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Quantum-state cloning in the presence of a closed timelike curve
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Using the Deutsch model of closed timelike curves, we show that a universal cloner can be constructed that
when acting on a completely arbitrary qubit state, exceeds the no-cloning bound for fidelity. Since the no-cloning
theorem has played a central role in the development of quantum information science, it is clear that the existence
of closed timelike curves that behave according to Deutsch’s model would radically change the rules for quantum
information technology. Nevertheless, we show that this type of cloning does not violate no-signaling criteria.
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I. INTRODUCTION

The possible existence of closed timelike curves (CTCs)
allowing time travel [1,2] draws attention to fundamental
questions about what is physically possible and what is not
[3-11]. An example is the impossibility theorem in quantum
mechanics called the “no-cloning theorem” [12—14], which
states that there exists no physical means by which an
unknown arbitrary quantum state can be reproduced or copied
if chronology is respected. Recently, Brun et al. [10] showed
that in the presence of a CTC behaving according to Deutsch’s
model it is possible to perfectly discriminate a finite set of
nonorthogonal quantum states of a two-level system: a qubit.
They conjectured that universal, CTC-assisted cloning with
fidelity approaching 1 was possible, at the cost of increasing
the available dimensions in ancillary and CTC resources.

Here we show explicitly that, in the presence of closed
timelike curves, quantum mechanics allows the cloning of an
unknown arbitrary quantum state with fidelity that exceeds the
no-cloning bound [15,16], using a finite-dimensional ancillary
and CTC resource. One of the original arguments against
cloning was that it would allow signaling, i.e., faster-than-light
communication, when applied to an entangled state [12].
We also show that this type of cloning does not violate the
no-signaling criteria. Should the ability to manipulate closed
timelike curves ever become possible, our research suggests
that new possibilities in quantum information technology
would emerge, including eavesdropping without detection and
perfect quantum broadcasting.

One model for calculating the evolution of a quantum
system in the presence of closed timelike curves, proposed by
Deutsch [3] (see also Politzer [4]), involves a self-consistent
solution for the density matrix. In this model, a unitary
interaction U of a chronology-respecting (CR) quantum
system with a quantum system traveling around the CTC leads
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to self-consistent evolution of an initial state which does not
give rise to any of the typical “patricidal paradoxes” usually
associated with time travel [3]. As Deutsch’s solution relies
only on the geometry of space-time described by general
relativistic closed timelike curves, we refer to the CTCs in
our study as “geometric closed timelike curves.” The quantum
systems are the density matrices of quantum mechanics, and
the dynamics are augmented from the usual linear evolution.
For each input density matrix pcgr, the CTC quantum system
is postulated to find at least one fixed point pcrc such that

pere = Trer[U (pcr ® pere) U'], (1)

which is called a self-consistency condition for the CTC
system [3]. The final state of the CR system is then defined in
terms of the fixed point as [3]

per = TrerelU (pcr ® pere) UL )

The induced mapping pcr — p(g is nonlinear because the
fixed point pcrc also depends on the input state pcgr. It is
this nonlinearity that would distinguish the CTC system from
ordinary quantum mechanics.

It is an interesting question from a fundamental physics
point of view whether operations forbidden by the linearity
of quantum mechanics would be permissible in the presence
of CTC systems. Previously, it has been argued that the CTC
nonlinearity could improve quantum-state discrimination [10]
or speed up hard computations [8]. An alternative viewpoint
that such increased power is not implied by CTCs [11] has
been argued to be consistent with the Deutsch model [17,18].
In particular we take the common view that if pure states are
deterministically prepared and inserted into the circuit by some
party, then their dynamics are calculated shot by shot via the
Deutsch recipe.

It was discovered by Wooters and Zurek [12] almost three
decades ago that the linearity of quantum mechanics leads to
an impossibility theorem called the no-cloning theorem. The
theorem dictates that no apparatus exists that will copy an
arbitrary quantum state. It does not rule out the possibility of
copying orthonormal states by a device designed especially
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for that purpose, but it does rule out the existence of a device
capable of cloning an arbitrary state. The possibility of cloning
was discussed in the original Deutsch model [3]. However an
explicit protocol was not proposed.

In this paper we first show that an apparatus exists that will
clone a quantum state chosen randomly from a finite alphabet
of states in the presence of a closed timelike curve. We then
explicitly construct such a device and show it allows ideal
cloning of a finite alphabet. Finally, we construct symmetrized
versions of our cloner that, on average, act equally on arbitrary
input states. We evaluate the fidelity of our clones with the
original state and show that this fidelity exceeds the no-cloning
bound for sufficiently large ancillary dimensions.

II. CONDITIONS FOR QUANTUM STATE CLONING

The general problem, posed formally, is as follows: A CR
quantum system A B is composed of two parts, A and B, each
belonging to an N-dimensional Hilbert space. System A is
prepared in one state from a set A = {p j}?’;ol of N quantum
states. System B, slated to receive the unknown state, is in a
standard quantum state X. The initial state of the composite
CR system AB is in the product state p; ® X, where s =
0,1,...,N — 1 specifies which state is to be cloned. We ask
whether there is any physical process that leads to an evolution
of the form

Trere(U ps ® = ® pire U') = ps @ p 3)

for some unitary operator U and a fixed point p¢p which
satisfies a self-consistency condition for the CTC system,

péTC = Trap (U,Os RE® ,OéTCUT) “4)

for each s. To demonstrate how to circumvent the no-cloning
theorem, we employ the concept of fidelity F'(p;,p;) between
two density operators, defined by [14,19,20]

F(pi,pj) = Tr(\//Pipj/Pi), &)

where for any positive operator O, /O denotes its unique
positive square root. Fidelity is an analog of the modulus of
the inner product for pure states and can be interpreted as
a measure of distinguishability for quantum states: it ranges
between O and 1, reaching O if and only if the states are
orthogonal and reaching 1 if and only if p; = p;.! It is
invariant under the interchange i <> j and under the unitary
transformation p, — Up,U' for any unitary transformation
U [19]. Also, from the properties of the direct product, we
have [19]

F(pi ® 0;,p; ® 0j) = F(pi,pj)F(0,0)). (6)

Furthermore, if o = Tr¢(6) and 7 = Tre(%), where Tre
denotes the partial trace over subsystem C, we have [14,19]

F(6,%) < F(o,1); @)

this property is usually called “monotonicity of fidelity under
partial trace” [14,19].

'Fidelity is also commonly defined as the square of the right-hand
side of (5).
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When there is no CTC system interacting with the CR
system A B, then the cloning condition is simplified such that

Trc(U,O3®E®YUT)=;OA®IOu (8)

where C is an auxiliary quantum system in some standard
state Y. In this case, it can be shown that the optimal positive
operator-valued measure (POVM) exists, and from Egs. (6) to
(8), we obtain

F(pi,pj)) = F(Tre(U p; ® T @Y U,
Tre(U p; ® @ Y U'))
= F(pi ® pi.p; ® p;) = F(pi.p;)*

which means that F(p;,p;) =1 or 0; that is, p; and p; are
identical or orthogonal. As a result, there can be no cloning
for density operators with nontrivial fidelity when there is no
violation of chronology [14].

On the other hand, when the CR system A B is interacting
with the CTC system, from the properties of the direct product,
we have

F(Upi ® T ® plrc ULU p; ® 2 ® plyc UT)
= F(pi.p/)F (plrc-Plrc)- ®)

Assuming (3) and making use of (4) and (7), we have the
following partial trace properties for the CTC system:

F(01,0)F (plres plre) < F(piop))? (10)

and
F(pi,p))F (pres Piere) < F(plrcspire) fori # j. (1)

Due to the requirement of different fixed points pipe and

plrc. the existence of an optimal POVM for equalities in
Egs. (10) and (11) is not guaranteed. From Eq. (10), we
have F(p;,p;) = 00r F(pipc, pére) < F(pi,p;) fornontrivial
fidelity for cloning of density operators when the CR quantum
system is interacting with the CTC system.

While Egs. (10) and (11) are necessary conditions for
any state specified as initial data to be copied faithfully via
the CR system, it is difficult to prove that these equations
are also sufficient conditions. Instead, we pursue an explicit
construction of a universal cloner and show numerically that it
exceeds the no-cloning bound for any unknown state [15,16].

As an example, consider a set {|/;)} ?’z—ol of N distinct states
in a space of dimension N. The set {|1;)} is not necessarily
an orthonormal set. It can be shown [10] that there is a
unitary transformation U; such that U,[vy;) = |j), provided
(JIUkIj) #0, V j,k, where the states |j) are a standard
orthonormal basis for the N-dimensional Hilbert space. We
now construct a CTC containing an N-dimensional system in
the loop. We prepare the input system A consisting of one of
the states [/;). The input system B is prepared as X = [0)X0].
The evolution operator U for the total system in the presence of
aCTCis given by U = T,T1 SV W, as shown by the solid-line
part of Fig. 1, where

W = SWAP(A < CTO), (12)

V = cSUM ® Lere, (13)
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FIG. 1. (Color online) The circuit to broadcast the set of N states
{1¥;) j_\/=—01 is shown with solid lines. The circuit to clone an arbitrary
qubit | W) that is both input state independent and symmetric requires
the additional components shown with red dashed lines.

S=14® ) k}kl® UL, (14)
k
Ty =) NI ® U] ®lcrc, (15)
1
and
=) Ul ®ls®|m)ml|. (16)

Here, cSUM acts on an orthonormal basis according
to CSUM(Ji) ® |j)) = |i) ® |j + i(mod N)) [21]. Before the
interaction, the CTC system is in the state pcrc, and the
chronology-respecting system AB is in the state pcgr =
V)] ® .

It is straightforward to show that the solution pcrc = |j )} J|
uniquely satisfies the self-consistency condition given by
Eq. (1). The output state of the chronology-respecting system
is given by

per = TrerclU (1Y), © T @ )N U
= (WU!1j}jIU) @ W)U
= 1Y) @ [, 17

where again U = T, TSV W, which shows that the CTC sys-
tem indeed allows the cloning of arbitrary pure quantum states.
Itis clear that the above solution satisfies the cloning condition

F(psres P(];Tc) < F(p;,p;) because plpc are orthogonal and

F(pirespipe) = 0 for i # j. This is an example of perfect
broadcasting in which the density operator of each of the
separate systems is the same as the state to be broadcast [14].

We can extend this broadcasting result to show that the
solid-line part of Fig. 1 can also clone an arbitrary qubit
state |W) = «|0) 4+ B|1) with a fidelity that exceeds the no-
cloning bound of /5/6 &~ 91.287% [15,16]. The ability of
the broadcasting circuit to clone an arbitrary state |W) is
strongly dependent on the number of states N it is set up
to broadcast. To investigate this relationship we broadcast N
Bloch sphere surface states {|;) }¥- 1. each of the form | j) =

j=0
cos(%)|0) + €% sin(%)[1), where 0 < 0 < 7,0 < ¢; < 2,
and calculate the resulting output fidelity. It should be noted
at this point that even though we are broadcasting states from
the surface of the Bloch sphere, i.e., qubit states, in order to
broadcast N states we must map our original qubit states onto
an N-dimensional Hilbert space.

In order to maximize the output cloning fidelity, the intuitive

choice for which states on the Bloch sphere to broadcast is to
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have them equidistant from each other. However, choosing N
equidistant points on the surface of a sphere cannot be solved
analytically in general [22]. We instead rely on numerical
solutions [23] to the so-called Thomson problem, where we
consider the equilibrium configuration of N electrons on the
surface of a sphere, such that the potential energy is minimized.

Once the N states to broadcast {|v/;) }?]:_01 have been chosen,
we build the solid-line part of Fig. 1 by explicitly constructing
the unitaries U; from the recipe given by Brun et al. in [10].
We assume the CTC is in the completely general state pcrc =
ZZ;LO Amn|m)n|. Solving the consistency relation in Eq. (1)
is equivalent to finding the +1 eigenvector of the matrix

N-1

3" (U U Im) (6l ) (@ U 9 X @ U [BY ., bYm .
ab _

mmn

0
(18)

Once pcrc has been evaluated for the given state | W), we can
calculate the output fidelities for the two output modes, where
we use the pure-state simplification of Eq. (5):

F = [Z o (U 9 ) WU 1) (Y Y1)

im,n

o=

x <W|U,-*|m><n|Ul-|\I/>} ,

3
F = [Z D ({1 U | W) (WU 1) <\If|wn><wn|\m} . (19)
in
We examine the ability of the broadcasting circuit in Fig. 1
to clone by setting |\W) to be a random point on the surface of

(a)
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FIG. 2. (Color online) In (a) and (b) the raw fidelity data F; and F,
are shown as surface plots, respectively, for the 10 000 random points
chosen to clone when we broadcast N = 65 points with the solid-line
portion of Fig. 1. The small blue points show the 65 broadcast states.
In (c) we plot the resulting symmetric fidelity as a function of N when
all the components in Fig. 1 are included. (d) is a magnification of
(c). The solid black line corresponds to F = \/5% ~ 91.287%.
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the Bloch sphere and calculate the fidelities from Eq. (19). We
repeat this for 10 000 random points on the Bloch sphere and
calculate the average fidelity. In Figs. 2(a) and 2(b), we show
the raw data for the N = 65 case. The two output fidelities
F) and F, are not symmetric, as would be expected from the
asymmetric form of Eq. (19). Also, due to the CTC interaction,
the output fidelities are state dependent. That is, if we choose a
point on the Bloch sphere to be cloned that is close to one of the
N broadcast states {|w)‘,»}§’=_01, we expect it to be cloned with a
high fidelity, whereas if the point is far from any |/ ;), we would
expect a low fidelity. To obtain a quantum-state cloner that is
symmetric and state independent, we include the additional
dashed components in Fig. 1, where the random unitary R
acts to make the device state independent and the controlled
SWAP gate leads to symmetric output states. The result of this
state-independent, symmetric circuit can be seen in Figs. 2(c)
and 2(d), where we plot the symmetric output fidelity as a
function of N. As can be seen, we expect the circuit shown in
Fig. 1 to break the quantum cloning bound when we choose
to broadcast at least 55 states from the surface of the Bloch
sphere. Note that there is some freedom when defining the Uy
for the set {Wk)};v:_ol according to the Brun et al. recipe [10].
This means that the fidelities in Figs. 2(c) and 2(d) may be
improved with a different choice of Uy.

One of the original arguments against cloning was that it
would allow signaling, i.e., faster-than-light communication,
when applied to an entangled state. Let’s assume that one party
of the entangled state, say Alice, is locally interacting with the
CTC for the cloning. For example, if the state vector of the
entangled state is given by

1
[W)ar = EGO)AH)R + 1) 410) &),

then the output of the chronology-respecting system would be
prot = TrerelU (W) ar(¥| ® [EXE] ® pero)U']. (20)

Here the unitary operator U is not acting on the state
belonging to Rob and takes the form U = VW;W,, where
Wi = SWAP(A < CTC), W, = 1,4 ® SWAP(B <« CTC), and
V =1, ® cSUM. By taking the partial trace with respect to
Rob’s state and from Eqs. (3) and (17), we get

Trz(pror) = TrerelU Trr(1W) ar (W) ® [EXZ| & pere UT]
= Trcre(U pa @ |[EXZ| @ pere U
= ps ® pa, (21)

where pg = Trr(|W) ar(W]).

Since the clone is the reduced density operator of the initial
entangled state |W),p, no correlations remain between the
clone and the other half of the entangled state; as was argued
by Deutsch in his original paper [3] and shown in more detail
in [17], this prevents superluminal signaling from occurring.

If we regard the whole process U(|¥;) (V| ®@ X ®
pcrc)UT as an evolution €xpcrc(pascrc), where papcrc =
Vi)Yl ® £ ® pcrc, then the condition for a superoperator
€apcrc to be signaling is precisely that for pspcrc:

Trpcrcleascrc(pascre)] # €alTrperc(Pasere)]l,  (22)

where €4 is the local A component of €4pc7c [24].
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This is equivalent to the statement that Rob can discover,
by some measurement made on his system alone, what
measurement Alice has chosen to make on her system to
construct a superluminal signaling scheme which connects
Alice and Rob [25].

Since the CTC is in the completely general state pctc =
SN Lo Amnlm)n|, we have

€apcrc(PaBcrc)

=3 Mo U 195 P 1) (Y| @ 1Y) (Y1 | @ |m) (]

= €an ® €m ® ecrem(pascrc) (23)

m

and

Trleascrc(Pascrc)] = Y Aum (MU V) P [W) (Y -

(24)
We can also show that
€alTrperc(pasere)]
= Z €amlTraerc(pacrc)]
=3 T LU 195 P 1) (Y|
= Tr[eapcrc(pPaBcro)l. (25)

This clearly denotes that faster-than-light communication does
not result from this type of cloning.

Our results have further implications. In quantum cryptog-
raphy, the legitimate users of a communication channel encode
the bits 0 and 1 into nonorthogonal pure states to ensure that
any eavesdropping is detectable since eavesdropping neces-
sarily disturbs the state sent to the legitimate user due to the
no-cloning theorem. If nature allows CTCs, an eavesdropping
party with access to a CTC can prepare the ancillary state X
and obtain a perfect copy of the input state initially possessed
by the system A. However, entanglement-based quantum key
distribution would remain secure against the type of cloning
we described in this work because there is no correlation, as
shown by Eq. (21).

III. SUMMARY

In conclusion, we have shown that we can violate the
fidelity no-cloning bound for completely arbitrary qubit states,
provided we have access to a CTC. We expect the fidelity curve
in Fig. 2(c) to continue towards 1 as N increases above N = 65.
However, we do not at present have the numerical resources to
test this claim. From an historical point of view, many insights
obtained from the analysis of thought experiments that might
be impossible to actually realize contributed significantly to
the development of quantum mechanics [3]. Investigations of
quantum mechanics in the presence of the closed timelike
curves, even if they remain only theoretical constructs, may
well contribute to the development of a yet unknown full theory
of quantum gravity.

Note added. Recently, we became aware of an alternative
approach to this problem [26].
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