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The evaluation method of the one-loop self-energy of the electron bound in a Coulomb field is described. The
method combines the relativistic multipole expansion with the free-particle approximation in the virtual states
without breaking any integrations of pieces. The relativistic multipole expansion is based on a single assumption:
except for the part of the time component of the electron four-momentum corresponding to the electron rest mass,
the exchange of four-momentum between the virtual electron and photon can be treated perturbatively. This
assumption holds very well, except for the electron virtual states with very high three-momentum. It is shown
that for such virtual states one can always rearrange the pertinent expression in a way that allows the electron to
be treated as free. The fraction of the free-particle approximation contained in the relativistic multipole expansion
carried out to a given order is precisely determined. Furthermore, it is pointed out that in the virtual states with
very large wave numbers the electron ceases to feel the Coulomb force from the nucleus for arbitrarily strong
fields. This results in a simple scaling behavior of the integrals over the large electron wave numbers. This in
turn enables us to avoid a decomposition of convergent integrals into the sum of divergent integrals encountered
earlier. By taking the method up to the ninth order and estimating the remainder of the series, the result obtained
for the ground state of the hydrogen atom differs from the other result of comparable accuracy by two parts in 10°.
This amounts to the difference of 18 Hz for 2s-1s transition in hydrogen. This is by four orders smaller than the
uncertainty in determination of the proton radius. With an increasing nuclear charge Z, the rate of convergence of
the expansion slows down. Nonetheless, the obtained results are in very good agreement with the results obtained

by partial wave expansion up to Z = 90.
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I. INTRODUCTION

The Lamb shift in hydrogenlike atoms presents a classic
and, up to this time, one of the most precise tests of QED [1-4].
It is customary to write the Lamb shift on general S state as

n*AE, — AE, AE,
AE, = 3 +—, (D

n n

where the first and the second terms of the right member
will be referred to as the state-dependent and the state-
independent parts, respectively. The state-independent part
of the self-energy effect for the § states is by far the
dominant contribution to the Lamb shift in ordinary atoms
[1-4]. Therefore, considerable effort has been devoted to an
evaluation of this part of the effect [5-14].

The renormalized expression for the self-energy in the
nonrecoil limit reads (for notation and units used, see [15])

AE = (0 — Am) = (¥ |yo(0 — Am)| ), 2)

where Am stands for the electromagnetic mass of the electron.
The regularized mass operator O reads

A? 4
o dkp 1
0=— di . 3
n/o /(kz—)»)zyl)/-(l_[—k)—my“ 3)

and the wave function i of the reference state is a solution of
the stationary Dirac equation with the energy E,

(y - MM —m)y =0. “)

In the case that only the fine structure of the spectral lines is
of interest, the components of physical momentum IT of the
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particle are taken to be those in the external Coulomb field
Za -

where P is the canonical three-momenturm.

The difficulty in the evaluation of Eq. (2) is usually stated
as follows [2,6,7,10]. In the region of short wavelengths of
the virtual photon the momentum imparted on the electron is
so high that, in the first approximation, the electron can be
in the virtual states treated as free. The problem can then be
formulated as a manageable problem of radiation correction
to multiple scattering of the electron by the external Coulomb
field. However, such an approach fails when one integrates over
long wavelengths of the virtual photon. In that region, the effect
of the binding potential has to be treated nonperturbatively.
On the other hand, to a first approximation, the motion of the
electron in that region is nonrelativistic and a dipole approx-
imation for the interaction of the electron and photon can be
used. The problem with the long wavelengths emerges because
of the zero photon mass. Indeed, when the effect of the vacuum
polarization is evaluated, the finite electron mass provides a
natural cutoff for small momenta of the virtual electron. The
potential expansion of the electron propagator can be used
without any difficulty. The leading term of the expansion yields
Uehling potential. This is, for light atoms, by far the dominant
contribution to the effect of vacuum polarization [1,2].

The different treatment of different wavelengths of the
virtual photon persists also in a calculation based on the partial
wave expansion (PWE) [12,13].

Following [8,9], we multiply 1/[y - (Il —k) —m] in
Eq. 3) by [y -(I1 —k)+m]/[y - (Il — k) +m] from the
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right. Using the Dirac equation and properties of y matrices
[15] we get

o m
(0> = _Z<Vu (G4Hu - EG ' Vyu>>» (6)
where

B A d*kp (1,k,/m)
Cav = (_4)/0 d)‘/ @ _ipe ok nta

Here the second-order Hamilton operator H [8] reads
H=(y -TI+m)y -I1—m)
=M1 —m® + [T L]l ®)
Recently, an expansion of the electron propagator has been
suggested [16—18]. This expansion will be referred to as a
relativistic generalization of multipole expansion (RME). This
expansion is based on a single assumption, namely, that the

four-momentum IT of the bound electron in the virtual states
is dominated by the four-momentum ¢ of the electron at rest:

1 1
k2—2k-s+H—2k-(IT—¢) 7—Hy—AH,

9

Here the propagator is written in a generic form (z — H)™',
where H = H, + A H, is a generic Hamilton operator. Further-
more, X is a formal perturbation parameter that is eventually
set to one,

& = (m,0,0,0) (10)
and

z=k>=2k-e, Hy=—-H, AH =2k-(I1—¢). (11)

Once the renormalization of the electron mass is made, each
term of the expansion is finite both in the infrared and
ultraviolet regions when one integrates over four-momentum
k of the virtual photon. From this standpoint, there are two
regions that cannot be simultaneously covered by a single
approximation, but they are characterized by the electron, not
the photon, wave numbers. The squared Hamilton operator H,
Eq. (8), with four-momentum IT given by Eq. (5) has for the
continuous part of the spectrum eigenvalues [16,19]

H
- = (Za)*[1+ k2o + 1?], ke € (0,00),

I+ 1=1-(Za)?.

The low- and high-energy regions are given by the discrete
part of the spectrum and k. up to, say, (Za)~! and by k,
ranging from (Za)~! to infinity, respectively. In the low-energy
region the convergence of the RME is very fast. As discussed
in detail in [17], the energy shift for non-S states and the
state-dependent part of the § states is determined nearly
completely by this low-energy part. Thus, very accurate
results can be obtained in these cases just by considering
a few terms of RME [17]. This reduces the problem to the
calculation of the ground state [see Eq. (1)]. In the high-energy
region the RME yields, after initially fast convergence, slowly
convergent series. However, in this region, a simplification
appears. Namely, under the circumstances to be specified later,
the free-particle approximation of the electron propagator can
be used. As shown in [18] and in a substantially simpler way

12)
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here, if the RME is truncated after a finite number of terms, one
can exactly determine how much of the free-particle result is
contained in it. Therefore, the part of RME causing the worst
convergence problems can be precisely summed up to the
infinite order. When considering the self-energy effect of
the light hydrogenlike ions, this is the greatest advantage of
the RME over the method used in [12-14] based on PWE.

The paper is organized as follows. In Sec. II we use partial
wave expansion to integrate out spinor-angular degrees of
freedom. Section III contains the essence of the method. It
shows how the individual terms of the RME are generated.
The electron propagator is successively expanded in spatial
and time components of IT — &. Further, the four-momentum
of the virtual photon is integrated out. The only remaining
integration is then the integration over the continuous part
of the hydrogen spectrum. Furthermore, the relation between
RME and Za expansion is clarified. In Sec. IV the numerical
results are presented and discussed. Appendices are devoted
to additional technical issues. In Appendix A we determine
the contribution of the virtual electron states with very large
wave numbers. This is achieved in several steps. First, we use
a nonrelativistic model introduced in [18]. Second, we specify
the conditions under which a free-particle approximation is
allowed. Third, we show how to convert the nonrelativistic
model in such a form. Finally, the integration over the photon
and electron variables is performed. In Appendix B we
discuss further applications of the nonrelativistic model. In
Appendix C we show how to obtain an asymptotic expan-
sion of the hypergeometric function needed in Sec. III. In
Appendix D, the integration over four-momentum of the
virtual photon is described in some detail. Finally, in
Appendix E the behavior of the integrands for the large electron
wave numbers encountered in integration over the continuous
part of the hydrogen spectrum in Sec. III is derived.

II. ANGULAR-SPINOR INTEGRATION

We insert Eq. (7) into Eq. (6) and use the equation
1

_ kR 1 —ik-R
S
k2 —2k-TI+H

2 — 2T+ H + 02

13)

The strategy is to separate the radial and spinor-angular degrees
of freedom. We do so in the spectral decomposition of the
Hamilton operator H, in the action of the momentum operator
[T on the reference state fugction ¥ and by decomposition of
the plane wave exp{=xik - R} into spherical waves. After this
has been done we integrate out angular-spinor variables of the
electron and photon.

A. Spectral decomposition of the squared Hamilton operator

First, we use the spectral resolution of the Hamilton
operator H, Eq. (8), with IT given by Eq. (5),
II.K, j,m)(I',K, j,ml|y

H) = H, 14
f(H) r,K,X,-,,;,zrf( ZF)<F’K’j’mWO|F,K’j’m> (14)

[see Eq. (45) of [16]]. Here I', K, j(j + 1), and m denote
the eigenvalues of the relativistic generalization of the angular
momentum operator [16,19], the relativistic parity operator,
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and the square and the third component of the total angular
momentum, respectively. The eigenvalues I' and K read
[16,19]

C=pll, p==+1, [T|=v(+1/22—(Zay (15)

and
K =m|K]|,

m==%1, |K|=j+1/2.

IT',K,j,m) are the corresponding eigenvectors. Their explicit
form reads

(16)

ci{ilj,m)7 ) (17)

I, K, j,m) = ( Sl
can| j,m)
where the symbol (71| j,m)™ denotes the spherical spinors and

_ Zo
~ QIKD'Y2(K|—aT)
The radial Hamiltonians H,. in the right member of Eq. (14)

Stand fOl [16,1 9]

e ¢y = ———(K —T)ey. (18)
Zao

R

where the effective orbital quantum number /1 reads
Ir =8,/ (IT[ = 1)+ 8, 1IT].

The eigenvalues of the discrete part of the spectrum of H;. are
obtained from Eq. (12) by the substitution k, — —i/n, where
n=n,+Ir+1,n=0,1,2,....

The radial part of the wave function of the ground state
reads

EZ
le=E2—m2+2T°‘—<P,%+

(20)

(rllo + 1,lp) = Cyyr11r e/ OFD, 2D

where [y is given by Eq. (12), Cj41,4, i a normalization
constant to be explicitly specified below, and r is the electron
radial variable in atomic units. The transition from natural to
atomic units is

;

R= . 22
EZa @2)
The energy E of the ground state reads
E
— =1—-(Za). (23)
m

The subscript 0 on the quantum numbers will refer to the
quantum numbers of the ground state,

To=v1—-(Za?, Ko=1, jo=3, mo==%;3.

(24)

B. Action of momentum operator on the reference function

The action of the electron four-momentum IT on the
wave function ¢ of the ground state, (r|y) = (r|ly+
1,1p)|To, Ko, jo,mg), will be written in the form

_ 0!
Mw = (03 + T")w (25)
where
o (E-m iEZa _
O = ( mmlo + 1)") (20
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and
0;' = (Lo SO @ i) )
m m

The angular differential operator v is given in Eq. (108)
of [16]. The action of the space components of the momentum
operator was evaluated by means of Eq. (107) of [16] and
Eq. (21).

C. Partial wave expansion

We insert Eqgs. (7), (13), and (25) into Eq. (6). Writing
further

k = wi,
dQQ (28)
/ dher (K20) foG) = / o fuli) / dkr (K 0)

and concentrating on the angular part we are to integrate the
expressions

/ %(01 explik - Ry} f(H)Orexp{—ik - Ra}rs)  (29)

and

dyn;i 2= =
/ (voexplik - Ri} f(H)yiyoexp{—ik - Rp}).  (30)

4r

In expression (29) O; and O, are in general the spinor-
angular operators whose concrete forms will be considered
in the moment. The superscript ¢ on r in (29) is equal to
0 or —1. The actual value depends on the operator O, and
can be read of Egs. (6) and (25). The subscripts 1 and 2
on the operators O and R indicate only if these operators
appear before (1) or after (2) of the operator function f(H).
Inserting Eq. (14) and a decomposition of the plane wave into
spherical waves

00 L
M =dx Y it j@R) Y Yi,, (DY, (1)
L=0 L

ﬂ1p=—

into expressions (29) and (30) we separate the radial and
spinor-angular operators

29) = Y (o + Lol ju(@R) f (Hy, ) jr(@R)rS o + 1.1o)

L.p,j

X Y 00,.0,(L.j.p.7) (32)
T

and

(30) = {lo + LloljL(wRy) f(Hi) ju(@R>)

2

L.L'=L£l,p,j

x lo+ 110} Y Oy (L. L jop.).  (33)

In more detail, insertion of Eq. (31) and its complex conjugate
into expressions (29) and (30) leads to the double summation
over L and L’. The integration over the direction of the virtual
photon together with orthonormality of spherical harmonics
and selection rules for SO(3) vector operators enforces L' =
L and L'’=L £+ 1 on the right members of Egs. (32) and
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(33), respectively. By means of Wigner-Eckart theorem and matrix elements of SO(3) vector operators we obtain for
the spinor-angular part of the integration

(To. Ko, jo.mol Y[, IU. K. j.m)(U. K. j.m|yoYL m,|To. Ko, jo.mo)

® 1= 4 - -
" ,,; (T.K. jm|yolC.K  j.m)
(’C1| le1? — |Cz’ |ca] ) (82,18 L412(L + 1) + 87 18, .-12L], (34)
(To, Ko, jo.molyoyi Yy, IT.K,j.m)(T,K, j,m|yon;Yr m,|To, Ko, jo,mo)
®Viﬂ11 =4n Z Ly . .
g (UK, jm|pll, K, j,m)
Zo K o, L- 1)[L To+D)]+6; (L +1)(L+1+F +D)
= —i——1{6.. = L - v
27T 1\9;,L—(1/2) QL —1) 0 J.L+(3/2) QL +3) 0
+46 1) (L+2)(L+1+F +I)+$6 L [L — T+ 1)] (35)
m-t\ OiL+1/2 5 0 S E Ty 0 ,

(To. Ko, jo.molyovi Yy, U, K, jm)(U. K, j.m|yoYLm, Vi |To. Ko, jo.mo)

vr =4n - -
O ,,; (C.K.j.m|yo|T.K, j.m)
Za l L (L+1)(L+2)
=—1——16z1l 81— L|K-T Ko —T S; Kog—Tyg)———
= F{ ,1( S L—(1/2) < + (Ko 0)(2L )>+ i.L+3/2)(Ko 0) GL+3)
(L+1) L(L—1)
Sr—116; L+D|{K-T Ky —Tog)— Si— Ko—To)———— )¢, 36
+ &x, 1( jray(L + )( + (Ko O)(2L+3) +3;.0-3/2(Ko 0) aL—1) (36)
(Lo, Ko, jo,molyoyi Yy, IT, K, j,m)(T,K, j,m|yi YL m,|To, Ko, jo,mo)
Oy, oy = 47 Z - ; ;
iy (I,K, j.m|yll',K, j,m)

LQL+1)
2L — 1

L+1)Q2L+1
+ (3(To + DT = K)(L+1) = (To — D(K + F)%)%‘,Lm/z)%—l

1
{(3(Fo + DT = K)L — (T — 1)(K +T')

=ar >5<i,L—(1/2)3n,1

(37)

S; S
2L 13 J.L+(3/2)07,1 T L —

L+1)(L+2 L(L—-1
— 4K +T)Ty— 1)(M (—1)5jL (/20 —1>}

and

(L L) At Z /danl FO’KO’.IOsmO'YZm (n)YL m,,(’7>|r K .] m)
)/0771 YiYo (F,K,],m'VO|F,K,],m>

mmpm

X AC.K jomyi Y, (Y] (DIT0. Ko, jo.mo)i L=, (38)
Here,
2L(L + 1)

, Za
—Oymyip(L,L'=L—1) = E{(Sj,L-k—(l/Z)(Sﬂ,l(ZL—_{_l)[FO — Koy — (T + K)]

Ko— (T +K)
Q2L+ 1)

F _
—5j,L(1/2)3n,1L( 0 —(F—K)+F0+Ko>}

and
2L(L+1)

, Zao
— Oy, L'=L+1) = _E{Sj,La/z)melm[Fo —Ko— (T +K)]

Ko— T +K)
QL+1)

r
+5j,L+(1/2>5n,1(L+1)< 0 +F—K—(F0+K0)>}-
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n [16] we have found that A. Expansion in space components

e —20 (39) We expand the spherical Bessel functions j; (wR) in powers

YullisYiVu = . . . .
of w, thus converting the partial wave expansion into a

Yoni,YiYo

so the term ® need not be calculated.

Vil ViV multipole expansion:
o0 1\4 L+2g L+2q
III. RELATIVISTIC GENERALIZATION jL(@R) = Z L r @
OF MULTIPOLE EXPANSION L ’ q!QL+2g+ DN\ EZa
q

The relativistic generalization of multipole expansion (40)
consists of expanding the left member of Eq. (9) in space

and time components of IT — ¢. The expansion in the space This is accompanied by the expansion

components is obtained by expanding the right members of 1

Egs. (32) and (33) where f(H) = (k*> — 2koI1y + H + »?)™! K2 — 2koMy + Hy, + o2

in powers of w?. The expansion in the time components is x '

obtained first by using a spectral decomposition of the operator Z ¢ a ! (41)
(k* — 2koTlp + H)~! and then expanding in powers of k. q! do¥ k2 — 2koIly + Hy+o| _

. ; q=
After these expansions are made one can integrate over four-

momentum of the virtual photon and sum the contributions of ~ BY inserting Egs. (40) and (41) into Eqs. (32) and (33) and

the electron intermediate states. collecting the terms of order w* and »**~! we obtain
|
[ ) oo v—L 1 P
(01Ga00) =Y > " Y > ®ol,oz<L,j,p,n)Z(Ezw—z("*“(—i)
v=0 L=0 p=%£1 j—(1/2)=0 7==%1 p=0
14 v—p—L
1 1 1 dv=r
X Uso(v,L,Ir, p,q,c
;%muA4q+mup—wML+%p—m+unw—p—muw%wL*“ RPaa|
(42)
and
oo v oo —L 1 P
—2(p+L)+1( _ —
momm =LY% 3 zm) rvt(-3)
v=0 L=0 p==*1 1/2)=0 p=0
4
XYY Oy L L =L =1,j,p.10)2L 4+ 2(p = ) + 11 = Oy o (L.L = L + 1,j,p.7)2(p — q)}
g=0 T==+1
! ! ! L 43
L2+ D (p— L 420 — ) L DU (v — p — Lyl dovr L W Lolmpea)] (“43)
where
U lepq0—<®/tﬁ/fﬁ9@ﬁ$l+uv”% o PO 1) (44)
e a2 e k2 —2koTly + Hj, + 0 o
and

d*krw/m o + 1.lo|rt+2 w1
(k2 - )»)2 ’ k2 — 2koTlo + H,+o

A2
Ui(v,L,Ir,p,q) = (—4) / dx rE2e=0=11, 4 1,1p), (45)
0

respectively. In derivation of Eq. (43) we used Eq. (40) twice. In the second time we substituted L —- L &= 1. For L - L —1
this produces the factor [2L + 2(p — ¢) + 1] multiplying the angular part ®,,,, ,.,,(L" = L — 1). For L — L 4 1 we shift the
summation variable in Eq. (40) by —1. This then produces the factor (—2)(p — ¢) multiplying the angular part ®,,,, ,.,, (L' =
L+1).

sYiYo
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B. Elimination of explicit appearance of 1y — m
The diagonalization of the operator (k% — 2koTIo + Hy. + o)! yields [see also Eqs. (44)—(51) of [16]]
1

lp + 1,1p|r" Pl + 1,1
ot Lo e oo + 4o 0T L0
00 a,b ke 00 a,b i
:/ dke > ZI‘ ( E) + Z 5 lI‘ ( n é-) (46)
o K =2k-e+AkElo+DE o LA K2 =2k s+ Al Lelo+ DE]+o o
where ¢ is given by Eq. (10). For the continuum part of the spectrum
AlkE(ly + 1), 2(lp + 1
CAKEGEDE g0l + Dk + 1+ ¢ — 2ot D 7)
m 241
and
Pli’b(ke,f) = (lo + Llolrlke,Ir)e (lo + 11o|r’ ke, Ir)e )", (48)
where [20]
o+ Lol ke fr)e = Copor T +1o +a+ D520+ yorewr 2 [2|p (g L
’ eirE = Mt relr+2)V« ke
Z _ 2 arctan k.&(lp + 1))( E(lo + Dk )’F“
2 e . —(o+a+2)
X €ex 1+iék.(lp+1
p( k. itk ) skl DI
i 2ik,E(lp+ 1)
F{ ——+1 Lir—ly—a—-12lp +2,——F———|. 49
X < ke+r+ r—tlo—a r+ I ikelo+ 1) (49)
Likewise, for the discrete part of the spectrum
Al—LE(ly+ 1), Io + DEJ? 2(lp + 1
= - ]=(Za)2 u+l+(§—l)y (50)
m 241
and
i
[)li’b <_;7$> = (10 + 1910|ra|n,ll“)é(<lo + 1alolrb|nalr)§)*7 (51)
where [20]
1 g\ ~Ur+htatd)
(lo + Llolr®In,Ir)s = Ciyp1,TUr + 1o +a + 3)cn,zrs(2’f*”/2<m + —)
0
xF< i+ Ll +lo+a+ 3200 +2 2/n ) (52)
—n , a ) el
TR T+ D+ E/n

The normalization constant for the discrete part of the spectrum is

2t (A"
Cotr = n2\ Tn—Ir) TQlr+2) (53)

C. Expansion in time components

The expansion in time component of (IT — ¢) is now obtained by expanding the right member of Eq. (46) in powers of kg,

foo dk P;;yb(kevg)
A ‘k2—2k -+ AlkE(y+ 1), ]+ 0

N ( 2k0> o' /wdk Pyt (kes)
emi—wypy 210\ E ) 98" Jo k2 =2k e+ AlkEUo+1).E]+0 |,

(54)
and analogously for the discrete part.
D. Integration over four-momentum of virtual photon
The integration over four-momentum of the virtual photon yields (see Appendix D)
A2 d*kr(1,52)  Qw)™(—2ko)
v 2v, 2v
[ [ G e ae =R DT o, (55)
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where
at 1 —(A+0)/m? 2
O (A +0) = 2= 1) — / dy y'(1,y&0) / 4w In (M> (56)
a(e0)" Jo 0 y go=1
and
A2 d4kpﬂ (260)2”71(—2](0)[ 1 )
m _ v ,t 20—1+
(—4)/ di APk ket Ato =(-1 (2v+l)!!§CI>4” (A+o)m L 67

The symbol d"w in Eq. (56) henceforth stands for n iterated integration over the parameter w:

/ad”wf(w)zf dwy -- / de/ dw; f(wy) = 1)'f dw(a—w)(n—l)f(w)_ (58)
0

The contribution to the electromagnetic mass of the electron, Eq. (80) of [16], was subtracted from the left members of
Egs. (55) and (57) and the terms proportional to negative powers of cutoff A neglected. Henceforth, m stands for the measurable
mass of the electron. This is the renormalization of the electron mass.

The insertion of Egs. (46) and (55) into Eq. (44) yields

, Qu + 1) ! m2? = (m\ 1 9 *© L+2q.L+2(p—q)+c 2v.t
U4 O(U L l[‘,p q, C) = ( 1) _— tZO: E ZT_ﬂa_%" A dke Pll- (ke,é,.:) q)4,0 {A[keg(lo + 1),5] + U}
00 i i
PL+2q,L+2(pfq)+C -, q>2v,t Al —=E&( 1), . >
+ Z Ir n 5 4.0 VLS(O_‘_ M|t >

n=ly+2

A similar result is obtained for U; by inserting Eqgs. (46) and (57) into Eq. (45),

1
UI(U,LJDP,CI) = ZU4(U7LJF1P7Q1C = _1) (60)

E. Contribution of the virtual electron states with very large wave numbers

For very large electron wave numbers k., the overlap integrals (48) behave as

PP (ke.&) — E(o + DPY k£l + 1)1, (61)
where
c10+c11& Czo+021§+02252
PP k(o + 1),61 = ARPBMY [k &l + 1>]<1 + = ' ’ ’ = 4. (62)
el e kefo+ 1) hllo + DT
2 (Tdr +1\?
A%h — |C 22 (BT 2y 4 )Hotatb (g 4 W(p + 1 +b+3
I | l“+1’l°|n<F(2lr+2)> o+ 1D (r+lo+a+3)TUr+l+b+3)
x F(r+1,Ir —lp—a—1.2lr +2,2)F*(r + 1,Ir —lo— b — 1,2l +2,2) (63)
and
. ‘ . ke l +1 2ir+2
BEP [kollo + €] = [1 + 80y + DI 02[1 — it Iy + Dk 002 eo + D] (64)

{1+ lhello + DEPYFT

To obtain the expansion (62) from Eqgs. (48) and (49) one needs an asymptotic expansion of the hypergeometric functions
appearing in Eq. (49). This is described in Appendix C. For actual evaluation we write

/ dk, P (ke &YDV ( Ak £y + 1),E] + o)
0

= /0 dke[ PP (ke &) — £l + D P2 (k& U + 1).6)| D35 (AlkeE (o + 1).6] + 0}

+ / dk, P (ke &) P [A (ke €) + 01, (65)
0
where in the second term on the right member we made the substitution
ke
k, — ) (66)
Elo+ 1
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This is advantageous for the following reason. The integral
over the electron wave numbers k., on the right member
of Eq. (59) is convergent. However, before we carry out a
numerical integration over the electron wave numbers k.,
we have to differentiate it with respect to &. In general
for t > 1 we then get a convergent integral as a sum of
divergent integrals. Since we have to integrate numerically,
this has to be avoided. Therefore, we take as many terms in

PHYSICAL REVIEW A 88, 032501 (2013)

the asymptotic expansion in Eq. (62) as to get the integral
in the first term on the right member of Eq. (65) after
differentiation with respect to & as a sum of convergent
integrals. When we differentiate with respect to &, the
second term on the right member of Eq. (65) also yields
a convergent integral; insertion of the second term on the
right member of Eq. (65) into Egs. (42) and (59) leads to the
expression

dupL

1 0 o
m2 —2(p+L) L+2q L+2(p—q)+c 2u,t
(EZa) '85’/ dke Py (ke,é)d T Pao| | (67)
As shown in detail in Appendix E,
E —2(p+L) 1 1
(67) ~ (Za)ZT—[T]ct tAlL+26],L+2(P—(I)+c(_) ([[] _ 1)!!2v+[t]/2/ dy yv+[f]/2(1’y)/ dL+p+l—[l]/2w
o m 0 0
o (14K TR g2 P e
x/ dke( kt) <1+6k2> (1+£7) o 2(1—ikg)’cln[y+w(Za)2(k82+1)]+~-~, (68)
0 e e
where
-1 -1
[t]=t % % (69)

Here + and — signs hold for ®;"' and ®;"', respectively.
Recall that ¢ is equal to 0 or —1 and it is present just
for the terms with @2”’ We are thus coming to the im-
portant conclusion that when integrating over the electron
wave numbers k., the integrand never behaves for large k.
worse than k;%0=31n k,. Thus, the integrals converge rather
fast.

A natural question then arises as to why we do not
make the substitution (66) already in Eq. (59). The reason
is that if we look at Eq. (49), we see that differentiation of
Pli’b(ke,é) with respect to £ involves, among other things, also
differentiation of the hypergeometric functions F (—é +Ir +

Lir—ly—a—12lr +2, — %) This is easily done.
On the other hand, after the substitution (66) we would need
to differentiate with respect to & the hypergeometrlc functions
F( 1$(lo+1) +l 41 lF —1 21k
is a much more difficult task even for modern computer
languages for symbolic calculation.

The difficulty in evaluating the integrals over k, on the right
member of Eq. (59) has been noticed already in [16]. In fact
it was incorrectly concluded that these integrals diverge. The
solution proposed there follows. Instead of the partition (11),
consider the partition

z=k* Hy=2k-g—H, MH =-2k-(I1—%), (70

H 2
7= <%,0,0,0>. 1)

The solution proposed here is, however, significantly better
than the one proposed in [16]. First, the generation of the
individual terms of the expansion based on the partition (70)
is somewhat more involved than the one based on the
partition (11). Second, and more importantly, the convergence

where

of the expansion based on the partition (11) is much faster than
the one based on the partition (70).

F. Formula for AE

As in the previous papers [16,18], we order the individual
terms according to naive counting of powers of Zo:

_ 9 iN
AE =m—(Za) ZF (72)

v=1
v

IT—
—2(Za)'F, = Z<y G20y GROI . (T = &),

m
t=0
+)/ G2(v t)t+y G2(v t)— ]t)/i)/o
1 i
+(—§>VM[G<2)(U ! ””,ym]) (73)

This naive counting follows from transition (22) from natural
to atomic units: each additional power of spatial and time
components of IT — ¢ contributes the additional factors of Z«
and (Za)?, respectively. As already discussed in the previous
papers [16,18], this counting holds only in the low-energy
region. Nonetheless, the expansion in time components of
[T — & produces at least the factor Z« in the high-energy
region [see Eq. (68)]. As discussed further, the expansion in
space components of [T — ¢ leads in the high-energy region to
convergent series [see Eq. (78) below].

The spinor-angular part of the integration of (y, G4(IT —
€),)/m and (yoG,viyo) is by the factor (Za)? smaller than the
spinor-angular part of the integration of (yyG4p). Likewise,
the spinor-angular part of ((—%)yM[Go,yoyH]) is by the factor
(Za)® smaller. This is the reason for a shift of the first
superscript on G’s in the second, fourth, and fifth terms on
the right member of Eq. (73).
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G. Seriesin Za

It is well known that the self-energy has expansion in
powers of Z«,

mo(Za)*

AE =
T N3s3

F(Za,N,1)), (74)

where [7-11]

F(Za) = Ag In s(Za) 2 + Ago + Aso(Za)
+(Za) [Asx In* s(Za) > + Ag1 In s(Za) ™% + Ago]
+ (Za))[In s(Za) > Agy + Agol + -+ - (75)

and s = 1 in the nonrecoil limit. Setting s = 1 + m./m,,
where m,/m, is a ratio of the electron and nuclear masses,
one takes into account the dominant part of the nuclear recoil
effect [1,2]. The coefficients A = A(N,[;) are summarized,
e.g., in [1,13]. With the exception of the coefficients Ag
and A7, the coefficients were calculated more than once. The
analytic form of the coefficient A;( is unknown and even the
form of the series beyond the a(Za)’ term is not known.

A question then arises as to the relation of the series (72)
to (75). As argued in [16-18] the coefficients A4, A4, and
Agr are contained in F; + F> and the coefficient Ag; and a
sufficiently great part of the Ago coefficient is contained in
Fiy + F> + F5. (See Tables 2 and 3 of [18] for the precise
meaning of “sufficiently great part.”) The coefficient Asg is
contained in the complete sum (72). This coefficient is entirely
determined by the electron virtual states with very high wave
numbers k, and short wavelengths of the virtual photon. It is
for these states that the assumption underlying the RME breaks
down. Fortunately, as shown in detail in Appendix A, one can
always rearrange the appropriate expression for these states in
such a way that the electron can be in these states treated as
free. Writing

oo

Aso = Z Ay,

v=1

(76)

where A(;;)) is the part of the Asq coefficient contained in F,
one obtains (see Appendix A)
(v)
As
(3 (v — 2)(16v* — 320 + 296V + 8v — 267)
7T ()(2v + 5)2v + 3)2v + 1)22Qv — 3)

_n3

7

This result implicitly appeared already in [18]. However, the
formulas given there are so complicated that the dependence
of Agl(’)) on v is rather obscured. For large v Eq. (77) behaves as

4
W) -
Aso = Y " (78)
The complete coefficient Asg is [7-10]
139 In2
Asg=4n | — — — ). 79
s0 = 41 (128 5 ) (79)
For the self-energy function F'(Z«), Eq. (74), we write
[o¢]
F(Za) = (Za)Aso+ Y Sy (80)

v=lI

PHYSICAL REVIEW A 88, 032501 (2013)

where

S, = F, — (Za)AY). (81)

IV. RESULTS AND DISCUSSION

A. Computational details

Up to the summation and integration over discrete and
continuous parts of the hydrogen spectrum the calculation is
analytic. We wrote two independent routines in MAPLE and
MATHEMATICA. For each expansion of the functions G in 2v
spatial and ¢ time components of (IT — ¢) the calculation was
done in symbolic form up to the very end. Thus, there is just one
summation and one integration performed for given v and ¢.

For the discrete part of the spectrum we took the partial
sums up to n = 35 and then used Richardson extrapolation
(see, e.g., [21]) on the interval of n from 20 to 35. For the
continuous part of the spectrum we broke the interval k, €
(0,00) into several regions, much in the same way as in [16].
As discussed in [16], the functions ® became unstable for
very small and very large values of k.. In these regions the
asymptotic expansions of ® in A and 1/A have to be used.
The form of the functions ® used in the actual calculation is
given in the Appendix D.

B. Truncation of the expansion

There are some considerable simplifications when evaluat-
ing the terms (73) of the series (72) for light hydrogenlike
ions. First, as noted in the previous papers [16,17] the
contribution of the terms (y,[Go,yoy.]) is for the S states
exceedingly small (see the first three rows of Table I).
Second, the contribution of the higher temporal multipoles
is highly suppressed. More precisely, the contribution of the
terms (yoGif’d') for £ > 3 and (VG yiv0), (¥ G5 (TT —
€),)/m fort > 2 is very small. In Table I the contributions of
the first two spatial multipoles for (yoGif)(f), (yoGl.zv_]‘syi Y0)
and (y,LGiv'3(l'[ —¢&),)/m are displayed. Third, as noted in
[16] the terms (y,, Gi”’t Ol:l) are by the factor of (Za)? smaller
than the terms (y, Gi””Og). For given ¢ and sufficiently
large v the contribution of the terms (y,G;"' ;') becomes
completely negligible compared to that of (y,, Gi”” 02) .Inpar-
ticular, the values (yMGi"’3(H — ¢&),)/m given in Table I were
obtained by omitting the terms ()/MGi”’3 0, 1Y completely.

Taking into account the above simplifications, instead of
Eq. (73) we considered

T

—2(Za)*F, ~ <y0 Z (Gi(”*’%’ + G%(vft),t)
=0

-1
n <yMGi(vrl),t (IT—¢),
=0 m

+ VOG?(vft)*l,t Vi )/0>> i (82)

where T = 3. The convergence of the series (80) is displayed
in Table III. For the complete self-energy function F we

032501-9



J. ZAMASTIL AND V. PATKOS

PHYSICAL REVIEW A 88, 032501 (2013)

TABLE I. Some of the smaller contributions to Eq. (73) justifying the neglect of the terms (—%)(VM[G(Z)"" ,YoY,]) and the terms with higher
number of time components. The contributions are multiplied by the factor [—2(Za)*]~!.

Term Z=1 Z=5 Z=10 Z=20
(=) e[GO vove]) 0.790 x 1077 0.812 x 1073 0.547 x 107* 0.340 x 1073
(=) e [G5 vove]) —0.697 x 107% —0.588 x 107° —0.268 x 1073 0.454 x 107°
(=Y (e [Go" vove]) —0.27 x 107° —0.143 x 107° —0.187 x 1073 —0.211 x 107
(.G M —e),) —0.18 x 10~° —0.694 x 106 —0.917 x 107 —0.836 x 10~
(r.G (M —e),) —0.483 x 1077 —0.174 x 1075 —0.361 x 107
(WG vin) —0.180 x 1077 —0.542 x 107 —0.547 x 107* —0.489 x 1073
(1 G vivo) 0.5 x 1071° —0.106 x 10~ —0.339 x 107 —0.774 x 107
(nGo?) 0.691 x 10°* 0.249 x 10~° 0.285 x 10~ 0.304 x 102
(nGg?) —0.257 x 10~° —0.102 x 107° —0.120 x 107° —0.667 x 1073
(nG3?) —0.248 x 1077 —0.651 x 1073 —0.600 x 107 —0.480 x 1073
(nG3Y) 0.70 x 10~° 0.177 x 107° 0.354 x 10°° —0.281 x 10~
write approximation (82), where we took 7" = 4. To this we added
1%
F(Za) = Aso(Za) + 3 Sy + From + Fnate (83)  (=2)(Ze)* Fupin = <——) Z Z vu[G3" " vowu]). (86)

v=1

The coefficients S, are calculated from Eq. (81), where F), are
taken from Eq. (82). Fsman is the contribution of smaller terms
not included in Eq. (82). Their contribution is estimated by
summing the terms displayed in Table I. V is the number of
explicitly calculated terms (81). Fiep Stands for the remainder
of the series

(=2(Z)' Fem = ), S, (84)

v=V+1

Itis seen from Table II that with increasing v the ratios S, /S,—1
approach the ratios A(") JAS Y For v >V this offers the
possibility to estimate the remamder of the series by replacing
the ratios S, /S, by the ratios A% /A%, then

Af) = A<V> (A50 ZA“”). (85)

It is reassuring that this appears also for higher nuclear
charges: though the coefficients S, differ for different Z in
the magnitude significantly, their ratios tend to be very close
to each other (compare Tables II and III).

Table IV displays preliminary results obtained by means
of series (72) for higher nuclear charges Z > 20. Instead
of evaluating the full expression (73), we again made the

oo

Sy
50 v=V+1

v=0 r=0

Further we made an approximation (y,, Gi”’3(l'[ —8&)y)/m

(yMGi”’302). Furthermore, the terms (yoGéf’[‘) with v > 1
were omitted for Z = 30 and with v > 2 for Z = 40; the
terms (y,LGS'SOg) and (yoGimyi o) were omitted for Z = 30
and Z = 40. Some of these approximations could not be
completely justified. Thus, the agreement between RME and
PWE for high nuclear charges, Z > 60, is likely to result
from cancellation of the uncalculated terms. Further, the error
committed by the free-particle approximation in the electron
virtual states is too large for higher nuclear charges. For
example, for Z = 30 the free-particle approximation yields
for the terms (yoGi”’z) typically just about 10% of the whole
effect; compare this with the results for Z = 1 in Table V.
Therefore, for Z > 20 we did not try to supplement RME by
free-particle result.

C. Discussion

The result for hydrogen (Z = 1) is of greatest interest.
The error of the present calculation due to the sum of
uncalculated contributions and the rounding errors of the
calculated ones for hydrogen is estimated to be 0.7 x 1078,
The only other calculation of comparable accuracy to the
one presented here is given in [13]. In that paper, several
millions of partial waves were considered. For each partial
wave there is a three-dimensional integration to be performed

TABLE II. Comparison of the ratios A<”) / A(” D and S,/ Sy—1 for different nuclear charges.

v ALy /ALY z=1 zZ=5 Z=10 Z=20
5 0.2645 0.1907 0.1958 0.1989 0.2078
6 03921 0.3466 0.3481 0.3431 03225
7 0.4868 0.4625 0.4643 04570 0.4265
8 0.5577 0.5404 0.5404 05351

9 0.6119 0.6110 0.6057
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TABLEIIIL. The convergence of RME with the infinite order summation of a(Za)’ terms. The terms S, are calculated from Eq. (81). “Lead”
stands for the sum S, + S, + Aso(Za). “rem” is the estimate of the remainder of the series obtained from Eq. (85). “small” is the sum of the
contributions displayed in Table I. “other” is the result of PWE taken from [13] for Z = 1 and Z = 5 and from [12] for Z = 10 and Z = 20.
“r.d.” is the relative difference between “Total” and “Other.”

Z=1 Z=5 Z =10 Z =20
Lead 10.315870916 6.238382304 4.615985057 3.143785475
S3 0.891183 x 1073 0.1252179 x 1072 0.3552640 x 1072 0.9320166 x 107!
W 0.23509 x 10~ 0.537629 x 1073 0.1992039 x 1072 0.720546 x 1072
Ss 0.4484 x 1073 0.105272 x 1073 0.396161 x 1073 0.149713 x 1072
Se 0.1554 x 1073 0.36643 x 107* 0.135912 x 1073 0.48289 x 1073
S; 0.719 x 10~° 0.17011 x 10~ 0.62117 x 10~ 0.20594 x 1073
Sg 0.388 x 10~ 0.9192 x 1073 0.33240 x 107
So 0.237 x 1076 0.5568 x 1073
sum 10.316792992 6.251615412 4.654130926 3.246378550
rem 0.648 x 10~° 0.1519 x 10~ 0.7583 x 107* 0.37690 x 1073
small 0.36 x 1077 —0.283 x 1073 —0.5123 x 107* —0.57784 x 1073
Total 10.316793675(7) 6.2516278(7) 4.654156(9) 3.24618(9)
Other 10.316793650(1) 6.251627078(1) 4.6541622(2) 3.2462556(1)
r.d. 0.24 x 1078 0.11 x 107 0.14 x 107 0.24 x 1074

numerically (for details see [12,13]). These two completely
independent calculations, the present one and the one in [13]
agree with each other on the fractional level of two parts
in 10°, although the difference is slightly greater than the
estimated errors of the calculations. This difference leads to
the shift of 18 Hz for the 2s-1s transition in hydrogen. This
uncertainty is smaller by the order of magnitude than the one
found in [17] for the state-dependent part of the S states.
Altogether, such an agreement between different, completely
independent approaches definitely excludes the possibility that
the discrepancy in the determination of the proton radius from
the comparison of the theory and experiment in ordinary
[1] and muonic [22] hydrogen has anything to do with the
calculation of the one-loop self-energy.

Reference [14] is an attempt to substantially reduce the
number of partial waves to be taken into account in comparison
with [13]. Nonetheless, the result obtained there for the
hydrogen atom is worse than the result of the present method
taken up to the third order, that is, by considering the terms of
the expansion (81) up to v = 3.

The relative difference between the series (75) truncated
after the a(Za)® term and the numerical result is three parts

in 10° even for Z = 1. This difference is significantly higher
than the current experimental accuracy [23]. In view of the
complexity of the calculation of the Agy coefficient [10], there
is no hope of achieving significantly better accuracy with the
approach based purely on the series (75). Clearly, such an
approach is not sufficient anymore. As has been pointed out
in [18], the result obtained by means of the series (75) for low
Z is reproduced by the present method taken up to the third
order.

The results obtained by the present method up to Z = 20
are in very good agreement with the results obtained by PWE
in [12,13]. This agreement definitely excludes the possibility
that the excellent agreement between RME and PWE found
for Z =1 is accidental. Understandably, the convergence of
RME slows down with the increasing nuclear charge. Also,
the importance of higher temporal multipoles rises with an
increasing nuclear charge (see Tables I and III).

The results for nuclear charges Z > 20 displayed in
Table IV illustrate the remarkable fact that although RME
was primarily aimed to obtain accurate results for light
hydrogenlike ions, its domain of applicability is not restricted
to weak external fields (see also discussion in [16]). However,

TABLE IV. The convergence of RME for the hydrogenlike atoms with higher nuclear charges. “Lead” stands for the sum F; + F,. “Spin”
is given by Eq. (86). “Other” is the result of PWE taken from [12]. “r.d.” is the relative difference between “Total” and “Other.”

z 30 40 50 60 70 80 90
Lead 2.572289 2.141568 1.85198 1.6476 1.4999 1.3925 1.3145

F; —0.014237 —0.004437 0.00691 0.0194 0.0332 0.0481 0.0634

F, —0.003527 —0.000598 0.00457 0.0129 0.0261 0.0471 0.0813

Fs —0.001720 —0.001668 —0.00145 —0.0011 —0.0004 —0.0001 —0.0017

Fs —0.000793 —0.001006 ~0.00115

F —0.000413 —0.000008

Spin 0.000927 0.001999 0.00373 0.0064 0.0107 0.0177 0.0299
Total 2.5525(5) 2.1358(6) 1.8646(10) 1.6853(30) 1.5694(50) 1.5053(60) 1.4874(100)
Other  2.5520151(1)  2.1352284(1) 1.8642743(2) 1.6838358(3) 1.5674075(4) 1.5027775(4) 1.4875419(4)
rd. 0.20 x 103 0.29 x 1073 0.17 x 1073 0.89 x 103 0.12 x 1072 0.17 x 102 0.9 x 10~
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TABLE V. The comparison of the exact calculation, nonrelativistic approximation, and free-particle approximation contributing at the order

(Za)’ for the terms (y, Gi“'z). The contributions are multiplied by —[2(Za)*]™!; B, =

24T (3) (=D’ (v-1)
T(J—0)r@)—3)v—D+})

[see Eq. (A80)]. The relative

error of the nonrelativistic and free-particle approximations with respect to the exact result are displayed in parentheses in the third and fourth

columns, respectively.

(WG3"?)

<

(G (Za)’B,

0

0.294962 x 1072
0.230441 x 1073
0.514669 x 10~*
0.172584 x 107*

B W N =

0.294948 x 1072 (0.47 x 10~%)
0.230090 x 1072 (0.15 x 1072)
0.514055 x 10~* (0.12 x 1072)
0.172376 x 10~* (0.12 x 1072)

0.222396 x 1072 (0.25)
0.185330 x 1073 (0.20)
0.421204 x 107+ (0.18)
0.141751 x 10~* (0.18)

to obtain the results of similar accuracy as that in [12],
further refinement of the present method of calculation of the
contributions of higher temporal multipoles for high nuclear
charges is needed.

V. CONCLUSION

The presented method has a number of advantages. Once
the renormalization of the electron mass is made, all the
integrals over either photon or electron variables are finite
both at the lower and upper bounds of the integrations. Thus,
no separation of any of the integrations is necessary. The
terms of RME are generated very easily. In fact, by means
of computer languages for symbolic calculation like MAPLE or
MATHEMATICA they can be generated automatically. The only
integrals to be performed numerically are one-dimensional
integrals over the electron wave numbers of the continuous
part of the spectrum. These integrals converge very fast. The
contribution of the terms with very large wave numbers can be
precisely summed up to the infinite order.

The most difficult part of the computation is numerical
integration, more precisely, the evaluation of the pertinent
hypergeometric functions. This requires nearly all computer
time needed for calculation of the terms of the expansion (72).
Further, we encountered difficulties when calculating higher
spatial multipoles, v > 9, for low temporal multipoles, t <
4, and generally the contributions from higher temporal
multipoles, ¢ > 4. This is probably the consequence of severe
numerical cancellations. Thus, there is still room for further
improvement of the method. Until the puzzle of the proton
radius is resolved, there is no need for further refinement of
the present method for light hydrogenlike ions. Otherwise,
such refinement could also become desirable when the precise
independent check of the results obtained in [12] for higher
nuclear charges is sought.

There is a number of other problems the present method
can be extended to. These include calculations of the two-
loop corrections [24-26], radiative recoil corrections [27], self-
energy correction to hyperfine splitting and g-factor of a bound

d*kp

electron [28], radiation corrections to transitions amplitudes,
both ordinary [29] and parity violating [30], and so on.
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APPENDIX A: CONTRIBUTION OF VIRTUAL STATES
WITH VERY LARGE WAVE NUMBERS FOR LOW
NUCLEAR CHARGES

1. Nonrelativistic approximation

The contribution of the terms «(Z«)’ is determined by the
double limit of small Z« and large k.. The former is obtained
by taking a nonrelativistic approximation to the spinor-angular
part of the integration and by the replacement of I and [y in
the radial integrals (Iy 4 1,1o|r¢|ke,Ir) (ke Ir|r?|lo + 1,1o) by
their nonrelativistic values. For small Z« the quantum number
T'| approaches j + 1 [see Eq. (15)]. ThenIr >~ 8, 1(j — 3) +
85.-1(j + 1) [see Eq. (20)]. With this replacement the leading
terms of the asymptotic expansion (62) generally vanish and
one has to consider the subleading terms in Eq. (62). Thus, to
obtain the desired double limit is far from trivial. In [18] we
found this limit to be

(Za)? -
(YuGagy) =~ <G4 + G4> , (A1)
0
G4(IT — 1 ~ ~ Iy —
(Gl = &)) ~ <__2Pi(G4 + G4)P + G40—m> )
m 2m m 0
(A2)
1 (Za)? -
_E<V;LG0VOVM) ~{Go+ 2 Go) , (A3)
0
and
1( G ) >~ ! {Gi, P} (A4)
) YuGiViVul = m i» L 0’

where G, and (_}4,0 are given by Eqs. (23) and (D.17) of [18],

1 1

~ Az
Gy = (-4 / da
0

K2 —2P k2 -2k N+H1-k

(AS5)
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and
d4kp(1 ko/m) (L+1)Y2 -1 1
Gao), = (—4 da j R ' R
(Gao)y = (= )/ / ) LZ=0< L+1 Jr+i(@ )k2—2k0H0+HL+a)2JL+1(w )
+L 1 (wR) jL—1(wR) (A6)
LR s et H, w2 @ .

respectively. Furthermore,

(0)o = (Yol Ol¥o),

where vy is the Schrodinger wave function of the hydrogen,

(AT)

132
AT
and Hamilton operator H is replaced by the nonrelativistic
limit Hy,

Yo(F) = (11]0,0)(r|1,0),  Yo(ur) = e (A8)

Hy = 2m(Tly — m) — (A9)

Thus, the G’s appearing on the right members of Eqgs. (Al)—
(A4) differ from those appearing on the left members by
the replacement of H by Hjy in Eq. (7). Also, the radial
Hamiltonians H;, in Eq. (A6) read

L(L+1)
H; =2m(Ily — m) — (P,% — T) . (A10)
By inserting these approximations into Eq. (6), we obtain
(0) ~ ot @6, ' b6t GoP
Mg\ Gat g 0a = 55 PG+ G

. Ig—m (ZO()2 1

+ Gy + Go + Go——{Gl,P}

0

(Al1)

2. The matrix elements of the operators between
the ground and continuum states for very large electron
and photon wave numbers

Using the method described in [20] one gets

av —\* _—iq-F =
/ e T ()
r

RN ((é + 5+ )’“’ ri-5)
w2 \w—ipP+q®) RGP
(A12)

where ¥~ is the solution of the Schrodinger equation for
hydrogen atom that behaves at infinity as the plane wave with
momentum p [20]. In the nonrelativistic limit the electron
energy E in Eq. (22) is replaced by the electron mass m. Then

p is related to P by
= (mZa)p. (A13)

The eigenvalues of the Hamilton operator (A9) in the basis of
the states 1#,;_ are

Hy = 2m(E —m) — P2 (A14)

From the integral (A12) one obtains additional integrals by
parametric differentiation, e.g.,

/ AV ni(yr5) e o (ui)
— i [y iy )
B W) e Yolur),

/ AV ;) e Ty (ur)

(A15)

0 dv -
- / — W) e T o(un Y, (A16)
ou r ' r

and so on. For large p and g one has
2

’/ —(W;)e o)

1

N

(2m)?
2 w
B S ————

T+ (g + p)y

’ / AV ni(3) e Po(u)

dv 2

—e ey )

3

(A17)

2

2

- r)3 /dvnieilp-reﬂqirlﬁo(ll«r)

23 MS

R Al8
7+ (g + py A

and

2
‘ / dV (5 ) e ()

23M3
~ j'[2

1
B+t

R
(P> — 4%

(A19)

Now, it is important to note that while Eqs. (A17) and (A18)
depend for large p and g only on the sum p + g and the exact
wave function of the hydrogen 5 can be for large p and ¢

replaced by free-particle wave function exp{—i p - 7}/(2m)*/?,
this is clearly not true for Eq. (A19). This is not surprising at
all. The states v and v are orthogonal for arbitrarily large
p. Thus, for g = 0 the integral (A19) has to be zero for all p.
This clearly cannot be achieved when the exact wave function
is replaced by the free-particle wave function. Fortunately,
when calculating the contribution of the order a(Za)’, we do
not have to deal with the integrals (A16) at all. By means of
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identities
1
—_— (1 — = —((II — — 2k (M —g)—————(TT — ,  (A20
<k2—2k~H+H( 8)’“‘> ke 8)“>+k2—2k.8< s TS TR 8)“> (420)
1 Lt k(- )
= (IM—¢
k2 —2k-TI+ H k2 —2k-¢ (k2 — 2k - £)2
1 1
——(2k- (T — &) ————2k - (I1 — A21
+(k2—2k~s)2< M= e e mra 8)> (A2D)
we always transform the integrals (A16) to the integrals (A12) or (A15). These identities follow from the identity
! ! + ! 2k - (IT—¢) !
= . —5—
kK2—2k-TI+H k*—2k-e+H k*—-2k-e+H k2 —2k-TI+ H
1 1 1
= 2k -(IM —g)———
ket h Te—kernr M0 oy H
1 1
—_— 2k - (I-8) "2k - (- ) ——
tecmernr M e nra N e T er

and the fact that H, operating on the reference wave function, yields zero. The first term on the right member of Eq. (A20) and
the first two terms on the right member of Eq. (A21) are either removed by the renormalization of the electron mass or do not
contribute at the order a(Zer)®. Thus, they will not be considered further.

3. Elimination of explicit appearance of I1, — m

In the case of Coulomb potential, the interaction term —2ky(ITy — m) can be eliminated from the electron propagator as
follows:

1
<m_8)“k2—2k-e+u[2k-(n—e)+H](H_8)”>

_ 1213 1 —iER T _
<(H e ok e tulkM — et Hiw© 8)”>
oy kR 1 —ik-(R/E) (o _ >
- <(H e 3k e+ ul2(E — D® — Em)+ € — DPn? — B+ HE + 0] e,
_ 2 _ 1 _
=§ <(H Oz ok b ran a)v>§, (A22)
where
E=1-— @ (A23)
- E’
= (meo, Puk), (A24)
A =2(& — 1)(m? — Em) + (€ — 1)’ (m®> — E*) + Hy&2, (A25)
and

0); = // 437 PPy <§> OG 7Yy @) (A26)

The first equality in Eq. (A22) follows from Eq. (13). The second equality follows from Eq. (46) where the substitution r — r/&
is made. The last equality follows again from Eq. (13) but this time used in the reversed way. Furthermore, in the second equality
we used an approximation

7 2
(M — £) = Moy —m ~ m 2 (A27)
r
Using Eqgs. (A17) and (A18), we can write for large P,
- |p) (P
(A22) — 2/d3 <(n —¢) —(MT—2¢),) , (A28)
d P "k2 — 2k . P, + uA(P) ;
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where from Eqs. (A14) and (A25) we have

A(P) = 2(5 — 1)(m* — Em) + (£ — 12(m*> — E*) + [2m(E — m) — P*]&* = — P> + £(Za). (A29)
In the last equality we made an approximation
E Za)?
E o @ (A30)
m 2

Armed with Eq. (A22) and Feynman parameters, we can rewrite the last terms on the right members of Egs. (A20) and (A21):

1 1 9 ! 1
k2—2k.g<2k'(n_8)k2—2k.n+H(H_8)“> E<(H_£)”a(1>)v/d"kz—zk.1r>u+uA(H_€)“>s (A3

and

1
(k2 —2k - &)

1 .2 a2 ! (1 —u)
<2k M= a2k @ _8)> = <(H = S PP /0 M ok Py v un 8)“>€ '

(A32)

4. Expansion in time components

As in Eq. (54), the expansion in time component of (IT — ¢) is now obtained by expanding the electron propagator in powers
of ko,

1
52<(n — ) (I - a)lt> ‘
k2 =2k - Py +ul £ le=1-tko/E)
() 1LY ol 1 (M —¢) (A33)
= —_— — &)y — €
—~\ E ) 2'1!0¢ k> — 2k - P, 4 uA e lem
5. Integration over four-momentum of the virtual photon
As discussed in Appendix D, the integration over four-momentum of the virtual photon yields
A? 4 t 9! (P v
- / " / d*kp(Lk/m)  (=2ko/E) ( ) / / gy 25
0 (k2 =213 k2 =2k - P, + uA(P) (A2/m?)[(1=)/y] dey D (P) sl
(A34)
where
Puz (P)
D,(P) = A u+ A (A35)
By inserting Eq. (A34) into Eq. (A33) and setting £ ~ m, we obtain
o 119 (1,482 y)
(I — £),Ga (T — &), / [ AN = € —¢) —(1'[ —8)
( o o Z (82 /m)[(1=3)/y] deg 2 1! B¢ " Du(P) /N —
(A36)

We will show in a moment that as far as the terms of the order (Z«)® are concerned, the expression &2 ((IT — 8) Y (P) (1'[ — &)t

is independent of . Thus, the contribution of the order (Za)’ is determined just by the zeroth term of the sum on the right
member of Eq. (A36).

Further, we leave out the terms contributing to the renormalization of the electron mass. The cutoff A can then be taken to the
infinity. Equation (A36) then acquires the form of

1 0 Py
((IT — &)y G4, (IT — &) )0 = 52/ dy/ dx <(1'I - s)p(L—w(H - 8)M> . (A37)
0 o0 Du(P) £
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Applying this equation on Eq. (A32), Eq. (A31) for u = 0 and Eq. (A31) for u =i, we obtain

1 32
/0 du(1 - u><<n O oy G - s)u>0

0 1 1 82 (1,80_)1)
— £2 _ _ _
=5 /oo“/o “ /0 dudl ”)<(H PPy, D 8)”>§’

_/ du<(H0—m)a(Pu)vG4( > / dA/ dy/ du<(n0— 8(Pu)v_u( )>
1 ! 9 0 (Poiy
_m2/0 du< a(P)vG(l'I g)v> =(— 1)—/ d,\/ dy/ du< ‘5P, D (H—e)v>€,

respectively. Furthermore, for (G4,0)o given by Eq. (A6) we have found by numerology

7 2 4 2
(Za) G __ ¥ / dkf dy/ du(l—u)<(l'[0—m)(l yfs:o)8 2D, (l'[o—m)>

and

4 £

6. Parametric differentiation
Using equations
d 1 _ (=2)(P,); 0 1

3Py D, m>  del D,
and
92 1 ( 2)6;; a1 4(P)i(Py)j 92 1
O(P,)id(Py); D, m? 858 D. m* 8(83)2 D,

following from Eqgs. (A24) and (A35) and using further Schrodinger equation

)25 P F
§°PY £)~ = §2m(I1y — m)yrg g)
we obtain from Eq. (A38) separating explicitly the time and space components.
1 32
/ du(l — )< —G4QP>
0 3(PL,),8(P )j 0

2
= / dk/ dyf du(l —u)< P; 8 d. y)P + 16u*(TTy — m) (8 ) d. y)(l_lo—m)>
u 80

§

2

1 0
2/(; du(l —u)<(H0 —m)mG4,0Pi>o

& [ 1 1 0 9 1
= /;o d)»/(; dy/O du(l — u)(—8u) <(H0 — m)3_80 |:(1,80y)a—88D—u] (M, — m)>s ’

1 82
/ du(l —u) <(H0 )m 4,0(ITg — m)>

/ dx/ dy/ du(l—u)<(1'[o—m)a d. Soy)(no—m)> .
Dy 3

Likewise, by inserting Eq. (A42) into Eq (A39) and using Eq. (A44) we obtain

L | a
[[se ez = [ [ [ sl o)
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and

—/ du <(H0_m)3(P) G4(H0—m)> =
0

Finally, by inserting equation
0 (P)i &
a(Pu)j Du B Du

into Eq. (A40) and using Eq. (A44) we obtain

1 1 0 ‘,;_-2 1
—— | du(Piz——GiP; dr | d du(—P,— P; + 8u>(Ty — M —
m? 0 u< a(Pu)/ >0 m2/ / yy/ M< D, + su ( 0 m)a 2 D, ( 0 m)>

and

1 1 9 EZ 0
du P,‘—Gi(n()—m) =——/
m2 0 8(Pu)0 0 m2 0

7. Integration over three-momentum of the virtual electron

Using Egs. (A17), (A18), and (A28) we get

£ I
<(Ho— )—(no—m)>
D, &
L 2o 2 / ;. 1 1
AS53
e =) "operrr Y
and
g2 1 (Zay? 23 [ 5. 1 1
W<P"D_MP">ﬁ £ ?/d Py &2+
(A54)

where in Eq. (A53) the approximation (A27) was used. From
Egs. (A13), (A24), (A29), and (A35) we have

Dy (p) = &5y + p*(EZa) u(l — yu) + Eu(Za)* + A.
(A55)

Integrating now over the three-momentum of the virtual
electron and keeping only the leading term in (Zw) leads to

[u(1 — yu)] />
(8(%)7 + )\.)3/2 )
il =yl
ey +2)"°

(A53) = (Za)’(=2%) (A56)

(A54) — (Za) (A57)

Performing integrations over A we get

0

1 —12

b=
0

0 1 2 32

o (&

(AS8)

%- 0 1 1
W/;od)\,‘/(; dy/(; du<(H0—m)—0D—(H0—m)>§
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(A49)

_2APNP); D1
m? 9el D (A30)
(A51)

5
1 1 9 1
dk/ dy y/ du2u <(H0 —m)— —(I1y — m)> . (A52)
0 0 380 Du £

By combining this result with Egs. (A56) and (A57) we obtain

%-2
/ dh <(r10 - m)—(l'[o - m)>

m2
_ 12
_, Pl =yl f/“z)] (Za)® (A59)
(e5v)

and
2 5 _ 32
if d)\< 1P,-> Q_M(zm? (A60)
m= Joo "D 3(5y)

As announced above, the result is independent of £. This a
posteriori justifies the replacement of Eq. (A36) by Eq. (A37).

8. The terms contributing at the order a(Za)’

In the following part the superscript t on Gﬁw denotes the
number of expanded powers of Ty —
When comparing Egs. (7) and (AS) apparently GY = GL.

Then from Eq. (A60) for u = 1 and ¢y = 1 one has

1 2=y

(A61)
From Egs. (A41) and (A59)

2
9 (l,y)
ol ) e

It follows from Eqs. (A21) and (A32) that

1 32
0 _ .
<G4’O>O_[) dutl = ”)< (P, >,a<Pu>,G“’°P’>0’

1 = - - —_—m .
(ol _2/0 dud ”)<(H° " BP0 P G“°P>o’

(A63)
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and Inserting successively Eqs. (A48), (A51), and (AS52) into
1 Egs. (A69), (A70), and (A71) and using further Egs. (A60)
<Gi0>0 = / du(l — u) and (A59) yields
0 1/2
0 1—
(Mo —my—— Gyt —m) (Ao = (Za)S/ “ / au g
X -m— — . de2
R IO R TV M 0 ()
(A65) (A72)
. . . 1 1— 3/2
Inserting successively Eqs. (A45), (A46), and (A47) into (A70) ~ (Za)’ dy du 2y [u(l — yu)]
Egs. (A63), (A64), and (A65) and using Egs. (A59) and (A60) 3 y3/2
one gets
d [u(1 — uy)]l/zu2
26 1-— 32 5 (1 — v —— 7 —
(A63) ~ (ZO{)S/ dy/ [u( 3)72“)] (L,y) +2882(1,80)’) ( 2 )1/2 , (A73)
/ 38 (50)3/2 and 0 oy
aZ 1— 1/2 1’ 1 — 1/2
+2'—s [u b;y)]m( y)} , (A66) (A71) = —(Za)’ / dy / du2*uy v %
3(e3) (e5v) € (e5y)
1 1 3 (A74)
(A64) ~ (Zoz)S/ dy/ du(—=2%)—(1,&9y)
0 0 &g The sum
_ 1/2 1 ~ 1,
RGO (A67) ~ gz \Fi(G3) i)y + - (Gl(Tlo — m)),
885 (82)))1/2 m m
0 is not independent of &, but does not contribute at the order
and a(Za)> for t > 0. The contributions of individual terms
1 1 52 (1 — uy)]'2 mutually cancel out.
(A65) ~ (Za)’ / dy/ du23—2(1,80y) ?}/2 In Egs. (A61) and (A66) the divergence appears at the lower
0 0 ey (80 y) bound of the integration over the parameter y. This is merely

(A68) a consequence of the approximation (A57), where the term
£u(Za)? in Eq. (A55) has been neglected. Had we included

Similarly, it follows from Egs. (A20) and (A31) this term, the integrals over y would be finite at the lower
1 o bound. The integration would produce a term of the order
— <Gg(n0 — m)) = f du— <(1‘[0 —m) Gy l> , (Za)* that is now of no interest for us. Thus, the divergence
m O Jo m (P can be safely ignored.

(A69)
| 1 P 9. Final result and its relation to RME
o ({Gl.p}), = 3 / du <Pi mGi p j> ., (A70) The remaining integrals over Feynman parameters y and u
0 e 0 are calculated more easily if we make a substitution
and v
y=-— (A75)
1 . : 3 u
“om ({Gi.P}) = - /0 du <P 3(P))o Gi(Mo — m)>0 : from y to v. Furthermore, we write
(A71) Asp = Z A%, (A76)

where AZ, is the contribution of the order (Za) contained in F,, Eq. (73). To get this contribution, we have to count

the powers of P2 in the equations of the previous section that are not contained in the zeroth order of RME. Such a counting is
provided by the factor yu in parentheses (1 — yu) in the second term on the right member of Eq. (A55). In the following part we
multiply it by 8. Additional powers of P? are supplied by the identities (A20) and (A21).

It follows from Eqs. (A2), (A61), and (A69)

1 0 (Zay P25 (1 —8y)¥? 4 (1 —vd)l/?
—ﬁ(VuGﬂH_E)M)_)_ 7 8(/0 dy3 3/2 +82/ duu/ dv————F— e

(7 5 s v 5D
- (8 4) 1(Za) = (Za) Za __v) F(v) TERICEE (A77)

The exact result is obtained by setting § = 1. The series in § is obtained by the application of the generalized binomial theorem

o]

. T+ 1) L
(I = vd) _gr‘(v—i—l)r‘(a—v—kl)( v3)
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and trivial integrations. In a similar vein, it follows from Eqs. (A1), (A62), and (A66)
1

—§<V0G3)
(Zoz)s (1 — )32 (1 —v8)/2 (1 — v8)!/? 121 5
- == /du(l—u)/ dv{ —2u 2( 7 —38 7 )+24T}=<—§—Z>n(2a)5
20 () (=) 0 2 () (0= 3 0
— Z 5 Sv 2 2 + 2 2 , A78
Sy :F(%—U)F(v)(v—%)(”+z)(v+§) A 5 Y P PRy PRy A7

from Egs. (A1) and (A67)

1 Za)? 1 —v8)l/?
3 w6l - ¢ ;‘) 52— 3)25f du(l—u)/ dvu%
25 T(3)(-D)’(w—1)
= Zx(Za) = (Za) ) & 2 , (AT79)
S = e D 6T O T
from Eqgs. (A1) and (A68)
1 Za)’ (1 —v8)'2
_E(VOG@ ( ;x) 6224[ du(l _u)/ ;/2)
2T (3) (=D 'w=1)
= —7(Za) =(Za) ) & (A80)
M e LT I Tt
from Eqgs. (A4) and (A73)
1 0 Za) (! " PANCEERTE) 12.1/2
_E(yOGiy,-yo)—>— > 8/.5 duu/O‘ dv{?T—Z §(1 —vd)'/v }
3 1)
_ —%(Za)s (Zoe)SZS" %_ (zf)(i)(i+§)’ (A81)
from Eqgs. (A4) and (A74)
5 1 u
_%<V0Gilyiy0)—> —(ZTQ)8224/ du/ dv(l — v8)!/?v'/?
3 v—1 _
= Tizay = CEDM 2L () v - b (A82)

F(G—=v)F@ -7 (+3)
from Eqgs. (A3) and (A66)

1 Za) 1 u 1 —v8)3/2
—5 (nGf) - ¢ ;‘) 5f du(l — u)/ dv {—25u (% —38(1 — vé)l/zvl/z) +24 (1 — v(S)l/zvm}
0 0
3 5
= §+1—21n2 n(Za)

S s 2r () =D ~ 2r(3) D' -1
B P bt o R o e e

and finally from Eqgs. (A3) and (A67)

5 1 )
_l ()/()G(l)) — —@82(_26)/ du(l — 14)/ dv(l — U(S)I/ZUI/Z
0 0

2
r2)n'ew-1
—v)F<v>(v—-)(v+ 3)(v+3)

= gn(Za)S (Za) Z 8 (A84)

Equations (77) for A(S'a) and (79) for Asg are obtained by collecting the terms of the powers §” from the equations above and
summing the above equations, respectively.
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TABLE VI. The comparison of the exact calculation and nonrelativistic approximation for the terms (yOGi”’3), (yoGé”'2>, (VOG(Z)”’3), and
(Yo G?”il’zy,' o). The contributions are multiplied by —[2(Z«)*]~!. The relative error of the nonrelativistic approximation with respect to the

exact result is displayed in parentheses.

v (Gi*) (63", v (nGo™) (65"*)0

0 —0.140506 x 1073 —0.140496 x 1073 (0.71 x 107%) 1 0.987415 x 1074 0.987814 x 1074 (0.40 x 107%)
1 —0.739838 x 1073 —0.739063 x 1073 (0.10 x 1072) 2 0.998692 x 1073 0.998068 x 107> (0.62 x 1072)
2 —0.127661 x 103 —0.127565 x 1075 (0.75 x 1073) 3 0.235166 x 105 0.235087 x 10~ (0.34 x 10~3)
3 —0.376911 x 1076 —0.376646 x 107 (0.70 x 1073) 4 0.830516 x 10~° 0.830290 x 107 (0.27 x 107%)
v (nGa™) (6", v (WG rin) ({6 pY)ysm)

0 0.640844 x 107* 0.640770 x 107 (0.12 x 1073) 1 —0.132412 x 1073 —0.132397 x 1073 (0.11 x 1073)
1 0.224290 x 1073 0.223871 x 107 (0.19 x 107%) 2 —0.114446 x 10~ —0.114301 x 1074 (0.12 x 107%)
2 0.416739 x 1076 0.416348 x 1076 (0.94 x 1073) 3 —0.307593 x 1073 —0.307365 x 1073 (0.74 x 1073)
3 0.129357 x 1076 0.129288 x 1076 (0.53 x 1073) 4 —0.124072 x 1073 —0.123992 x 107° (0.64 x 1073)

APPENDIX B: NONRELATIVISTIC APPROXIMATION

The nonrelativistic model defined by Eq. (A11) was used in
Appendix A to determine the contribution of the order a(Za).
It can also be used for an estimate of the terms that do not con-

tribute to the order «(Zw«)’. These are the terms (yoGi(v_')")

fort > 2, (yOG(Z)(vft)’t) fort > 1, (yoG[z(”*t)*l’tyiyo) fort > 1

and (yMGi(v_t_l)"(l'I —¢&),/m) for t > 0. The advantage of
the nonrelativistic model lies in the fact that for integer [
and /1 (it actually suffices for the difference I — [y to be
an integer) the hypergeometric function in Eq. (49) reduces
to polynomial. This tremendously simplifies the calculation

of the hypergeometric function. This in turn enables us to
make the substitution (66) right at the exact expression (49).
The calculation of the terms like (0G4 ") for higher 7 is
then substantially simpler than the one described in Sec. III.
In Tables V and VI, the comparison between the exact and
nonrelativistic results for the terms with higher temporal
multipoles t > 11is displayed. This is an important check of the
calculation as the exact and nonrelativistic results are obtained
by somewhat different methods. Further, it enables us to
calculate the contributions of higher spatial multipoles for ¢ >
1 by the nonrelativistic approximation with sufficient accuracy.
This leads to a substantial simplification of the calculation.

APPENDIX C: ASYMPTOTIC EXPANSION OF THE HYPERGEOMETRIC FUNCTION

The hypergeometric function possesses series

o (@)n(b), 2"
F 7bs ) = - < Cl
(a,b,¢,z) nEZO BT (C1)
where, for example, (¢), stands for Pochhammer symbol
I'(c +n)
= ———— C2
(c) r'o (C2)

The series (C1) converges for |z| < 1. The hypergeometric function in Eq. (49) goes for large &, to z = 2. To be able to obtain
an asymptotic expansion of the function for large k., we use the formula (see, e.g., [20])

i 2ik.x
Flqisti—tg—p—12+2 5>
(kg bzl * —1+ikex)

2ik.x

2ik.x

FQI+ 20 (—ly—p—2—1) -1 =2 1 ik e\ ik
_F(l—lo—p—l)l"(l—i—l—t) (l—ikex) <1+ikex> <l—ikex)

XF<lo—|—p+2—l,lo+p+3+l,lo+p—|—3+—,

2ik,x

—l+ly+p+1
X [ ——— Fll-ly-p—1,-lpy—1l—p—-2,—1—-1ly—p—
1 —ik.x

where

x = o+ 1E.

F(21+2)F<lo+p+2+é)

i —l—i—ikex)
k' 2ikex PU+lo+p+3T (1+1+1)
P —1+ik,
l_’$ , (C3)
k. 2ik.x
(C4)
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The argument z of the hypergeometric functions on the right
member of Eq. (C3) goes for large k, to z = 1/2. The needed
asymptotic expansion is thus obtained by first using Eq. (C3)
and then using the expansion (C1) for the functions on the
right member. Finally, in Eqgs. (C1) and (C3) the expansion of
the T" function

[(co +c1)
=T(co) (1 + V(o) + = i [w(l o) + ¥ (co)] + )
(C5)
is used.

APPENDIX D: INTEGRATION OVER THE
FOUR-MOMENTUM OF THE VIRTUAL PHOTON
AND THE FUNCTIONS ¢

1. Derivation of Eqs. (55) and (57)

The integrals (55) and (57) look divergent even for finite
A. As discussed in [16], the integrands are determined up to
an arbitrary polynomial of the (2v + ¢t — 1)-thorderin A + o.
This is enough to make the integrals (55) and (57) convergent
[16]. The integrands in Egs. (55) and (57) can be written as

(2(,())2u /A d2v d2v (2(,())2u
_ = w
k% —2ke + A 0 dw? k? — 2ke +w
= /Adsz ” Y :
0 deidei ) k* —2ke +wl, o
(D1)
and
(2(())2“_1
k2 —2ke + A
A 82 v—1 )
- / 2w @ . (D2)
0 d¢g;0¢g; (k%2 — 2ke + w)? .
&=

Thus the only integrals over four-momentum of the virtual
photon to be performed explicitly are integrals
(1,kv)

/A2 d*ky
dh
0 222k —2k-e+w

1! &2y —w A%(1—y)
=3 [ e (S57) - (557

(D3)
A? 4 2
(k2 — 1)2 (k2 — 2k - ¢ + w)?
| L 2y —w A*(1—y)
= - dy—ze;y|In —In| ——)|.
4 Jo de; m2y m2y
(D4)

Here the terms proportional to the inverse powers of the cut-off
A? have been neglected. Equations (D3) and (D4) follow from
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the introduction of Feynman parameter y,

1 /‘ 2(1 —y)
2 y— 2
ab? +b(1 —y)P?
0 [ay +b(1 — y)] (D5)
1 /1 3ly(1 —y)
@y ~ Jo “lay + b1 — 1’
integration over d*k,
d*kr(1,k 1 (1,e,
/ rLk) 1 ey D6)
(k2 — 2key — L)3 8(ey)> + L
f d*kpkikiy / d*krk;
(k2 —2key — LY* 3' ae, (k2 — 2key — L)
= —y (D7)

3189e; (ey)2 + L’

and integration over A. Equation (D6) can be found, for
example, in the original Feynman papers cited in Ref. [15].
Further, we use formula

() o
88,‘88,‘ ¢8y v

= (=D'@u+ D2 s

&=0

——¢(’y + w)

)
=(—D)'Qv+ 1)!!2”y“@¢(szy +w). (D8)

Particular cases of this formula are given by Egs. (76) and (78)
of [16]. In a similar way we treat the integrals with powers of

ko,
(=2ko)" /A L )
0 dw' k2 — 2ke +w
A 9’ 1
:/ d’w T2 A
0 deh k* — 2ke + w

k? —2ke + A
Finally, when integrating over the parameter w, we make the
substitution

(DY)

go=m

w— —m’w.

By inserting Eqs. (D1), (D3), (D8), and (D9) into the left
member of Eq. (55), we obtain the right member of that
equation. The second terms in the square brackets on the
right members of Egs. (D3) and (D4) contribute to the
electromagnetic mass of the electron. Their contribution is
canceled by the counterterm —Am in Eq. (2). Likewise, from
Egs. (D2), (D4), and

d 2 9 2
—2¢&;y In(e"y —w) = — In(e”y — w) (D10)
dw 88,‘
one arrives at
/AZ / d*kr Q)P lw
di
(k2 — A2 k2 —2k.e+ A

v—1 9
d d2U 1 _2 X
_/ y/ (88,88,) oe; &1y
efy —w AX(1—y)
X |In —In| ———
m2y m2y

&i=¢;=0
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v 2.
/ dyf d*w In gy-w
88,88, m2y
<A2(1 - y))}
m2y
Equation (57) follows from the last equation and Eqgs. (DS8)
and (55).

(D11)

£;=0

2. Derivation of Eq. (A34)

A slightly different procedure is used for the evaluation
of the integrals on the left member of Eq. (A34). Using the
Feynman parametrization (D5), we get

d4kF(1k/m)
o [ [

A2
= (—8)/ dy(l —y)f di
0 0

(—2ko/E)'
— 2k - P, + uA(P)

4 _ t
X/ d*kp(1,k,/m)( gko/E) . DI12)
[k2 =2k - P,y + yuA(P) — A(1 — y)]P
Now
O rDy=—(1— > ¢D D13
a_xf( )= —( y)a—Df() (D13)
and
9
a(P, )Of(D) _2k°ya_Df(D)’ (D14)
where
D=k —2k-Py+yuAP)—r(1—7y). (DIS)
Thus
)t+l 1 at /AZ
DI12) = (-8 d '
(12 = )/ ¥ E P o

d*kp(1,k,/m)
2%k - Pyy + yuA(P) — A(1 — )
(D16)

<
[k2 —

The integration over four-momentum k according to
Eq. (D6) yields

/ d*kp(1,k,/m) - (1, & y)
[k? — 2k - P,y + yuA(ﬁ) — 21 =P B Du(ﬁ)
(D17)

where Du(ﬁ) is given by Eq. (A35). By inserting the last
equation into Eq. (D16) and making the substitution A’ =
2127 "\we obtain the right member of Eq. (A34).

m? y

3. The functions &

Had we been able to calculate the right member of Eq. (59)
exactly, we could use the form of the functions ® given by
Eq. (56) in the actual calculation. Since we calculate the right
member of Eq. (5§9) numerically, that is, approximately, the
actual form of the functions & presents the balance between
two opposite requirements. On the one hand, the integrals over
the electron wave numbers k, have to be finite. On the other
hand, the functions ® are multiplied by the inverse powers of
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(Za) [see Egs. (42) and (43)]. This enhances the contribution
of the terms with small powers of A. In principle ®’s are
determined up to a polynomial of the (2v + ¢ — 1) order in A.
This polynomial has to cancel out in the complete expressions,
Egs. (42) and (43). However, such a cancellation is always
imperfect in numerical calculations. Thus, the functions &
should contain the smallest number of the power terms in A in
order to keep the integrals over k, convergent. The functions
@ meeting such a requirement follow.
We rewrite Eq. (56) into the form

t

I
dy y'(1,ye0)
d(eo) /0
A+o
(25
m
In the case we calculate (ypG4) and (y,,G4 02), we set

X 2
¢>(x,y)=/ d"w In <M>
0 y

fort =2,orforv=0,r=0;v=0,t=1;andv=1,¢r=0,

¢>(x,y)=/ dvH 1n(8°y+w)
0 80)’

for t = 1 except for v = 0,

x 1 1
X,y) = AV |:— - —j| D21
$(x.) /0 e ICE

(A +0) =2"(=1)

(D18)

8():1

(D19)

(D20)

for t = 0 except forv =1,
P(x,y) = /Ox d""w(edy + w) [In(efy +w) — 1] (D22)
fort = 3, and
d(x,y) = /Ox d"Vlw2egy In(efy +w)  (D23)

fort = 4.In the case we calculate (y,, G4 0/ 1y and (YoGivivo),

weuse Eq. (D19) fort < 3 and Eq. (D22) fort = 3. In all these
cases we use the functions @i”". When we calculate (yyGy)
we use the functions 43(2)”. In such a case we use Eq. (D19) for

t=2orforv=0,r=1,v=1,¢t=0,Eq. (D20) forr =1
except for v = 0, and Eq. (D21) for = 0 except for v = 1.
Furthermore, we set

d(x,y) = /-x d""'w In (5y + w) (D24)
0

for t =3 and
P(x,y) = / d"""'w(3eoy + wey ') In (efy + w)  (D25)
0

fort = 4.

In the case we apply nonrelativistic approximation, we use
Egs. (D20) and (D24) when calculating (G3')o and (G3")o,
respectively. When calculating (Gé”‘3)0 and ({GZ.ZU_I’Z,P,-})O,
we use the same functions as when calculating the exact
expressions (G(Z)”’3) and (yoGiZ”_l’Zyi ), respectively.
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APPENDIX E: DERIVATION OF EQ. (68)

After substituting into Eq. (62) fora = L +2g and b = L 4+ 2(p — q) + ¢ [see Eq. (44)] one gets

—q)+c —q)+c kgz fret! I+ ike P24 —lp—2—L— . _
Py 20RO e, ) = AR ETAPmOT (1 +k2) (1 — ik ) (a0 =ik

« <1+Cl,o+C1,1§ +02,0+02,1§+02,2§2+”.>. (E1)
ke k?
From Eq. (56) we get
v pe A /m?
Performing now the parametric differentiation with respect to &y, we get [recall the definition (69)]
(e nGeiy +u)| = (1 — DRy LW (E3)
a(eo) =1 dwl1/2

For large k., the other terms on the right member of Eq. (E3) are negligible, compared to the first one. From Egs. (E2) and (E3)
we have
AR

1 — Ak, £)/m?
o0l mmeetrey [y, [ A Iy bw). (E4)
g ’ 0

0

o=0
Every differentiation of Eq. (E4) with respect to £ produces an extra factor of (Za)? and lowers the number of integration
with respect to the parameter w. This in turn supplies the factor k;z for large k.. Thus, the dominant contribution from the
differentiations of the product of Egs. (E1) and (E4) with respect to £ in Eq. (67) comes from the differentiation of Eq. (E1). The
differentiation of Eq. (E1) with respect to & yields for large k.,

dl B i _ ) k2
PL+2q,L+2(17 q)+c(ke’$)‘ ~ AILF+2q,L+2(P q)+c< e :
£=1 1 —ik,

Ir+1 . —2,
1+ lkg>p i N —lo—2—L—p —eCrt
14 k2 (1 —ik,) . (ES)
rldgt I 1+k3> ( ( ) ke

By the substitution w — w(— %), the integral over the parameter w on the right member of Eq. (E4) can be rewritten into
the form

—A(ke,E=1)/m? _ L+p+t=[t]/2  pl _

[ P Ty 4 ) — (_ Alk = 1)) [ arrng (y — 2t =D 1)). (E6)
0 m 0 m

Here we substitute from Eq. (47)

Akt =1)

— = (Za)* [k +1]. (E7)

From Egs. (E4)—(E7) we finally get Eq. (68).
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