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Time-energy measure for quantum processes
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Quantum mechanics sets limits on how fast quantum processes can run given some system energy through
time-energy uncertainty relations, and they imply that time and energy are tradeoffs against each other. Thus, we
propose to measure the time energy as a single unit for quantum channels. We consider a time-energy measure
for quantum channels and compute lower and upper bounds of it using the channel Kraus operators. For a special
class of channels (which includes the depolarizing channel), we can obtain the exact value of the time-energy
measure. One consequence of our result is that erasing quantum information requires /(n + 1)/n times more
time-energy resource than erasing classical information, where r is the system dimension.
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I. INTRODUCTION

Evolution of quantum processes (including performing
quantum computation) requires physical resources, in partic-
ular, time and energy. The computation speed of a physical
device is governed by physical laws and is limited by the
energy of the device. Under the constraints of quantum
mechanics, system evolutions are bounded by time-energy
uncertainty relations (TEURs) [1]. The investigation of TEURSs
has a long history. The first major result of a TEUR was
proved by Mandelstam and Tamm [2]. This was followed by
subsequent work on isolated systems [3—10] and composite
systems with entanglement [11-13]. Recently TEURs for
general quantum processes have also been proved [14,15].
The general form of TEURS is an inequality that sets a lower
limit on the product of the system energy (or a function of
the energies) and the time it takes to evolve an initial state
to a final state (e.g., an orthogonal state). Motivated by the
TEURs and recognizing that time and energy are tradeoffs
against each other, time energy can be regarded as a single
property of a quantum process. The intuition is that the more
computation or work a quantum process performs, the more
time energy it requires. And it is up to the system designer
(or nature) to perform it with more time but less energy,
or vice versa. Thus, our goal in this paper is to investigate
the time-energy requirements of quantum processes by using
a time-energy measure. Chau [16] proposed a time-energy
measure for unitary transformations that is based on a TEUR
proved earlier [10]. In this paper we extend this measure to
quantum processes. The TEUR due to Chau [10] is tight
in the sense that it can be saturated by some states and
Hamiltonians, and thus it serves to motivate a good definition
for a time-energy measure. To see this, let us start with this
TEUR. Given a time-independent Hamiltonian H of a system,
the time 7 needed to to evolve a state |®) under the action of H
to a state whose fidelity [17] is less than or equal to € satisfies
the TEUR
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where E; are the eigenvalues of H with the corresponding
normalized energy eigenvectors |E;), |®) = > ;j|Ej), and
A ~ (0.725 is a universal constant. Essentially, after time ¢, the
state transforms unitarily according to U = e~"#!/" The same
U could be implemented with either a high-energy H run for
a shorter time or a low-energy H run for a longer time. Based
on Eq. (1), a weighted sum of |t E| serves as an indicator of
the time-energy resource needed to perform U, and as such
the following time-energy measure on unitary matrices was
proposed by Chau [16]:

Ui =" milo;l,
Jj=1

where U has eigenvalues exp(—i E;t/h) = exp(6;) and [ is
some fixed vector to be described later (see Sec. II). In essence,
alarge value of || U|; suggests that a long time may be needed
to run a Hamiltonian that implements U for a fixed energy,
and vice versa.

In this paper we are interested in an analogous measure for
quantum channels which include unitary transformations as
special cases. We are given a quantum channel F(p) acting
on system A that maps n x n density matrix p to another one
with the same dimension. There exist unitary extensions Upg4
in a larger Hilbert space with an ancillary system B such that
F(p) =Trp[Upa(10) 50| ® ,oA)U;A]. Each Ug, could have
a different time-energy spectrum, and we want to select the
one requiring the least resource for 7. We extend the resource
indicator for U to quantum channel F by defining

IF 1 = min Ul

s.t. F(p) =Trp[Upa(]0)5(0] ® PA)UEA] Vp.

This gives a U that consumes the least time-energy resource.
Thus, || F||; is an indicator of the resource needed to perform
F. We formally formulate this problem in Sec. II into the
“partial U problem” and the “channel problem.” Then we
simplify the “partial U problem” in Sec. III and solve the
a special case of it in Sec. IV. The special case solution will
be used to prove our major results, which are the upper bound
of the time-energy resource measure || F]|; (Sec. V), the lower
bound of ||F||; (Sec. VI), and the optimal || F||; for a class of
quantum channels (Sec. VII). The lower and upper bounds of
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the time energy | F1|; hold for any quantum channel F and
for specific ji:

d
|Fllmax = min max (30571 Re | A; Zijj ,
v IvI<1 I<i<n :
j=1
2
n d
| Fllmax < min cos ' {Re | A; vaFf ,
vivl<1
i= j=1
3
d
[[Fllsum = min max 2cos”! Ai Zijj , 4)
vi|vll=1 I<i<n
j=1
n d
|Fllsum < min 2cos' {Re Ai Zijj ,
vilvlI<1
i= j=1
&)
where ||v|| = 2?21 lvj[2, F; € C™" j =1,....d are the

Kraus operators of F, and A;(-) denotes the ith eigenvalue of
its argument. Here |- || max 1s @ shorthand notation for ||-||; with
@ =1[1,0,0,...]1 and |-||sum for |||z with & =[1,1,1,...].
For a class of channels (which includes the depolarizing
channel), we obtain the exact value for || F || max in Sec. VIL. In
particular, when F is a depolarizing channel with probability g
that the input state is unchanged, its time-energy requirement
is | Fllmax = cos™' /g + (1 — g)/n?. Finally, in Sec. VIII, we
study the time-energy resource needed to erase information in
both the quantum and classical settings. We conclude that

(n 4+ 1)/n times more resource is required in the quantum
setting than in the classical setting and that the amount of
time-energy resource needed for k runs of the depolarizing
channel scales as \/E when the noise is small.

II. PROBLEM FORMULATION

A. Notations and assumptions

We can describe F(p) using the Kraus operators: F(p) =
Z?zl FipF jT where F; € C"*" are the Kraus operators satis-
fying the trace-preserving condition 27:1 FJTF ; = 1. Note
that any channel can be described by at most n? Kraus
operators. But here the formulation is general for any number
of Kraus operators.

Denote by U(r) the group of r x r unitary matrices.

Decompose U € U(r) into eigenvectors:

U= exp(~if)u)u;l, (6)

j=1

where 6; = E;t/h, E; is the energy, and ¢ is the evolution
time. We call 0; eigenangles. We assume that all angles are
taken in the range (—m,]. Define a time-energy measure for
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U [16]

WUz =Y nilo;l, (7)
j=1

where |6 j|l denotes |6;| ordered nonincreasingly 16,V >
Go]F > - > 16,|Y. Also, & =[pi,M2, ..., ] #0 with
i = po == =0, Note that ||U]|; satisfies the
multiplicative triangle inequality |[UVI; < Uz + IV
[16].

We have two special cases for the time-energy measure:

r

Sum time energy: ||U|lsum = Z 101, )
j=1
Max time energy: ||U [lmax = max |0;]| = 16:1%. (9)
I<j<r
Note that the subscript “sum” is short for ji = [1,1,...,1]

and “max” for i =[1,0, ...,0].

Define ||v|| = JZ?:l [vj|? where v = [vy,va, . ..,v4]. We

adopt the convention that cos~! always returns an angle in the
range [0,7].

B. The “partial U problem” and the “channel problem”

We generalize the measure |-||; to the case where part of
a unitary matrix is given. Suppose that we are given the first
n < r columns of U denoted by Uy, € C™". Define the
“partial U problem” for Uy ,:

Ui mlla = mVin Vi

S.t. V[l,n] = U[l,n] and V e U(}") (10)

We use this as a bridge to generalize the measure to quantum
channel F(p4) acting on density matrix ps € C"*". For such
a channel F(ps) =Y, 1‘7,',0/41‘71-T where F; € C™", there
exist unitary extensions Ug, in a larger Hilbert space with
an ancillary system B such that F(p4) = Trg[Upa(]0)5(0| ®
T

IOA)UBA]~

Define a mapping from a sequence of Kraus operators

Fia 2 (F|,F, ...,F;)toandn x n matrix as follows:
F
F
gFra=| | (1m)
Fy

Because Z?:l F;Fj = I, the columns of g(Fj,) are or-
thonormal and g(Fj.;) can be regarded as a submatrix
of a unitary one. Thus, we can obtain [ g(Fi.4)ll; from
problem (10).

Note that two sets of Kraus operators {Fy,...,Fy;} and
{F|,...,F}} represent the same quantum channel if and only
if F/ = Zle w;; F; for all i and for some unitary matrix [w;;]
(see Ref. [18]). If more Kraus operators are desired in one set,
we can supplement the other set with all-zero Kraus operators.
This implies that given one Kraus representation { F, ..., Fy},
the most general form of all unitary extension implementing
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Fis
WA R
F o ox o x 0 %
Upa=Wp®1a) | Fa * *x -+ x|, (12)
0 x = *
I R
Upa

where Wpg is any unitary of dimensiond’ x d’, 14 is the identity
matrix of dimension n x n, Ugy4 is any unitary of dimension
nd’ x nd’ with the first n columns fixed as shown, and 0 is the
all-zero matrix of dimension n x n. Here we allow d’ to be in
the range d < d’' < oo.

We define the time-energy measure of the quantum channel
JF given a Kraus representation {F1, ..., F;} as follows:

IFlz = min [(Ws ® L)Uga(l : 0l
Wg,d'

st. Wy e UW@), and d<d <oo, (13)

where we make use of Eq. (10) in the objective function and
Upa(1 : n) are the first n columns of Ug, given in Eq. (12).
We call this the “channel problem.”

Our ultimate goal is to find the minimum time-energy
required to implement a quantum channel by solving the
“channel problem” (13). We first consider the “partial U
problem” (10).

III. SIMPLIFICATION OF THE “PARTIAL U PROBLEM”

The “partial U problem” (10) can be recast as that given U
of dimension r x r of the form

U=1lb1) |b2) ... |by) % % --- %], (14)

where the first n columns, labeled as |b;),i = 1,...,n, are
fixed, and our goal is to find the remaining r — n columns to
minimize ||U||; while maintaining U unitary.

Itis helpful to consider U as a mapping with the requirement

that it performs the following transformations:
le;) —> |b;) forall i=1,...,n, (15)

where |e;) is the unit vector with 1 at the ith entry and 0
everywhere else. Then the “partial U problem” (10) for Uj;
is equivalent to

1Utmlla = min |U]lz

st.Ule;) = |b;) forall i=1,...,n,
with U € U(r). (16)
Note that {|b;) : i = 1, ...,n}is an orthonormal set due to the

trace-preserving property of quantum channels.

Lemma 1. ||g(Fi,F,, ....Fplli = g(QF QT K07, ...,
F, 00| i for any unitary matrix Q.

Proof. Let G,y =g(F,F, ..., Fy) and G, =
g(QF, Q" F,Q, ... F;Q". First note that G, = 0G,Q",
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where O = [2 9. Problem (10) for G, is

1G2lz = min [V]|z

st. Vi =G2 and V isunitary.

Pre- and postmultiplication on the constraint gives
16211z = min [ V]Iz

s.t. QTV[L,Z]Q = QTG2Q

and V is unitary.
Further simplification on the constraint gives

G2l = min | Q'Y Olla,

st. (O'VQ),y =G, and Q'VQ is unitary.

Here we used the fact that || V[|; = [TV Q||; for any unitary
O since the eigenvalues are preserved under the conjugation
by Q. Finally, noting that minimizing over V is the same as
minimizing over O'V O, the claim that |G|z = |G2|z is
proved. |

Remark 1. (Triangularization of F;) According to Lemma
1, |g(QF, 0,0, ... ,FdQJf)H;L is invariant to unitary Q.
Thus, we may choose any Q so that the Kraus operators are
in a form that we desire. In particular, we may choose Q to
be the unitary matrix of the Schur decomposition of F;. (Note
that the Schur decomposition is applicable to any matrix.) This
makes Q F; Q' upper triangular with the eigenvalues of F; on
the diagonal.

IV. “PARTIAL U PROBLEM” WITH ONE VECTOR

We solve the “partial U problem” (16) for the special case
of n = 1. This case turns out to be useful in computing the
upper bound of the time energy ||F|; (Sec. V), the lower
bound of || F||; (Sec. VI), and the optimal || F||; for a class of
quantum channels (Sec. VII).

A. Optimal single-vector transformation: General form

We consider the optimal U € U(r) (r > 2) for this problem:

Pi(|a).1b)) = min | U]l

s.t. Ula) =|b) with U € U®r) (17)

where |a) and |b) are general normalized vectors of length

r. We first show that the optimal U can be achieved with two

nonzero eigenangles for any fi. Then we show how to construct

U given two eigenangles, find || U || max, and bound || U ||sum-
Note that the solution is of the form

Pi(la),|b)) = fu({alb)). (18)

This is because |U||; = ||VTUV||;L for any unitary V, and
thus Pz(|a),|b)) = Pa(Va).V|b)).

In the following, we assume |a) # |b). The case |a) = |b)
is trivial since Pj;(|a),|la)) =0withU = 1.
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1. Optimal U operates nontrivially on a two-dimensional subspace

Consider the constraint U|a) = |b). We have

3" exp(i6))l{u;1a)? = (alb), (19)

Jj=1

where U= Z;zl exp(if;)|u;)(u;l is the eigen-
decomposition of U. Thus, the point (a|b) is a linear
combination of the vertices exp(i6;) on the unit circle with
weights |(uj|a)|2. We show that the optimal U for the
time-energy measure ||U||; can always be achieved with a
linear combination of two vertices.

Lemma 2. U with the minimal ||U]|; such that Eq. (19) is
satisfied can always be achieved with two nonzero eigenangles.

Proof. Suppose the number of 8; with nonzero weights (i.e.,
(ujla)y # 0)ism > 2.From these m vertices, pick two adjacent
vertices that are either both positive or both negative. This
can always be done since m > 2. Without loss of generality
(w.Lo.g.), denote these two vertices as exp(if;) and exp(i6,),
and the remaining vertices as exp(if3) to exp(if,). Since
Z;”:l |(uA,~|a)|2 = 1, the point (a|b) lies inside the polygon
defined by the vertices exp(if;),j =1, ...,m, according to
Eq. (19). If we replace the edge connecting exp(if;) and
exp(i6,) by their arc on the unit circle, the resultant shape
will be strictly larger and contain the original polygon. This
new shape can be expressed as

U Polygon(b;,65, . ..
0,€[61,0,]

’em)9

where “Polygon” denotes the polygon defined by the vertices
given in the arguments. Here we assume 6; < 6, w.l.o.g. Since
the point (a|b) lies inside this shape, it must also lie inside one
of the polygons, each defined with m — 1 vertices. Therefore,
the point can be obtained as a linear combination of m — 1
vertices (see Fig. 1). Essentially, we replace 6; and 6, by some
0} defining the relevant polygon. It remains to verify that the
time-energy measure using these m — 1 vertices is no larger
than before. Denote by P(j),j =1,...,r, the decreasing
orderof |6;| where {011, . .. ,0,} are the eigenangles of U with
zero weights (i.e., (¢ ;|a) = 0). Denote by P'(j),j =1,...,r,
the decreasing order of |€;| where 9} =0;forj=3,....m
and 01’- =0forj=1m+1,...,r.(0;is defined above.)

03

FIG. 1. (Color online) The point (a|b) is initially obtained as a
linear combination of four points at eigenangles 6;,j =1, ..., 4of U
based on Eq. (19). A new eigenangle 6; can be found such that (a|b)
is a linear combination of 05, 65, and 6.
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We have

,
WUl =" melésl

~
—_

NE

= ) wppl0jl + wpia)max(|6,1,161])

<
Il
(98]

+pup@ymin((6al 10D+ Y wplo)]

j=m+l1

= ) upploil 4 mwp)6sl,

NE

~.
Il
[}

where the second last line is due to Z;zl wejlo;l =
er:1 wpr(jy|0;] for any ordering P”, and the last line is due
to ‘92’ € [61,0,]. In summary, a new U’ can be formed using
these m — 1 eigenangles {6;,....,0,} with |U'|l; < |U|l;.
We can repeat this argument for removing another vertex
until we reach m = 2. This proves that the optimal U for
the time-energy measure can always be achieved with a linear
combination of two vertices or, in other words, two nonzero
eigenangles. ]

This lemma implies that when finding an optimal U with
respect to [|U]|j, it is sufficient to consider all chords (i.e.,
two-vertex polygons) on the unit circle passing through the
desired point (a|b). Each chord defines two eigenangles, 6,
and 6,, which in turn define a unitary transformation from |a)
to |b). This transformation U acts on the subspace spanned by
|a) and |b):

U = ity|a;)ai| + iialai)(ai"| + dslai) (ai| + dslai) (ait|
— [i“ ”fz} (20)
expressed in the basis {|a),|a")}. Here

lat) = ————(b) — (alb)la)  @D)
V1—alb)]?

is a vector orthogonal to |a) in the plane spanned by |a) and

|b). (We assume |a) # |b).) The entries of U can be found by

imposing that the eigenvalues are exp(i6;) and exp(i6,) and

Ula) = |b) (see Appendix for details):

- —el ) /T [(alb) P
U= , . (22)
e’(9‘+92)(b|a)

The overall transformation is composed of the transfor-
mation U in the subspace spanned by |a) and |b) and a
transformation U+ in the orthogonal subspace:

(a|b)
1 — [{a|b)I?

U=U+T" (23)

We assign U+ with zero eigenangles:
Ut =1—la)al - la*)(a*]. (24)
This ensures that ||U||; is minimized. Thus, |U||; = ||(7||;1 =

H116;] + p2|05—;| where i = argmax ;=1 |6;]. Note that the
eigenvectors corresponding to U+ in Eq. (19) have weights
[(ujla)* = 0.
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2 92

FIG. 2. (Color online) The optimal U for the max time energy
consists of two nontrivial eigenangles 6, and 6,, which form a vertical
line passing through the point (a|b). Two other rotated lines about the
point are shown. The dashed line (green) and the dotted line (blue)
have max time energy 0] and |0, |, respectively, which are both greater
than the optimal value ;.

B. Optimal max time energy

For the max time energy, we show that the optimal
U of problem (17) has two nontrivial eigenangles 6,,0, =
+ cos™![Re({(a|b))], where cos™! always returns an angle in
the range [0,7], and U has the form of Eq. (23). The linear
combination of these two eigenangles corresponds to a vertical
line passing through the point (a|b) (see Fig. 2). It can easily be
seen that this line gives the minimal max time energy. Consider
a line obtained by rotating the vertical line about {(a|b). If (a|b)
is strictly inside the unit circle, then one of the two eigenangles
must become larger in magnitude, giving rise to a larger max
time energy of max(|6],|62|). If (a|b) is on the unit circle, then
one of the two eigenangles remains unchanged, and so the max
time energy cannot become smaller. Therefore, we have

Puax(1a),1b)) = fmax({alb)) = cos™ [Re((alb))].  (25)

C. Sum time energy

We only derive lower and upper bounds on the sum time
energy for problem (17).

Lemma 3. For each chord that passes through the point
rexp(iy), we associate a triangle formed by the origin and
the chord. Among all such chords, the minimum angle of the
triangle at the origin is 28 where r = cos(f).

Proof. Note that the problem is invariant to the rotation by
y. Thus, w.l.o.g. we assume y = 0. Let the two end points
of the chord be exp(i¢;) and exp(—i¢,), where ¢,¢, > 0. The
angle in question is ¢; + ¢, and we show that ¢; + § > 26.
The point r exp(i0) is a linear combination of these two
end points: r exp(i0) = zexp(i¢1) + (1 — z) exp(—i&»), where
0 < z < 1. Thus, ¢y, &, and z have to satisfy the constraint on
the magnitude:

r* = [zcos(¢1) + (1 — z) cos()]?
+[zsin(¢;) — (1 — z)sin(£2)]?
=[2—2cos(¢ + &) (22 —2) + 1.
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This implies that z is a function of ¢; 4+ &. Solving the
quadratic equation, we get

AL JAT—4A(0 -1
o 24 ’

Z

where A = 2 — 2cos(¢; + ¢). Note that if A =0, then ¢} =
& = 0, which implies that r = 1 and g = 0; thus, 0 = ¢ +
& 2 2B = 0 as claimed. Otherwise, A > 0 and in this case, z
has a real solution if

0<A—4(1-7r%
= cos(¢) 4+ &) < 2rt — 1 =2cos’(B) — 1 = cos(2B),

where r = cos(8). Since cos is a decreasing function in the
domain [0,7], &1 + &2 > 28 as claimed. [ |
Remark 2. Note that the minimum angle of 28 in Lemma 3
is achieved by the triangle formed by the origin and the chord
perpendicular to the line connecting the origin and r exp(iy).
Lemma 4. The solution to problem (17) for the sum time
energy is lower bounded as follows:

Pam(la),|b)) = fam((alb)) = 2cos™" |{alb)|
= fi ({alb)). (26)

sum

Proof. The sum time energy of U is |6,| + |6,| since U has
only two nontrivial eigenangles due to Lemma 2. The chord
defined by these two eigenangles, 6; and 6,, passes through
the point (a|b) = r exp(iy), where r = |(a|b)|. We consider
the triangle formed by the origin and the chord and focus on
the angle at the origin. For the case 6; > 0, 6, < 0 and the
case 0; < 0, 6, > 0, this angle is min(|0; — 6,|,27r — |6, —
6,]). According to Lemma 3, this angle is lower bounded by
28 where 8 = cos™!(r). Thus,

101] + 162] = 161 — 62| = min(|6; — 6,27 — |6) — 65])
> 28,

Equality is achieved when |0; —6;| < m and the chord
described by 6, and 6, is perpendicular to the line connecting
the origin and r exp(i y) (see Remark 2). For the case 6,0, > 0,
the case 61,6, < 0, and the case 6, = 6, = 0, the angle is
|61 — 6], which is lower bounded by 28 according to Lemma
3. Thus, we have

101] + 162] = 161 — 6] = 28.

|
Lemma 5. The solution to problem (17) for the sum time
energy is upper bounded as follows:

Psum(|a>’|b>) = fﬂum((a'b)) < Zcosil[Re((alb»]
= fum((alb)). (27)

sum

Proof. Any U that satisfies U |a) = |b) [i.e., the constraint
of problem (17)] serves as an upper bound to Pj;(|a),|b)) for
any /. Thus, for simplicity, we choose the optimal U that
achieves the optimal max time energy in Eq. (25) to serve as
an upper bound to Py (|a),|b)). This U has two nontrivial
eigenangles 6; = cos™![Re((a|b))] and 6, = —6;. Thus, the
sum time energy of this U is |6;| + |6,] = 2 cos™![Re({(a|b))],
and this is an upper bound to Py, (la),|b)). |
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V. TIME-ENERGY UPPER BOUND

In this section we consider upper bounding ||F||; given
its Kraus operators (Fy,F,,...,F;) by upper bounding
lg(Fi.0)llj;- Any implementation U of the quantum channel
JF serves as an upper bound to || F|; since || F|l; < [|U||; for
all U of the form of Eq. (12). We propose a simple method to
construct a time-energy-efficient U that completes the partial
matrix g(Fi.¢), and ||U ||z will serve as an upper bound to
the “partial U problem” (10) for ||g(F1.4)ll;, which is an
intermediate problem to the ultimate “channel problem” (13).

A. Successive construction of U

We focus on finding an upper bound to the “partial U
problem” (10), which was recast as problem (16), which
finds a unitary matrix U that satisfies n transformation
rules: |e;) — |b;) foralli =1,...,n. Here we focus on
the “partial U problem” for ||g(Fi4)llz. Thus, |b;) is the
ith column of g(Fj.4). In Sec. IV we analyzed the optimal
unitary operation U; for each single-vector transformation
le;) —> |b;), and we solved ||U;|lmax and bounded ||U; ||sum-
Motivated by this result, we propose a greedy method to
construct U in which we successively construct the best unitary
U; foreachi = 1, ... ,n, and concatenate them. The overall U
will be

u=u0,---U. (28)

We design each U; as follows. When we consider the first
transformation (i.e., i = 1), we seek the optimal U; with the
minimal ||U; ||; such that

Uiler) = 1b1).
When i = 2, we seek the optimal U, such that
UxUilez) = |ba).

In general, for the ith transformation, we seek the optimal U;
such that

Uila;) = |bi), (29)
where

la;) = U;—;---Uile;) for n>i>2 and |aj) = |ep).

(30)

Note that the optimal U; with the minimal ||U;]|; has already
been considered in problem (17). We obtained the optimal
value for ||U;|lmax and lower and upper bounds for || U;||sum
[see Egs. (25)-(27)]. Thus,

Uil = fallailbi)), €2y

where the RHS comes from Eq. (18).

A key feature of our construction is that we design U;
successively in a backward-looking fashion; i.e., when we
design U;, we only need to know U; for j < i, and we do not
use U; for j > i.

In order for this successive approach to work, the action
of a higher-index U; should not affect the transformation of a
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lower index i < j, i.e.,

Uit1Uila;) = |b;),

Uin2UiUila;) = |b;),
+2Uit 32)

Uy, - Ui2Ui Uila;) = |b;).

Only if the last equation holds for all i does the overall U
transforms according to Eq. (15) as required. We show that
Eq. (32) does hold.

Lemma 6. (Backward-looking design of U;)

Uiyj - Up2Ui 1 Uila;) = |b;) (33)

for j > 1 when Eq. (29) holds.

Proof. We need to use the essential properties that (e; |ex) =
(b;|by) = 8;x where §;; is the Kronecker delta. We prove by
induction. First, we compute U, U;|a;). Recall from Eq. (23)
that U;,; performs a nontrivial transformation only in the
subspace spanned by |a;+1) and |b;41). We show that U; |a;) is
not in this subspace. Note that

(@i |Uilai) = e [UUL - UNUILUL -+ Unles)]
=0 (34)

by Eq. (30), and also (b; 1|U;|a;) = (b;+1|b;) = 0by Eq. (29).
Hence, U;|a;) is not in the aforementioned subspace. This
shows that

UnUila;) = U1 + U )Ui ;)
= U4, Uila;) = Uila;) = |b;)

since ﬁlﬁl acts trivially on the orthogonal complement of the
subspace spanned by |a; ) and |b; ;) [cf. Eq. (24)].

Now consider U; j - - - U;41U;|a;) assuming the hypothesis
Uitj-1---Uit1Uila;) = |b;). Similar to Eq. (34),

(@iyjlUiyj—1--- Ui Uila;)
= [{ei;|UJU] -+ UL, Wi

l

Ui UlUi—1---Uple;))] =0
and
bigjlUiyj—1 -+ Ui Uilai) = (biyjlbi) =0

using the hypothesis.

Therefore, U;yj_1---Uiy1Uila;) is not in the subspace
spanned by |a;;;) and |b;1;) (the subspace that U;;; acts
nontrivially), and thus

Ui jUiyj1---UpUila)) = Ui - - Ui Uilai) = |b;).

This proves the claim. n

This is the key lemma that allows us to compute an
upper bound in a successive manner. In essence, instead of
considering the original problem of finding a unitary required
to perform n simultaneous transformations, we consider the
problem of finding n unitaries each required to perform
one transformation. Note that we already solved the latter
problem in Sec. IV A. In particular, the max time energy
for a single-vector transformation is given in Eq. (25). Thus,
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according to Eq. (28),

WUz = 10y Uilla < Y IUilla
i=1

=Y faltailb)), (35)
i=1

where the inequality is due to the triangle inequality of the
norm ||-||; (see Theorem 2 of Ref. [16]), and the last line is
due to Eq. (31).

In light of Remark 1, we can always assume that F) is
initially given in upper triangular form. In the following, we
use this property to further deduce a simple bound on ||U || ; and
consequently || F]|;;. We show that when F is upper triangular
(which can always be guaranteed by Remark 1), |a;) = |e;) for
all 1 <i < nin Egs. (29)and (30). Thus, ||U;|l; in Eq. (35)
will only depend on (e;|b;) which is the ith eigenvalue of Fj.

Lemma 7. (Independent design of U;) When F) is upper
triangular, |a;) = |e;) for all 1 < i < n in Egs. (29) and (30),
which implies that designing according to

Uilei) = |bi) (36)

and designing according to Eq. (29) are equivalent.

Proof. Note that since F; is upper triangular, (b,|e;) = 0 for
Jj < i < n. We prove by induction. We show that |a;) = |e;)
assuming the hypothesis that |a;) = |e;) for j < i is true.
Note that |a;) = |e;) by definition in Eq. (30). Recall from
Eq. (23) that U; performs a nontrivial transformation only in
the subspace spanned by |a;) and |b;). We show that |e;) for
i > jisnotin this subspace: (a;|e;) = (e;|e;) = 0 where we
assume that the hypothesis is true, and (b;|e;) = 0 due to the
triangular structure of F. This means that fori > j,

Ujle)) = (U; + U)le;) = Uit lei) = |ei)
since U IJ- acts trivially [cf. Eq. (24)]. This shows that
lai) = Uiy -+ - Uile;) = lei).

|
This lemma allows us to compute the upper bound easier
since the upper bound in Eq. (35) now becomes

WUz <) falteilbi) (37)
i=1

=Y fai(F), (38)
i=1

where we recognize that the diagonal elements of F) are its
eigenvalues, denoted by A;(F7). This shows that ||U]|; only
depends on the eigenvalues of one Kraus operator of the
quantum channel. Since || F||; < [|U||; for all U of the form
of Eq. (12), we have

n d
1Pz < min) - fi| i Do v
i=1 j=1

d
st Y |y <L (39)
j=1
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Here v corresponds to the first d elements of the first row of
Wp in Eq. (12). This bound holds for any quantum channel F
described by Kraus operators F;,i = 1,...,d.

B. Max time-energy upper bound

For the max time energy, we substitute fp.x in Eq. (25) for
fi in Eq. (39) to get

d
[ Fllmax < min cos™' 1 Re | A; ZUij
=1

viviI<t
1

(40)

C. Sum time-energy upper bound
Y in Eq. (27) for

For the sum time energy, we substitute f

fi in Eq. (39) to get

n

d
| Fllsum < min 2cos ' {Re | A; E viFj
vivii<1 4 1 c

— =

(41)

D. Special case: Diagonal F;

Here, we consider the special class of channels for which
F) is diagonal, which will be useful for showing the optimal
time energy for a class of channels in Sec. VII. Following
the construction of U in Eq. (28), we argue not only that we
can independently design U; (Lemma 7), but also that they
act on orthogonal subspaces (meaning that they commute).
According to Lemma 7, U; transforms |e;) to |b;), and is
the solution to problem (17) where |a) = |e;) and |b) = |b;).
Thus, its nontrivial part U; [see Eq. (23)] acts on the subspace
spanned by {|e;).[b;)}.

The fact that F| is diagonal gives rise to the following
property: {(e;|b;) =0 if i # j where 1 <i,j < n. Also, we
already have (e;|e;) = 0if i # j by definition and (b;|b;) =0
if i # j by the trace-preserving property of quantum channels.
Thus, the subspaces spanned by {|e;),|b;)} fori =1, ... ,n are
orthogonal to each other. This means that U; acting on these
subspaces [see Eq. (20)] are orthogonal to each other. Then
we may bypass the construction of U; in Eq. (23) and directly
form

UZXn:U,‘-i-PUL,

i=1

where Py is the projection onto the subspace orthogonal to
the summation term. Thus, the set of nonzero eigenangles of
U is composed of the eigenangles of U; forall i =1, ... ,n.
This means that

”U”max = max ”Ui”maXa (42)
1<isn
1T lsum = Y 1T llsum.- (43)

i=1
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Thus, for this clgss of channels, by using Egs. (25), (27), (31)
and ||U; || = Ui ||, we have

17 s < U lmax = max cos™" {Re[A;(F)I},  (44)

lIx

1 F s < Ul < 2c0s™ {Re[Ai(F)I). (45)

i=1

VI. TIME-ENERGY LOWER BOUND

A. General form of lower bound

We lower bound | F||; of the “channel problem” (13).
We first consider lower bounding ||g(Fi.4)|l; for a fixed set
of Kraus operators (Fi,F,, ...,Fy). Note that ||g(Fi.0)|l; is
obtained from the “partial U problem” (16), and we propose a
modified problem whose solution lower bounds this problem.
The modified problem is formed by removing all except one
transformation constraints in problem (16) as follows:

Pi(le:),1b:)) = min U]z

S.t. U|€i> = |bl>
U e U@),

with

which is defined for i = 1, ... ,n. Here |b;) is the ith column
of g(QF, 0", K0, ... F;0") where QF, Q' is an upper
triangular matrix corresponding to the Schur decomposition of
F (see Remark 1). Note that this problem is the single-vector
problem (17) which we analyzed in Sec. IV. Certainly, the
feasible set of this problem contains that of problem (16), and
so with the help of Lemma 1, we have ||g(Fi, F2, ..., Flli =
Ig(QF QN F 00, ... FaQNlli = Pa(le;),Ib;)) for all i =
1,...,n. Thus,

lg(Fi,Fa, ..., F)lia

WV

max P;(le;),|bi))

1<i<

= max f;({e|b;))

1<i<n

= max f;(%;(F1)),
1<i<n

where we used Eq. (18) in the second line and the third line is
due to Remark 1 with A;(F}) being the ith eigenvalue of Fj.
Note that the last inequality holds when the LHS is replaced
by ||g(F1,F2, ..., F4,0,...,0)|; for any number of extra all-
zero Kraus operators inserted. Combining with the “channel
problem” (13), we have

d
171l > min max fz | Ai Z;v,-Fj
J:

d

st Y P <1 (46)

j=1

Here v corresponds to the first d elements of the first row of
Wy in Eq. (12). This bound holds for any quantum channel F
described by Kraus operators F;,i = 1, ... ,d.
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B. Max time-energy lower bound

For the max time energy, we substitute fp,x in Eq. (25) for
fi in Eq. (46) to get

| Fllmax > min max cos”
vilvl<1 1<i<n

d
Re )\i ZUij
j=1

47

C. Sum time-energy lower bound

For the sum time energy, we substitute fom for fj; in
Eq. (46) to get

IFllsum = min max Ssum
viviI<T 1<i<n

d
)\i ZUij s (48)
j=1

and it is a simple argument to argue that the lower bound of
| F |lsum can be given in terms of Shm defined in Eq. (26). First,
note that

d
P(v) = miax Soum | Ai Zijj

j=1
d
L
> max fgp | A > v | | =0
j=1

for all v. And we have

min P(v) = P(¥) > Q(¥) > min Q(v),

where v = arg min, P(v). Therefore, we have

min Q(v)

1 F Mlsum =
vilvi<t

d
= min max 2cos”!|A; E v; Fj
v:IvI<1 1<i<n —

j=

Note that Q(v) < Q(kv) for 0 < k < 1, and thus we have

vivl|=1 1<i<n

d
IFllwum > min  max 2cos™" |2 [ > v Fj ||, (49)
j=1

VII. OPTIMAL TIME ENERGY FOR A CLASS
OF CHANNELS

Definition. Define a class C(n) of quantum channels acting
on n x n density matrices where each channel is described by
Kraus operators {F; € C"*" : j =1, ...,d} of the form

Fi=.pl where 0<p<l1,

(50
Te(Fj)) =0, j=2,....d.

The number d of Kraus operators of each channel can be
different.

Note that this class contains the depolarizing channel, the
bit-flip channel, and the phase-flip channel.
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A. Optimal max time energy

We show that the lower bound of || F||max in Eq. (47) is
achievable for any F € C(n) with 2 < n < co. The RHS of
Eq. (47) can be written as

cos”'{ max min Re Ai

vivlI<l 1<i<n

d
Zijj (51)
j=1

since cos™ is a decreasing function in the range [0,7].
Consider part of this term:

1

d
P(v) = 12121 Re | A; Zijj
j=1
1 n d
<= > Re| 2 Z: = Q).

Let the eigenvalues of Z?:z v;F; be {oy, ...
Y 0; = 0. Thus,

,0,}. Note that

d
Zij/ = v]ﬁ+oi
j=1
and
] n
O(W) =~} Re(v1/p +01) = Re(v1/p) < V-
i=1

Considering the maximization in Eq. (51),

max P(v) < Q(V) < max Q(v),

where ¥ is the optimal value of the maximization of P. Thus,

)

since cos™ " is a decreasing function in the range [0,7]. Note
that the RHS coincides with the upper bound from Eq. (44)
where A;(Fi) = ,/p. Therefore,

I F llmax = cos™ (/D) (52)
for any F € C(n) with 2 <

I F lmax = cos_'[max P(v)] > cos™

1

n < oo.

VIII. SOME INTERESTING CONSEQUENCES

A. Comparison of quantum and classical noisy channels

The quantum noisy channel or the quantum depolarizing
channel acting on n x n density matrices is defined as

I
Folp) = qp+ (1 — N

where complete positivity requires that —1/(n*> — 1) < ¢ < 1
[19].

The Weyl operators are the n-dimensional generalization
of the Pauli operators and are defined as

n—1

Si=Y_w*ls+ j)s| € C"",
s=0
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where j,k =0, ...,n — 1 and w is the nth root of unity. These
operators have the following properties:

(1) (Identity) Spo = 1.

(2) (Traceless) Tr(S;x) = 0 for (j,k) # (0,0).

(3) (Complete erasure) n? Z;’;lzo Sjk,oS;k =n"'I for
any density matrix p.

(4) (Trace preserving) n -2 Z, k=0 Jijk =1.

(5) (Complete erasure) n! ijo jo,oS;O =n"'1 for any
diagonal density matrix p.

(6) (Trace preserving) n -1 Z Sjo jo=1.

We may express the quantum noisy channel using the
Weyl’s operators:

fQ<p>—q1p1+<1—q) Zs,kps,k (53)

J,k=0

The advantage of doing so is that we can now see that Fp(p)
is in the class C(n) (defined in Definition 1), and we can apply
Eq. (52) to get the max time energy of it.

In a similar manner, we define the classical noisy channel,
which adds classical noise (i.e., classical states are being
remapped):

n—1

Felp) = qlpl +(1=q)- ZS,ops,o, (54)
j=0

where —1/(n — 1) < g < 1 for complete positivity. When p
is diagonal (i.e., a mixture of classical states),

!
Ec(p)=qp+ (1 — q);.

We now verify that we have a fair comparison between
the quantum and classical noisy channels, by checking that
the same amount of noise is added to the input states of both
channels. To quantify this, we use the trace distance to measure
the difference between the input state and the output state, and
we take the input state to be a pure state. For the quantum
depolarizing channel, consider any pure input state |®)(P|
and the trace distance is

1 1
S HPHPT = Fo(I PPl = (1 —¢)

_(—gn—1

n

1
‘Iq))@l—;

tr
=35, (55)

where || A ||, denotes the trace norm of A and is equal to the sum
of all singular values of A. For the classical noisy channel, we
only consider classical states and so the input state is |j),j =
0, ...,n — 1, and in this case, the trace distance is

1 1
— FcliliDle = 50 =17 Gl =~

=4.

L. ..
§|||J><J|

tr

This shows that both F and F¢ add the same amount of noise
when both are characterized by the same parameter g. Note
that the two channels have different valid ranges of ¢, but this
does not affect our discussion since we will focus on g = 1.
It can be easily seen that both F and F¢ written with the
Weyl’s operators are in the class C(n). In this case, || Fg|lmax
and || F¢ |lmax depend only on the respective scaling factors of
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the identity Kraus operators [cf. Eq. (52)]. Note that Syy = 1,
and thus from Eqs. (53) and (54), the identity Kraus operators
[cf. Eq. (50)] are

where we have used Eq. (55). Note that when g = 1, Fp,
Fecy =1; when g = —1/(n?> -1, Fp1 =0, and when g =
—1/(n — 1), Fcy = 0. Using these in Eq. (52), we have

1
1 Follmax = cos™" /1 =6 (n : ) (56)
| Fcllmax = cos™' v/ T =38, (57)

where in both cases the distance between the input and output
states is §. When § & 0, using the approximation cos™! \/x ~
/1 — x for x &~ 1, it can be shown that

[n+1
”j:Q”max = T”FC”max- (58)

This shows that it takes /(n 4+ 1)/n times more time-energy
resource for a quantum process to erase information of the
input state by the same distance § compared to a classical
process. For two-level systems (n = 2), this is 1.22 times
larger.

B. Cascade of depolarizing channels with small noise

As discussed in the last subsection, the quantum depolariz-
ing channel

N I
Folp) =ap+ (1 —q)~

is in the class C(n) (defined in Definition 1), and we can apply
Eq. (52) to get

i 1

g+ —1

I Follmax = cos™ : (59)

2
n
Suppose that we run this channel £ times. We can either run (1)
a unitary implementation of F k times (with the ancilla reset
before the start of a new run) or (2) a unitary implementation
of

1
Fo'(p) & FooFoo---oFo(p)=q'p+(1—g"-.

k times

For case (1), since each run is executed independently of each
other, the total time energy is k|| F ¢ |lmax-
For case (2), applying Eq. (52) gives

1— gk
(k) -1 q
”fQ ”mux = C0s qk + n2 :
Using Taylor series expansion, we approximate cos™! \/x ~
/1 —x forx ~ 1 and
1 —g*
¢ +— ~1—k(1——2>(1—q>
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for g & 1. Thus, we have

l—q
1 = VE 1~ (14 1),

which implies that

1F] e & VE N F o lmax- (60)

max
This means that considering all k channels together saves time-
energy resource by a factor of vk compared to separately
running the channels when the noise is small (g ~ 1).

IX. CONCLUDING REMARKS

In this paper we extend the time-energy measure proposed
by Chau [16] to general quantum processes. This measure is
a good indicator of the time-energy tradeoff of a quantum
process. Essentially, a large time-energy value suggests that
the quantum process takes a longer time or more energy to
run. Here, we prove lower and upper bounds for the sum
time energy and max time energy. We also prove the optimal
max time energy for a class of channels, which includes the
depolarizing channel. A consequence of this result is that
erasing information takes more time-energy resource in the
quantum setting than in the classical setting.

A related concept about erasure and energy is Landauer’s
principle [20], which puts lower limits on the energy dissipated
to the environment in erasing (qu)bits. There is a difference
between the erasure considered here and the erasure of
Landauer’s principle. First, we erase information by making
the initial pure state more mixed, whereas Landauer’s principle
concerns resetting a possibly mixed state to a standard pure
state. Second, Landauer’s principle concerns erasure in the
thermodynamic setting where temperature plays a key role.
Third, tradeoff between time and energy is implicated in our
approach.

For future investigation, it is instructive to obtain the time
energy for various quantum processes such as some standard
gates or algorithms, to consider this time-energy measure in
the thermodynamic setting, and to explore deeper operational
meaning about this measure.

ACKNOWLEDGMENTS

We thank H.-K. Lo and X. Ma for enlightening discussion.
This work is supported in part by RGC under Grant 700712P
of the HKSAR Government.

APPENDIX: DERIVATION OF THE MATRIX U

Here we derive Eq. (22). We are given that the eigenvalues
of U are exp(i6;) and exp(iH,). The constraints are that (1) the
chord connecting exp(i61) and exp(i6») intersects (a|b) and
(2) Ula) = |b).

U has the following decomposition:

U = exp(i6)lity) (it1] 4 exp(i62)|i2) (i, (AL)
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where [ii ;) is the eigenvector corresponding to exp(if;). We
assume that |ii;), j = 1,2 take the following forms:

which are expressed in the basis {la),]at)}. Note that
(fi1]@12) = 0. Constraint (2) implies that

by = Ula) = [z¢" + (1 — 2)e'*]a)
+[\/Z(l—_zeiX(ei91 _ei92)1|al>.
Comparing this with
b) = (alb)la) + /1 = |(alb)|*|a*)

obtained from Eq. (21), we require that

re'” =ze'" 4+ (1 — 2)e'”, (A3)
JT=7 = JiI =9 @ %), (Ad)

where re'” = (a|b) expressed in the polar form. We need to
verify that both equations hold for some 0 < z < landx € R.
Constraint (1) means that there exists some z that Eq. (A3)
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holds. We take this z as ﬁxed and find X SO that Eq. (A4) holds,
which can occur only if e* (e’ — ) € R,. We make an
ansatz for x by setting

. L 61+6y
et =i(=1)ye ' 7, (A5)
giving

0) — 6,

eix(eiel _ ei@;) — 2(_])S+1 sin T’ (A6)

where s = 0,1 is chosen so that this term is non-negative. We
square both sides of Eq. (A4) and compare both sides. For the
LHS, r? can be obtained from Eq. (A3) as follows:

r2 — |Zei91 + (1 _ Z)ei92|2
=22+ (1 — 2)* +22(1 — 2) cos(6; — 62).
Squaring the RHS of Eq. (A4) gives

(AT)

u = 2z(1 — 2)[1 — cos(6; — 6)],

4z(1 — z) sin®
which can be checked to be equal to 1 — r? using Eq. (A7).
Therefore, Eqs. (A3) and (A4) hold. Finally, Eqs. (A1)—(A6)
together give Eq. (22).
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