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Formation of long-lived resonances in hexagonal cavities by strong coupling of superscar modes
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The recent progresses in single crystalline wide bandgap hexagonal disk have stimulated intense research
attention on pursuing ultraviolet (UV) laser diodes with low thresholds. While whispering-gallery modes based
UV lasers have been successfully obtained in GaN, ZnO nanorods, and nanopillars, the reported thresholds are still
very high, due to the low-quality (Q) factors of the hexagonal resonances. Here we demonstrate resonances whose
Q factors can be more than two orders of magnitude higher than the hexagonal modes, promising the reduction
of the energy consumption. The key to our finding is the avoided resonance crossing between superscar states
along two sets of nearly degenerated triangle orbits, which leads to the formation of hexagram modes. The mode
couplings suppress the field distributions at the corners and the deviations from triangle orbits simultaneously
and therefore enhance the Q factors significantly.
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I. INTRODUCTION

ZnO- or nitride-based UV laser diodes have been widely
studied in past decade due to their applications ranging from
chemical analysis, medical devices, bio-agent detection, and
material processing to opto-electronics [1–3]. Compared with
the bulky UV lasers, laser diodes have significant advantages,
e.g., low cost, high efficiency, and compact size. A number of
UV laser diodes have been demonstrated to work at short
wavelengths or high quantum efficiency [4]. However, the
thresholds of such UV lasers are usually very high. This is
because that the severe challenge in mirror fabrication [5] gives
very poor light confinements in the UV region [1–4]. In order
to improve the light confinement, semiconductor microdisks
[6–8], which can trap light by total internal reflection, have
been employed to replace the conventional Fabry-Perot struc-
tures. Unfortunately, early approaches still suffered significant
Q spoiling due to the surface roughness generated in the
conventional top-down fabrication process [9,10].

Recently the bottom-up synthesized structures have at-
tracted considerable research attention [11–21]. Compared
with the top-down fabrication process, the bottom-up syn-
thesis has inherent advantages such as single crystallinity,
smooth surface faceting, and material homogeneity, which can
effectively reduce the in-plane scattering loss. Meanwhile, the
synthesis is usually independent of the choice of substrate and
thus has the possibility to achieve better light confinement in
vertical direction by selecting low refractive index substrate.
Due to the improvements in light trapping, several groups have
successfully demonstrated laser emissions from such synthe-
sized structures [11–21]. However, the reported Q factors are
only ∼1000, which is far below the initial expectations. This
is mainly caused by the orbits of light confinements [22,23].
In general, the synthesized functional devices are typically
wurtzite-type micro- and nanocrystals, which have hexagonal
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in-plane cross sections. The previous reported WG modes in
hexagonal cavity are the resonances along the hexagonal orbit
families. While the incident angles of hexagonal orbit families
are far above the critical angle, these resonances usually have
large field distributions around the sharp corners and thus ex-
perience the primary decay channels of polygonal microcavity,
the boundary wave leakage, and the pesudointegrable leakage
[23]. Therefore, finding a new type of resonances that are con-
fined away from the corners will be highly desirable for pur-
suing the UV laser diodes with very low energy consumption.

II. RESULTS AND DISCUSSION

A. Periodic orbits families in hexagon-shaped microcavity

The typical microdisks are quasi-two-dimensional objects
whose thicknesses are of the order of the wavelengths but with
much larger in-plane dimensions. Thus a hexagonal microdisk
can be treated as a two-dimensional hexagon-shaped cavity by
applying an effective index of refraction n. We assume n =
2.35 (GaN or ZnO in UV region) for transverse electric (TE,
E is in plane) polarization and ignore the material dispersion.
In the hexagon-shaped microcavity, three different resonances
with incident angle above the critical angle can be envisioned.
The light can be confined along the hexagonal orbit families
[Fig. 1(a)] with the equal incident angles of 60◦ and equal orbit
lengths. The resonances along them have been first observed
in Ref. [11] and then well explained by Refs. [22] and [23]. In
addition, the light can also be trapped along the triangle orbits
with incident angles of 30◦. Due to the odd number of bouncing
sides, the inscribed equilateral triangle orbit is isolated. The
shortest periodic orbit family that can support the resonances
with the low loss is twice longer [24].

Although the incident angles of triangle orbits are smaller
than the hexagonal orbits, their abilities in trapping light can
be even better. In general, the periodic orbits in polygon
cavity form continuous families which can be unfolded to
straight rectangle channels. The widths of the channels are
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FIG. 1. (Color online) The periodic hexagonal orbit family (a)
and periodic triangle orbit family (b) in hexagon-shaped microcavity.
The solid line in (b) is the isolated triangle orbits. All the dashed and
solid triangle orbits consist of � and � triangle orbit families and
form the hexagram.

determined by the positions of the closest singular corners
[24–26]. Taking into account all phase changes, the superscars
formed along the orbit families can be considered as modes
confined inside the rectangles, which are recorded by the mode
number (m,p) along the lengths and widths of the rectangles,
respectively [24]. As the width of rectangle formed by triangle
orbit family (Channel T) is much wider than the one formed
by hexagonal orbit family (Channel H), it is easy to find that
the field distributions of high Q modes (p = 1) in Channel T
are closer to the center and farther away from the sides of a
rectangle, which are defined by straight lines passing through
the corners. Therefore, the superscars in Channel T experience
less scattering loss at the corners and can give higher Q factors.

More interestingly, the hexagonal cavity can form two
sets of triangle orbit families with the same orbit lengths
and reversed directions (up triangle � and down triangle
�) simultaneously. In conventional microcavity, the orbits
with the same lengths are typically degenerated. In hexagonal
cavity, such degeneracy has been lifted by the diffraction
at the corners. Thus the superscars modes along both orbits
families can have the the same eigenfrequencies. Meanwhile,
two sets of triangle orbit families (� and �) spatially overlap
in the hexagon-shaped microcavity [see Fig. 1(b)] and form
the hexagram, indicating the possibility of mode coupling [28]
to improve the light confinement.

B. Avoided resonances crossings in hexagon-shaped microcavity

As we know, the resonant modes and their frequencies in
microcavities can play the roles of states and their energies.
Then the coupling between two resonant modes is usually
understood in terms of a 2×2 matrix [27–29]:

H =
(

E1 W

V E2

)
, (1)

where Ej are the energies and
√

V W is the coupling strength.
The hybrid states formed by mode coupling can be obtained
from the eigenvalues of a 2×2 matrix:

E±(�) = E1 + E2

2
±

√
(E1 − E2)2

4
+ V W (2)

In the case that E1 = E2, Eq. (2) can be rewritten as
E± = E1 ± √

V W . For the most general case of external
coupling with W �= V ∗, we can find that the strong coupling
can be naturally matched [here |Im(

√
V W )| < |Im(E1)| is

FIG. 2. (Color online) Mode coupling in the case of matrix (1)
with VW = i0.00008, E1 = −i0.01, E2 = � − i0.01. Real (a) and
imaginary (b) part of the energy vs �.

automatically matched to keep the solution reasonable for
cold cavity]. Figure 2 illustrates such mode coupling effects.
Different from the conventional strong coupling, we can
find that both real parts and imaginary parts of energies are
repulsive. The most important feature in Fig. 2(b) is that one
state has a considerable lifetime enhancement and the other
state has lifetime reduction at the ARC. Such dramatic lifetime
modification provides a new approach to further achieve the Q
factors of optical modes in microcavities.

C. Numerical simulation

We then numerically examine our analysis in the hexagon-
shaped microcavity. All the resonances and their field patterns
are calculated with a finite element method-based commercial
software [29–31]. The open cavity is simulated by using a
perfect matching layer to absorb the outgoing waves. As the
open system does not have true bound states, the computed
eigenvalues (kR) in optical microcavities are complex num-
bers. The real parts of kR give the positions of resonances,
and the imaginary parts measure the losses due to the leakage
from the cavity. Figure 3(a) shows the calculated resonances
in a hexagon cavity, which is defined as [23]

ρs = Rs(
cosφ − 1√

3
sinφ

)s + (
cosφ + 1√

3
sinφ

)s + (
2√
3
sinφ

)s .

(3)

Here we set s = 200 and φ = 0:π/3600:2π to make sure
that the influences of rounding and deviation of cavity shape
from Eq. (3) are negligible. From the constant mode spacings
and similar field patterns, three types of resonances can be
identified. The modes in series 3 are conventional WG-like
resonances along the hexagonal orbit families, which give Q
factors around 1000. One example is mode v in Fig. 3(a), whose
field distribution is shown in Fig. 3(b). The modes in series 1
and series 2 are the superscars along the triangle orbit families.
From their field patterns in Figs. 3(c) and 3(d) [modes i and
vi in Fig. 3(a)], it is easy to know those modes correspond
to the superscars with p = 1 and 2, respectively [24–26].
The Q factors of superscars with p = 1 are >104, which are
more than an order of magnitude higher than the modes along
hexagonal orbit families. As the field distributions of modes
along triangle orbits are away from the corners, their main
leaky channels should be the pseudointegral leakage [23]. The
solid line in Fig. 3(b) is the calculated Q factors formed by
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FIG. 3. (Color online) (a) The calculated resonances in a hexagon
cavity inscribed to a circle with radius R. (b)–(d) The field patterns
of resonances marked as v, i, and vi in Fig. 3(a), respectively. They
are the examples of resonances in series 1, 2, and 3.

pesudointegrable leakage, which can be expressed as [23]

−Im(�) = 1

6n2Re(�)
. (4)

It qualitatively matches the Q factors of superscar with p = 1,
giving evidence that the triangle orbit families can confine
light better and generate higher Q factors. Actually, even the
superscar with p = 2 [red crosses in Fig. 3(a)] can have similar
Q factors as resonances in series 3.

The interesting phenomenon happens in the modes of series
1, where we can clearly see the periodicity of Q factors
in Re(�). Some modes at kR ≈ 50.36, 52.14, and 53.92
have Q factors above 105, which are about two orders of
magnitude higher than the conventional hexagonal resonances.
In Fig. 3(a) we can also find that the high-Q modes are always
accompanied with the relative low-Q modes at the same kR

[see modes i, ii, and modes iii, iv], indicating the possibility
of an avoided resonance crossing (ARC).

To confirm the effect of mode coupling, we studied the
resonances i–iv in Fig. 3(a) by shifting the top edge of the
hexagon while keeping the two upper angles at 120◦. We refer
to the distance between the shifted edge to the original top
side as δ and define ε = 1 + δ/(R × cosπ/3). Interestingly,
as the � orbits are independent of the top side and the
� orbits have bouncing points on it, changing ε can differ
the resonant frequencies of superscars along � and � orbit
families. Figure 4 shows the calculated Re(�) and Im(�)
as a function of ε. With the decreasing of ε from 1.001 to
0.999, the real parts of mode i (blue solid line) and mode
iii (green dotted line) approach each other and repulse after
ε = 1. Meanwhile, the imaginary parts of two modes show
the anticrossing behavior simultaneously, giving the evidence
of strong coupling with E1 = E2. Similar mode coupling has
also been observed from modes ii and iv, which are shown as
black dashed and red dash-dotted lines in Fig. 4.

FIG. 4. (Color online) (a) and (b) are the real and imaginary parts
of eigenvalues of modes i–iv in Fig. 3(a) as a function of ε. The
resonances i–iv correspond to the solid line, dashed line, dotted line,
and dash-dotted line, respectively. Both real and imaginary parts show
clearly repulsive behaviors as Fig. 2. Here ε = 1 + δ/(R × cosπ/3)
and δ is defined as the separation distance between the shifted top
edge (dashed) and the original one (solid) in the inset II in Fig. 4(a).
(c) The field patterns of resonances marked as 1–6 in Fig. 4(b), and
the exchange of identity can be observed.

Besides the repulsion in frequencies, strong coupling will
also induce the exchange of identity [27–29,32]. In Fig. 4(c)
mode 1 and mode 6 have roughly the same spatial profiles
along � orbits but belong to different frequency branches.
The same holds true for mode 2 and mode 5. At ARC,
mode 3 and mode 4 correspond to the hybrid modes of mode 1
and mode 2 (or mode 5 and mode 6). The mode coupling
between two resonances with E1 = E2 usually happens in
photonic molecules [33], where two microdisks couple with
each other via the evanescent waves and each disk can
support one resonance. The results in Fig. 4 are the first
observation of such coupling in a single cavity, which does
not require positioning the cavities precisely as the photonic
molecules and thus have intrinsic advantages in applications.
Moreover, as the spatial overlap happens in the field patterns
directly, its influence on the Q factors are more significant
than the photonic molecules, where the modes couple via the
evanescent waves. Due to the different field distributions, the
resonances along different orbit families can form either �� or
�� in coupled hexagon-shaped microcavities. The maximum
Q factors formed by the hexagonal photonic molecules is only
∼30 000, which is quite lower than mode i in Fig. 3.

D. Discussion

The physical mechanism behind the modification on Q
factors can be understood as follows. The superscars along
different orbit families will interfere each other as they have
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FIG. 5. (Color online) (a) Field distributions of hybrid mode i
(open squares), mode iii (+), and mode vii (×) in Fig. 3(a) at the
corners. The constructive interference doubles the field distribution
(mode iii), and the destructive interference almost completely inhibits
the intensity (mode i) of light at corners. (b) The calculated Husimi
intensity of mode-i (solid line) and mode iii (dashed line) as a function
of the angle of incidence. The vertical dotted line is the critical
line, and the inset illustrates the deviation from the triangle orbit.
In additional to the reduction of field distribution of mode i at the
corner, the destructive interference can further suppress the intensity
of light with small incident angle and thus gives Qfactors far above
the others.

the same eigenfrequencies and spatial overlap. If the superscars
have the same phases at the corners, constructive interference
will happen and consequently enhance leakages at the corners.
On the other hand, the reversed phases will induce destructive
interference and reduce the field distributions at the corners.
This can be confirmed by computing the field distribution at the
corners. As shown in Fig. 5(a), the field distributions of mode
i [relative high-Q mode in Fig. 3(a)] at the corner positions are
destructively suppressed to almost 0, whereas the distributions
of mode iii [relative low-Q mode in Fig. 3(a)] are an order
of magnitude higher. Similar field distributions have also been
observed in mode ii [relative high-Q mode in Fig. 3(a)] and
mode iv [relative low-Q mode in Fig. 3(a)].

Different from the previous reports in Refs. [28,29], the
main leakage here is the pesudointegrable leakage, which is the
slight deviation from the original triangle orbit families [23].
Thus the relation between Q factors and field distributions
at corners is not as straightforward as previously [28,29]. As
schematically shown in the inset in Fig. 5(b), the deviated
light will pretty much follow its original orbit. The angle of
incidence is kept at ∼30◦ before it drops to ∼0 at the corners.
Therefore, it is the intensity of light with small incident angle
instead of the simple field distributions at the corners that
dominates the decay channel.

In order to get such internal information, we have projected
the internal mode structure onto the Poincaré surface of section
(SOS) using a Husimi function [34,35]. The SOS can give ray
content of the resonance in terms of a density of rays and
their angle of incidence. Figure 5(b) shows the normalized
Husimi intensity at one corner as a function of incident angle
χ . The field distribution below critical angle of mode iii is
orders of magnitude higher than mode i. We thus know that
the destructive interference can suppress the deviation of mode
i from triangle orbits besides the inhibition of field distribution
at the corners. This is consistent with the dramatic increasing
Q factor of mode i in Fig. 3(a). For the case of mode iii, a
totally reversed process happens and thus gives a reduction in
Q factor.

It is worth noting that all the superscar modes along differ-
ent triangle orbit families will couple with one another if they
have the same eigenvalues. Thus the simply constructive and
destructive interference cannot well explain the dependence of
Q factor on Re(�). To reveal the reason for the fluctuation of
Q factor in series1, we have to further consider the quantum
numbers (m) of superscar modes [25]. As shown in Fig. 3(a),
we can see that all the dramatic changes in Q factors happen at
the quantum numbers that are divisible by three. If the modes
along different orbits have a 0 or π phase difference in one
corner, the same difference can be transported to the other
corners due to the integer quantum number along each side of
the triangle orbit (phase changes caused by the transportation
can be expressed as 
 = 2π × m

3 , where m is divisible
by three). Therefore, the same constructive or destructive
interference will happen simultaneously at all corners and
modify the Q factors significantly [see open squares and +
in Fig. 5(a)]. On the other hand, if the quantum numbers are
not divisible by three, the phase difference between modes
along different orbits cannot be the same at all corners. Thus
the completely destructive interference occurs only at a few
corners [see the × in Fig. 5(a)], and its consequent influence
on Q factors is much weaker in Fig. 3(a).

III. CONCLUSIONS

In summary, we have studied the formation of long-lived
resonances in hexagon-shaped microcavities. We show that the
triangle orbit families (� and �) can confine light away from
the corners. Thus the resonances experience less boundary
wave leakage and give a higher Q factor than the previous
reported WG-like modes. More interestingly, we show that
two resonances along the � and � orbit families can couple
with each other and further enhance the light localization
by decreasing the pseudointegrable leakage with destructive
interference. Our finding will shed light on the development
of UV or deep-UV microdisk lasers and filters.

As the single crystalline microdisks are nearly perfect, the
high-Q resonances formed by ARCs have the possibility to
be observed in real systems [18]. It is therefore important
to note the field of application of our numerical solutions.
Besides the microdisk with wavelength-scale thickness [18]
discussed above, our results can also be applied in nanorods
and nanowires, where the TE and TM modes are exactly the
solutions of two-dimensional Helmholtz equations [21–23].
Once the thickness is close to an in-plane size [20], the
situation becomes more complicated. Our results can still be
used to understand some phenomena qualitatively. However,
the detailed information must be calculated with a full three-
dimensional calculation to get the HE or EH resonances as in
Ref. [16].
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