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We develop the recently proposed analytical R-matrix (ARM) method to encompass strong-field ionization
by circularly polarized fields, for atoms with arbitrary binding potentials. Through the ARM method, the effect
of the core potential can now be included consistently both during and after ionization. We find that Coulomb
effects modify the ionization dynamics in several ways, including modification of (i) the ionization times, (ii) the
initial conditions for the electron continuum dynamics, (iii) the “tunneling angle” at which the electron “enters”
the barrier, and (iv) the electron drift momentum. We derive analytical expressions for the Coulomb-corrected
ionization times, initial velocities, momentum shifts, and ionization rates in circularly polarized fields, for
arbitrary angular momentum of the initial state. We also analyze how nonadiabatic Coulomb effects modify (i)
the calibration of the attoclock in the angular streaking method and (ii) the ratio of ionization rates from p~ and
p™ orbitals, predicted by Barth and Smirnova [Phys. Rev. A 84, 063415 (2011)] for short-range potentials.

DOLI: 10.1103/PhysRevA.88.013421

I. INTRODUCTION

Single and double ionization in circularly polarized strong
laser fields is a sensitive probe of attosecond dynamics [1-6].
Strong-field ionization is often viewed as electron tunneling
from atoms and molecules through the barrier created by the
laser field and the core potential. The adiabatic approximation,
frequently used to describe tunneling, implies quasistatic
electric field and zero electron velocity immediately after
ionization (at the tunnel exit). This adiabatic picture is used for
the interpretation of current experiments in circularly polarized
laser fields [1-6] within the two-step model. This model
merges quantum and classical approaches by combining (i) the
adiabatic approximation for the quantum ionization step with
(ii) the classical trajectories calculation after tunneling. In this
second step, an ensemble of classical trajectories is launched
outside the barrier; the distribution of initial velocities parallel
and perpendicular to the direction of the instantaneous laser
field is centered around O, as predicted by the adiabatic
tunneling theory.

However, strictly speaking, in circularly polarized laser
fields the tunneling barrier is rotating. This rotation manifests
itself in the nonadiabatic electron response, which becomes
significant in the regime of the Keldysh parameter y > 1.
Nonadiabatic effects change tuneling from essentially one-
dimensional, characteristic of the static limit [4,7], to two-
dimensional. As shown in [8], for short-range potentials
substantial deviations from the adiabatic approximation arise
already for y? ~ 0.5, which also questions the validity of
this approximation for the long-range core potentials under
similar conditions. We note that y% ~ 0.5 is a typical regime
for recent experiments with laser radiation around 1600-
1300 nm and systems with ionization potential /, ~ 10 eV
(see, e.g., [9]).

Here we provide a rigorous analytical framework for
treating the effects of long-range potential and laser field
on equal footing and include nonadiabatic effects due to the
long-range potential. In particular, we show that nonadiabatic
Coulomb effects lead to a nonzero initial velocity both
parallel and perpendicular to the direction of the instantaneous
laser field even for the central electron trajectory (for which
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the ionization rate maximizes), when it emerges from the
classically forbidden region.

We find that the nonadiabatic Coulomb effects modify the
ionization dynamics in several ways, including modification
of (i) the ionization (exit) times, (ii) the initial conditions for
electron continuum dynamics, (iii) the “tunneling angle,” at
which the electron “enters” the barrier, and (iv) the electron
drift momentum. We derive analytical expressions for the
ionization times, initial velocities, momentum shifts, and
ionization rates in circularly polarized fields for arbitrary
angular momentum of the initial state. We also analyze how
the nonadiabatic Coulomb effects modify (i) the calibration of
the attoclock in the angular streaking [1-4] method and (ii) the
ratio of ionization rates from p~ and p™ orbitals obtained for
short-range potentials in [8].

Our tool is the gauge-invariant, analytical R-matrix (ARM)
method, which we recently developed [10] for linearly polar-
ized fields. The strength of the ARM method is the ability
to treat consistently the effects of long-range potential and
the laser field [10] as well as multielectron effects [11]. The
main idea of the R-matrix method was adopted from the
study of collision processes and nuclear resonance reactions
[12], where the primary purpose was to isolate the strongly
interacting kernel from the region where these interactions
were significantly weaker and can be considered in asymptotic
approximation. In this sense, the R-matrix approach developed
in collision physics meets a crucial requirement of strong-field
physics, in that it can be used to separate the region of the
configuration space, where the Coulomb forces are much
stronger than the laser field, from the outer region, where
the Coulomb potential quickly becomes almost negligible
compared to the driving laser field. We note that a fully
numerical time-dependent R-matrix approach for strong-field
dynamics was developed and successfully applied in [13].

In [10], a detailed analysis and benchmarking of the
ARM method was provided for strong linearly polarized laser
fields, including the derivation of analytical results for the
instantaneous ionization amplitudes and the subcycle ioniza-
tion rates for single-active-electron systems. With suitable
approximations, the results for the cycle-averaged ionization
rates from [ 10] agree with those obtained by Perelomov, Popov,
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and Terentév (PPT) [14]. For hydrogen-like atoms and ions,
the PPT rates (with the new correction factor derived in [15])
were shown to be accurate for arbitrary values of the Keldysh
parameter.

The difference between our problem in circularly polarized
fields and the case of the linearly polarized fields analyzed
in [10] lies in the fundamentally two-dimensional character of
tunneling, i.e., the time-varying angles between the position
vectors, the electron velocity vp(f), and the laser vector
potential A(f). As a consequence, certain approximations
in [10] that were helpful in deriving a physically transparent
solution for the linearly polarized field are not always adequate
in the case of circularly polarized fields. Here, we refine the
ARM method and extend it to strong circularly polarized fields.
We show that an appropriate choice of the boundary between
the inner and the outer regions allows one to build the hierarchy
of interactions and show how the long-range effects can be
included consistently within the iterative approach.

Our strategy can be summarized as follows. Following [10],
we introduce an “R-matrix” sphere of radius a, which splits
the configuration space into the inner and outer regions.

A. The inner region: In the inner region the Coulomb
field dominates, and the effects of the laser field on the
inner region wave function can be included in the quasistatic
approximation. Further approximation, such as using the field-
free wave function is justified for fields significantly smaller
than «*, where k = /21, 1,, is the ionization potential.

B. The boundary: The Bloch operator is used to “pass” the
information about the electron wave function from the inner
region to the outer region. The outer region Green’s function
is used to propagate the outer region wave function from this
boundary to the detector. The boundary value is given by the
inner region wave function at the surface of the “R-matrix”
sphere. Boundary matching ensures that the final result does
not depend on the choice of the boundary value a.

C. The outer region: In the outer region, the Coulomb
potential is weak and can be included in the Eikonal-Volkov
approximation (EVA) [16]. It has been shown previously [17],
that the EVA is adequate for the soft-core potentials, i.e., for
long-range potentials outside the singularity region.

D. Propagation in the outer region: This involves inte-
gration over the surface of the R-matrix sphere (', ¢’) and
over all times (¢') of “transition” through the boundary. Due
to the large action S of the electron in the strong laser field,
the integrals are taken from the highly oscillating function
PO ,¢',1)e~5@9"1) and are accumulated in the vicinity of
their respective stationary (saddle) points 6, ¢;, and ¢/, defined
by the solutions of the equations 3§ =0, dyS =0, and
a; S = 0, respectively, where the subscript denotes the deriva-
tive with regard to (w.r.t.) that variable. The action is given by
S = SSFA 1 G, where the strong-field approximation (SFA)
action is associated with the dynamics in the laser field and
short-range potential, and G is the action associated with the
interaction with the long-range potential of the core under the
EVA [16] and describes Coulomb-laser coupling [18]. Since
only a vicinity of saddle points contributes to the integral,
we do a Taylor expansion of G¢ around SFA saddle points
0/, /O and /O, After this expansion the integral over the
surface of the sphere is calculated exactly. The integral over
t' is evaluated using the saddle-point method. The actual, full
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saddle point ¢/ (shifted from #/® due to long-range effects)
is found within the iterative approach. Formally, nonadiabatic
effects in ionization rates arise due to the deviations from
the stationary trajectory included via Taylor expansion of
G ¢. Nonadiabatic Coulomb effects also manifest itself in the
photoelectron spectra and will be considered in our subsequent
paper [19].

E. Iterative approach to saddle-point equation for t': By
construction, in the outer region G ¢ presents a perturbation to
the SFA action SSFA and therefore can only slightly shift the
SFA saddle point #/¥), which corresponds to the stationary SFA
action: 9, SSFA = 0. Thus, as a first correction to the saddle
point, due to the interaction with the long-range potential,
1D =1/ + ArO where A1/ can be found by iterations
with respect to G¢. The first iteration includes only linear
terms in At® ~ O(G¢). In our approach we keep only
the first-order correction terms consistently throughout. The
saddle-point equation 9, S = 0 can be expanded around #/©:
3 SSFA O + A OJZSSFA ) + 3, G (1/9) = 0, yielding
A = —Zoe.
stationary, 8,/SSFA(tX’(O)) =0, the shift due to Ats’(o) will
only change the value of the SFA action in the second
order w.rt. Ge: S(tV) = SSPARO) + G (0/9,0/ 1/ ®) +
O((At/?)?). However, /) will contribute to the pre-
exponential factor P(0’,¢’,t') in the integral.

Below we detail our method and show how it can be used
to obtain ionization amplitudes and ionization rates using both
the time-domain and the frequency-domain approaches. The
time-domain approach is technically simpler and allows one
to consider temporal dynamics of ionization, including the
time evolution of electron momentum distributions [19] and
ionization rates.

The paper is organised as follows. Section II introduces ba-
sic equations. Section III develops the time-domain approach.
Section IV discusses the physical picture arising from the
theory developed in Secs. II-III. In Sec. IV, we describe
modifications of the ionization dynamics due to Coulomb
effects. These include (i) Coulomb corrections to ionization
times, (ii) initial conditions for electron continuum dynamics
(iii) calibration of the attoclock in the angular streaking
method, and (iv) Coulomb corrections to the “tunneling
angle,” including the Coulomb corrections to the ratio of
ionization rates from p~ and p* orbitals obtained for the
short-range potentials in [8]. Section V concludes the work.
Appendix A presents additional calculations related to the
boundary matching. Appendix B develops the frequency-
domain approach, pioneered in the PPT work on short-range
potentials. This approach requires more involved algebra
but allows the most straightforward connection to the PPT
results. Appendix C extends the time-domain method in
Sec. III to introduce observables characterizing subcycle ion-
ization dynamics. Appendixes D and E present miscellaneous
calculations.

Note that since the SFA action is

II. BASIC EQUATIONS

Following [10], we introduce the Bloch operator L~ (a) to
split the configuration space into the inner and outer regions.
Parameter a represents the radius of the R-matrix sphere; the
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inner region is inside the sphere, the outer region is outside
of the sphere. The standard Hamiltonian H including both
Coulomb V(r) and laser-field interaction Vi (¢),

N f)z
H= 7+VC(F)+VL(Z)7 (1)

used in the Schordinger equation,

oY(r,t)

i = Hy(r,1). )
Y(r,t =19) = P, (r), 3)
can be modified to
0Y(re) . .
i = Hpy(r,t) — L™ (@)Y (r.1), 4

ot

where Hg = H + L~ (a). Following arguments developed in
[10], we can express the solution in the outer region via the
solution in the inner region as

[You(t)) = i f dt' Up(t,t)L™(@)|¥in(t)), )

where for the outgoing solution, we use L (a) and the
governing equation for the evolution operator Ug(#,t') is

N X N
iEUB(tst/) = Hp(t)Up(t.1"). (6)
In our time-domain approach, detailed in the next section,

we start the analysis from the expression for the ionization
amplitude ay(T) = (p|Y¥ou(T)) (see [10] for discussion):

T
ap(T) =i/ dt’/dr’/dr” (pIUB(T,1")|r')
x (| L™ (@)Y (¢ [$in(t)). (7)

Taking into account the explicit form of the Bloch operator in
coordinate representation,

(M|IL=(@r") = 8¢ — a)d(r’ — ") B, ®)
N d 1
BW(FJ) = <d_ + —)Vf(r»t) 9 (9)
r r r=a
we can rewrite Eq. (7) as
T
ap(T) = i / dt’ / dr’' Gp(p,T;r',t")
x 8(r' —a)B(a,0',¢' 1), (10)

where the function B(a,6’,¢’,t") represents the inner-region
wave function at the partition surface r’ = a for all times #;, <
' <T,

) (1)

r=a

/ d 1 ,
B(a,@,d),t ) = (5 + ;)win(r’t)

and Gy(p,T;r.,t") = (p|Us(T,t")|r') is the Green’s function
for the modified Hamiltonian Hjy for propagating from the
boundary ' = a instead of the origin. As shown in [10],
the error incurred in approximating this exact Green func-
tion with the Eikonal-Volkov approximated Green’s function

PHYSICAL REVIEW A 88, 013421 (2013)

G®VA(p,T;r',t") defined on the EVA states [16],

—ivp(t)r'—% fI,T dt vg(r)

GEVA(p, T, l’/,t/) —

(2mr )32

ot Ut p.t) i Goplrr (T p.t)
12)

is exponentially small. In the above expression we have defined

rL(T;r’pJ) =r + / d; Vp(;)v (13)

the characteristic trajectory along which the Coulomb correc-
tion is calculated as a perturbation to the Volkov electron [16]
and vy (¢) = p + A(?) is the kinetic momentum.

III. THE TIME-DOMAIN APPROACH

We use Eq. (10) for the ionization amplitude and Eq. (12)
to obtain

i T
! —i Ny —L Z-d 2
1) = s [ [[aveore i
0
x e 1OCPTI0SG — a)Ba.0' ¢ 1), (14)

with the Coulomb phase term defined as

T
Ge(p,T;r' 1) =/ dr U(rp(z;r,p,t")). (15)
o
Since the time T of observation is sufficiently far, so that we
can consider T — oo for all practical purposes, we have made
the approximation as in [10], ignoring the distortions of the
phase front from the plane wave, Gop — 0 [16] in Eq. (12).

A. Transition through the boundary ' = a

The function B(a,0’,¢’,t’) reflects the value of the inner-
region wave function at the boundary r' = a. In the inner
region the Coulomb field dominates and the effects of the
laser field on the inner region wave function ¥;,(r',t’) can
be included in the quasistatic approximation. Following [10],
the boundary is placed in the asymptotic region Epa/I, <
1 < ka of the ground-state wave function, where x = \/ZT,, s
and Ej is the amplitude of the laser field. In this region the
error in approximating the polarized wave-function with the
field-free initial wave-function is of the order of ~ Eya? /K [20].
Thus, for sufficiently weak fields such that Ey/k3 < 1/a’«?
the inner region wave function ¥;,(r’,#’) can be substituted
by the field-free bound-state wave function, without affecting
the boundary matching. This approximation was first used in
the PPT method [14]. The asymptotic radial part of this wave
function is given by

Get(r) = Coae>E—(1er) /%, (16)
Kr

Due to the invariance of the boundary term under the addition
of a function by/r’, we can choose by appropriately to get

d by — 1
B(a.§'.¢/,1) = (—— = )m(r’)
= —Kge(a) (17

dr’

013421-3



JIVESH KAUSHAL AND OLGA SMIRNOVA

for by = Q/k. Using Eq. (17) and evaluating the § function
over r’,

l'l(a2 r f ! —ivy(t)a _iSSFA(p Tit')
ap(T) = ——=5 dt’ | dQ e " e o
Qm)2 J,
x e 10e® 200, (@)Noy Py (cos 6)e™, (18)
where N, = ,/% Eﬁ;m;:, a=a(sinf® cos ¢’ X + sinf’

sing’ § + cos 0’ 7). We use A(t) = —Ap(cos wt X + sinwt §).
The SFA phase is given by

1
S T31) = 5 /

t

T K2
dr vg(r) - ?(t’ —1). (19

Note that in the outer region, the long-range interaction
of the electron with the core is described by the phase
term G¢(p,T;r',t’'), and involves integration of the Coulomb
potential along the electron trajectory in the laser field. The
trajectory originates from point a on the boundary at time ¢’
[Eq. (13)].

B. Iterative approach to solution of saddle-point equations

The calculation of the ionization amplitude a,(T") involves
integration over all starting points of the trajectory on the
sphere and all times ¢’ of “transition” through the boundary
r’ = a. The integrand of Eq. (18) can be written in the form
P(0',¢',t")e 1591 where the prefactor P(6',¢',t") reflects
the value of the inner-region wave function at the boundary
r’ = a, and the exponent is given by the electron action. The
action S(6',¢’,t") consists of two parts, § = S5FA + G, where
SSFA is the SFA action [Eq. (19)] associated with the ionization
dynamics in the short-range potential, and G¢ [Eq. (15)] is the
term responsible for the long-range interaction with the core,
describing the Coulomb-laser coupling [18].

Due to the large value of the action S for the electron in a
strong laser field, the integrals are accumulated in the vicinity
of stationary (saddle) points 6;, ¢., and ¢, which satisfy the
equations

By 2

a0’ o’
where the saddle point in time has an additional term avp(¢'),
which, as we show in Appendix B 1, is a result of propagation
from a finite boundary and comes from the exact evaluation of
the surface integral.

To solve these equations, we recall that, by construction,
in the outer region G¢ presents a perturbation to S5 and
therefore can only shift the SFA saddle points 6/?,¢® and
1/ satisfying the equations

P SSFA 9 SSFA

a6’ 1
Thus, the saddle points for the total action S = S5 + G¢ can
be written as

0, =6+ 86, ¢, =¢"+A¢), 1, =1"+ A,
(22)

aS aS
— 0 -

)

dup(t’)

or o 0. (20)

ISSEA Buy(r)
9577 0wl
ot ot

0. (@21

’

where A6., A¢., and At, are the small corrections to the
SFA saddle points and can be found perturbatively. Subscript
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a in At/ indicates that the time At/ and the time #© are
affected by the position of the boundary due to the boundary-

dependent term a auf;’;,’/) in Egs. (20) and (21). In the first order
of perturbation w.r.t. G¢, all deviations from the SFA saddle-
point solutions are proportional to G¢: A9, ~ O(G¢), Ag,, ~
O(G¢), and At, ~ O(G¢). In our analysis we consistently
keep only terms of the order ~O(G ), and therefore, only the
SFA saddle points can enter the argument of G¢(p,T; a,t") and

the SFA action. Indeed using Eq. (21) we obtain

Ge(p.T:a,1") = Ge(p.T:r0,1/9) + 0(GE),  (23)

SSPAP,Tra,t) = S5 (p,T;r,1/9) + 0(GZ). (24)

However, the corrected saddle-point solution for time will
contribute to the pre-exponential factor P(6’,¢’,t'), since
% # 0. It is straightforward to show that 6/© = 6,(t')
and /¥ = ¢,(t), where 6,(t') and ¢, (¢') describe the direction
of electron velocity at time .

C. Integration over the surface of the sphere

Because of the large value of the action, only a vicinity
of saddle points contributes to the integral. We do a Taylor
expansion of G¢ around points 6%, ¢/ and ¢ [only the
saddle point in time is affected by the boundary term avp(¢')]
up to quadratic terms:

Ge(p.T;at) = Ge(p.T:r?,t)
+(a—r9) . VGe(pr©@.1®)
+ (l‘/ _ t;(O)) 3,/Gc(p,T;l‘§(O),l;(O))
(1 = 1) 82Ge(p. 5@, ®).  (25)

The term involving mixed derivative (a — r @) —/©)
Vi Gep,T;r9,t/®) o« O(G%) is omitted from Eq. (25),
as a higher order correction, since VG¢(p,ri?,t/ @) is
multiplied to t' — £/© o« O(G¢). The term involving second
derivatives w.r.t. spatial coordinates on the surface of the
sphere 1(a — r;(o))zAGc(p,T; r©. ¢ ®) is equal to 0O for
Coulomb potential, since AU (r) = §(r) and the argument of
U in Ge(p,T;1 9,1/ is trajectory starting at the surface
and propagating outside of the sphere; this trajectory never
reaches the origin. Note that VG¢ = —Ap, where Ap is
the modification of the canonical momentum arising due to
electron interaction with the long-range potential of the core:

T U/
Ap(t',T) = -VG =—/ d =
PO = =G = | o T arwo]

« |:r/ + / d vp(;)}, (26)

where U’ represents a derivative of U w.r.t. its argument.
Indeed, Ap(¢',T) is given by the integral from the force
F = —VU, calculated along the electron trajectory

Ap(t'\T) = /

t

T T
dt F|:r’+/ dt Vp(g“)]. 27
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It is convenient to rewrite the time derivative of

Ge(p,T;v 0,1 ©) as [16]
3 Ge(p.T;r 0, 1?)
= —v(t?) - VGc(p.T:r?,t/?) — U(a)
= —[—vp - Ap(£".T) + U(a)]. (28)

Substituting Eq. (25) into the expression for ap(T'), and eval-
uating the integral over ¢’ and 6’ exactly (see Appendix B 1),
we obtain

. Qika? . L /0) (0)
= Nen(=D) (= 1)"gerl@)— =GP Tm 00

2w
T i T
> / dr’ ef’ff// dt Ug(f)+il{2(1/7lo)/2

fo

ap(T)

—i(t' =3, Gcp. Txr® 1) oML

P’”( = ,)Jz(avp(f)) (29)
0y (1)

where ¢;(¢') is the tunneling angle,

— Ap,(t',T)+ A,
tan gg(r) = L2 = 2P+ A0 (30)
Px — Apx(t,vT) + Ax(t/)
and p¢ = p — Ap(¢',T) is the Coulomb-shifted momentum
at time ¢’ corresponding to the asymptotic momentum p
registered at the detector at time 7'

Ap(t',T) = —VGc(p.T;r".1). (31)

Xe

Note that the tunneling angle is complex. It signifies the
sensitivity of strong-field ionization to the sense of rotation
of the electron in the initial state [8,21].

D. Integration over time

We are now left with the integral over ¢t'. We use the
saddle-point method to evaluate this integral. The saddle-point
equation for ¢’ is

SFA
s _ 95 9Ge b (1 — o) 2Ce
at’ at’ at’ a at”2

+ av (t )=0,
(32)

where the last term, as discussed in Sec. III E, comes from

Jje(avy(t)). To solve this equation, we expand the derivative of

the SFA action in Eq. (32) up to quadratic terms w.r.t. Az/®
and take into account that 9, S5 (#/@) = 0, yielding

3 Ge (1)
3%SSFA( '<0)) + 3 Ge ( f(O))
3, GC( /(0)) 3, GC( /(0))
TS ) s ()
Here we have used that #/¥ — /O = —ja/k < 19 [10]. We
have omitted terms of order of Gc in the denominator in the
last term in Eq. (33), since the terms of the first order of G¢

are already included in the denominator. Taking into account
Eq. (28) and

S ()

AIL;(O) ——

(33)

= E() (1), 64

PHYSICAL REVIEW A 88, 013421 (2013)

we obtain for the time
—vp(t/9) - Ap(t/9.T) + U(a)

E() vy (27
Equations (23) and (24) suggest that Coulomb corrections
to the ionization time do not affect the exponent of the
ionization amplitude, but they contribute to the prefactor,
further modifying the tunneling angle:
tan ¢¢ (t;w) + A1)

y — Apy (119 + A0 T) 4+ Ay (19 + Ar/?)

— 36
— Ap (120 + AL T) + A (127 + Ar”) %)

At = (35)

Up to first order terms w.r.t. to G¢, ap(T) is

1
S//( ’(1))

i (T ; 0 ; 0) /(0
=5 [0 de vp@+i? /2= Ge(p, Txl” 1)
A

ap(T) = ika’9e(a) Ny

xXe

c

% eim¢f(t;(”)Pén( P

E. Boundary matching

We now consider the elimination of boundary dependence
in the results for transition amplitude. In the long pulse, due
to cylindrical symmetry of the problem, the result does not
depend on the position of the detector in the polarization plane
x,y. Thus, without loss of generality we consider the electron
registered at the detector placed in the positive direction of the
X axis, i.e., the electron momentum at the detector p, = 0.

1. Complex momentum Ap(t;(o), T) at the boundary

To perform boundary matching in Eqgs. (35) and (36), we
need to evaluate the momentum Ap(¢/?, T) at the boundary

T T
Ap(1O.T) = — / Lt vu(rg@ + / s vp(g)). (38)
ta tq
Note that Ap(#/?,T) is a function of the final momentum p.
In this section we consider only p = pop, corresponding to
the momentum at which the probability is maximal, since it is
sufficient to calculate the ionization rates. The photoelectron
spectra will be considered in our subsequent publication
[19]. In the polarization plane the optimal momentum pop =
(Popt COS @, Popt SN @P,) 18 given by the radial momentum

Popt = AO\/

for any angle ¢,. The parameter 0 < §p <

S — tanh ‘fj—yyf [8,14,21]. Note that &, ~
y2/3 for y <« 1,and ¢g =1 —1/Iny for y > 1 [14]. An

alternative expression for pgp is

1—1¢
1+

(39)

1 satisfies the

equation

sinh a)t/(o)
Popt = AOT’ (40)
T;

where 7/'” = Im[#/©)], is the imaginary part of the saddle-

point solution for time, also known as the “tunneling time.”
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The advantage of the second expression is that it provides
a compact connection between the optimal momentum and
the tunneling time, however, one has to keep in mind that in

a circular field ri/(o) depends on the final radial momentum
p [8,14,21]:

/ Ao g
ot/ =cosh'y, n(p) = 2 [(i) +yr+ 1], 1)
p

and thus, in Eq. (40), ri/(o) depends on poy, itself.
Since the time ta’(o) is complex, the momentum Ap(t;(o),T)
will also be complex:

Apy (1, T) = Apy(a) + i Ap)(a), (42)
Apx(1,.T) = Ap(a) +iAp"(a). (43)

After some algebra (see Appendix A 1) we obtain
Apfvm(a) ~ 0($> -0, (44)
Apg(a) = ApY,  Apy(a) = ApY (45)
Ap'™(a) ~ O(é) — 0, (46)

where the boundary-independent momentum is

T
_/ dt VU( 10) +/ de Vpopl(é“)> 47)
Re[#/9] Re[#/¥]

and the coordinate r’e(o) , known as the coordinate of exit from
the tunneling barrier, is defined as

Re[1,”]
(0) _
r,” = /r’“" d¢ vp, ().

2. Boundary matching for At9 in Eq. (35) and for the
tunneling angle tan ¢<(t/© + At') in Eq. (59)

Substituting Eqs. (44), (45), (46), and (47) for Ap(#?,T)
from the previous section into Eq. (35) and taking into account
that in our geometry

Apre —

(48)

E\ (") = EY, Ey = Egcosh wt?, (49)
E () =iE™ E™ = —Egsinh wr['(o), (50)
vy (t?) = ivi™, ™ = —Agsinh wt/?, (5D

v (£0) = v, U = po — A cosh
S (sinhwt]” — wr coshor”),  (52)

‘E/(O)

l

where ay = Eo/a) is the electron oscillation amplitude,
yielding
E(t?) - vp,,. (1) = ipopiEo sinh w7/ =iv;,mpopla), (53)
we obtain
I‘eAp vlm re
Re[Ar®] = /o , (54)
Popt®
reA vlm U(a) vim — A im
Im[Ar0] = 220 /o /oA s,
Popt@
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Since U(a)/vlm ~ Ap‘m ~ 0( =) — 0 (see Appendix A1),
Ap“" o~ 0( -) — 0, we obtaln a boundary-independent cor-
rection to the real ionization time Re[A#/©] = Re[A#/?] and
imaginary ionization time Im[A#/?] = Im[At{;(o)]:

(0) 1(0)

Im[Ar©O] = Apyvy _ _ Ap¢sinh 1" — wt coshwr,
’ vy Popt® Ey sinh? a)‘L’/(O)
(56)
A AP wr”
Re[Ar@] = -2 = =0 0 (57)
Popt@ Eo sinhot]”

where the subscript “s”” denotes that the results for corrections
to the SFA saddle point #© are now independent of the
boundary ' = a. Thus we can write the saddle point as

! (58)

Matching for the tunneling angle is now trivial, since all
variables entering Eq. (36) are now proved to be boundary
independent:

v (57) =

0 (1)

Ap,
Apx

— ALOE,
N
—AVE,

tan ¢ (£ + A1) = (59)

3. Boundary matching of the remaining terms in Eq. (37)
We first establish the connection (in Appendix A 2):

Jolay ()48 = jy(any (1),

Next, we consider matching of the EVA phase to the bound
wave function. We follow the approach used in [10] for a
linearly polarized field:

(60)

. L) 0)y
B(a) = ka*@ee(a)e! Cc® T ) (avp (ts/(o))). (61)

The asymptotic bounded wave function in a Coulomb potential
is

Pee(r) = CuK”%(Kr)Q/”. (62)
Furthermore, at ' = a, we can write (ka)2/% as
(ca)2/F = QS F = fﬁfo) de U jo ds i)
_ e—if, ((;) dr U(f 0 d¢ v<;>>’ 63)

where 1/ = ¢/ ©@ —j/i? and /O = /© — ja /K. The second
equality follows from the fact that between #/© and /), the
velocity of the electron remains almost constant, while the third
equality holds because, finally, we will be using the modulus
of the vector, and under the approximation

| [Lasvo] = e

T
=ix(r — 1) = / Ldvic. (64)
A

— 1)
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The term given by Eq. (63) can now be matched with the Coulomb phase term G¢(p, T;r?,/©):

l/(O)

a T
caprana= [ (e L)
T 10 T

70)
la

dr U(//(Z) d¢ v,,(g“)) (65)

to yield, after using the large-argument approximation for j¢(avp(#/?)),

P O e
Bla) = —iC,d\/Ee_'(“e_[ fr;(o, dt U(flém) dg vp({))ez fy U(flxm) dg vp(2)) (e_m_i(z.q.l)n/z + em+i(z+1)n/2)

o © 3 v
— l.KCK]\/Eel f’/’ de U(fyé(o) d¢ (g))(l 4 (_1)€+le—2ka) (66)

which ensures boundary matching for all transition rates and amplitudes.
After boundary matching the final expression for the ionization amplitude is independent of a:

ap(T) = (=1)"C¢Nem

S//(ts/(l))

Here /! is given by Eq. (58). Equation (67) corresponds to
a “single” ionization event (ionization amplitude formed after
one laser cycle), since only one saddle point is included.

F. Ionization rate

To calculate the ionization rate we integrate the ionization
amplitude (corresponding to a single ionization event) over
all momenta using the saddle-point method and divide by the
period of the laser field:

w
w=— / dp lap(T)[*. (68)

In our forthcoming publication [19] we will analyze the
accuracy of saddle point approximation in Eq. (68). As follows
from Eq. (67), the ionization amplitude a,(7) can be written
in the form ap(T) = Ppe‘i > and the integral Eq. (68) can be
calculated using the saddle-point method.

The saddle-point equation

Vp2Im[ Fy] =2V, Im[ S5 ] + 2V, (Im[ Fp] — Im[S™]) =0
(69)

can again be solved iteratively, since the second term is small
by construction. The optimal momentum in SFA solves the
equation

2VpIm[$3™] =0 (70)

and is given by Egs. (39) and (40). Since the correction to
Dopt are obtained from Eq. (69), they will contribute to the
ionization rate in the second-order w.r.t. G¢. We keep only
terms first order in G¢ and therefore these corrections are
irrelevant and the saddle point for the momentum integral in
the ionization rate is given by the optimal momentum, Eq. (39).
We neglect here small corrections arising from substituting the
pre-exponential factor S;(z;V) with S (t/?) in Eq. (67). S”
denotes the derivative of the action w.r.t. the radial momentum.
Finally, using the saddle-point method for the radial integral
and taking into account that integration over ¢, yields 27, we

K eié frz£0) dt ug(r)ﬂ%tﬁo)e_i fl’gm drt U(ffz(m dg vp(0) Pem ( 172 )eimcﬁf(ém) 67)
(1) :
Upe )

B

obtain the expression for the ionization rate,

2 2 Y / 7
Wopt = |C/<£| |Nlm|
vV 7]2 -1 Im[S//(pp,opt)]
any 3 +r?
X e I—(g 1+y2 eZWC]+2WC2

2
o[~ Bk
o)

200 + v (147
(S (] = 20 V(L)
o1 = 2,/ (& + 7)1+ 7?)

Wey = _/TK drRe[U([) d¢ vp(;))}, (73)
0 #°
T T
Wea = / (mdrlm[U( / L dt vp(o)}. (74)

Wc1 is a well-known adiabatic Coulomb correction, evaluated
under the barrier along the optimal trajectory [14,15]. Analysis
of Eq. (71) shows that nonadiabatic Coulomb effects modify
the ionization dynamics in several ways. New effects arising
from our analysis include modification of (i) ionization times,
(i1) initial conditions for electron continuum dynamics, and
(iii) the “tunneling angle.”

We discuss these Coulomb effects in detail in the next
section. We show that Coulomb effects modify (i) calibration
of the attoclock [1-4] in the angular streaking method and (ii)
the ratio of ionization rates from p~ and p* orbitals obtained
for short-range potentials in [8]. The photoelectron spectra will
be considered in our subsequent publication [19], where we
will include the effects of W(», the result of interaction of the
long-range potential with the electron in the continuum and
depart from the saddle point approximation in Eq. (68).

o )
X e—2mlm[¢>1,(ls )]7 (71)

where

. (72)

IV. PHYSICAL PICTURE OF IONIZATION
IN LONG-RANGE POTENTIALS

In circularly polarized fields, the electron liberated at
different times will be “directed” by the laser field into

013421-7
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different angles. This idea is called “angular streaking” and
the corresponding “time-to-angle” mapping is unique for
nearly single-cycle pulses with a stable carrier-envelope phase,
underlying the idea of the attoclock [1-4]. The angular
streaking principle makes single and double ionization in
circularly polarized strong laser fields a sensitive probe of
the attosecond dynamics [1-6].

However, reconstruction of this dynamics requires the
calibration of the attoclock, i.e., establishing the mapping
between the direction of the laser polarization vector at the
time of ionization and the direction of the electron momentum
at the detector. When one strives to achieve the accuracy of,
say, 10 as, using an 800-nm carrier as a clock, one needs to
know this mapping with an accuracy of about 1°.

Simple analytical calibration can be made if one neglects the
electron interaction with the long-range core potential during
and after ionization. For short-range potentials the mapping is
illustrated in Fig. 1. For the laser field defined as

E(t) = Ey[— sin(wt) X + cos(wt) ¥], (75)

the connection between the real part of the ionization time and
the observation angle is [14,21]

ot!” = wRe[t/0] = ¢, +2n(r — 1), reN. (76)

The detector placed along the positive direction of the x axis
will detect the electron liberated at ti/(o) = 0, 1i.e., when the laser
field E(r) = E(¥ is pointing towards the positive direction
of the y axis. The electron exits the barrier in the negative
direction of the y axis, corresponding to the angle —m /2. The
velocity at the exit, vy(tl./(o)) =0, vx(t;(o)) = Popt — Ao, and
v, (1), tends to 0 in the tunneling limit (y < 1): v, (/") =
m y /6. Thus, the angle between the direction of the field at
the moment of ionization and the electron momentum at the
detector is 7 /2.

How is this mapping affected when the interaction with the
long-range core potential is taken into account?

A. Coulomb correction to the ionization time,
initial electron velocity

Even in the tunneling limit, our analysis shows that due
to the effects of the long-range potential, the electron has
nonzero velocity (—ApY) in the negative direction of the y
axis when the field is pointing in the positive y direction, i.e.,
at t = 0 in our notations. This is by no means surprising and
the corresponding velocity has a very simple explanation: it is
required to overcome the attraction of the Coulomb potential,
which the electron will experience all the way towards the
detector. Had the electron been born with zero velocity in
the long-range potential, it would never have reached the
detector placed in the positive direction of the x axis. One
expects the same result within the adiabatic tunneling picture.
The question is: Is the magnitude of Apy® consistent with
the adiabatic ionization model, which would suggest that the
electron was liberated slightly before + = 0 but with zero
velocity?

To answer this question, we need to analyze the changes
in the ionization time due to the effects of the long-range
potential. The corrections to ionization times associated with

PHYSICAL REVIEW A 88, 013421 (2013)

electron interaction with the long-range potential are given
by Egs. (56) and (57). The shift of the saddle point in time
Re[ A1/ 9] corresponds to the shift in the direction of the force
of the electric field —E(¢) from —7 /2 to —7/2 + wRe[ A/?].

Let us first discuss the initial conditions for the electron
continuum dynamics in the tunneling limit y < 1. In this
limit, the electron moves in a static electric field [E(z) = Ey ¥]
and the momentum shift is accumulated along the electron
trajectory,

1 1 2
iy = —| L 4 —Eo(r — /)|y, 77
Y (o) [E0+20(,)y (77)
where y‘”“(ti/ (0)) = —1,/Ey is the coordinate of the exit pointin

the tunneling limit. Taking into account that U = —Q/(—y),
VU = —Q9%/y?, and substituting this trajectory into the
expression for Ap, Eq. (47), we obtain
Relap =0 [ 4T _
ST TS fw G T
It is easy to see that Eq. (57) in the tunneling limit yields
Re[AtS’(O)] = —Apy/Eo, thus we obtain from Eq. (78)

0.78v/2
73 QFo.  (78)
P

0.78 2
e S h s 19
p

From Eq. (79), we find that the correction to the ionization time
Re[AtS’,(O)] is negative, the electron is born before E(¢) points
down, and the Coulomb corrected angle —m/2 + wRe[At/?)]
has a negative value. At this (earlier) ionization time the
electron velocity is lower than at ti/(o), and in the tunneling
limit:
Uy = Popt — Ag €Os (wti/(o) + a)Re[Ats’(o)]) — ApY
X popt — Ao+ O(GE) ~ yy/21,/6 + O(GE)  (80)

vy = —ApY — Agsin (a)ti/(o) + wRe[At;(O)])
= —Ap} — AjwRe[AV] ~ 0+ 0(GZ).  (81)

Thus, in the tunneling limit y — 0, the electron velocity
indeed tends to O at the exit from the barrier. The effect of
the Coulomb potential is reduced to the modification of the
angle between the direction of the laser field at the moment of
exit E(ti/(o)) and the direction of the final electron momentum
p, registered at the detector. For short-range potentials this
angle is 77 /2, and for long-range potentials this angle is larger;
in the tunneling limit it is 7 /2 + a)I,,_3/2 (see Fig. 1).

However, most experiments are currently performed in
the regime of nonadiabatic ionization, when the Keldysh
parameter y is not that small. In this regime the exit velocities
(with £/ = 0),

Ux = popt — Ag cos (wRe[ALV]) — ApY, (82)
vy = —Ap" — Agsin (wRe[AZ/V)]), (83)

become significant already for small y. The longitu-
dinal electron velocity v along the direction of the
field and the transverse electron velocity v, orthogonal
to the field are also nonzero (Fig. 2). The longitudi-
nal and transverse velocities are obtained from Egs. (82)

013421-8
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FIG. 1. (Color online) Kinematics of electron tunneling through the rotating barrier. The right circularly polarized laser field E creates a
tunneling barrier rotating counterclockwise. (a) Short-range potential: The electron observed at the detector placed along the x axis exits the
barrier along the negative direction of the y axis at angle «® = —n/2. (b) Long-range potential: The electron observed at the detector placed
along the x axis exits the barrier at the angle « ) = —7/2 — Aa, Aa = |wAf”|, and At/” < 0.

and (83) (A = |wAr)):

v = vy cos (Aa) — vy sin (Aa), (84)

(85)

Ignoring the nonzero initial velocity of the electron will
generally lead to errors in the two-step reconstruction of
time delays in the angular streaking method. In the next
section we illustrate the degree of uncertainty that can arise in
reconstructing the time from the attoclock measurement using
examples of Ar and He atoms.

v = v, sin (Aa) + vy, cos (Aa).

B. Calibration of the attoclock

The attoclock observable is the angular offset. This angular
offset either can appear due to electron interaction with the

0.5 :
SFA
€

04| .\¢

VL
- ‘/C
037 "7Y)

e
)

e
=

Velocities at exit point (a.u.)

0 05 1 15 2 2 5 3 35
Field frequency  (eV)

FIG. 2. (Color online) Initial velocity corresponding to the center
of the velocity distribution: v, [dashed (green) line] [Eq. (84)] and
v [dot-dashed (blue) line] [Eq. (85)] vs frequency for Ey = 3 x 10'0
V/m (Eg = 0.06 a.u. and / = 2.6 x 10" W/cm?) and /I, = 14 eV.
viFA [solid (red) line] shows the result arising in the nonadiabatic
short-range theory (the PPT theory; see [8,14,21]) and in the length-
gauge SFA.

core potential Aw, as described above, or can be associated
with other delays, e.g., delays accumulated due to nontrivial
tunneling, polarization, or excitation dynamics, AaV (the
superscript U stands for “unknown,” since the respective
AaY is associated with the dynamics that we may not
know). Since the attoclock can only measure the total offset
Aa™ = AaV + Aa, to get access to the unknown (e.g.,
tunneling) times one has to calculate the offset Ao and subtract
it from the measurable offset Aa™. The uncertainty in the
calculation of A« will lead to the corresponding uncertainty
in reconstructing, say, the tunneling time.

In this section we consider the angular offset A« and
analyze the associated uncertainties in the time reconstruction
for three models.

(1) The two-step adiabatic model. This model assumes that
the peak of the photoelectron distribution corresponds to the
electron trajectory with specific initial conditions, namely,
the initial coordinate defined according to the quasistatic
tunneling picture for short-range potentials, or in the limit
of a sufficiently thick barrier (4Eo < 17): x¢ B0y =

qq(t.’(o)) = —1,/Ey. The initial electron velocity is O (both

transversal and longitudinal): v*(#'”) = 0, v¥¢/?) = 0.

(ii) The two-step nonadiabatic model. The peak of the pho-
toelectron distribution corresponds to the electron trajectory.
The initial coordinate is defined according to the PPT theory

y O = f Rel" ]d§ [Popt + A (0)] [see also Eq. (48)]. The ini-
tial electron velocity is nonzero in the direction orthogonal to
the field polarization at the time of exit: v, (#, (O)) = Popt — Ao,
vy (1) = 0 [see Eqgs. (39) and (40) for the definition of pop].
This nonzero velocity reflects the presence of a “cross-wind”:
the effect of the second component of the circularly polarized
field. Note that, both orthogonal components of the circular
field are always non-zero in sub-barrier region, when electron
trajectory evolves in complex time.

(iii)) The ARM model. The ARM model is a consistent
quantum approach which does not require the knowledge of
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FIG. 3. (Color online) Calibration of the attoclock for an Ar atom with 7, = 15.7 eV. (a) Initial velocities v, [solid (red) line] and v,
[dashed (green) line] resulting from the ARM theory and v, [dot-dashed (blue) line] from the nonadiabatic short-range theories [8,14,21] for
the geometry specified in Fig. 1. (b) Initial coordinate (exit point) in the current implementation of the ARM and the PPT [8,14,21] theories
[solid (red) line] and I,/ Ey in the adiabatic theory [dashed (blue) line]. (c) Angular offset Aa corresponding to the ARM [solid (red) line],
nonadiabatic short-range [dashed (green) line], and adiabatic [blue (dot-dashed) line] theories. (d) Uncertainty in the calibration of time in the
attoclock corresponding to (i) the nonadiabatic two-step model [solid (red) line] and (ii) the adiabatic two-step model [dashed (blue) line].

the “initial conditions” to calculate the offset angle. However,
since the ARM method naturally incorporates the concept
of trajectories, the initial conditions can be obtained within
the ARM model, as discussed in the previous sub-section.
Both v, (ti/ (0)) and vy(ti/(o)) are nonzero due to the nonadiabatic
Coulomb effects [see Eqgs. (82) and (83)].

To ensure that all three models use the same level of
approximation for the electron continuum dynamics, in two-
step models we propagate the trajectories from the point of
exit to the detector using the EVA instead of solving Newton’s
equations exactly. Formally this means that the classical
equation for Coulomb plus laser field (used in the two-step
models),

dr

v, &= k(-

0
dr dt r), (86)

r3 (1)

r(t) = (x(t),y(t)), is solved iteratively. The zeroth-order tra-
jectory (neglecting the Coulomb term) is used in the argument
of the Coulomb potential. For the two-step adiabatic model we
obtain

v)/C\DB — A0+ApADB UADB = A ADB

X 4 y y k)
(87)
LADB
ADB __ y
Aa = atan—v DB
X

where Ap2PB and Ap;*DB are defined as (¢ = ot, ¢pr = T,

T — 00)

Qu [ XD (¢)
ApPPP = —= / d¢ —, (88)
A Jo T [xADB(g)2 + yAPR()2)]?
ADB Qo [ yAPR(¢)
Apy = —? d¢ 3 (89)
0 Jo [xAPB(¢)? + yADB(9)2)]
x*PP (@) = —sing + ¢, (90)
yAPP(@) =cosp — 1 —y?/2. oD
For the two-step nonadiabatic model we obtain
0T = ponc + APPT, USPT — A };PT,
PPT ©2)
PPT _ y
Aa = atanvfw,
where Api*T and Ap}*T are defined as
o7 PPT
aprm=-22 [Ty L RS
Ao Jo T PPT(@) + YT @)
Quw [ )
At = 9% / - 04)
’ Ag Jo [xPPT(4)2 + yPPT(¢)2)]2

013421-10



NONADIABATIC COULOMB EFFECTS IN STRONG-FIELD ...

PT(p) = —sing + T, 95)
Ag
YFI(@) = cos ¢ — n(popr), (96)

and n(popt) is given by Eq. (41). Note that xAPB (), yAPB ()
and xPPT(¢), yPPT(¢) are the respective trajectories in units
of Eg/w?*. While this approximation can slightly affect the
absolute values of the offset angles A«, the error is essentially
identical for all three models. Thus, the time uncertainty,
determined by the relative offset given by two-step models
with respect to the ARM method, is virtually unaffected.

Figure 3(c) shows the angular offsets for Ar atoms for all
three models. The discrepancy between the models increases
with the decrease in the laser intensity, reaching da ~ 4.5° rel-
ative offset between the adiabatic model and the ARM model
(for Ey = 0.0267 a.u., corresponding to 0.5 x 10'* W/cm?).
The discrepancy is due to the different initial conditions in
these models. We stress that the ARM theory does not require
knowledge of the initial conditions to obtain Ac, because it
does not need to split the entire quantum process into two
steps. However, the initial conditions can be obtained from the
ARM theory, if needed.

Figure 3(a) compares the initial velocities resulting from the
ARM and the nonadiabatic short-range theories [8,14,21] for
the geometry specified in Fig. 1. For the adiabatic model both
v, and v, are O [not shown in Fig. 3(a)]. The difference in the
initial coordinates in the nonadiabatic theory for short-range
potentials and the adiabatic model is shown in Fig. 3(b).
The initial coordinate in the ARM method is essentially
the same as in the nonadiabatic short-range theory,
since the respective Coulomb correction is an order higher
than the first-order Coulomb effects considered in the current
implementation of the ARM method. The difference in the
offset angle do maps into uncertainty in the delay time:
8ty = do/w [Fig. 3(d)]. The uncertainty in the reconstruction
of the time delay becomes less significant at higher intensities
and ranges from 30 as for low fields to 3 as near the barrier
suppression intensity [Fig. 3(d)]. The uncertainty 8¢, strongly
decreases if nonadiabatic initial conditions are used in the
two-step model, ranging from 5 as for low intensities to 2 as
for high intensities.

Qualitatively we find the same picture for He atoms (Fig. 4),
however, quantitatively the discrepancy between the different
models is smaller and the time uncertainty is almost negligible
for the highest intensities. For He atoms, using nonadiabatic
initial conditions in the two-step model reduces the uncertainty
to 1.5 as and even less for higher intensities.

C. Coulomb correction to the electron “tunneling angle”

The complex tunneling angle characterizes the direction
of the electron velocity at the complex ionization time #/(V:
(1)

tan ¢,(1,") = 2y
imaginary part of the tunneling angle w o e «"] where
m is the magnetic quantum number. In the case of a spherically
symmetric initial state (s state) m = 0 and the ionization rate
does not depend on the tunneling angle, because the electron
density in the initial state is the same in all directions. For
p states, however, the direction of electron tunneling, defined

. The ionization rate is proportional to the
2mIm(,
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by the tunneling angle, becomes important. In particular, it
leads to the sensitivity of ionization to the sense of rotation of
the electron in the initial state. For short-range potentials this
effect was predicted and analyzed in [8,21]. In this section we
discuss the nonadiabatic Coulomb corrections to the tunneling
angle and show how the results in [8,21] are affected by the
electron interaction with the long-range core potential.

The tunneling angle in the case of short-range potentials is

py — Agsin (w1]?)

Py — Agcos (wté(o) ) ’

tan ¢, (1) = 97)
The Coulomb potential leads to two equally important effects:
(1) the modification of the complex ionization time (ts’(o) +
At!Y in the long-range potential vs just £/ in the short-range
potential) and (ii) the momentum shift due to the deceleration
of the electron by the long-range potential of the core (see
derivation in Sec. III E):

Uy (t/(o)) — Apy — ARVE,

S

tan ¢S(¢)) = )
v Uy (ts/(o)) — Apy — Atx’(O)Ex

(98)

In this section we focus on the imaginary part of the complex
tunneling angle ¢<()) = tan! (x + iy), since it contributes to
the ionization probability. The imaginary part of ¢S(¢)) can be
cast in the form

Im[@5(1)] = =5 In((1 = x? = y2)" + 4x?)
+3In((1 + )2 + x2). (99)

Note that the real part x >~ O(G¢) is of the first order with
respect to the long-range potential and therefore the x? terms
have to be omitted. The ratio between ionization rates for p~
and p™ orbitals is

_ 264D 5
Y _ ﬂ _ A4Sy _ 1+y 100
) e - , ( )
Wp+ ezZq};(ts ) 1 — y
v;m - Im[At;(O)]E;e (101)
y = —.
Finally vre — Ape + Im[ A @ Eim

viy’“ + Ap™v™® /[ popt tanh 7]

X
VI — AP + APV popy

Figure 5 shows how the nonadiabatic Coulomb effects change
the ratio between the ionization rates for the p* and p~
orbitals. Modifications come solely from the alteration of the
tunneling angle. The nonadiabatic Coulomb corrections (W¢
and W) do not contribute to the ratio of the ionization
rates, as also noted in [8]. The decrease in the p~/p* ratio
at high frequencies in long-range potentials is consistent with
the opposite propensity rules in one-photon ionization, where
p™ is preferred over p~ for right circularly polarized fields.

V. CONCLUSION

We have evaluated strong-field ionization rates and am-
plitudes for circular fields taking into account nonadiabatic
barrier dynamics of a Coulomb potential using the recently
developed ARM technique. The ionization rates for atoms
in arbitrary potentials in circular fields for long-range po-
tentials have been derived rigorously, extending the work
in [8] and [10] and in [14] and [22]. The ARM approach

013421-11



JIVESH KAUSHAL AND OLGA SMIRNOVA

0.4 —v_(ARM)|
v_(ARM)
~023 ’ I
. --v_(PPT)
2 T xr 7
> LI
£02
2 LI I T
(5]
>
0.1
s3]
0,
12 3 4 5 6 1 8
Intensity I (1()14 W/cmz)
(a)
. ,
— ARM
| PPT
Eb'a -- ADB
SN
37
b )
=
S60
= s
Bo *
& 0,~
<l
4

1 2 3 4 5 6 7 8
Intensity I (10'* W/em?)
(c)

PHYSICAL REVIEW A 88, 013421 (2013)

(95
n

— ARM/PPT
---ADB

(O8]
(=]
T PP
-

N
D

—
W
T

Exit coordinate (a.u.)
)
S

—_
(=)
T

W

1 2 3 4 5 6 7 8

30

—PPT
---ADB||

25

207,

157

ot 4 (asec)

taan
---------

I 2 3 4 5 6 71 8
Intensity I (1014 W/cmz)
(d)

FIG. 4. (Color online) Calibration of the attoclock for a He atom with I, = 24.6 eV. (a) Initial velocities v, [solid (red) line] and v,
[dashed (green) line] resulting from the ARM theory and v, [dot-dashed (blue) line] from the nonadiabatic shortrange theories [8,14,21] for
the geometry specified in Fig. 1. (b) Initial coordinate (exit point) in the current implementation of the ARM and the PPT [8,14,21] theories
[solid (red) line], and 1,/ Ey in the adiabatic theory [dashed (blue) line]. (c) Angular offset A« corresponding to the ARM [solid (red) line],
nonadiabatic short-range [dashed (green) line], and adiabatic [dot-dashed (blue) line] theories. (d) Uncertainty in time reconstruction associated
with the nonadiabatic two-step model [solid (red) line] and the adiabatic two-step model [dashed (blue) line].

allows for accurate and rigorous analysis of ionization in
strong fields, consistently including Coulomb effects both
during and after ionization. It should be noted that in the
current implementation of the ARM method we have included
Coulomb effects in first-order perturbation to the action. This

8 ‘ ‘
=——BS—2011 (short—range)
7r|===ARM (long-range)
N
6
|
o
2 5
g
g 4
=
-;—_’ 3r PUPTL I
1 1 1 1
0 2 4 6 8

Field frequency o (eV)

FIG. 5. (Color online) Ratio of ionization rates from p~ and p*
orbitals for a Ne atom (1, = 21.5645 eV) and Ey = 7.7 x 10'° V/m
(Eop =0.15 a.u. and I = 1.6 x 10> W/cm?), with w,-/w,+ for a
right circularly polarized field: short-range potential [solid (red) line]
[8] and long-range potential [dashed (blue) line].

limits the applicability of the current implementation to the
region of moderate y. The simplest “postmortem” validity
check can be performed by computing Ap™ [Eq. (47)] and
comparing it to the SFA velocities. The momentum shifts Ap™
should not exceed the SFA velocities.
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APPENDIX A: SUPPLEMENTARY INFORMATION
FOR BOUNDARY MATCHING

1. Complex momentum shifts at the boundary

The goal of this section is to calculate the momentum shift
at the matching point a,

T T
Ap(a) = _/m dt VU<r;<°> + /«m d¢ vp(§)>, (Al)
Iy tq
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and show that it does not depend on the position of the
boundary under the matching conditions. We first split the
integral into two parts:

Re[1/”] T
—f dt vu<r;<°)+/ dc vp(;))
t(/l(O) t(/l(O)

T T
- f drvu(r;<°>+ f d;v,,(;)). (A2)
Re[r:/(o)] f[x(O)

Physically, these two parts can be interpreted as accumulated

before,
Re[1,”] T
_ / dfvu(r;<°>+ / d;“vp(;“)), (A3)
20 7

and after the tunnel exit,

T T
- / dt VU(r;‘°>+ / dec vp(;)>, (A4)
Re[I{(U)] {;(U)

where the superscripts “ub” and “ic” stand for “under the
barrier” and “in continuum”, respectlvely. The tunnel exit
defined as the coordinate at time Re[/?],

Ap(a) =

Ap*™(a) =

Ap“(a) =

Re[1,”]
r;(O) = //(m dg vp(2), (AS)
15

is a straightforward extension of Eq. (48). The second part,
Ap*(a), does not depend on the boundary. In the following
we show that the first part Ap“P(a) is negligible under the
matching condition ka >> 1.

We first note that Ap;‘b(a) is purely imaginary, while
Ap"®(a) is purely real. In the same geometry that we use in the
text, £/ = i7/©, and the complex under-the-barrier trajectory
isR=r+ip:

r—= —ao[cosh ¢[’(O) — cosh ¢]§7, (A6)

o= a0|:¢(f0) sinh ¢/© — sinh ¢}2, (A7)
where ¢/ = wt/” and ¢ = wk, and & is imaginary inte-
gration time variable. The Coulomb potential takes the form
(details of the analytical continuation of the Coulomb potential
to the complex plane will be addressed in our subsequent
publication [19]):

UR) = _L. (A8)

2 — p2

The purely imaginary Api°(a) is
ub Q rd¢
Apy (a) f/(o) (r2 2)3/2' (A9)
The purely real Ap“(a) is

Y pdo
Apxb(a) //(0) W,

and in both cases, ¢, = a)tci(o). Also, since for the optimal
trajectory r > p,

d
mﬁw:—Q/wp¢

(A10)

(Al1)
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As p = 0 at the tunnel entrance (¢ = ¢/¥ = wt/@)and p = 0
at the tunnel exit (¢ = 0), the integral is accumulated in the
vicinity of 7/©). We make linear expansion of the integrand
around this point,

/(0)

b /0 Tq .L./(O)_g
ap@ o) [ ae—— :
o fe(w” -§)+a}
70)
LA )i, (A12)
K Ka

where C is a numerical factor:

C:/OO zdz '
0o (Z+1)3

Thus, Ap" =~ O(1/ka) and is negligible under matching
conditions ka > 1.

So far we have considered Ap(a) defined through its outer
region value. We can also estimate Ap(a) using its inner-region
value. The inner-region value of Ap(a) can be calculated using
a static approximation (or short-time propagation), since the
time interval from #/ to #/© is very small. It is convenient
to estimate Apj(a) by evaluatmg its inner-region value. In a
static field, the momentum in the inner region p‘“(a) is defined
through the energy conservation:

(p"@)* o

(A13)

—I, = T - Epa. (A14)
Thus, p;"(a) = —i\/Z(Ip — Epa — Q/a) ~
—iy/2(I, — Eoa){1 + Q/[2a(l, — Eoa)l}, yielding

p;,“(a): —ik(a) — Q/k(a)a. The first term is the SFA
velocity at the boundary «(a)= ,/2(I, — Eoa) > «; the

second term is the respective correction associated with
Coulomb effects. Thus, Apm(a) ~ O(1/ka). The vanishingly
small value of the correctlon at the boundary is not surprising,
since the boundary is placed in the region where the Coulomb
modification to the barrier is already very small.

2. Additional expressions for boundary matching

‘We derive here the relation

ey (1)) ™28 = jiavy (1),

Since the saddle point £ is close to the SFA saddle point /),
we know that the argument of j, is of the order of xa > 1.
So using the large-argument approximation for the spherical
Bessel function, and expanding vy (¢') up to first order in Ap,
we get

]Z(avp ( (1))) = Je(av (/(1))) avp(z('z“)).Ap/vp(l‘;ll))'

It can be shown that

Je(avp ("))
_M@v(ﬁnp_

(A15)

(A16)

f%Aﬁ%A&+yM1+wﬂ.
(A17)

Since the inner region should be treated in the quasistatic
approximation, the second term is vanishingly small.
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Analogous to the boundary matching approximation made
in [20], we obtain

vp (£10) = v, (£19). (A18)
Taking into account that by definition
0 ()
r®=q-2 G (A19)
vp(ta)
and
MY . A 0) . A
Vp(ta ) p _ Vp(ta ) P + O(Gz), (AZO)

W@ ()

we obtain Eq. (A15). It must be noted that it was because
of Eq. (Al5) that je(avy(t')) was used in Eq. (32), and not
Je(avpe(t)).

APPENDIX B: FREQUENCY-DOMAIN APPROACH

1. The wave function

In our frequency-domain approach we start the analysis
with the expression for the wave function in the coordinate
representation ¥ (r,t) = (r|¥ou(?)), where |, (f)) is given

PHYSICAL REVIEW A 88, 013421 (2013)
by Eq. (5):

Vou(r,1) Zi/ dt’/ dr’/ dr” (e|U(t,6)[e') (¢ | L™ (a)|r")
x| in(1)).

Taking into account the explicit form of the Bloch operator in
coordinate representation, Eq. (9), we can rewrite Eq. (B1) as
follows:

(BI)

Y(r,t) = i/ dt’fdr’GB(r,t;r’,t’)S(r’ —a)B(a,0',¢',1").
(B2)

After following the arguments in Sec. III A, we can approx-
imate the boundary term B(a,0’,¢’,t’) as in Eq. (17). This
follows from the foresight that when we use the saddle point
for the time integral, we end up studying the dynamics of the
wave function around the pole v(f]) = ik in the momentum
space. This corresponds to a prominent contribution only from
the asymptotic part of the wave function in the region k7 > 1
in coordinate space.

Using Eqgs. (17) and (25) and evaluating the § function over
r’, we now have for the wave function ¥ (r,#)

|
iKCl2 t T 2 ) , e
Y(rt) = m/ dl//dk/ de// d¢/ ez(vk(t)~r—vk(z )'3)6_7 Jrdto (T)%(Z(a)
T 0 0

i . i O o O O) Ty
X e 1derU(rL(r,r,k,r)) iGe(p,Tirs ,t')—(a—rg )-VGc(p,T;rs ’[)N(mPem(COSQ/)elm(b,

where Ny, = /%% and a=a(sinb cos¢’ X+
sinf’ sin¢’ § + cos 6’ Z). We also take A() = —Ag(cos wt X +
sinwt §).

The point r/?) is defined in spherical coordinates as (a,6/?,
1), where 6/¥ = 9,(¢') and ¢/© = ¢,('), which gives

(@) ("
r=a——~~ dt v (7).
' vk(?) 1o

The approximation follows from the fact that the saddle point
for t' will be quite close to the SFA saddle point /%), and hence
by defining #' — #/© = .7+ We can redefine the saddle point
r'® as a classical trajectory. t' corresponds here to a zeroth-
order correction in the SFA saddle point when the electron is
propagated from a finite boundary instead of the origin [thus
the saddle point for S + avp(1)].
Following Sec. III C, the resulting surface integral is

(B4)

b4 2w
Ig = f do’ sin¢’ f dg’ e VAP (cos §)e ™ el AR,
0 0

(B5)

The term e!“K? comes from the Taylor expansion of

the Coulomb phase G about the saddle-point coordinate
(a,0/9,¢/0). Since the gradient of G is identified as the
momentum shift, we can see this term as the contribution of the
long-range potential to propagation from the finite boundary
r’" = a. Including this shift by rewriting the shifted kinetic
momentum as Vi(t) = vg + A(t) — AKk, the integral over ¢’

(B3)

is evaluated as

2
1¢’ — / d¢)/ ei1n¢’e—i(vke(t’))~a
0

2
_ / d¢/ eimq&’efavkg (t')sin @’ cos(¢’' —¢5(¢'))—aks cos 6’
0

= Zneim"’ﬁ(’/)Jm (avk; (¢')sin 9/)6_"“]‘5 cost"

The superscript “c” denotes that we are calculating the surface
integral over the Coulomb-shifted momentum and J,,(z) is the
nth-order Bessel function of the first kind.

The Q' integral now is

T
lo = 27 (—i)" &™) / o' J (avi: (t') sin6')
0

x P (cos 0')e 'k sin g, (B6)
We depart here from the method used in [10] of approximating
the 6’ integral around a given angle according to the direction
of polarization (there, 8’ ~ 7 was a reasonable approximation,
and here 0’ ~ 7r/2). But with the 8’ ~ 7 /2 approximation, not
only do we lose accuracy in our result, but the small-argument
approximation would not be valid for J,,(absinf’). But we
have used 6’ ~ 7 /2 for the Coulomb correction, as deviation
from a planar trajectory here is suppressed exponentially [23].
Hence we perform an exact analysis, noting that the above
integral has an analytic expression from [24] by using a similar
integral on the product of Bessel functions and the Gegenbauer
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polynomial from [25], which finally gives us

c

)

Substituting this result into Eq. (B7) and using Appendix A 2,
we get the wave function as

Iy = 4n(—i)"(—1)me"'"¢f!<">Pg”< )Jz(avkc(t ). (B7)

a2 [t
r,t) = Ny, (=) (=D /dt/
Y(r,r) 1m(—1)"(— )</)()(2 B
« /dk P VOT=5 [T (@) imgL(t) Hik* (W ~10)/2
o [rdT UL (zsr kD)) —iGek, Tir0, 1)

X Pm( k; ))Je(avk(l‘ ).

Equation (B8) is an exact expression from the ARM method
under the PPT approximation.

(B8)

2. Ionization rate

In order to calculate the ionization rate, we need to know
the radial current density, j,(r,?), defined as

a
1/f( 2] D) 1/f( ))_ (B9)

Following the procedure of [14], but noting the changes due
to the presence of the Coulomb phase term, we can get the
familiar expression

Jp(r.0) = <1ﬂ(l‘ N—Fr—

w€w) =21 Y [ dk|F, K o)

nzngp
1/, s 1
X8| =k"+Kk“ |1+ — —nw (B10)
2 y2

2
ﬂ/ dt/ F(kc’t/)einwt/
2 0

with
F, (K 0) =

2 2
= Gy D Nonga@

2 . kc
x/ d(a)t)elmq’“(’)P”’(—' )
0 Vke(2')

koK .,
X jZ(aUk(I/))eﬂ% sin(wt’ —¢)+inot’

"4 UG (1,009 ,6/@ k.1'))

x el Jr (B11)

The Coulomb phase term is the main difference from the result
for the short-range potential.
3. Derivation of F,(k,®)

Unlike the result for short-range potentials [14], we now
have an additional term in the exponential oscillations due to
Je(avg(t)), along with the Coulomb corrections. Apart from

wy

CeeN
F,(k,w) = %(_l)m(l + (_1)Z+le—2/ca)

ko n?—1
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the modified, Coulomb-shifted momentum that is a new result
from this analysis, the Coulomb term in the action also includes
motion after ionization, introducing a modification of the result
in [8,14,22], and [26]. As discussed in Sec. II E, we know that
the saddle point in time would be such that v(#?) ~ ik, and
as done there, we can use the asymptotic condition for a large
argument (ka > 1) on the spherical Bessel function:

: i N—(+Dr/2 —i N—(+Dr/2
]g(avk(t/))z o ([,)(el(avk(t) (I+Dr/ ) 4 i) (+Dm/ ))_
k

(B12)

The two terms correspond to contributions from the diametri-
cally opposite points on the boundary surface a, from where
we propagate the electron outwards. The point farther from the
detector by a distance of 2a compared to the point nearer causes
an additional exponential decay for propagation from the
former. Such a term did not appear in [10], as there saddle-point
analysis on the k integral was used, thus isolating the electron
wave-function to one particular trajectory, corresponding to
a classical particle motion rather than field evolution. Not
using the saddle point in our case wil naturally lead to
interference effects between the contribution from the two
points, but under the given condition (ka >> 1) those effects
will be exponentially small as discussed in [10]. This way,
an interference will be produced on every point throughout
every circular disk for different 6 on the sphere r’ = a.
The contribution of each is weighed by the momentum
distribution, encoded in eimq’f'(")PZ'"(kazt,)). The maximum
contribution comes from the region around the saddle point,
which effectively considers the electron as a particle. However,
since our analysis is exact, the contribution from momenta
about the classical are also included in the above result, as
well as taking into account the case for nonzero perpendicular
momentum (k, # 0).

The saddle point corresponding to the boundary-dependent
action SSFA SSFA +avp(t’) can be derived after Taylor
expansion about the SFA saddle point £/

1O =0 _ ;2 (B13)
K
After modifying the SFA saddle point #/*) through the change
in t(;(o) due to the Coulomb phase term, as discussed in
Sec. ITI, we get the final expression for the n-photon transition
amplitude, to first order in a:

Fok,o) = %(—0‘(—1)’"

21

)

c
) Pé"( kz/(l) )ei’nqjg(lx(l))j‘f(“”k(ﬂ{(])))
vk( )

< el 7 ar Utre(va. 60”0 ki)

Nyye i 50

(B14)
After boundary matching (Sec. IITE),

I FTIU ¢ 7 T T
e—iSo(t,;(0>)+im¢§,(tx(”)Pem ( k )e_’ f,é(o) dt U(fz‘; dg V@)). (B15)
v C

)
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£ ,—2 2
Y 2041 (€= |m]! (1 = (=D)e~2)’

kC
P /4
k, 1673 (€ + |m|)! N ¢ <Ukc(ts,(l)))

o= 2mImlgf(t )] ,—2 202 g cosh! 5 — /P —1) 2Wer+2Wer (B16)

| Fu(k,0)]* = |Cre

For short-range potentials (U = 0) the above result matches Eq. (17) in [8] precisely.

We see another advantage of the ARM method here: we now do not have a complicated radial " integral and the corresponding
higher order pole in the momentum-space representation of the wave function. The upshot of the analysis in short-range
potentials [8] was that the pole in the momentum-space representation of the wave function was canceled with the zero in the
momentum integral at the same point v(¢;) = i«x. However, for wave functions corresponding to long-range potentials, we would
have had a (Q/« + 1)-order pole in the momentum space, leaving a (Q/«)-order pole in the final momentum integral. Using the
ARM method, the Bloch operator isolates the wave function at the boundary " = a through a § function, making that integral
straightforward, thus bypassing the pole encountered if the integral was performed over the whole radial domain. At the same
time we also get a more robust result, taking into account the Coulomb correction for the ionization rate both during and after
1onization.

4. N-photon ionization rate

The n-photon ionization rate is

1 1
W, (E,0) =2n/dk|Fn(k,w)|25[—<k2+K2<1+—2)) —nwi|
14
20+ 1(€ — |m))! _ .
= |Cee*wk 1— 1‘2K“/dk/d/dk
[Ciee 877 @1 |m |),( (=1 (o
ke 2672A9‘f”"(lanh’ /1 7]777/ 777) , , 1 , , 1
P a0 e?Wert WCZS[—(k +k <1 + —2)) —na)i|. (B17)
(e ) Aon,/1 — # 2 Y

Using the § function, the integral over k, is easily done by substituting k, = \/k2 — k2, where k2 = 2nw —«*(1 + #). We

modify the definition of ¢ = (ZZ—O — 1) used in [22] to include the contribution from the trajectory perpendicular to the plane of
polarization, to give

_ (1)
% e 2mIm[¢y(ts )]

Zn?)lcf
Left = -1, (B18)
n
where 2n{Tw = k(1 + ) Kk = Kk? + k2, and Yerr = kefr/ Ao as defined before. The corresponding values for different
functions of k appearing above are as follows:
1+ y2
nk) = [, (B19)
- it
nz(kn) 1 + yesz

kpn =V na)(l - g-ef‘f)v

1
Ao = L—Fge“), B21)
L+ v

Aokpnn(k,) _ ZnSff _ 2ng
1) 1+ ¢ 14¢°

(B22)

For k, <« k, we can make the approximation
1+ /1-% 2 2 2 2 2 2 k2
1 1 1 z 1 k
Tt PRI R R 1 A e At Aui | S b Ay e s A S )
n n”o2 - 11 "’ 1+ 2 1+ y? 1+ 92 2k;
o)
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And since we are comparing our result with [8], we make the following approximation on the Coulomb-corrected angle ¢;:
as the corrections Ak, and Ak, are generally small, we can expand to first order in these deviations to write ¢ as a sum of the
SFA velocity phase ¢,, and a small correction § defined as

€ tan ¢,

tand = ————,
14 (14 ¢€)tang,

(B24)

Ak,

¢/
where € = 5= —2mlmlg; (15 )]

Ak, . . .

— % This way we can split the exponential e
e (D) (1) (1)

e~ 2mmBSE ] _ o~ 2mImie, ()] ,—2mIm{s ()] (B25)

A further expansion of ¢, (/")) can be achieved around A#/® to get

w0y 7+ 12
Y 14+¢

k —A —cosh™!' g " At/(O) .2
_(Eem A T T | —omim | OB (e = e L] (B26)
kp — Agecos y? L+ Cesr

As the probability of escape of the electron in the direction perpendicular to the field is exponentially suppressed, we can
make the approximation k, < k,, which gives us

m K2 2 - "
(kp - Aoe‘c"Sh'l’i) [ -a-ok+ R0+ )
S E—
kp = Agesoms —e -0 - R )
[m] 2 2 A
1 m 1 é_ + ‘}/
— (—1)lml _ _
= (-1 (1 + yz) T | T e (B27)
. k21—
to first order in k; and &(k;) = 5 (5572)-
The second term in Eq. (B26), when expanded in powers of k_, has a fourth-order dependence on k:
_ 2 .2 k4
ol ~ Yer _ £ Y (1 S - ) (B28)
1+ Cesr 1+¢ A1+ y2)?
Finally, we are left with
> . 2|m|
k20 + 1 — |ml)! okan2 {e+y
nS’ — CK 2 1— _lf 2ka o
wn(E,) = | zln o —(£+|m|)!( (=D"e™™%) 11,2 ¢ sgn(m)

|lm| 4n ~ 2.2 2,2 2
% <1 n L) 1 et \/ s ’\/ o) [ 1Y ommisa®y)
) G- Tty

P ks
C\ +ik

up to second order in k,. The Coulomb correction is taken out of the integral, on account of its extremely weak dependence on

the k, component of the momentum. The above result is valid for all values of £ and m. An m-dependent correction due to the

Coulomb potential is also seen to manifest through its effect on the SFA saddle point tA’,(O).

2

ZmC’Vzlm[“’A’S,(O)] Kn g /;2+V22é
- T+¢ 1
x e T 2 Wart2Wer / dkze "V (B29)

7kn
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To compare with [8], we consider the case of £ = 1,m = =1, for which we have P}"( ﬁ) =—y/1+ f—i To first approximation,

K2

we ignore the -5 term in the prefactor and note that since n 3> 1, we can approximate the integral as

2 2 1/4
f ke A f R s \/Z ( S > | (B30)
Z Z — ™n ’
—ky —0o0 n ;2 + y2
which gives
w,(€,w) = 3|C"’|2§/P2 e?Moriey e*%g(‘a"h’l\/%’ %)e—zmlm[a(zﬁ”n
8v2mny” V1-¢
2
i wal® TN/ 1092\ 24,2
o o~ 2 Ml 2% ](1 4 —2) ( 2+V 2) £ +y2 — ¢ sgn(m) (B31)
Y ¢ty 4y

The main difference from Eq. (19) in [8] is the incorporation
of the Coulomb correction, starting from the tunneling region
and into the continuum until the electron is registered at
the detector, and an orbital-dependent Coulomb correction,
a result that was not expected.

Equation (B31) is equivalent to Eq. (71) obtained within the
time-domain approach. However, here we have a result that is
valid beyond the optimal momentum, whereas in Eq. (71)
we have effectively derived the total ionization rate summed
over all photon orders, which is to be compared with Eq. (6)
in [8]. For Eq. (B31), further discussion of its range requires
a knowledge of Ap over all p, and this will be considered
elsewhere.

APPENDIX C: SUBCYCLE IONIZATION AMPLITUDE

We now consider the case of subcycle ionization amplitudes
in the time domain, to replace T — t. The subcycle ionization
amplitude is defined as

ap(t) =i / dr (p + AQ@)|r) ¥ (r,1). (C1)

Back-propagating the solution ¥ (r,T), we can write ¥ (r,?) as

lp(r,t)=/dr/ G(r,t;r/,T)W(r/,T)—i/ dt’
a T

X /dr’ Gr,t;v' . 1Y — a)B(a,0',¢',1)).
a
(C2)

The second term represents that part of the wave function
that remains bounded within the confines of the Coulomb
potential near the atom after ionization. But the wave-
function content in that region after ionization is negligible
compared to the current flux in continuum, thus making
the contribution from the former almost 0. So we can write

ay(t) = ! dk | dre!®PrT=5 [1 dTi@=iGetr.p. D)=ie—r )}V Gertp. D) gy (T,
P Qn)

equation (C1) as

ap(t) =i/dr (p+A(t)|r)/dr’ G*¥A(r,1;Y Ty (', T)

a a

oI PFAM)T LiktA@) Tk’
=i/drfdr/fdk
a a (2m)3/? (2m)3

x e—i Jrdt U(rL(t;r,k,z))e—% [y dz Uz(t)l//(l‘/, )

— (21)2 /dl’/ dk ei(k—p)-r—%f;drvﬁ(t)
T)° Ja

> 67i Jpdz U(rL(r;r,k,t))ak(T).

Before we can perform the integration on r, we need to
address the (r,k) dependence of the Coulomb correction in the
above equation. Similarly to Sec. III, we expand the Coulomb
phase term G¢(r,t;k,T) = f; dt U(r + ftt d¢ vg(¢)) about
the appropriate saddle point ry; up to quadratic terms in
deviation (a — ry). We need the saddle point for the phase term:

SSPAr k) =Kk —p)-r— %/ dt vi(1). (C3)

Therefore,

r—rp

SFA __ ) _
VST =02 K = —
s

(C4)
and
t
VeSS (r k) =0 = r? = / Ldtp+A@]  (C5)
t.é

So the classical trajectory can be written as

t
r§0)=/ dt vp(T).

1

(C6)
After expanding the Coulomb phase term G¢(k,T'; r,t) about
the saddle points (r'¥ k®) as in Sec. III, we can write the
subcycle transition amplitude as

(C7)
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Note the argument p in G¢: the phase term is evaluated for
the asymptotic momentum p and hence the corresponding
momentum shift from this Taylor expansion Ap = —VG¢ is
also evaluated for the asymptotic momentum p and not for
the intermediate momentum k on which we have to perform
the integration.

Following our analysis, we first propagate the electron till
the detector after ionization, and to find the momentum shifts
at any point of time during this motion, we propagate it back
through the EVA Green’s function and thus have information
on subcycle momentum shifts also.

We can now write

/ dtu(r+/fd<:vk(<:>)
T t r=r;,k;=p
_ / drU( / rd{vp(g‘)). (C8)
T 7

And we can combine this with

/ dt U( / T) de v(g)) (C9)
T 10

in ap(T), Eq. (37), to get

t T T T
/d‘L'U(/ d;v(§)>+/ drU(/ d;v(;))
T t;(m t):(O) Z;(O)
t T
- / dr U(/ d v(:)),
[;(0) ZS’(O)

which solves the Coulomb correction for a,(#). The integral
on r in Eq. (C7) yields Qr)*sk — p — Ap(t,7T)), and the
integral on k then gives k = p + Ap(¢,T). The Coulomb shift
Ap(t,T) is now added instead of being subtracted, which is
due to the back-propagation of the electron from the detector
with observable (k,T) to (r,t). We finally get

0)
1

(C10)

Y e—l"j;:/((()) dt U(f,z dCVp(C))
wppy/n* =1

- )
-3 f,;l()) dt vp+Ap(r)el’Kzl;<0)/2

ap(l) = (- 1)m+l CeeNem

X e

. ¢ L)
x eer.ApPZm pz}(l) ezm%(l‘: )’
vpe ()

where we have ignored corrections of the order of O(G%)
and greater, which would arise from the Coulomb phase
and the Coulomb-shifted velocity phase ¢; after taking k =
p + Ap(¢,T). Expanding fém) dt v§+Ap(r) up to first order in
Ap, it will cancel the spurious termry - Ap. Also, p¢ is defined
as p°=p— Ap(t/9. 1) ~p— Ap(ti/(o),t) (from discussions
in Sec. A1) and hence is boundary independent. The final
expression for the subcycle transition amplitude is

(C11)

Y o o AT U dEvp(©)

WP~/ n?—1

i . 2.,10) c
% e—’i J;Z(Q) dr vg(tH—z/@t9 /2 pm pP; eim%(l‘;(l))
t/(l) '
vpe ()

ap(t) = (_l)m-HCKZN@m

(C12)
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APPENDIX D

‘We derive here the result

pJi(pd(K,,p,))

S e o) =278k, — p,)- (D1)
p:Pp
We start from the integral
2 0 ) ,
I, = / do / dp’ p'e! PP’ (D2)
0 0

This integral can be written as
2 P
I, = / ¢ / dp’ pl ikt osb—d0=pus’ costé—0,)
0 0

2 p oo )
— / dd)/ dop' p’ Z l'nl‘]nl(kpp/)eml@*(bk)
0 0

np=—oo

[0.9]
XD (iR (pppe e

Nny=—00

P
= 271/ dp' p'Jo(p'd(K,,p,)).
0

In going from step 2 to step 3, we first perform the integral
over ¢ and then use the Graf generalization of Neumann
summation. The integral over p’ is simple:

pJi(pd(Kk,,py))

D3
d(k,.pp) ®3)

)
/ dp' p'Jo(k,,p,) =
0

Therefore

le(pd(kp,pp)).

o =21 dk,.p,) (D4)

Now, by definition,

2 %)
(27[)28(kp — pp) = / d¢/ dp/ p’ei(kp_pp)'/’/
0 0

2 P ) ,
lim doy / dp' p'e'*s=Po)p
0 0

p—>00
pJi(pd(Kk,,py))

= lim 2x
p—>o0 d(k,,p,)
And we get
Ji(pd(k,,
lim plilpd(ky.pp)) _ 278(k, — p,), (D5)
p—oo  d(Kky,p,)
which is the desired result.
APPENDIX E

We establish the relation

— Ane—i@e—on\ M2
eimqﬁk kﬂ AOeA * :eimm(t)’ (E1)
kp — Aoel(¢k—wl)
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vy (t
vy (t

where ¢, () = tan™! ; We can write

k, sin ¢y — Ag sin wt
k, cos ¢y — Ag cos wt

du(t) = tan™"' (

t 1 kp€[¢" — Aoeiwt — (kpe_i¢k _ Aoe—iwt)

= la - i : . '
i(kyei — Agel®’ —}—kpe*l(ﬁk — Age—iet)

(E2)

. ke — Age®
Taking ® = (s

pe Tk — Ageiet )’ we get

¢, (1) = tan~! |:i1 — (D:|
1+ @

1-®
=i tanh™! (—)
14+
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. 1-o
_ i M ire
2 1 — =2
[Er
= —ilnd> = —iln kpel.(bk — Aoelw.t .
2 2 kye=i® — Age=iet

Therefore,

oy _ iwt
0 — exp " in kpeA “ — Ape A
2 kpe=it — Age~iet
. kpei¢k — Age'®’ m/2
- kye=i% — Age~iot

—i(br—w m/2

__ imgy kﬂ — Aoe @i\ "/

—eimo (e 0 ) (E3)
k,o — Aoel(d’k—wt)

which is the required result.
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