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Quantum limit of laser cooling in dispersively and dissipatively coupled optomechanical systems
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Mechanical oscillators can be cooled by coupling them to an optical or microwave cavity. Going beyond the
standard quantum noise approach, we find an analytic expression for the steady-state phonon number in systems
where the position of the mechanical oscillator modulates the cavity frequency as well as the cavity linewidth.
We trace the origin for the quantum limit of cooling to fluctuations in the optical force both at and away from
the mechanical frequency. Finally, we calculate the minimal phonon number for the different types of couplings.
Our study elucidates how to beneficially combine dispersive and dissipative optomechanical couplings.
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I. INTRODUCTION

Optomechanics is an area of research that is concerned with
systems in which the position of a mechanical oscillator mod-
ulates the properties of an optical or microwave mode [1-5].
Apart from fundamental questions, e.g., about the decoherence
of increasingly macroscopic objects [6], these systems have
promising applications in information and quantum science,
e.g., transducers in quantum hybrid systems [7].

To enable these applications, reducing the thermal motion
of the mechanical oscillator has been the focus of intense
research. Adapting laser-cooling techniques from atomic
physics [8,9] experiments have observed the quantum ground
state [10—12] as well as an asymmetry in the mechanical
sidebands [13,14].

In Ref. [15], an optomechanical system has been introduced
where the cavity linewidth depends parametrically on the
position of a mechanical oscillator. A strikingly new feature is
a Fano line shape in the force spectrum that is a consequence
of quantum noise interference. In a recent study, we have
shown that this form of force spectrum features two cooling
and two instability regions [16]. Following the proposal in
Ref. [17], an interferometer setup has recently investigated
these effects [18].

For an optimal detuning between laser and cavity frequen-
cies, the zero of the Fano line shape coincides with the mechan-
ical frequency. As the quantum noise approach [19] estimates
the fluctuations in the optical force with the noise spectrum
at the mechanical frequency, it predicts the unphysical result
that the phonon number goes to zero as the coupling is
increased, i.e., it does not give a quantum limit of cooling.

In this paper, we go beyond this level of approximation
and derive an analytic expression for the steady-state phonon
number which takes into account the noise in the force
spectrum at all frequencies. We show that noise away from
the mechanical frequency can become the limiting process for
cooling. In this case, the steady-state phonon number depends
on the coupling in a qualitatively different way featuring a
minimum at finite coupling. We give explicit expressions for
the minimal phonon number for so-called purely dissipative as
well as dissipative and dispersive couplings. While the Fano
line shape due to dissipative coupling leads to a vanishing
amplification rate, additional dispersive coupling can increase
the cooling rate and, thus, further lower the phonon num-
ber. Our study provides the physical limit of cooling and
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shows how to exploit the presence of these two kinds of
optomechanics.

II. MODEL

We investigate an optomechanical system where the reso-
nance frequency w, of a cavity and its linewidth « are both
modulated by the displacement of a mechanical oscillator
with resonance frequency wy,. These two types of couplings
between optical and mechanical degrees of freedom will be re-
ferred to as dispersive and dissipative couplings, respectively.

The Hamiltonian (i = 1) of such a system is given by 7{ =
wcdla 4+ wyéte + He + H, + Hiy, where a' () are bosonic
creation (annihilation) operators of the cavity mode, &t (&) are
bosonic creation (annihilation) operators of the mechanical
mode, and A, and I:IV describe driving and damping of
the cavity and the mechanical oscillator, respectively. The
optomechanical coupling is given by [15]

N - .. . [k B i p | X
Him=—|:AKaTa+l /%5;(51%4—19;61)] o o

where Ak = —%xo is the dispersive and Bk = %xo
the dissipative coupling strength [20]. Here, £ = x((é + ¢&T)
denotes the displacement of the mechanical oscillator, xy =
(2mawy)~'/? is the size of the zero-point fluctuations and m
is the mass of the mechanical oscillator, 132; (l;q) are bosonic
creation (annihilation) operators of the optical bath coupled to
the cavity, and p is the density of states of the optical bath that
we treat as a constant for the relevant frequencies.

We work in a frame rotating with the drive frequency wy,
using @ = (@ + d)e ', where a denotes the mean cavity
amplitude and d denotes the fluctuations around this mean
value. Then, using the input-output formalism [19] adapted for
dissipatively coupled systems, we write down the linearized
equations of motion [15,17,21],

b= —(in + %)c — STl + ixoF, @)
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d=|iA—=)d — Vxdn+ |iAca — [iA+ = )=a|—,
2 2)2 |xo
3

with Fxg = Axa*d +ila*\fcdy +iLa (A + 5)d + He.
Here, A = w; —w,. is the detuning between the drive
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frequency w,; and the cavity resonance w,, and c?in (¢in) de-
scribes the fluctuations in the optical (mechanical) input mode.
We assume Markovian baths where the mechanical bath has a
finite temperature 7' and, thus, a thermal phonon number ny, =
(e®/%sT _ 1)~1 where kp denotes Boltzmann’s constant,
ie., (Eh(@)en(@)) = 218w + oy and (En(@)eh(@) =
278(w 4+ o')(ng + 1), whereas, the optical bath is assumed
to be at zero temperature, i.e., (ﬁin(a))ﬁ&(w’)) =278(w + ).

III. NOISE CONTRIBUTIONS TO THE
MECHANICAL SPECTRUM

For weak coupling, we can use the quantum noise approach
to derive transition rates for the mechanical oscillator with
Fermi’s golden rule [19]. In our case, the force F leads to
transitions between states with n and n = 1 phonons. The rates
are given by I';, ..y =(m + DI'y and T, ,_; = nI"| with
the amplification rate I'y = ngpp(—a)M) and cooling rate
', = x3Srr(wy). They are obtained from the weak-coupling
force spectrum Sgrp(w) = fdt e”‘”(]ﬁ(t)ﬁ) evaluated in the
absence of coupling. Here, it is given by [15]

B?|a|* k(w +2A —2Ak/B)?
43 (/2P + (0 + A)?

As discussed in Ref. [15], for the optimal detuning
A=Agp=wu/2+ KA/E, a Fano interference leads to
a vanishing amplification rate I'y = ng rr(—wy) = 0. The
steady-state mean phonon number n within the quantum
noise approach is given by n = (yny +14)/(y + T, —T'y).
If, however, I'y = 0 and I"| # 0, the mean phonon number n
goes to zero in the limit of large coupling strength, i.e., there
is no quantum limit of cooling at this level of approximation.

In the following, we go beyond this standard quantum
noise approach and take the complete force spectrum Sgp(®)
into account, i.e., the noise at all frequencies. To do so,
we solve Eq. (3) in the Fourier domain for c?(a)) and insert
the result into the equation of motion of the mechanical
oscillator (2). Neglecting correlations between the optical
field and the mechanical bath, e.g., (d(w)éin(@)) =0, we
obtain an approximation for the mechanical spectrum S..(w) =
[ dt e (&1(t)¢) as

Sec(®@) = |7 (=) [ynu + x5 Spr(@)], (5)

where Fy(w) = [/2 — i(w — wy)]™" is the effective me-
chanical response function and where we have taken into
account the optically induced damping y =y + 1", — I'; but
have neglected the optically induced frequency shift, i.e., the
optical spring.

In Fig. 1(a), we plot the mechanical spectrum S,.(w) for
purely dissipative coupling A =0 and detuning A = Agpt.
Within the quantum noise approach, the mechanical spectrum
has a peak at the mechanical frequency w = —wjy, describing
the response of the mechanical oscillator to thermal fluctua-
tions yny, and optical force fluctuations at the mechanical fre-
quency, ie., Sec(@) = |fu(—o)*[ynn + xZSrr(—om)]. In
the resolved-sideband regime wy >> «, the approximation (5)
features an additional peak due to optical force fluctuations
| #m(—@)|?x} SFr(w) missed by the quantum noise approach.
For « > 7, it is centered at w = —wy /2 with a zero at

Srr(w) =

“4)
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FIG. 1. (Color online) (a) The mechanical spectrum S..(w)wy
obtained from the exact solution (solid black line) [16] and the
approximate expression (5) (orange dotted line) for A=0, Bla| =
0.2, and A = wy /2. The green dot-dashed (blue dashed) line
shows the first (second) term in Eq. (5). The thin red solid line
is the weak-coupling force spectrum Spp(w)xg/a)M (4). (b) The
optical output spectrum S95'(w) for A =0, Bla| =0.01, A = wy/2
(solid black line), A = 0, I§|ﬁ| = 0.2, A = wy /2 (dashed blue line),
and Ala| = 0.2, B =0, A = —wy (green dot-dashed line). Other
parameters are wy/y = 10°, ng, = 100, and wy /i = 5.

® = —wy due to quantum noise interference [15]. In Fig. 1(a),
we plot the mechanical spectrum S..(w) obtained from the
exact solution to Eqgs. (2) and (3) as given in Ref. [16]. The
agreement with the approximate expression (5) is excellent.

The reason for the failure of the quantum noise approach can
be understood by looking more closely at the force spectrum
Srr(w) also in Fig. 1(a). Within the quantum noise approach,
we approximate the optical force fluctuations by evaluating the
force spectrum Srr(w) at the mechanical frequency. However,
this is only justified if Spp(w) varies slowly around +wy, on
a scale of 7. For A=0and A = Agp, this is clearly not the
case, and the quantum noise approach fails.

The two contributions to the mechanical spectrum S,.(®)
in Eq. (5) can also be detected in the optical output spectrum
SoHw) = f dt &'t (dAiut(t)doul) where the input-output relation
is diy — dow = —+/kd — \/k Bax /2xo [16]. In Fig. 1(b), we
show the optical output spectrum S99 (w) for detuning A =
wyr /2. It features a dominant peak of width 7 at w = —wy,,
a sharp dip to zero at w = 4wy, and two smaller peaks of
width « at w = *wy/2. The one at w = 4wy /2 exists at
small coupling, whereas, the one at w = —wy,/2 appears at
a larger coupling strength. In the limit of strong coupling,
the two peaks have equal weight. This differs significantly
from the optical output spectrum S35 (w) for purely dispersive
coupling B =0 and detuning A = —w);, which features
the well-known mechanical sidebands, i.e., two peaks of
width 7 at @ = ), symmetric around the drive frequency.
The different optical output spectra S9y'(w) are a signature
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of the different cooling processes for these two kinds of
couplings.

IV. IMPROVED EXPRESSION FOR THE MEAN
PHONON NUMBER

Given the improved approximation for the mechanical
spectrum S..(w), Eq. (5), we obtain an expression for the
mean phonon number n by integrating over all frequencies
w, ie., n=(&T¢) = fSCC(w)da)/(Zn) where we have the
analytic result,

_yna | BYal® k(—wy +2A—-2Ac/B)? | B?la)?
N R e s T R VNS 2 R
7Kk +4A> — 16A Ak/B + (1 + 16A% ) B*)«?
) 7+ + 45 — ou) '

The first term in Eq. (6) accounts for the thermal fluctuations
due to the mechanical bath with thermal phonon number ny,
reduced by the optically induced damping. In the limit « > ¢,
the second term simplifies to XSSFF(—a)M)/?, i.e., together
with the first term it gives the standard quantum noise result.
Note that the second term vanishes at the detuning A = Aqy,
and thus, it does not provide a quantum limit of cooling. The
third term in Eq. (6) goes beyond the quantum noise approach
and is nonzero at the optimal detuning A = Ay, thus, it
leads to a quantum limit of cooling. For purely dissipative
coupling A =0, Eq. (6) coincides with an expression in
Ref. [17].

For purely dissipative coupling A = 0 at the detuning A =
wyr/2 and in the limit « > §, Eq. (6) simplifies to

n— V1

(6)

BZ|C_1|2

14 4

. (7

We see that the phonon number n has a qualitatively different
dependence on the coupling strength as compared to the
purely dispersive coupling B =0 discussed above. It is
surprising that the second term in Eq. (7) depends only on
the coupling strength B|a| and not on the sideband parameter
oy /K.

In Fig. 2(a), we plot the mean phonon number n as a
function of the coupling strength B|a| for purely dissipative
coupling A = 0. Within the quantum noise approach, the
phonon number n approaches zero in the limit Bla| — oo.
For small coupling, the approximation (6) agrees well with
the quantum noise approach but, in contrast to the quantum
noise approach, it features a minimum at finite coupling which
defines a finite minimal phonon number 7,,. Following, e.g.,
Ref. [22], an exact but cumbersome and not very illuminating
expression for the phonon number n can be derived. It agrees
very well with our approximate result (6) and deviates from it
only for large coupling strengths close to the unstable region.

In Fig. 2(b), we plot the mean phonon number n given by
Eq. (6) as a function of detuning A. We find that there are two
cooling regions close to A = —wy; and around A = wy/2
where the phonon number is significantly reduced relative to
the thermal phonon number ny, and two unstable regions [16].
The contributions of the second and third terms in Eq. (6) are
shown separately. Notably, the second term in Eq. (6) is the
limiting term for the phonon number n at most detunings A,
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FIG. 2. (Color online) (a) Mean phonon number n obtained
from the quantum noise approach (green dot-dashed line) from
Eq. (6) (blue dashed line) and the exact solution (solid black
line) for A=0, wy/k =3, A =wy/2, ng =100, and wy/y =
3 x 10°. (b) Mean phonon number n from Eq. (6) as a function of
detuning A (solid black line). The green dot-dashed (red dashed)
line shows the second (third) term of Eq. (6). Parameters are
A =0, wy/k =3, Bla] =0.2, ngp, = 100, and wy /y = 107.In (c),
we show a closeup of (b) at A = wy,/2 and include the quantum
noise result (blue dashed line) and the exact solution (orange dotted
line). Hatched areas indicate unstable regions.

except close to A = Ay Where it goes to zero. In this case,
the third term in Eq. (6) becomes important and provides the
quantum limit of cooling, whereas, it can be safely neglected
elsewhere. Figure 2(c) is focusing on A ~ Agy. It shows
that our approximate expression (6) leads to a much better
agreement with the exact solution than the quantum noise
approach. In the following, we will focus on the case of
A = Ayp where deviations from the quantum noise result are
most significant.

V. MINIMAL MEAN PHONON NUMBER

For the purely dispersive coupling B =0, in the limit
k > y, we obtain the well-known result n = yng/y +
2 Spr(—wom)/7 = (ynw + T)/(y + T — T'y) from Eq. (6).
This leads to a minimal phonon number nyi, =I'+/(I") —
I'y) = «?/(16w?,) for A ~ —wy and A — oo. In this case,

023850-3



TALITHA WEISS AND ANDREAS NUNNENKAMP

ground-state cooling is only possible in the resolved-sideband
limit wy > « [8,9].

In the case of the purely dissipative coupling A = 0, Eq. (7)
features a minimal phonon number,

ynn [« v (&
S DALY () R A L) BT
Plmin 4k (0’1214 > 161 (wi,l ) ©

at  BYal® = Vynn( /oy, +9)/k — y (i wy + 9)/(4).
Remarkably, in the good-cavity limit wy; >> Kk, Ny, becomes
independent of the sideband parameter w,,/« and approaches
a finite value npyi, = vV9yng/(4x) — 9y /(16k).

In systems featuring both dispersive and dissipative cou-
plings, i.e., A # 0 and B #0, at A = Ay and in the limit
k > 7, Eq. (6) again simplifies to Eq. (7). Remarkably, the
second term of Eq. (6) is independent of the dispersive coupling
strength A, and the minimal phonon number 7., only depends
on the coupling strength A via the damping rate 7.

Minimizing Eq. (7) over the coupling strength A leads
to Ak = —3Bwy/2. In this case, the optimal dissipative
detuning A = wy/2+«kA/B coincides with the optimal
detuning for dispersive cooling A = —w,,. Within the quan-
tum noise approach, this means taking advantage of a
vanishing amplification rate I'y =0 at a detuning where
dispersive coupling can increase the cooling rate I} and,
thus, 7. The minimal phonon number for this optimal mixed

coupling is at B%|a|*> = vnuy (k?/wi,) /K — y (k2 [wd,) /(i)

and is
yng k2 14 K
Mmin = || J 5~ = T ©)
Ky, 16k wy,

In contrast to the case of A =0, i.e., Eq. (8), the mini-
mal phonon number ny, in Eq. (9) vanishes in the limit
wy > K. _

Note that this requires dispersive coupling A and dissipative
coupling B to have opposite signs. Whereas the sign of the
coupling strength does not enter for purely dispersive or
purely dissipative coupling, the relative sign matters in the
presence of both couplings. According to our definitions of
A and B, opposite signs imply that the cavity resonance
frequency w. and the cavity linewidth « both increase (or
decrease) with increasing displacement of the mechanical
oscillator x.

In Fig. 3, we plot the minimal phonon number 7., for
dispersive, dissipative, and mixed couplings as a function of
the sideband parameter wy, /k. We see that, in the case of purely
dissipative coupling A = 0, the minimal phonon number 7,
approaches a finite value for wy > k. In contrast, np;, for
the purely dispersive coupling B =0 goes to zero in the
limit wy /k — oco. We also show the exact solution and find
that our approximations capture the qualitative behavior very
well. Figure 3 also shows that ideally mixed coupling can
overcome the cooling limit for systems with purely dissipative
coupling.

In closing, we note that opposite signs of dispersive and
dissipative couplings will also allow for cooling on-resonance.
If Ak = —Bwy /2, the optimal detuning simplifies t0 Agy =
wy /2 +kA/B = 0. This would be particularly beneficial in
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FIG. 3. (Color online) Minimal phonon number 7,y;, as a function
of the sideband parameter w,, /k obtained from Eq. (8) (black dashed
line) and the exact result (black solid line) for A = 0 and A = wy, /2;
the thin solid black line indicates the limit of 7, for wy /k — oo.
The dot-dashed green line gives the quantum noise result for purely
dispersive coupling (at A = —wy, A — 00), and the green solid line
shows the exact result, optimized for the dispersive coupling strength
Ala| (B = 0). The red dotted line shows the minimal phonon number
for ideally mixed coupling at A = wy,/2 + kA/B, Eq. (9). Other
parameters are ng, = 100 and x /y = 10°.

the resolved-sideband limit wy, > « where, off-resonance,
most of the input power is reflected off the cavity.
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APPENDIX: DIFFERENT DISSIPATIVE COUPLINGS

Dissipative coupling arises if the cavity linewidth « is
modulated by the mechanical displacement x, i.e., k = x(x).
In the main text, we have discussed the maximally overcoupled
case where there is only a single loss channel for photons, so all
losses are due to the channel where the coherent drive enters.

In general, several loss channels for photons can be present
in an optomechanical system. We write the total cavity
damping x = kex + ko as the sum of an external loss rate
Kext associated with the channel where the drive enters and «
that contains the losses through all other channels. Including
the additional loss channel leads to an additional input mode
a distinct from the input mode 48X associated with the drive,
ie., (@) = 0 but (%) = aj,. It is this difference that finally
results in different expressions for the force F below.

It is crucial to distinguish between the case,

K = Kext(x) + Ko, (A1)

where the cavity linewidth associated with the drive port is
modulated by the displacement and the case

K = Kext + Ko(X), (A2)

where the internal losses depend on the displacement.
Case 1. The first case (Al) is a generalization of the
treatment in the main text where we used K = kex(X), 1.€.,
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dKext(X)

ko =0.If kg # 0, Blteyy = ¥exM . Teads to the force,

Fxo = Ac@*d +ad") + i B/fie[a*dS — (42)'a]

B K\ A K\ A
e . e = . _ = —i'
2|: ia <1A+ 2>d m(lA 2>d ], (A3)

where dS* (d2)! are the fluctuations of the input mode and
the second line of Eq. (A3) is due to the coherent drive entering
through the same port. This leads to the force spectrum [23],

B?|a|? kex(w + 2A — 24K/ B)?
dxt (K/2P+ (0 + A)?
B2|a|? kol(A — 24Kk /B)* + k2 /4]
4x3 (k/2)* 4+ (0 + A)?

As discussed in Ref. [23], the optimal detuning Ay, no longer
leads to an exact zero of the force spectrum Srr(w) due to the
second term of Eq. (A4). Depending on the ratio of k¢ and
ko, the quantum noise interference becomes less perfect, and
ultimately, if kg >> kext, the force spectrum is a Lorentzian.

Case 2. In the second case (A2) where Kk = Key + ko(X),
the force differs significantly from Eq. (A3). Since the input
mode associated with ko(x) describes only fluctuations of a
zero-temperature bath, the force is given by

Srr(w) =

(A4)

Fxo = Ac@*d +ad") + i B/io[a*dd — (d)'a]. (A9
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Notably, a term corresponding to the second line of Eq. (A3)
is missing since this loss channel is not associated with
a drive. Thus, for the purely dissipative coupling A = 0,
there is only one contribution to the force and no quantum
noise interference. The force spectrum simplifies to Spp(w) =
koB?|al?/ (4x§), i.e., it becomes completely flat as a function
of frequency.

In the presence of both types of couplings, the dispersive
coupling term provides a cavity-mediated force, whereas,
dissipative coupling leads to a force directly proportional to

the optical bath mode d”, and these two contributions can

interfere. Using Bk dKU(x)xo, the force spectrum is given
by
Spp(y = AL kol + A —2Ak/B) + c?/4]
" 4x] (/27 + (@ + AY?
B*|a)*  ken(2Ak/B)

(AO6)

4x2 (/2 + (0 + A2’

i.e., it has a Fano line shape that, in contrast to the first case,
becomes a Lorentzian if ke > ko. Also in contrast to the first
case, no perfect destructive interference is possible, i.e., the
force spectrum Sr r(w) has no exact zero. The optimal detuning
from the first case no longer has a special meaning in this
context and does not lead to a vanishing term of Sgg(—wyy).
Finally, note that the relative sign of dispersive and
dissipative couplings, i.e., of A and B, becomes relevant again.
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