-mass momenta of the electron-
positron pair increases, leading to larger Doppler shifts and
therefore broader spectra. The broadening of the spectrum
with increasing positron angular momentum is also evident.

V. VERTEX ENHANCEMENT FACTOR

In Secs. IV B and IV C we have seen the importance
of correlation corrections to the zeroth-order (independent-
particle approximation) annihilation vertex for the annihilation
rate and γ spectra. In this section we analyze the correlational
enhancement further.

TABLE IV. Annihilation γ spectra wn(ε) of hydrogenlike ions,
obtained by adding the s-, p-, and d-wave positron contributions
from full MBT calculation. The spectra are presented as functions of
the scaled Doppler shift ε/(Z − 1). The numbers in square brackets
denote powers of 10.

ε/(Z − 1) wn(ε) (keV−1)

(keV) He+ Li2+ B4+ F8+

κ = 0.5 a.u.
0.00 0.218[−3] 0.189[−3] 0.135[−3] 0.831[−4]
1.00 0.143[−3] 0.945[−4] 0.536[−4] 0.281[−4]
2.00 0.468[−4] 0.168[−4] 0.588[−5] 0.225[−5]
4.00 0.220[−5] 0.295[−6] 0.584[−7] 0.167[−7]
6.00 0.122[−6] 0.113[−7] 0.198[−8] 0.556[−9]
8.00 0.108[−7] 0.887[−9] 0.160[−9] 0.517[−10]
10.0 0.134[−8] 0.109[−9] 0.262[−10] 0.120[−10]

κ = 1.0 a.u.
0.00 0.403[−1] 0.266[−1] 0.149[−1] 0.773[−2]
1.00 0.306[−1] 0.184[−1] 0.984[−2] 0.500[−2]
2.00 0.137[−1] 0.602[−2] 0.258[−2] 0.115[−2]
4.00 0.982[−3] 0.174[−3] 0.407[−4] 0.128[−4]
6.00 0.583[−4] 0.637[−6] 0.121[−5] 0.354[−6]
8.00 0.501[−5] 0.462[−6] 0.885[−7] 0.281[−7]
10.0 0.605[−6] 0.560[−7] 0.125[−7] 0.453[−8]
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FIG. 21. (Color online) FWHM of the γ spectra against nuclear charge Z of the H-like ions for scaled incident positron momenta κ = 0.25,
0.50, 0.75, and 1.0 a.u. (shown by circles, squares, diamonds, and triangles, respectively).

The effect of the vertex corrections in the annihila-
tion amplitude (Fig. 5) can be characterized by the ra-
tio of the modulus-squared full MBT amplitude to that
of the independent-particle approximation, which gives the
momentum-dependent vertex enhancement factor

γε(P ) ≡
∣∣A(0+1+�)

nε (P )
∣∣2

∣∣A(0)
nε (P )

∣∣2 . (52)

Figure 23 shows γε(P ) for the s-, p-, and d-wave positrons
with κ = 1.0 a.u., annihilating on He+ and Li2+. For a given
partial wave, the enhancement peaks at P = 0 and falls off as
P increases. A similar behavior is predicted from an explicit
two-particle Green’s function calculation [33]. As expected,
the enhancement factor is greater for He+ than for Li2+. It is
also clear from Fig. 23 that the enhancement is larger for the
higher positron partial waves. One may notice that for large
P the enhancement changes to suppression, as γε(P ) < 1.
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FIG. 22. (Color online) Dependence of the FWHM of the partial
(s, p, and d positron wave) and total annihilation γ spectra for
hydrogenlike ions on the scaled positron momentum κ = k/(Z − 1).

However, the magnitude of the annihilation momentum
density |Anε(P )|2 at large P is very small, so these momenta
contribute little to the Doppler-shift spectrum wn(ε) and Zeff .
Note that we used a quantity somewhat similar to that defined
by Eq. (52) in Ref. [71] to account for the much stronger
effect of the entire positron-atom interaction and correct the
positron annihilation spectra for molecules, computed in the
plane-wave-positron approximation.

It is instructive to define a related quantity, the annihilation-
rate-based enhancement factor

γ̄ (k) ≡ Zeff(k)

Z
(0)
eff (k)

= 1 + Z
(
)
eff (k)

Z
(0)
eff (k)

, (53)

which quantifies the enhancement of the annihilation rate
above the independent-particle approximation due to the vertex
corrections of Fig. 5. This factor can also be defined as γε

averaged over P , weighted by the zeroth-order annihilation
momentum density |A(0)

nε (P )|2; see Eq. (40). Formally, γ̄ (k)
takes the form [1]

γ̄ (k) = 1 +
∫

ψε(r)
nε(r,r′)ψε(r′) drdr′∫ ∑
n |ϕn|2|ψε(r)|2dr

, (54)

where 
nε is the nonlocal annihilation vertex kernel. It is
common to use such factors in positron and positronium-atom
studies [1,72] and in positron annihilation in condensed-matter
systems [73,74]. This factor was estimated for positive ions by
Bonderup et al. [23], using first-order perturbation theory, and
by Novikov et al. [22], using a model potential.

Figure 24 shows values of γ̄ (k) obtained from Eq. (53),
using the MBT calculations with the s-, p-, and d-wave
positron Dyson orbital, for all of the ions across a range of

TABLE V. FWHM 
ε of the total annihilation γ spectra of
hydrogenlike ions, normalized by Z, for selected values of the scaled
positron momentum κ = k/(Z − 1).


ε/Z (keV)

κ He+ Li2+ Be4+ F8+

0.25 1.23 1.21 1.20 1.19
0.50 1.30 1.33 1.37 1.38
0.75 1.42 1.53 1.64 1.67
1.00 1.59 1.82 2.04 2.02
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FIG. 23. (Color online) Momentum-dependent vertex enhance-
ment factor γε(P ) for s- (solid), p- (dashed), and d-wave (dot-
dashed) positrons of scaled momentum κ = 1.00 a.u. annihilating on
He+ and Li2+.

scaled positron momenta κ . One observes that the factors
γ̄ (k) are relatively insensitive to the positron momenta,
generally decreasing slightly as the momentum increases. The
enhancement factors are smaller for larger-Z ions, but at the
same time increase with the positron angular momentum �. In
some of the graphs, the enhancement factor rises dramatically
just below the Ps-formation threshold, at energies where
resonances may occur (see Sec. IV). Besides the values
obtained using n = 60 B splines of order k = 9 (i.e., the better
basis that has been used throughout), the figure also shows the
results for n = 40 B splines of order k = 6. The enhancement
factors calculated using the larger B spline basis are slightly
larger in all cases (except at low momenta for some d-wave
results, which may reveal a small numerical problem).

Fundamentally, the vertex enhancement depends on the
ability of the positron to perturb the electron, and thus on
the strength of the electron-positron Coulomb interaction V

compared with the electron binding energy |ε1s | = Z2/2. One
would therefore expect the enhancement to decrease for ions
of increasing Z, for which the binding energy is larger, as seen
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FIG. 24. (Color online) Annihilation-rate enhancement factors
γ̄ (k) for the hydrogenlike ions, calculated with the Dyson incident
positron wave function, using n = 60 B splines of order k = 9
(solid lines) and 40 B splines of order 6 (crosses), as a function
of the scaled positron momentum κ = k/(Z − 1). The enhancement
factors calculated with the static-field positron wave functions are
indistinguishable from the results shown. The vertical dotted lines
mark the Ps-formation thresholds.
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in Fig. 24. Furthermore, as we have seen from Figs. 14, 15,
and 17, the dominant correction to the annihilation vertex is
given by the first-order diagram [Fig. 3(b) in the case of Zeff ,
or Fig. 5(b) in the case of the annihilation amplitude]. We can
thus make a simple perturbative estimate of the scaling of the
enhancement factor with Z. To do this, note that the diagram in
Fig. 5(b), which corresponds to the second term on the right-
hand side of Eq. (38), is proportional to the ratio V/
E, where

E ∼ Z2 is the energy difference in the denominator. At the
typical electron-nuclear separations r ∼ 1/Z, the strength of
the electron-positron Coulomb interaction is V ∼ Z. Hence
the first-order correction scales as 1/Z. In fact, a better
interpolation of the MBT data is obtained by assuming that
the excess of the enhancement factor over unity scales as
1/Zi = 1/(Z − 1). Indeed, Fig. 25 shows that γ̄ (k) − 1 for
s-, p-, and d-wave positrons with κ = 0.5 a.u. have an
approximately linear dependence on 1/(Z − 1). Its gradient
depends on the positron angular momentum �, and the fits to the
MBT numerical data give γ̄s ≈ 1 + 1.60/(Z − 1), γ̄p ≈ 1 +
2.06/(Z − 1), and γ̄d ≈ 1 + 2.53/(Z − 1), for the s-, p-, and
d-wave positrons, respectively. To a good accuracy, these three
expressions can be written as a single �-dependent vertex en-
hancement factor γ̄� ≈ 1 + (1.6 + 0.46�)/Zi . Similar results
were found in the perturbative approach by Bonderup et al.
[23], and from the comparison of the CIKOHN variational
and model potential results by Novikov et al. [22], who
obtained γ̄s ≈ 1 + 1.50/(Z − 1) and γ̄p ≈ 1 + 2.0/(Z − 1),
which compare favourably with this work.

VI. CONCLUSIONS

In this work we have used diagrammatic many-body theory
to calculate the scattering phase shifts, normalized annihilation
rate parameter Zeff , and the annihilation γ spectra for s-, p-,
and d-wave positrons incident on the hydrogenlike ions He+,
Li2+, B4+, and F8+. For the one-electron targets the MBT
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equations are exact. They explicitly account for nonlocal and
nonperturbative (i.e., all-order) correlation effects, such as the
target polarization by the positron, which modifies the incident
positron wave function, and the short-range electron-positron
interaction, which enhances the annihilation vertex.

The nuclear repulsion experienced by the positron was
found to dominate both the scattering and annihilation pro-
cesses. This repulsion reduces the role of the correlation
effects, compared with positron interaction with neutral atoms.
The analytic estimate of Zeff in the Coulomb-Born approxi-
mation showed that its overall energy dependence is governed
by the Gamow factor, which quantifies the suppression of the
positron wave function near the nucleus. Similarly, the Gamow
factor is known to suppress the short-range phase shifts at low
positron momentum [44,65,66]. The CBA, however, takes no
account of the electron-positron correlation effects, which are
by no means negligible.

The use of B-spline bases for the electron and positron states
ensured convergence of the many-body theory calculations.
Where comparison was possible, the MBT scattering phase
shifts and Zeff were found to be in excellent agreement with
accurate variational results of Gien [20,21] and Novikov et al.
[22]. This agreement confirms that the numerical implemen-
tation of the MBT for positron interaction on strongly bound
electrons is reliable and accurate, providing a useful test for
the application of MBT to positron annihilation with atomic
core electrons [4].

Our calculations show that the positron–positive-ion
correlation potential has a distinct effect on the short-range
scattering phase shifts, making them positive at low positron
momenta. At the same time, these correlations (i.e., the use
of the Dyson orbital vs the static-field wave function) have
an almost negligible effect on the Zeff and γ spectra. They
increase the s- and p-wave Zeff values in He+ by 8% and
4%, respectively, but have a much smaller effect in all other
cases. The dominant part of the annihilation enhancement is
due to the short-range electron-positron vertex corrections.
These correlation corrections have been shown to be inversely
proportional to the total charge of the ion (Z − 1), and amount
to a factor of 2 enhancement for He+, decreasing to about 25%
for F8+. Moreover, in light of this scaling of the enhancement
factor, as Z increases the CBA becomes increasingly more
accurate. It can therefore be used to calculate accurate Zeff for
hydrogenlike ions with Z � 10 to within � 20% of accuracy.

This analysis shows that accurate annihilation rates for
positive ions can be obtained using the positron wave functions
in the static field of the ion, provided that that the important
effects of the short-range correlations are incorporated in the
annihilation vertex. This is in contrast to the scattering and
annihilation of positrons on neutral systems, e.g., hydrogen
or noble-gas atoms [1,3,37], for which the positron-atom
correlations can result in an overall positron-atom attraction
that increases the annihilation rate by a factor comparable to
the vertex enhancement.

This comprehensive work has focused on the scattering
and annihilation of positrons on hydrogenlike ions. In addition
to these problems, interest in positron-ion systems has been
driven by the search for resonances. Although beyond the
scope of this paper, we have seen that the many-body method
used in this work is “aware” of the resonances below the
Ps-formation threshold. A detailed study of these resonances

and their effect on the phase shift and Zeff could be performed
using MBT.

This work has demonstrated that the effect of correlations
on the process of positron annihilation with high-ionization-
energy electrons can be significant, even for an electron as
tightly bound as that in F8+. One should expect therefore that
the vertex enhancement for core electrons of many-electron
atoms, including those in condensed-matter systems, should
also be significant. The accurate determination of such
factors is of current interest due to their vital importance in
accurately interpreting, e.g., positron-induced Auger-electron
spectroscopy experiments (see e.g., [26,75,76]). In light of
this, we have since applied the MBT to the calculation of
annihilation of positrons with the tightly bound core electrons
of many-electron atoms [4], and have found that the vertex
enhancement of the core electrons is indeed significant.
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APPENDIX: EVALUATION OF Zeff IN THE
COULOMB-BORN APPROXIMATION

To evaluate the integral I (κ,Z̃) in Eq. (27), we first
integrate over ξ , and then introduce the following auxiliary
function of λ:

W (λ,κ,Z̃) ≡
∫ ∞

0
e−Z̃λη

∣∣∣∣1F1

(
− i

κ
,1,iκη

)∣∣∣∣
2

dη, (A1)

which allows one to write

I (κ,Z̃) = Z̃

2

[
W (1,κ,Z̃) − ∂W (λ,κ,Z̃)

∂λ

∣∣∣∣
λ=1

]
. (A2)

W (λ,κ,Z̃) can be calculated through the known relation [77],
with the result

W (λ,κ,Z̃) = 1

λZ̃
e2φ(λχ)/κ

2F1

(−i

κ
,
i

κ
,1,

1

1 + λ2χ2

)
, (A3)

where χ ≡ Z̃/κ and φ(x) ≡ arctan(x−1).
The derivative of W with respect to λ is given by

∂W (λ,κ,Z̃)

∂λ

∣∣∣∣
λ=1

= −e2φ(χ)/κ

Z̃

2χ2

(1 + χ2)2
S(χ,κ)

−
(

1 + 2χ

κ

1

1 + χ2

)
W (1,κ,Z̃),

(A4)

where S(χ,κ) is defined by Eq. (29). Inserting Eqs. (A3)
(with λ = 1) and (A4) into Eq. (A2) gives Zeff as in
Eq. (28).
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