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Five two-qubit gates are necessary for implementing the Toffoli gate
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In this Rapid Communication, we consider the open problem of the minimum cost of two-qubit gates for
simulating the Toffoli gate and show that five two-qubit gates are necessary. Before our work, it was known
that five two-qubit gates are sufficient to implement the Toffoli gate, and numerical evidence indicates that five
two-qubit gates are also necessary. The idea introduced here can also be used to solve the problem of optimal

simulation of Deutsch three-qubit gates.

DOI: 10.1103/PhysRevA.88.010304

Since quantum computation provides the possibility of
solving certain problems much faster than any classical
computer using the best currently known algorithms [1-5], a
huge amount of effort has been devoted to building functional
and scalable quantum computers over the last two decades.
The quantum circuit model is one popular model of quantum
computer hardware [6—18]. In order to be a general purpose
computational device, a quantum computer must implement a
small set of quantum logical gates [14], which are universal,
that is, can serve as the basic building blocks of quantum
circuits, in the same way as do classical logical gates for
conventional digital circuits. It is quite natural to choose certain
gates operating on a small number of qubits as the basic gates.

Theoretically, any two-qubit gate that can create entan-
glement, like the controlled-NOT (CNOT) gate, together with
all single-qubit gates, is universal [18]. It has also been
experimentally demonstrated that two-qubit gates can be
realized with high fidelity using the current technology, for
example, two-qubit gates with superconducting qubits have
been presented with fidelities higher than 90% [19]. Finding
more efficient ways to implement quantum gates may allow
small-scale quantum computing tasks to be demonstrated on
a shorter time scale. More precisely, it would be quite helpful
for defeating quantum decoherence to realize multiqubit gates
with the least number of possible basic gates. Thus an
important problem is how to implement multiqubit gates using
only two-qubit gates. Indeed, a study of the minimum cost of
two-qubit gates for simulating a multiqubit gate is not only of
theoretical importance, but also an experimental requirement:
to accomplish a quantum algorithm, even at a small size, one
has to implement a relatively high level of control over the
multiqubit quantum system. A lot of experiments demonstrate
multiqubit controlled-NOT gates in ion traps [20], linear optics
[21], superconductors [22], and atoms [23].

Making controlled unitaries is an essential task for many
algorithms in quantum computing [1]. Among all quantum
controlled gates, those highly controlled unitaries (i.e., uni-
taries controlled on more than one other qubit) are useful
in numerous quantum algorithms including the oracle in the
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binary welded tree algorithm [5] and quantum simulation [24].
The Toffoli gate is perhaps one of the most important highly
controlled unitaries for three reasons: (1) The Toffoli gate
is universal for classical reversible computation in the sense
that all conventional Boolean circuits can be built upon it
in a reversible way [25]; (2) it is also universal for quantum
computation with little extra help in the sense that the one-qubit
Hadamard gate is provided as a free resource [26]; (3) it is
the simplest highly controlled unitary. Furthermore, a series
of works showed that the Toffoli gate is an indispensable
ingredient in realizing fault-tolerant quantum computation
[23,27-30]. Recently, experimental implementation of the
Toffoli gate has received considerable attention. The first
experimental realization of the quantum Toffoli gate was
presented in an ion-trap quantum computer, in 2009 at the
University of Innsbruck, Austria [20]. Then, the Toffoli gate
was realized in linear optics [21] and superconducting circuits
[22,31,32].

Due to its significance in quantum computing, the theo-
retical pursuit of efficient implementation of the Toffoli gate
using a sequence of single- and two-qubit gates has a quite long
history [7,8,11,12,33-37]. It was explicitly stated as an open
problem by Nielsen and Chuang in their influential textbook
on quantum computation [14]: How many general two-qubit
gates (or CNOT gates) are required to implement the Toffoli
gate (see [14], p. 213, Problem 4.4)? What is known already
is that the Toffoli gate can be decomposed as a circuit
consisting of five two-qubit gates (or six CNOT gates), and
numerical evidence has been gathered indicating that the
five-gate implementation is optimal [8,11,12]. The cost of
using a CNOT gate was first solved by Shende and Markov;
they showed that six CNOT gates are optimal when single-qubit
unitaries are free [36], a situation which was studied in
[11,35,38]. However, the optimal simulation of the Toffoli
gate by using general bipartite quantum logical gates remains
unknown. This problem has attracted attention from many
researchers in the last two decades [8,11,12,34-37]. In this
Rapid Communication, we address this problem by showing
that five two-qubit gates are necessary for implementing
the Toffoli gate. The main difficulty of analyzing a circuit
consisting of general two-qubit gates is that it contains more
degrees of freedom. We would like to point out that the main
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tool used in [36], the Cartan decomposition does not fit the
implementation of using general two-qubit gates very well.
By counting the degrees of freedom (DOFs), in [7], it
was shown that almost any n-qubit gate requires at least
(%1 two-qubit gates to implement without ancilla. To
see the validity of this statement, one needs to study quantum
gates with unit determinant and notice that each two-qubit
unitary operation U can be expressed in the form [39]
U=wsQup)Ui(vy ® vg), where uu, ug, vs, and vg are
one-qubit unitary gates with unit determinants, with

Us=expli@, X @ X +0,Y Y + . Z ® Z)]

with Pauli matrices X,Y,Z. Then the DOFs of the circuit with
any structure are upper bounded by the summation of the DOFs
of all U;’s and one-qubit unitaries.

Let n = 3; then the simulation of a general three-qubit gate
would require at least [%1 = 6 two-qubit gates. The
following natural question then arose [12]: Are six two-qubit
quantum gates sufficient to generate any three-bit quantum
gate?

The general answer to this question remains open. In the
following, we demonstrate the optimal implementation of the
Toffoli gate. The Toffoli gate is simply a three-qubit controlled-
NOT gate and can be intuitively explained as follows. The
Toffoli gate is acting on three quantum bits, say A, B, and
C. Here A and B are the control qubits, and C is the target
qubit. Let us fix a computational basis {|0),|1)} for each qubit.
Upon an input |abc), the gate will output the states of A and
B directly, and flip the qubit C only if both the states of A and
B are |1). The Toffoli gate can be depicted by the following
diagram:

a a
b T b
c L c®ab

The Toffoli gate T4pc can also been written as the following
operator by considering the output over the computational
basis:

I — [110)(110] — [111)(111] + [110)(111]| + |111)(110].

Let VABC = IABC - 2|111><111| with IABC being the identity
operator on the Hilbert space H4 ® Hp ® Hc. It is evident
that

Vapc = (Iap ® He)Tapc(Iap ® He),
where H is the Hadamard gate given by

)

In other words, V4 ¢ and the Toffoli gate T4 p¢ are equivalent
up to the local unitary Hc. By absorbing H¢ into any two-qubit
gates acting on AC or BC, we can easily conclude that V4 5¢
and Tspc require the same number of two-qubit gates for
realization. Thus in the following discussion, we focus only
on the minimal cost of simulating V4 g¢ using two-qubit gates.

The gate V4pc is a real Hermitian matrix that is invariant
under any permutation of subsystems A, B, and C. Thus it
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can be regarded as a controlled gate with control on each
qubit. Note that any bipartite unitary U, p acting on a qubit
system A and a general system B is said to be a controlled
gate with control on A if it can be decomposed into the
form of UAB = |OA><0A| ® U() + |1A><1A| ® U]. This simple
observation is helpful to reduce the number of cases we need
to consider.

Since V4pc is regarded as a three-qubit gate acting on
ABC, any two-qubit gate used to implement V4pc can be
simply classified into three types: K4p, the gate acting on
the systems A and B, and likewise Kpc and K 4¢. Clearly, it
is impossible that all two-qubit gates used to simulate Vapc
belong to the same type. Furthermore, we can verify that two
two-qubit gates are not sufficient for the simulation of V4pc.
To see this, one needs to notice that UsgUpgc = Vapc implies
that Upc is also a controlled gate with control system C. This
leads us to a contradiction by a routine calculation.

The following three observations will be very helpful for
the remaining proof of the optimality: (i) Any two-dimensional
two-qubit subspace contains some product state. (ii) A two-
qubit unitary Usp can be regarded as a controlled gate with
control system A if the state of qubit A in Uag|0)4]y)p is
always |0) 4 for any state |y) 5 of system B. (iii) Let UspUac
be a three-qubit unitary which can be regarded as a controlled
gate between the bipartition A-BC with control system A.
Then there exist one-qubit gates vg,vg, on Hp and one-qubit
gates wei,wey on He such that UppUpc = 10){(0] @ vp ®
wer + 1) {1 ® vpr ® wes.

Observations (i) and (ii) are obvious. To see (iii), we
can assume Uac|0)41¥)c = 10)41¥) by moving the local
unitary to the left of Usp. Then UapUaclO)4ly)5lv)e =
UaplO)4ly)gl)c. Note that the state of A’s part of
Uapl0)4ly)p is always |0), which means that Uyc is a
controlled gate with control on A. Similarly, Usp is also a
controlled gate with control on A. Hence the result follows.

Now we show that three two-qubit gates are not sufficient
to implement V4pc. We achieve this goal by analyzing all
possible circuits consisting of three two-qubit gates. Due to
the highly symmetric properties of V4p¢, we need to consider
only the following two cases:

Case 1. These three gates belong to just two types. Without
loss of generality (WLOG), we can assume that two gates are
of the type K45 and the third one is of the type Kpc, and the
circuit is (note that the time goes from left to right)

A —
Vag Uag
B — — I I

Usc
C

We only need to show that there is no solution of the equation
UagUspcVap = Vasc,

where Uap and Vup are of type Cap, and Ugc of type Kpc.
Then Upc must be a controlled gate with control on C by
noticing that Upc = Ul s VaBC VlB, where T stands for the
Hermitian conjugate. We write Ugc = |0){(0] ® I + |0)(0] ®
wpg. A direct calculation leads us to the conclusion that
Iy ® wp and I — 2|11)(11] share the same set of eigenvalues
(counting multiplicity). That is impossible.
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Case 2. Three gates belong to different types. WLOG, we
assume the circuit is

UapUpcUsc = Vapc.

Then UpcUpac is a controlled gate with control bit C. As
discussed in observation (iii), we can obtain that Ugc is
a controlled gate with control system C, and so is Uac.
Consequently, we can assert that I —2|11)(11]| is a local
unitary by figuring out directly the form of the control unitary.
That is again impossible.

We can generalize this technique to show that V4 ¢ cannot
be implemented by any circuit consisting of four nonlocal
two-qubit gates. We do not count the number of one-qubit
gates as they can be easily absorbed into relevant two-qubit
gates. Again the symmetric property of V4pc enables us to
consider only the following two cases:

Case 1. Four gates belong to only two types, say K45 and
Kpc. Due to the symmetry of V,pc, we need to show only
that the following circuit cannot simulate Vapc:

A |
Vag Uag
B — — L1 L1 L

Ve Upc
C |

This is necessary to show that the following equation has no
solution:

UapUpcVapVsc = Vaspc.

For readability, we postpone the detailed proof of this
conclusion to the Appendix.

Case 2. Each of three types contains at least one of the four
two-qubit gates. Again due to the symmetry of V¢, we need
to deal only with the following two subcases:

Case 2.1. The circuit is represented by UpscUapUpcVap =
Vapc. We can reduce this circuit to the circuit considered in
Case 1 by observing that SqpVapcSap = Vapc and

(SaBUacSaB)(SapUa)Upc(VapSar) = Vasc,

where S4p is the SWAP gate on system H, ® Hp given by
S|x)41y) g = |¥) 41x) p for any two states |x) and |y). Here we
have employed the fact that S4pUacSap is a two-qubit gate
acting on BC, and S4pUp and V,5S4p are two-qubit gates
actingon AB.

Case 2.2. The circuit is represented by UpgUpcUpcVap =
Vapc. We know that Upc U 4¢ is a controlled gate with control
on system C. Directly, we observe that Ugc and Uyc are
controlled gates with control on C. This leads us to the
conclusion that 7 —2|11)(11]| shares eigenvalues, counting
multiplicity with a local unitary, which means that the product
of two eigenvalues of I — 2|11)(11] equals the product of the
other two. This is impossible.

By summarizing the above arguments, we have shown that
four two-qubit gates are not sufficient for simulating the Toffoli
gate. This further implies that any circuit consisting of fewer
than five two-qubit gates has a positive distance to the Toffoli
gate since the set of three-qubit gates that can be implemented
by using up to four two-qubit gates forms a compact set; in
other words, the Toffoli gate cannot be well approximated by
such circuits.
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This proof technique above can also be used to show that
the following three-qubit controlled phase gate (three-qubit
quantum gates with two control systems and one target qubit)
introduced by Deutsch [6] cannot be implemented by four
two-qubit gates:

Vo=1—(1—¢"111)(111],

where 0 < 6 < 2. Note that V,pc is the special case of
6 = . Together with the result in [8], we conclude that five
two-qubit gates are optimal for simulating the the two-qubit
controlled phase gate.

More generally, by employing the proof technique here, we
completely solve the optimal simulation for general three-qubit
controlled gates [7,8] and Fredkin gates [10]:

Theorem 1. The three-qubit controlled unitary C>(U) is
implementable by four two-qubit gates if and only if det(U) =
1; otherwise, five is optimal. Five two-qubit gates is optimal
for implementing the Fredkin gate.

A detailed proof of this theorem is presented in [40].

In this Rapid Communication, we study the problem of
implementing a multiqubit gate using two-qubit unitaries. In
particular, we demonstrate that four two-qubit unitaries are
not sufficient for constructing the three-qubit Toffoli gate;
thus, the implementation with five two-qubit gates is optimal.
More generally, our idea can be used to characterize the
two-qubit gate cost of implementing a three-qubit controlled
gate. We hope this work will be helpful for further study
of the minimal cost of implementing larger quantum logical
gates, e.g., the multiqubit controlled gate, and for studying
optimization of quantum logical circuits, a crucial issue in the
design and implementation of quantum computer hardware
and architecture.

We are grateful to Professor D. P. DiVincenzo for point-
ing out useful references. This work was partly supported
by the Australian Research Council (ARC) (Grants No.
DP110103473 and No. DP120103776) and the Overseas
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Science, Chinese Academy of Sciences. R. Duan was also sup-
ported in part by the National Natural Science Foundation of
China under Grant 61179030 and an ARC Future Fellowship
under Grant FT120100449.

APPENDIX

In this Appendix, we show that there are no unitaries
Uap,Vap and Ugc, Vpc such that

UasUpcVapVsc = Vasc.

Notice that UspUpc V4 p is a controlled gate on the bipartition
A-BC with control on A. Moreover, part A’s state of the
output state UapUpcVapli)al¥) e is still |i) 4 for any input
state |i)4|Y¥)pe With i = 0,1. Since V4p maps some state
|0) 41€) 5 to a product state, we can assume that V4 5|0) 410) g =
|0) 410) 5 by absorbing one-qubit gates into Upc and Uggp.
Then the state of A’s part of UsgUpcVagl0)410)512)c =
UapUpcl0)410)glz)¢ is still |0)4,. We now need to con-
sider three cases according to different forms of the state
Uscl0) 512)c:
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Case 1. There is some |zg)c such that Upc|0)glzo)c is
entangled. Assume that there is 0 < A < 1 such that

Uscl0)plzo)e = VAI0) glar) e + /T — Al glat)c,

where we have absorbed a local unitary acting on B
into UAB~
Let |®) = U,p|00) and |W) = Up|01). Then

|X>ABC = UABUBC|0>A|O>B|ZO>C
= VA®) s5la) ¢ + VT — AW splat)c.

Thus, we obtain
xa = 000 = AP, +(1 — )Py
= &, = Wy = |0)(0].

Consequently, Usp is a controlled gate with control on
system A, and one knows that V45 = U};CU/JQBVABC Vgc is
a controlled gate with control A. Assume that Uy = |0) (0] ®
Ig +|1){1|®up and Vo = |0){(0| ® Ip + |1)(1| ® vg. We
conclude that UpcvpUle = uly ® [0)(0] + uZp @ [1)(1],
where Z is the Pauli matrix given by Z|0) = |0) and Z|1) =
—[1).

The set of eigenvalues of Ugcvp U;C counting multiplicity
is {e/%,e'% ¢! %2}, which is also the set of eigenvalues
counting the multiplicity of the right-hand side of the above
equality. Note that u'; should not equal the identity up to

a global phase. Then ufg and u;ZB have the same set of
eigenvalues. Thus their determinants are equal, say,

det(uly) = det(ul, Zp) = det(uly) det(Zp) = — det(ul,),

and det(ug) = 0. This contradicts the fact that u% is unitary.

Thus Ug¢|0) g|z) ¢ is always a product for any |z) . This leads
us to consider the following two cases.

Case 2. There is a |y) and a local unitary wp on system
B such that Upcl|0)lz)c = wglz)gly)c. Then Usp maps
{10) 4} ® Hp to itself; hence U,p is a controlled gate with
control system A. Similarly, V45 is also a controlled gate with
the same control bit. The rest of the proof is the same as in
Case 1.

Case 3. There is a state on system B, say |0) 3, and a local
unitary we on system C suchthat Ugc|0) g|2) ¢ = |0) pwelz) -
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Then Upc is a controlled gate with control system B. By
moving this w¢ into V¢, we can assume that Uge = |0)(0] ®
Ic +11){1| ® uc. Note that for any |z)., part C’s state
of the output state |x)spc = UagUpcVagl0)410)5l2)c =
Uapl0)410)glz)c is still |z)c. By recalling that |x)pc =
Vancl0) (V310 512) ) = 10)4(Vj10) 512} ). We know that
part C’s state of V;C|0)B|z)c is |z)¢ for all |z) € H¢, which
means that there is |B) such that Vpc|B)plz)c = 10)gl2)c.
Therefore, one can find a unitary v¢ such that Vge = [0) (8] ®
Ic + |1){B*| ® ve. In order to simplify the structure of the
two-qubit gates, we observe that V;C V/I BUZC Uj‘ 5 = Vasc.
This also provides a simulation of V4¢. Consider the state

Vg'c V)\LBUITBC|0>C|O>B|)C>A = V;C VATB 10)c10) glx) 4

for any |x),4. The argument of Cases 1 and 2 excludes
the following possibilities: (i) there is some |x), such that
V/IB|O)B|x)A is entangled, or (ii) there are a |§), and a
local unitary wg on system B such that V/IB|0) lx)a =
wpgl|x)pl6)4. So the only possibility is that there is a
state |¢)p on system B and a local unitary wy on sys-
tem A such that V);B|0>B|X>A = |@)pwalx) 4. According to
V] 410)410) 5 = [0) 4]0) 5, we can choose |¢) = |0). Thus V!,
is a controlled gate with control system B, i.e., Vsp =
[0)(0] ® wa + [1)(1] ® v4. By studying part C’s state of
UapUpcVapVecl|0)4l0)glz)c = 10)410)glz) ¢, we see that
|B) p defined in V¢ equals |0)p or |1)p, up to some global
phase. Otherwise, assume that |0)z = a|B)p + b|B+) for
ab # 0. Then the state of part C becomes a mixed state
for general input |0),|0)z|z)c since uc is not the identity
up to some global phase and Ug¢ is nonlocal. For the case
|B)g = 10) 5, we know that all the four two-qubit gates are
controlled gates with control system B, which implies that
I —2|11)(11] is a local unitary, a contradiction. For the case
|B)s = |1)p, let X 5 be the NOT (flip) gate such that X |0) = |1)
and X|1) = |0), one can verify that

(UapXp)XpUpcXp)XpVapXp)XpVpc) = Vasc.

UABXB’ XBU30XB, XB VABXB7 and XB VBC are controlled
gates with control system B. This also leads us to a contradic-
tion that 7 — 2|11)(11] is local.
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