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Nonclassicality of optomechanical devices in experimentally realistic operating regimes
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Enforcing a nonclassical behavior in mesoscopic systems is important for the study of the boundaries between
the quantum and the classical world. Recent experiments have shown that optomechanical devices are promising
candidates to pursue such investigations. Here we consider two different setups where the indirect coupling
between a three-level atom and the movable mirrors of a cavity is achieved. The resulting dynamics is able to
conditionally prepare a nonclassical state of the mirrors by means of projective measurements operated over a
pure state of the atomic system. The nonclassical features are persistent against incoherent thermal preparation

of the mechanical systems and their dissipative dynamics.
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I. INTRODUCTION

Interesting experimental endeavors have recently chal-
lenged the widely accepted assumption that quantumness is
an exclusive prerogative of microscopic and isolated systems.
These efforts show that complex and large objects comprising
many elementary constituents or endowed with a variety
of degrees of freedom can display important nonclassical
features [1-9]. In general, quantum control under unfavorable
operating conditions is an important milestone in the study
of the quantum-to-classical transition and, as such, should be
pursued to achieve a better understanding of the conditions
enforcing and implying quantum-mechanical features in the
state of a given system. This topic has recently become the
focus of intense research activity, at all levels, boosted by
the ability to experimentally manipulate systems composed of
subparts having a variegated nature. We can now coherently
control the interaction between radiation and Bose-Einstein
condensates [10,11] while mesoscopic superconducting de-
vices compete with atoms and ions for the realization of
cavity-quantum electrodynamics [12—14]. Equally remarkable
is the progressive entering of purely mechanical systems
into the realm of experimental controllability [15-21]. The
operative conditions and the intrinsic nature of the systems
involved in these examples often deviate from the naive
requirements for “quantumness”: ultralow temperatures, full
addressability, and ideal preparation of the system. The design
and exploitation of such interesting setups is giving further
emphasis to investigations performed along the lines of the
question raised above [22-24].

Here, we prove how nonclassical behaviors can be induced
in massive mesoscopic systems out of the reach of direct
addressability. The indirect interaction with a fully control-
lable microscopic system enforces nonclassical mesoscopic
states, robust against adverse operative conditions (such as
temperature). Our study is performed in the microscale
domain and involves two different optomechanical cavity-
quantum electrodynamics settings. It proposes a scenario

1050-2947/2013/88(1)/013851(10)

013851-1

PACS number(s): 42.50.Pq, 03.65.Ud, 03.65.Yz, 42.50.Dv

for the observation of induced nonclassical features, such
as nonlocal correlations and negative values of the Wigner
function, that are truly mesoscopic (thus different from
more extensively studied nanoscale setups [25-28]), well
controllable and, although close to experimental capabilities
in the fields of optomechanics and light-matter interaction, yet
unexplored.

The paper is organized as follows: in Sec. II, we discuss
a setup in which one mesoscopic object (a movable end-
mirror of an optical cavity) interacts with a microscopic
system (a three-level atom) through the radiation inside the
cavity. In this context, we study the correlations between the
two systems as well as the nonclassical features induced on
the state of the mirror. In Sec. III we extend our analysis to a
system where both cavity mirrors interact with the atom. This
setup allows us to investigate the correlations between two
truly mesoscopic systems, revealing how quantum effects can
survive adverse environmental conditions such as dissipation
and thermalization.

II. SINGLE MIRROR

Here we consider an optomechanical system consisting of
a cavity whose end-mirror can oscillate under the action of the
radiation-pressure force. A three-level atom is placed inside
the cavity and the system parameters are chosen so that an
effective atom-mirror coupling is achieved. We show how the
state of the system reveals strong nonclassical features such
as nonlocal correlations between the atom and the mirror and
negative values of the Wigner function of the mirror, even in
the presence of dissipative processes and nonzero temperature.

A. The model

The system that we consider involves a three-level atom
in a A configuration, coupled to a single-mode optical cavity
pumped by a laser field at frequency @, and with a movable
mirror. The atom is driven by a second external field at
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FIG. 1. (Color online) (a) Scheme of the system. (b) Energy levels
of the atom driven by an off-resonant two-photon Raman transition.

frequency w; that enters the cavity radially (see Fig. 1). We
label the states belonging to the fundamental atomic doublet
{l0),11)} and the excited state |e). The atomic transition
|0)<>|e) is guided, at rate 2, by the external field at frequency
;. On the other hand, the transition |1)<>|e) is coupled to
the cavity field at frequency w. with coupling constant g. We
call 6 the detuning between each transition and the respective
driving field, while A = w, — w),, is the cavity-pump detuning.
The movable mirror is modeled as a harmonic oscillator
with frequency w,, coupled to the cavity field through
radiation-pressure. We assume a large single-photon Raman
detuning and a negligible decay rate y, from the atomic excited
state, so that § > Q,g > y,. and an off-resonant two-photon
Raman transition is realized. Moving to an interaction picture
defined by the operator w,a ata + w; e, (el + wio [1),(1], the
Hamiltonian of the overall system reads [we set/ = 1 through-
out the Paper] Hsys = H + HR + Hm + H + Hmc + Hcpa
where

Hy = 8le)glel, Hp = wnb'h,
H. = —Ad'a, Hme = xatab +bh,
Hr = QJe), (0] +10),(e]) + g(e*a’ 1), (e| + H.c.). (1)

Here, H,, is the atomic energy, H is the Raman coupling, 7,
(ﬂc) is the mirror (cavity) free Hamiltonian, and ﬂmc is the
radiation-pressure term [29] (with coupling rate x), where a
(@") is the annihilation (creation) operator of the cavity field
and b (b') is the corresponding operator of the mirror. Finally,
ﬂcp is the cavity-pump interaction [30]. The pumping field
ensures that a few photons are always present in the cavity,
allowing a mediated interaction between the atom and the
mirror. On the other hand, the purpose of the external field
with rate 2 is to trigger the passages between the excited level
|e) and the ground level |0).

If we further assume A > g,x, both the atomic excited
state and the cavity field are virtually populated and they can
be eliminated from the dynamics of the system. This leads to
the effective interaction Hamiltonian

Hetr = 110),(0] (BT + b), 2)

where n = xg>Q?/82A2. The form of the effective coupling
rate n shows that all the considered coupling mechanisms
are necessary in order to achieve the atom-mirror coupling.
Through the two-photon Raman transition, the virtual quanta
resulting from the atom-cavity field interaction are transferred
(by the bus embodied by the cavity field) to the mechanical
system. As a consequence, the state of the latter experiences
a displacement (in phase space) conditioned on the state
of the effective two-level atomic system resulting from the
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elimination of the excited state. ”:(eff involves the position
quadrature operator § o b + b’ of the movable mirror. It is
worth noticing that, if the cavity is driven by a bichromatic
pump with frequencies w, and w, + w,, and a relative phase
¢, the effective coupling between the atom and the movable
mirror can be made flexible in the sense that ¢ is replaced
by be'® + h'e~'%, making possible the displacement in any
direction of the phase space of the movable mirror [31-34].

B. Atom-mirror entanglement

We now focus on the quantification of microscopic-
macroscopic correlations between the atom and the mirror.
First, we assume that the initial state of the movable mirror is
a coherent state |«),, with amplitude o € C, while the atom is
assumed intially in [+), = (|0) + |1)),/~/2. Under the action
of the effective Hamiltonian in Eq. (2), the initial state evolves
into [ (1)) = U, |+,) 4, Where

[y (1) = \%m,a) + e 010,00 —

with ®(1) = ntRe[e’®] and U, = e M’ = |1) (1| @ 1 +
10}, (0] ® D(—intei?), where D(¢) = ¢?'~¢"? is the single-
mode displacement operator [30]. Equation (3) is, in general,
an entangled state of a microscopic and a mesoscopic system:
its Von Neumann entropy depends on the value of n¢ only.
Intuitively, the larger the phase-space distance between |o)
and |o —int), the closer the evolved state to a balanced
superposition of bipartite orthogonal states, thus maximizing
the entanglement. To give a figure of merit, for nr = 0.82 the
entropy is ~ 0.8, while for nt > 1.7 the entropy is > 0.996.
Interestingly, the kind of control over the mirror state reminds
of the “quantum switch” protocol for microwave cavities
[35], although here it is achieved over a truly mesoscopic
device.

Although impressive progress has recently been accom-
plished in active and passive cooling of micro- and nanome-
chanical oscillators [21], it is realistic to expect the mirror to
be affected by thermal randomness due to its exposure to the
driving field and/or to a phononic background at temperature
T. Exploiting the handiness of Eq. (3), we write the initial
state of the mirror at thermal equilibrium (temperature 7') and
displaced by d (due to the external pump) as

inte” ) m,  (3)

ot = [ @aP@v) e, @
2Ja—d?
with P(a, V) = n(V—V]l), = coth(w,, /2k,T), and k;, as the

Boltzmann constant. Under 4,, the state [4+)q (+] ® o evolves
into

U (1) o+ o™ = fd2aP<a,V)|w(r)><x/f<r)|, (5)

which reduces to the pure case of Eq. (3) for T = 0. We
proceed to show that the coupling mechanism described
above is characterized by interesting features, at the core
of current experimental and theoretical interests [8,36,37].
Let us consider the case of ¢ =7/2, V=1 (ie.,, T =0),
and @ € R, which gives |y (7)) (|1,) + 0,00 — nt))/ﬁ. This
entangled state represents a mesoscopic instance of a pure
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Schrodinger-cat state. Interestingly, it has been discussed that
a faithful implementation of the Schrodinger’s cat paradox
would use a mesoscopic subsystem initially prepared in a
thermal state, rather than a pure one [8,36,37]. The state in
Eq. (5) is a significant example of such a case. Unraveling
the entanglement properties of this state is demanding due to
the difficulty of finding an analytical tool for its undisputed
revelation. In order to gain insight, here we propose to follow
two paths.

The first relies on the nonlocality properties of this
class of states, induced by the strong entanglement between
the subsystems. Following Refs. [38,39], the microscopic
part is projected along the direction n = (sin6,0, cos @) of
the single-qubit Bloch sphere while the mesoscopic one is
probed by using the displaced parity observable I1(8) =
Df(ﬁ)(—l)lﬁﬁ(ﬂ), where D(B) is the displacement operator
of amplitude B = B, +iB;. This approach has been used
recently to address the micro-macro nonlocality in an all-
optical setting [40]. The correlation function for a joint
measurement is thus

C(ﬂ,9)=/d2a7’(a,V)<W(t)l(n~6)®ﬁ(ﬁ)lw(t)) (6)

and a Bell-Clauser-Horne-Shimony-Holt (Bell-CHSH) in-
equality is formulated as |C(0,6,) + C(0,0)+ C(B,0,) —
C(B,0)| < 2 [41]. Any state satisfying this constraint can be
described by a local-realistic theory. Let us first discuss the
pure case of V = 1, which gives

1
C(B,0) = 58—2(d2+r12r2+\ﬂ\2+/3rnl—2ﬂ,d)

_ X 2,2 )
x [cos 9(e4d77t 2ntpy _ G20t +27itﬁ»)

+ 2eMd+310) cos(2ntB;) sinO]. @)

At nt = 0, the microscopic and mesoscopic subsystems are
uncorrelated and C(8,0) can indeed be factorized. For a set
value of d and a nonzero value of nt, we observe violation of
the Bell-CHSH inequality as illustrated in Fig. 2. Moreover,
there is a range of values of 8 (~m/2) where, for d # 0, the
local-realistic bound is violated, symmetrically with respect
to d = 0. When the thermal character of the mesoscopic

c)

|B|

2.05

FIG. 2. (Color online) Maximum violation of the Bell-CHSH
inequality against the displacement d. From top to bottom, the curves
correspond to V =1, 3, and 5, with nt = 2d and 6, >~ 37 /2, and are
optimized with respect to 6. The inset shows, from top to bottom, the
logarithmic negativity E against V for projected states with p = 0,
1,and 2, ford = 2.
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part is considered, the expression for the correlation function
becomes cumbersome and we omit it. However, the strong
entanglement between microscopic and mesoscopic subsys-
tems allows violation of Bell-CHSH inequality also in the
mixed-state case: the dotted curve in Fig. 2 corresponds to
V =~ 5. Beyond this value, the inequality is no longer violated.

The second path we follow uses the technique put forward
in Ref. [42] and later reprised by Ferreira et al. in Ref. [23].
In this approach, Eq. (5) is projected onto a bidimensional
subspace spanned by the microscopic states {|0), |1)}, and
the phononic ones {|p) , |p + 1)},» (p € Z). The entanglement
within Eq. (5) cannot be increased by this projection, which is
just a local operation. Thus, by quantifying the entanglement
for fixed p, we provide a lower bound to the overall quantum
correlations in the state of the system. As a measure for
entanglement in each 2 x 2 subspace we use the logarithmic
negativity, which accounts for the degree of violation of
the positivity of partial transposition criterion [43—-46]. An
example of the results achieved with this method is given in
the inset of Fig. 2, where we show the case of d = 2and p = 0,
1, and 2. Entanglement is found in each subspace with fixed
p, up to values of V ~ 5, strengthening our findings about
the resilience of nonclassical correlations set by the coupling
being studied.

C. Nonclassicality of the mirror

We now consider the effects of the microscopic-mesoscopic
interaction over the state of the movable mirror. This is a hot
topic in the current research of opto- and electromechanical
systems. The grounding of opto- and electromechanical
devices as potential candidates for quantum-information pro-
cessing requires the design of protocols for the preparation
of nonclassical states of massive mechanical systems. Various
attempts have been performed in this direction, mainly at the
nanoscale level, where a cantilever can be capacitively coupled
to a superconducting two-level system [25-28].

Let us consider the case of ¢ = 0. The optomechanical
evolution encompassed by 2, alone is unable to give rise to any
nonclassicality in the state of the mirror. This is easy to check
simply by tracing out the state of the atom in Eq. (3), which
would leave us with a statistical mixture of two displaced
mirrors’ states. On the other hand, a conditional process
is able to project the coherence of a quantum-mechanical
superposition and simultaneously get rid of the atomic degree
of freedom [47-52]. In order to illustrate our claim, we
consider an initial state of the system having the form p(0) =
) (@|®0,(0), where |p) = co|0)4c1|1) is a pure state of
the atom and p,,(0) is an arbitrary state of the mechanical
mode. We then project the atomic part of the evolved state

Z/A{,,O(O)Z/A{,T onto |¢)(¢|, thus postselecting the mechanical state

om(®) = (@I 10) pm (0)(0]U1 |@). Therefore, the state of the
mirror undergoes an effective evolution driven by the operator

(@lthlp) = le1*1 + |eol* D(—int). (8)

In the remainder of this paper, we consider again the
case where |¢) = |+) = (|0) + |1))/ﬁ, which optimizes
the performance of our scheme terms of the degree of
nonclassicality enforced in the mechanical subsystem. For
an initial coherent state of the mirror, i.e., p,(0) = |a){x|,
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applying the conditional time evolution operator in Eq. (8)
leads to [iy),, = Ny (la) + e ®D |a — int)),,, where N is
the normalization factor. Depending on the value of n¢, such
states exhibit quantum coherences. Obviously, the thermal
convolution inherent in the preparation of the mirror’s state
Om may blur them. In what follows we prove that this is not
the case for quite a wide range of values of V.

The figure of merit that we use to estimate nonclassicality
is the negativity in the Wigner function associated with the
mirror state resulting from the measurement performed over
the atomic part of the system. The Wigner function for a single
bosonic mode is defined as

w =l d?ve™” TV y (v 9
(1) - x(), )]

where ©e€C and x(v) = Tr[D(v),o] is the Weyl characteristic
function. Considering an initial thermal state of the mirror
and applying the conditional unitary evolution operator given
in Eq. (8), the Wigner function of the mirror after the
postselection process is

_ 2\#\2+2mu,-+n2t2
v

Wi () = Mfle

22
t 2ntu; 22
X [cosh (HTW) +ew cos(2ntu,):| ,

(10)

2
with M = (1 +e—VT”)nV/2. The behavior of W,,(i2) in

the phase space is shown in Fig. 3, where we clearly see
the appearance of regions of negativity, witnessing non-
classicality of the corresponding state as induced by our
microscopic-to-mesoscopic coupling. Interference fringes are
created between two positive Gaussian peaks (not shown in
the figure) corresponding to the position, in the phase space,
of mutually displaced coherent states. This reminds of the
Wigner function of a pure Schrodinger-cat state although, as
we see later, the analogy cannot be pushed. Remarkably, in
contrast with the fragility of the nonlocality properties of the
microscopic-mesoscopic state, W, (i) has a negative peak of
—0.01 up to V ~ 100, which implies a strong thermal nature
of the mirror state. For a mechanical system embodying one of
the mirrors of a cavity, w,, /2w ~ 5 MHz is realistic [53]. For
V =10 (100), this corresponds to an effective temperature of
1 mK (10 mK), i.e., energies 10 (100) times larger than the
ground-state energy of the mirror.

It is interesting to compare the mixed state resulting from
the thermal convolution to a pure state in Eq. (3) (with
¢ = 0). As a measure of the closeness of two states, we use

FIG. 3. (Color online) Wigner function of the conditional mirror
state against £, = Re(§) and & = Im(§), for V = 3 and d = 0. Panels
(a), (b), and (c) correspond to nt = 2, 3, and 4, respectively.
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FIG. 4. (Color online) Density plot of fidelity against V and 7.
Darker regions correspond to smaller values of Fy .

quantum fidelity between a mixed and a pure state written
as the overlap between the corresponding Wigner functions
Fy =7 [d*uWp(u)Wy (i), where Wp(u) [Wy ()] is the
Wigner function of the pure (mixed) state. Fy is shown in
Fig. 4 against nt and V. While the thermal effect reduces
the value of the fidelity as V grows, the behavior of Fy
against it is, surprisingly, nonmonotonic. At a given V, there
is always a finite value of nt associated with a maximum of
Fy . Remarkably, the values of nt maximizing Fy differ from
those at which the Wigner function achieves its most negative
value.

D. Finite-temperature dissipative dynamics

So far, we have assumed a movable mirror of large
mechanical quality factor. The progress recently accomplished
in fabrication processes guarantees very small mechanical
dissipation rates. However, they are not yet negligible and their
effect should be considered in any proposal for quantumness
in optomechanical devices. We thus include mechanical losses
in our analysis, looking for their effects on the nonclassicality
induced in the movable mirror. We concentrate on the finite-
temperature dissipative mechanism described by

£Y(p) = g[@épéf — {b'b.p}) + (V — 1)(bp — pb.b}).
(an

which is the weak-damping limit of the Brownian-motion
master equation [30]. The density matrix o describes the state
of the atom-mirror system. The full master equation, including
the unitary part —i[He,p], is easily translated into a set of
equations of motion for the Mirror’s reduced density matrix
obtained by considering the projections onto the relevant
atomic states p;; = 4(i|p|j)a(i,j = 0,1). These can then be
recast as Fokker-Planck equations for the Wigner functions
Wi;; of such a mirror’s state components. These read

atW(xsp’t)=MW(x’pvt)+£~dW(xsp’t)v (12)
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where

Woo(x, p,t)
Woi(x,p,t
Wi p.i) = 01(x, p,t)
Wio(x,p,t)
Wll(-x7p7t)

9 0 0 0

0 _ix+8,, 0 0

M:\/En 2 . 9 )
0o 0 = oo
0 0 0 0

3 14 14
Ly = |:§(x3x + pop) + ZV(af,z +02) + J/i|11,
(13)

where we have introduced the quadrature variables x =
«/ERe(,u) and p = ﬁlm(u). Each of these equations pre-
serves the Gaussian nature of the corresponding Wigner
function’s component, whose time-evolved form is taken from
the ansatz

Wij(x,p,t) o [det(D,-j)]—1/ze—%qEDJ‘wf(")f.f(”, (14)

X = Xij o oy
qij = _ |, Dy= xp p (15)
P — Dij 0 0y

parametrized by the time-dependent mean values X;; and
P;; and variances o;; """ of the variables x, p, and xp. We
have also introduced the time-dependent phases ®;;’s which
account for the contributions from @(¢) in Eq. (3). The solution
is readily found to be Zi,i:o,l Wij(x,p,t) (apart from the
normalization factor), which gives back the non-Gaussian
character of the mirror’s state. The negativity of the Wigner
function can be studied at set values of y and T and choosing
the time at which the ideal case achieves the most negative
value. The results are shown in Fig. 5, where we see that
nonclassicality is found even for quite a large value of
y/n. Clearly, this results from a subtle trade-off between
temperature and mechanical quality factor. Although small y
and T guarantee nonclassicality, such a behavior is still present
at y/n ~ 0.1 and for T well above the ground-state one.

with

|

iR T] 1 T I 1 n
2 0 2
X

FIG. 5. (Color online) Wigner function of the mirror under
dissipation, for y ~ 0.1npand V = 5.
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III. TWO MIRRORS

In this section, we consider a different setup, where both
cavity mirrors are free to oscillate around their equilibrium
positions and they are both interacting with a three-level atom
inside the cavity. Using this setup, we can study the correlations
between the two mesoscopic systems and their quantum
features. In this section, we only focus on the conditional
evolution of the two mirrors after a measurement of the atomic
subsystem.

A. Hamiltonian and conditional unitary evolution

Let us consider the same Fabry-Perot cavity discussed in
Sec. II A, pumped by a laser field at frequency w, and with
a three-level A-type atom trapped within the mode-volume of
the cavity field. The model is very similar to the one describing
the single-mirror case, with the difference that here the two
mirrors of the cavity are both able to oscillate around their
equilibrium positions and they are modeled as two harmonic
oscillators with frequencies w; and w,. By moving to an
interaction picture with respect to the same operator considered
in the one-mirror scheme, the Hamiltonian of the system can
be written in the same form as the one given in Eq. (1), where
only the terms involving the mirror’s degrees of freedom are
changed to take into account the addition of the second mirror.
These terms read

2 2
Fn =Y w;bh; Fme =2y (=1 y;bl+b)).  (16)
j=1 j=l

where the bosonic operators at.a and 5;,13 ; refer to the
cavity field and the two mechanical mirrors, respectively. By
assuming a large cavity quality factor and a small spontaneous
emission rate from |e), in the limit of (A,5)>>(2,g) we can
eliminate both the cavity field and the excited atomic level,
thus arriving at the effective atom-mirror Hamiltonian:

2

Her = 10001 ® Y _(—1)/~'n;(b1+b;), (17
j=1

with n; = (Q2g*/8?A?)x;. The corresponding time-evolution
operator is U = [1){1] +|0)(0] ® Di(=im1) ® Da(inar),
where D () = exp[;l;j —¢*b ;1 is the displacement operator
for mode j =1 and 2 [30]. In analogy with the one-mirror
case, the resulting dynamics of the mechanical systems is thus
a conditional displacement controlled by the state of the atomic
part: while nothing happens to the mechanical modes when the
atom is prepared in | 1), their state gets displaced in phase space
when the atomic state is |0). In what follows we generalize the
analysis performed in the previous section and show how this
mechanism, complemented with an appropriate post-selective
step, results in nonclassicality of the mechanical subsystem.

The generalization of the conditional time-evolution opera-
tor given in Eq. (8) to the two-mirrors case is straightforward.
The new operator simply reads

(@lthlp) = ler* 1 + |eo* Di(=imit)Da(inat),  (18)

with 1 being the identity operator. We consider again the case
in which |¢) = |+) and the initial state of the mirror is p,,(0) =
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loy,a2) (o, 02| where | ) is a coherent state of mode j having
amplitude @ € C. The state of the mirrors at time 7 is

1Y (D) = (lotr,2) + e PD1B1(1), B2()))/V2,  (19)

() =Y _|(=1))"'n;Refo;}t  and  B;(1) =
a;j+(—1)/in;t (j =1,2). Equation (19) is an entangled
coherent state (ECS) of modes 1 and 2 [54]. Its Von
Neumann entropy depends on a delicate trade-off among the
amplitudes «;(f) and B;(t). ECSs play an important role in
continuous-variable (CV) quantum-information processing as
a valuable resource for communication and computation [55].

where

B. Mirror-mirror correlations

In Sec. IIT A we have considered the simple case in which
the two oscillators are initialized in a pure coherent state. This
example is instructive and, as we see later, mathematically
useful. However, as pointed out in Sec. II B, the interaction
of the two oscillators with the thermal bath has to be taken
into account, and it is realistic to assume a initial thermal
state for the two mirrors. The thermal state of a single bosonic
mode is given by Eq. (4). In the case of two modes, the initial
mechanical state is p(0) = 0"®0, and it evolves under the

action of (++|4,|+) so as to give

om(t) = / d*a1d*ayPay, V)P (a2, V)Y () (¥m ()], (20)

As in the one mirror setup, we now show that, despite
the thermal convolution at the basis of the definition of
p(t), the mechanical state of two mirrors can exhibit strong
nonclassical features even at nonzero temperature. We focus
on two different signatures of nonclassicality: the negative
values of the Wigner function associated with the state p,, ()
and the nonlocal correlations between the two mirrors. The
Wigner function of a two-mode system is defined as the
straightforward generalization of Eq. (9), i.e.,

2
1 v —ptv
W) = = [ b [T 00 . @D

Jj=1

where (uj,v;)eC and x(vi,1n) = Tr[ Dy (v)Da(v2)p] is
the two-mode Weyl characteristic function. Together
with the study of Wigner function’s negativity, we also
investigate the quantum correlations between the two mirrors.
To overcome the problem of inferring nonclassical correlations
in a mixed non-Gaussian state of a CV system, which is a very
demanding task due to the lack of appropriate entanglement
measures, we use the same approach taken in the previous
section, which relies on the investigation of Bell inequality
violations. This route is particularly viable in our case as we
can take advantage of the dualism between density matrix and
Wigner function for CV states. Here, one can formulate a Bell-
CHSH test using the two-mode Wigner function associated
with p,,(2).

To begin with, one can study the behavior of the single-
mirror Wigner functions calculated for a fixed point ug in
the other mirror phase space, i.e., W;(u;) = W(uj,u; =
o), with i # j = 1,2. It is seen from the inset of Fig. 6
that, depending on the operating conditions of the system,
Wi(w1) [equivalently W,(u;)] can be considerably negative,
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4 8 12 16

FIG. 6. (Color online) Negative volume of W(u,,u,) against V
for nt = 5. Inset: Wigner function Wi () at u, = —(1 +i), nt =2,
and T = 0.

thereby proving its nonclassical nature. This is remarkable,
especially when compared to the case of a standard optome-
chanical setting where a mechanical mirror is coupled to
the field of an optical resonator. There, in fact, it can be
proven that the state of the mechanical subsystem is only
classically squeezed and the device cannot be utilized in
order to engineer nonclassical states of the movable mirror
[56]. Differently, using the mechanism we propose here, we
have checked that the negative regions of Wj(u;) persist
even at nonzero temperature. These considerations can be
strengthened by extending them to the Wigner function of
both the mechanical mirrors and studying the negative volume
V_= [ d*ud*wol|W (i, m2)| =W (i1, 142)1/2. In Fig. 6, V_
is plotted against V for nt = 5, revealing that nonclassicality
persists up to V ~ 10, i.e., well above zero temperature. We
give an estimate of actual temperatures corresponding to such
an order of magnitude for V later on.

We now proceed to the study of the Bell-CHSH inequality
test [41] to infer nonclassical correlations shared by the
mechanical systems. For a two-mode bosonic system, the
Bell-CHSH inequality can be recast in terms of the expectation
values (fl () ® ﬁz(ﬂg)), with the displaced parity operator

ﬁi(uj) = Dj(/ucj)(—l)éw-fbj(uj), as before [38], in terms
of which W(j1,12) = (4/2)(I1;(u1)®I1>(12)). The CHSH
function can thus be written as

2
T !
CHSH = T[W(m,uz) + Wy, m2)

+ W, pm) — W(ny,ua)l. (22)

Any local realistic theory imposes the bound |CHSH| < 2. If
the mechanical state is such that (CHSH| > 2, correlations of a
nonclassical nature are necessarily shared by the two mirrors.
In Fig. 7 we show that, although hindered by the thermal nature
of the mechanical modes, the two-mirror state violates the local
realistic bound up to V = 1.1, which corresponds to 7 =~ 0.1
mK (5 uK) at w,, /2w ~ 6 MHz (300 KHz), a frequency easily
achievable by current experimental setups [57]. This shows
that the mechanical state remains nonclassically correlated
even for thermal energies that are 10 times larger than the
ground-state energy of each mirror [58].

The decreasing behavior of the CHSH function at
T > 0 can be explained by considering that, under such
conditions, the coherences in the two-mirror state are

013851-6



NONCLASSICALITY OF OPTOMECHANICAL DEVICES IN ...

1200

FIG. 7. (Color online) Numerically optimized violation of the
Bell-CHSH inequality for the two-mirror state against ¢ and V.

suppressed. In fact, let us study the off-diagonal terms
of p,(t) in the coherent-state basis. These are given by
[ d*a1d*ar P(ay, V)P (02, V)e'® Doy, ) (B1(1), Bo(t)] and a
Hermitian conjugate. As a function of Re(w;), the phase
factor '®® oscillates at frequency n;t. At T =0, P(e;,1)
becomes a bidimensional Dirac § function §%(«;), which sets
the phase factor to unity. At the same time, by increasing
n;t, the components of the ECS entering state p,,(¢) become
increasingly orthogonal, which optimizes the violation of the
CHSH inequality. Differently, at finite temperature P(x;,V)
has a nonnull width within which the increasingly oscillating
time-dependent phase factor is eventually averaged to zero.
This occurs more rapidly as V grows.

C. Dissipative dynamics

We now proceed to include the mechanical damping of
the two oscillator in our analysis on the same lines followed in
Sec. ITD. We consider the dynamics of the mirror-atom density
matrix o as driven by the weak-damping limit of the standard
Brownian-motion superoperator, whose generalization to a
two-mirror system reads as

AV Y Yooh o5t _(5ts
L) = Y S@bypb; —{bb;.p}
j=12

+(V=Dlb;p—pb;.b"). (23)

From such a master equation one can obtain with standard
techniques four Fokker-Planck equations for the Wigner
functions W;; of the mechanical-state components associated
the atomic operator |i) (j| (i,j = 0,1). The Foller-Planck
equations can be written in the same form given in Eq. (12),
and each equation is solved by using the Gaussian ansatz in
Eq. (14), which is worth recalling:

Wiy (. p.yxldet(Dy)] e 2P 01000 (24)

Here the vector q and the covariance matrix D;; are the gen-
eralization of Eq. (15) to the two-mode case and are given by

X1—X1,ij o™ ol ol o
o pl_ﬁl,ij D. — (Tl,’;_lpl Uiﬁlpl Ui)_;zpl gl.l;zpl
qij = xz—fz,ij s ij = O,;j{wz U[Rlxz O,;;zxz UiRZXZ
P2—Paij Gi);‘]pz i Gij;zpz o

(25)
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(a) (b)

FIG. 8. (Color online) Wigner function for a mechanical system
open to dissipation. (a) Wigner function of a single mirror for p, =
1+i,n/y =2,andyt =V = 1.(b) V_ against V and /y foryt = 1
(we assume that all the relevant parameters are the same for both
mirrors).

As explained in the previous section, the sum of the four term
) j=0.1 Wij(x,p,7) gives the full non-Gaussian solution of
the Fokker-Planck equations, and the negativity of the Wigner
function can be use to witness nonclassicality. Figure 8(a)
reveals that W(u,u,) exhibits considerable regions of nega-
tivity also for y # 0. As expected, the negativity of the Wigner
function increases when the coupling constant 7 becomes
larger than the damping rate. In this situation it is indeed
possible to neglect the dissipation of the mirror and recover
the purely unitary dynamics treated above. Interestingly, the
Wigner function has still negative values when n ~ y, which
means that in the dissipative regime the state of the two
mirrors is nonclassical. The decrease of V_ as n/y > 1 shown
in Fig. 8(b) is simply due to our choice for the interaction
time. By adjusting ¢, nonzero values of V_ are retrieved. The
interplay between y, n, and ¢ in setting nonclassicality in the
mechanical state can be best seen by studying nonlocality.
As shown in Fig. 9, as /y increases for damped mechanical
systems at zero temperature, the interaction-time window
has to be set so as to maximize the degree of violation of
the CHSH inequality. As expected, the violation increases
with the ratio between the coupling constant and the decay
rate. However, large values of n/y correspond to shorter
time-windows for the violation to occur. This point can be
understood by solving explicitly the open-system dynamics
corresponding to a low-temperature bath in an alternative way.

Following the approach used in Ref. [32], we divide the
evolution time as t = N§t, with 67/t < 1, and approximate
the dynamics of the total system as a sequence of the unitary

|CHSH] op¢
2.12;

—n;7= 10

=7

2.08} /-

==y =B
2.04

e
0 3 L

FIG. 9. (Color online) Violation of the CHSH inequality as a
function of y for four values of n/y.
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dynamics ruled by U, and a purely dissipative one. After N
steps, the evolved state reads

A1 A2 AN
p(N8t) = (D}, DLUs) " p(0), (26)

where we have introduced the superoperators
Dip =57 p Uy p = Usi o0, Q27)

and where p(0) = |+)(+|®]oy,02) (@1,02] is the initial state.
This approach is particularly useful in treating a damped
harmonic oscillator. Indeed, the action of the dissipative
superoperator @g, on the diadic form |A){o| (with |X) and
|o) two coherent states) is given by [59]

Dl 1A (o] = (o1)7% |ne ") (ge 7). (28)

In the limit §#—0 and N — o0 (so as to keep t = N4t finite),
we get an accurate description of the dissipation-affected
dynamics [60]. After the projection on the atomic part of the
system, the state of the two mirrors is

1
pu(t) = 5[ > 102 O) (0. a2 (1))

u=a,p
+ e POTTOIB (1), Bo (1)) {01 (1), 000(2) | + Hc}
(29)
where
aj(t) = aje ", Bi)y=a;()+(—1)in;(1—e™")/y,
D@6 =Y (n;/29)e;(1 —e "),
j=1,2
1
r@6 =Y /2y [w + 51— =201 - e—m] .
j=1,2
(30)

The analysis of the CHSH inequality using p,(¢) leads to
features consistent with the solutions gathered through the
Fokker-Planck approach. As the decoherence factor I'(¢) grows
with (/y)?, the time window where violation of the local
realistic boundary can be observed gets smaller.

IV. CONCLUSIONS

We have studied a mediated coupling mechanism between a
microscopic and a mesoscopic system in two different setups
involving optical cavities with movable mirrors interacting
with a three-level atom. The resulting dynamics drives the
system into states which exhibit strong quantum features
in both cases considered. The study of the first setup,
involving a single mechanical oscillator and described in
Sec. II, reveals strong nonlocal correlations between the
atom and the movable mirror. Considerable violations of the
Bell-CHSH inequality are observed even when the thermal
nature of the mirror’s initial state is taken into account.
Moreover, projective measurements over the atomic system
probabilistically create nonclassical mixed states of the mirror.
Such nonclassicality, quantified by the negativity of the Wigner
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function, is robust against mechanical damping, while the
dynamical mechanism we used ensures a good protection from
other sources of noise. In the second part of the paper (Sec. II)
a cavity where both mirrors oscillate around their equilibrium
positions is considered. The conditional dynamics obtain by
a postselection process on the microscopic part of the system
induces truly mesoscopic quantum correlations between the
two mirrors which lead again to a violation of the CHSH
inequality at finite temperature. In analogy with the one-mirror
setup, negative values of the Wigner function are found in the
dissipative regime.

Apart from stimulating the experimental achievement of
nonclassical states of a massive system, which will be the
focus of optomechanics at the quantum level, the first part of
our proposal triggers the study of microscopic-mesoscopic
interplay for mechanical manipulation and control. As a
significant example, the bichromatic version of the coupling
Hamiltonian opens up the interesting possibility to attach a
nontrivial geometric phase to the state of the mechanical
system. This can be done by adjusting the amplitude of
displacements and the phase ¢ in a way so as to realize
a cyclic evolution in the mirror’s phase space, along the
lines of Refs. [33,34]. Such possibilities for microscopically
induced control of a mesoscopic device have already been
studied elsewhere [32] and will be the topic of further
investigations. The second part of our study focuses on
the quantum correlations shared by two massive objects,
bringing our analysis to the boundary between the quantum
and the classical world. Under such operating conditions, the
dissipative part of the dynamics induced by damping processes
in the mechanical oscillators plays an important role. It is thus
clear that the achievement of the condition n ~ y is crucial in
our scheme, and a comment about the possibility of reaching
this regime is unavoidable. For state-of-the-art mechanical
systems, typical values of y are in the range of a few hertz. On
the other hand, the effective coupling rate n is given by n =
x82Q% /82 A%, where x is the radiation pressure interaction
constant given by x = (w./L)s/h/2mw,,. For mechanical
modes having w,,/(27w) = 300 KHz and mass m ~ 50 ng
placed to a cavity of L = 10 mm [19,20,57] and assuming
g°Q%/8*A% ~ 0.1 and w. ~ 10" Hz, a straightforward cal-
culation shows that n ~ 1. This value is indeed comparable
to y, thus demonstrating the achievability of the conditions
required by our proposal. It is remarkable that the state of
the two mechanical systems exhibits nonclassical features
for both one and two mirrors, in contrast with a purely op-
tomechanical coupling between a movable mirror and a cavity
field [24].

Our analysis demonstrates the broad validity of our ar-
guments, at both the single-mirror level and the two-mirror
level. We stress the full generality of our method. Although
we have illustrated it using a specific setup, the same sort
of quantum-correlated state can be engineered in settings
consisting of a Bose-Einstein condensate in an optomechanical
cavity, two nanomechanical resonators capacitively coupled to
a Cooper-pair box or two planar superconducting resonators
mutually connected via an off-resonant phase or transmon
qubit [61-63]. We hope that the results of our study trigger
experimental endeavors directed toward the achievement of
the working conditions discussed here.

013851-8



NONCLASSICALITY OF OPTOMECHANICAL DEVICES IN ...

ACKNOWLEDGMENTS

We thank R. Fazio for valuable comments. We acknowledge
financial support from the National Research Foundation and
the Ministry of Education in Singapore, the UK EPSRC
[through a Career Acceleration Fellowship (M.P.) and the
“New Directions for EPSRC Research Leaders” initiative, the
Royal Society, and the Wolfson Trust. V.V. was supported by
a fellowship from Wolfson College, Oxford.

APPENDIX: ADIABATIC ELIMINATION

We start from Eq. (1) and we adiabatically eliminate the
excited state of the atom |e) and the electromagnetic field
inside the cavity. In order to do so, we assume A > Q,g and
6 > Q,g. We notice that the only terms in the Hamiltonian in-
volving the atomic degrees of freedom are H, and H . Hence,
we perform first the adiabatic elimination of the exited level
le) of the atom. The Hamiltonian H, + Hg can be formally
written as a 3 x 3 matrix with respect to the basis {|0),|1),e)}:

0 0 Q

Ho+Hrg=1]0 0 ge'Mat (A1)
Q geMMa )
By writing a generic state of the atom as [A) =

c0l0) 4+ c1|1) + c.le) and by setting to zero ¢, in the
corresponding Schrodinger equation i9;|A) = (H, + Hgr)|A),
we find the effective Hamiltonian
QZ QgefiAt
H = ——10)(0]| - —
1 5 10) (0] 3

iAt

al0)(1|

Qge

g2
&*|1><0|—3&*&|1><1|. (A2)
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After the adiabatic elimination we substitute the
terms H, +Hg in Eq. (1) with the expression above
and the total Hamiltonian of the system now reads
Hsys = Heff + Hc + Hm + Hmc + Hcp~

The next step is the elimination of the cavity field operators
aanda’. Inorder to do so, we consider the equations describing
the time evolution of those operators, & = —i[Hgys,d] and
ot = —i [Hsys,&f], and we set to zero the time derivative.
Considering that [ Hys,a] = [Hc,a] + [Hie,al + [Hefr, a1, we
find that

2
[Hys.d] = —a (A + 1B+ b)) + xa(b) + by) — %|1><1|>

(A3)

Setting this quantity to zero and considering that A > x,g%/8,
we find

Qg A
a = —=¢">"1)(0]. A4
a == {0l (A4)
In a similar way we find that
Qg _.
at = — 71 M0)(1], As
a =—re 0] (AS)

By substituting these equations in the expression for
H,. we find the effective atom-mirror interaction which
reads as

Q2g? PN
HEY = == |0)(0|(5" + b).

= (A6)

With n = % Xx we recover the expression in Eq. (2).
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