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Half-cycle-like field-enhanced harmonic radiation by femtosecond laser-atom interaction
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A manipulatable half-cycle-like field (HCLF), homochromy with the driving femtosecond laser, is applied to
enhance the harmonic emission by optimizing their relative delay time. We find that, by numerical computation,
the HCLF can deliver a substantial momentum to the accelerated electrons as they return to their parent ions
by a suitable phase delay, and also significantly increase the atomic ionization rate supplementarily. The results
show that the harmonic order of the maximum or cut-off photon energy emitted in the presence of a half-cycle
manipulating light pulse is risen to the 177th order, which is a significant increase compared with the 53rd order
harmonics in the case of a single driving light pulse. To understand the essence from the wave-packet kinetics
of the return electrons and their relation to the harmonic emission, we utilize the phase-space analysis of the
coordinate momentum of an electronic wave packet by using a Gabor transformation, by which the presented
numerical conclusions are further confirmed.

DOI: 10.1103/PhysRevA.87.063407 PACS number(s): 32.80.Rm, 42.65.Ky, 42.50.Hz

I. INTRODUCTION

High-order harmonic generation (HHG) has attracted grow-
ing interest of both experimentalists and theoreticians due
to its unique plateau structure of spectrum, which can be
utilized to generate soft x-ray sources and single attosecond
pulses for real-time observation and steering of electronic
dynamics on the atomic scale [1–5]. The process of HHG can
be understood well by a semiclassical three-step model [6]
and a quantum model [7]. Currently, two parallel hot topics
concerning this field are improving the conversion efficiency
from the driving light energy to the harmonics and increasing
the cut-off photon energy emitted from the electron-ion
recombination process, for which the phase matching between
the driving and harmonic fields is considered a challenging
condition [8,9]. Although extending the cut-off frequency can
be made by using a longer-wavelength laser according to
the cut-off rule [6], there is a significantly reduced harmonic
yield [10,11]. Moreover, raising the laser intensity increases
cut-off frequency at the cost of very high field ionization,
and the resultant plasmas are responsible for the lower
conversion efficiency. Hence seeking new approaches for the
same expectations becomes a new interest of researchers.

In the classical models, the maximal energy or cut-off
photon energy emitted is determined by the recollision energy
of the accelerated electron in the laser field, which is given by
(atomic units are used throughout) [12]

�max = Ip + κUp,

where Ip and Up = E2
L/(4ω2

o) are the atomic ionization poten-
tial and the electron quiver energy (ponderomotive energy),
respectively, and κ ≈ 3.17 for a monochromatic field EL with
an angular frequency ωo [6,7]. The dynamics of the electrons
accelerated by the laser field governs the cut-off frequency of
harmonic emission. The assistant manipulation to the quantum
paths of the returning electrons may be an achievable way to
gain a larger return kinetic energy, in which the contribution
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of a manipulatable assistant pulse is to accelerate the ionized
electrons and to drive them back to the nuclear core. Therefore,
manipulation of the dynamics of electrons by adjusting the
laser parameters, such as the carrier-envelope phase, chirp or
pulse duration, etc., [13,14] come into use universally. It is
clear that the emission spectrum is sensitive to the spectral
composition of the applied driving light fields. To increase the
value of κ , early in the 1990s, the methods of two-pulse and
two-frequency HHG spectrum control were employed [12,15],
while the idea of polarization control was first introduced by
Corkum et al. [16].

Recently, approaches introducing a synthesized laser field
composed of two or multicolors to improve the maximum
emission energy by manipulating the relative time delay, phase
differences, and ratios of strength between the multicolor fields
have been applied frequently [17–24]. In addition, an optimal
pulse with orthogonal two-color fields was also applied to
select the electronic trajectory by manipulating their relative
phase or other laser parameters [17,25–27].

Since it was generated experimentally [28], a terahertz half-
cycle pulse (HCP) had been used widely in many aspects due
to its asymmetric field [29–35]. It is worth noting that an
HCP profile is a unipolar electric burst followed by a long
and weak tail which ensures the zero time- integral of its
electric field. Due to its sufficiently weak strength compared
to the driving laser, the effects of the pulse tail on the atomic
ionization processes and the dynamics of ionized electrons
can be neglected. The biggest advantage of HCP is that it
can deliver a nonzero momentum to a charged target during
its lasting time regardless of how long its pulse duration is.
The realization of a terahertz HCP provides an opportunity for
generating HCPs with other frequency regimes, especially the
midinfrared HCP.

Motivated by its unipolarity of HCP, we introduce a
midinfrared HCLF into the strong-field-atoms interaction
processes in this paper to increase the cut-off photon energy.
It acts like an impulsive kick and can deliver a substantial
momentum transfer to the accelerated electrons within an
optical cycle, and its long and weak tail has been dropped
out in our numerical calculations. The results demonstrate that
the cut-off photon energy is significantly risen by optimizing

063407-11050-2947/2013/87(6)/063407(6) ©2013 American Physical Society

http://dx.doi.org/10.1103/PhysRevA.87.063407


CHENG-XIN YU, SHI-BING LIU, AND HAI-YING SONG PHYSICAL REVIEW A 87, 063407 (2013)

the relative delay time between the driving and manipulating
light pulses.

II. THEORETICAL MODEL

Without loss of generality, we solve numerically the one-
dimensional time-dependent Schrödinger equation (TDSE) to
investigate the HHG spectrum:

i∂t�(x,t) = [−∂2
x

/
2 + V (x) + xE(t)

]
�(x,t),

where xE(t) describes the interaction between the intense laser
field and the hydrogen atom under the dipole approximation
in length gauge. Here, the soft Coulomb potential V (x) =
−q/

√
x2 + A with q = 0.561 and A = 0.367 yields ground-

state energy ε0 = −0.5 a.u. and first excited-state energy ε1 =
−0.125 a.u. for the hydrogen atom [36]. In our calculations,
the spatial integration grid is confined in a finite space −500 �
x � 500 a.u. with the number of grids 4096, which indicates
the grid spacing of �x ≈ 0.25 a.u. The total length of the pulse
is T = 20 fs, and the number of time steps is 8192 with the
time step �t ≈ 0.1 a.u. In order to obtain the eigenstates of the
zero-field Hamiltonian, we apply the Fourier grid Hamiltonian
method based on the split-operator technique [37], and achieve
Nbound = 29 bound states.

The synthesized field can be expressed as

E(t) = Edfd (t) cos(ωot)

+ Ecfc(t − tdelay) cos[ωo(t − tdelay)],

where Ed = 0.1 a.u. and Ec = αEd are the peak values of the
driving and the manipulating electric field strength, respec-
tively, and α is an adjustable parameter. The angular frequency
ωo = 0.0569 a.u. corresponds to the wavelength 800 nm for
the two pulses, and the relative time delay, tdelay, is defined as
the difference between their pulse peaks, which is an adjustable
optimized parameter. The Gaussian envelope of the two pulses
are expressed as fd (t) = exp(−t2/t2

df) and fc(t − tdelay) =
exp[−(t − tdelay)2/t2

cf], respectively, where TL = 2π/ωo is the
optical period of the laser pulse, tdf and tcf are the temporal full
width at half maximum of the driving pulse and manipulating

pulse, respectively. In this paper, we choose tdf = 5 fs, and
tcf = 0.4TL to ensure that the manipulating pulse acts as
an HCP, i.e., an HCLF. Its nonzero dc component can be
compensated by adding a long and weak tail of practically
opposite polarity [38], which does not change the dynamics of
the concerned electrons significantly.

We assume that at t = −10 fs the atom is in its ground
state, and the electronic wave function is propagated using
the split-operator method [39] combined with fast Fourier
transformation. To prevent spurious reflections from the spatial
grid boundaries, at each time step, the total wave function is
multiplied by a cos1/8-type mask function, which varies from
1 to 0 starting from the 3/4 of the grids.

Once the time-dependent wave function �(x,t) is obtained,
one can calculate the time-dependent induced dipole acceler-
ation as follows:

a(t) = 〈�(x,t)|[−∂V (x)/∂x]|�(x,t)〉 − E(t) (1)

and the HHG power spectra as follows:

P (ω) =
∣∣∣∣ 1

T

1

ω2

∫ T/2

−T/2
a(t)e−iωtdt

∣∣∣∣
2

, (2)

where T is the total length of the pulse.

III. RESULTS AND DISCUSSIONS

In Fig. 1(a), we depict the HHG spectrum in logarithmic
scale by varying the time delay between the driving laser pulse
that excites the bound electron to the continuum states, and
an HCLF that is responsible for manipulating the trajectories
of the ionized electrons. The value of κ is determined by
κ = (�max − Ip)/Up. It can be seen that there are three main
peaks contributing to three extensions of cut-off frequencies
of HHG, which are related to three optimized time delays,
respectively. When the relative tdelay = 0.075 fs, the value
of κ for the maximal return kinetic energy (RKE) is 12.48
corresponding to the harmonic order Nmax = 177, while κ =
3.17 for the single driving pulse corresponds to the harmonic
order Nmax = 53. In addition, there are two other optimized
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FIG. 1. (Color online) (a) The spectra of HHG varying with the time delay by solving the TDSE. (b) The maximal return kinetic energies
of ionized electrons and the corresponding release and return times, which are obtained from the classical calculation. Here the field ratio
α = Ec/EL = 1.
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FIG. 2. (Color online) The maximal RKE for the optimal time
delay and different amplitudes of manipulating pulse. (a) The
maximal RKE for different values of α and the corresponding optimal
time delay, where the blue line means α = 1. The optimal time delay
versus the field ratio α at (b) the first RKE, (c) the second RKE, and
(d) the third RKE corresponding to Fig. 1(a).

values of time delay: tdelay = −2.61 fs, which gives κ = 9.84,
and tdelay = 2.70 fs, which gives κ = 9.3. In this model, an
electron is released from an atom through tunnel ionization
and then driven by a nonsinusoidal combined laser field that
breaks the dynamic symmetry of the electronic wave packet
(EWP). As can be seen, the peaks of the manipulating pulse
should lag shortly behind that of the driving pulse, and the main
role of the manipulating pulse is to optimize the quantum path
of the EWP.

For the sake of better understanding the role that the
manipulating pulse plays, we also perform numerical calcu-
lations of the classical motion equations for an electron in
the field. Under the strong-field approximation, the classical
dynamics of an ionized electron is governed by Newton
equation ẍ(t,ti) = −E(t), where ti is the release time of the
electron, and the double dots over x represent the second
derivative with respect to the time t . Since an electron is
assumed to be released in the laser field at ti with zero
velocity, by integration over [ti ,t], one can easily obtain its
velocity v(t,ti) = − ∫ t

ti
E(t ′)dt ′ = A(ti) − A(t) and its dis-

placement x(t,ti) = (t − ti)A(ti) − ∫ t

ti
A(t ′)dt ′. Here, we have

introduced the vector potential A(t) associated to E(t) =
−dA/dt . The RKE of an ionized electron can be expressed
as Ekin = 1

2 [A(t1) − A(ti)]
2, where the return time t1 is de-

termined by x(t,ti) = 0, i.e.,
∫ t

ti
A(t ′)dt ′ = (t − ti)A(ti). The

maximal RKE can be obtained by dEkin/dti = 0 [40], which
gives A(ti) = A(t1) − (ti − t1)E(ti), as shown in Fig. 1(b). In
the upper panel of Fig. 1(b), we present the release (green
pentagons) and return (red triangles) times of the electron
that contribute to the maximal RKE. The corresponding RKE
curve is also given in the lower panel. Classical calculations
also confirm that it is possible to optimize the synthesizing
pulse by adjusting the relative time delay between the two
pulses. Since the field ratio between electric amplitudes of
the two pulses is adopted as an adjustable parameter, we also
calculate the maximal RKE for different values of α = Ec/Ed

and obtain the corresponding optimal time delay, as shown

FIG. 3. (Color online) The classical electronic trajectory (black
solid line) driven by the optimized synthesizing pulse with tdelay =
0.075 fs. As a comparison, the nonoptimized trajectory is also
presented (the black dashed line).

in Fig. 2(a), and the blue line means α = 1. Furthermore,
Figs. 2(b)–2(d) present the relations between the optimal time
delay and the field ratio α for the three different maximal
RKEs. We can conclude from Fig. 2 that the pulse peak of the
optimized HCLF always lies behind that of the driving laser
pulse regardless of the amplitude of the HCLF. As an example,
we only analyze the case α = 1 without loss of generality in
this paper.

From the classical point of view, the negative peak of
driving pulse releases the electronic wave packet (if the laser
field is strong enough), and then drives it away from the
parent ion. After the driving pulse changes its direction, the
ionized electron is decelerated. Meantime, the manipulating
pulse is also transferring a substantial momentum and driving
the electron to a further distance before it reaches the absorbing
zones, which means the longest accelerative distance. Then the
ionized electron is accelerated toward the nuclear core by the
combined laser pulse, and the introduction of the manipulating
pulse speeds the electron to the ion in a shorter time, as shown
in Fig. 3.

In order to fully investigate the influence of the ma-
nipulating pulse on the electrons born at other times, we
compare the release and return times of ionized electrons
with (green pentagons) and without (magenta circles) the

Δt = 0.075 fs

FIG. 4. (Color online) A comparison of return time between the
ionized electrons by the laser field with and without manipulating
pulse combined.
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tdelay

FIG. 5. (Color online) The time-frequency profile of the HHG
power spectra of a hydrogen atom driven by the optimized synthesiz-
ing pulse with tdelay = 0.075 fs.

manipulating pulse included, which is shown in Fig. 4. For
those electrons which are released between −2.6 and − 2.2 fs
and have undergone more than a cycle, the introduction of the
manipulating pulse promotes their motion toward the nuclear
core, and offers them another chance to recombine with the
ions in a short time. The same is true for those induced by the
driving laser between −1.8 and − 1.2 fs, and the electron that
contributes to the maximal RKE of 12.48Up is also released in
this time interval. In addition, the electrons produced between
0 and 0.17 fs are driven away from the ions by the combined
laser field, and lose their opportunities of recombining with the
ions. While the electrons released within 0.41–0.58 fs gain the
chance to recombine with the ions during the last two optical
cycles. Considering the fact that the atomic ionization rate
monotonically increases with the increasing electric field, and
the EWPs in continuum states spread very quickly, only those
electrons ionized near the main peaks of the driving pulse can
be selected as candidates for generating the harmonics of the
extended cut-off frequencies.

To figure out the detailed spectral and temporal structures of
HHG, we perform a time-frequency analysis by means of the

Gabor transform of the induced dipole acceleration a(t) [23],

aG(ω,t) =
∫ ∞

−∞
exp(iωt ′) exp

[
− (t − t ′)2

2σ 2
0

]
a(t ′)dt ′,

where σ0 is the width of the Gaussian time window in
the Gabor transformation, and we choose σ0 = 0.1 fs in
our calculation. Figure 5 shows a representative graph of
the modulus of the time-frequency profile of the HHG
spectra in logarithmic scale for hydrogen atoms driven by
the optimized synthesizing pulse. In the extended plateau
region, starting from the 100th-order harmonic, we note that
the short-trajectory electrons make the major contributions to
the extended plateau, which occurs from 0 to 1.2 fs. Moreover,
from Fig. 5, the introduction of HCLF also enhances atomic
ionization, and even causes ionization saturation after t = 1 fs.
More importantly, since the HCLF selectively accelerates the
ionized electrons, its utilization indicates a single HHG burst of
extended frequencies, which is favorable for the synthesization
of an isolated attosecond pulse.

Since the wave function �(x,t) contains all the information
about the electronic dynamics, especially the position and
velocity distribution, we can investigate the evolution of the
electronic wave packet and make some predictions. To obtain
a deeper insight into the HHG process, we propose a scheme
by using the Gabor transformation,

Q(x,p,t) =
∫ +∞

−∞
�(x ′,t) exp

[
− (x − x ′)2

2δ2
0

]
e−ipx ′

dx ′, (3)

where δ0 is the width of the Gaussian coordinate window in the
Gabor transform, and we choose δ0 = 1.3 a.u. in our numerical
analysis. The modulus ofQ(x,p,t) describes the instantaneous
position and momentum of the electronic packets at t , as shown
in the left panel of Fig. 6, while the right panel presents the
corresponding profile of the electric fields. According to the
position-momentum profile (PMP) analysis, particularly, it can
be seen that the harmonics bursts of near-cut-off frequency last
about τ ≈ 222 as. Therefore, the x-p phase-space analysis
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p
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p
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(a) t = −1.3 fs (b) t = −0.094 fs

(c) t = 0.58 fs (d) t = 10 fs

τ

FIG. 6. (Color online) The left panel represents the PMP of the electronic wave packets at different moments: (a) t = −1.3 fs, the EWP
that contributes to the harmonics of cut-off frequency is created; (b) t = −0.094 fs, the EWP reaches the furthest distance, and begins moving
toward the ion under the combined pulses; (c) t = 0.45 fs, the harmonics bursts of the near-cut-off frequency are emitting, and the velocity (or
momentum) can be evaluated as p ≈ ±√

2κUp = ±4.38 a.u.; (d) the PMP of EWP at the end of the laser pulse, and the blue lines represent
the maximal return velocity of electrons corresponding to the maximal RKE of 12.48Up. The right panel presents the corresponding electric
fields, and the time interval that the HHG of near-cut-off frequency lasts is also roughly displayed, τ ≈ 222 as.
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provides the spatial distribution and information about the
flow of the electronic wave packet during the laser interaction,
and informs us about the return momentum of the ionized
electron.

The PMP indicates that, if px < 0, the EWP moves toward
the parent ion, and if px > 0, the EWP is driven away from
the ion, where the direction of motion depends on the sign
of the momentum p. Considering the signal strength of the
HHG and the maximal radiation frequency, the manipulating
pulse should be turned on only when sufficient electrons are
produced. In the single atomic approximation, it means that
sufficient strong EWP is created and driven sufficiently far
away from the ion before it moves into the absorbing zones.
At t ≈ −1.3 fs that is obtained from the classical motion
equation of the ionized electrons, the EWP that contributes
to the maximal RKE is released by the driving pulse, and is
accelerated away from the ion toward a positive direction until
the driving pulse changes its direction, shown in Fig. 6(a).
Under the combined pulses consisting of the driving and
manipulating pulses, the EWP being in continuum states is
experiencing the deceleration, a fraction of the EWP probably
escapes from the absorbing boundaries, and never returns to the
ionic core. When t ≈ −0.094 fs, the concerned fragment of the
EWP arrives at the furthest position relative to the ion, shown in
Fig. 6(b). Then the combined pulses provide enough energies
to drive it to the parent ion. From about t = 0.41–0.63 fs,
the EWP collides with the ion, and is captured at a certain
probability as shown in Fig. 6(c). Meantime, the harmonics
of the near-cut-off frequency are emitted as a result of
electron-ion recombination. In Fig. 6(d), we give the PMP
at the end of the laser pulse.

IV. CONCLUSIONS

In conclusion, due to its unique feature of unipolarity, an
HCLF is combined with a driving laser pulse to extend the cut-
off frequency of harmonic emission. This is because the HCLF
can transfer a substantial momentum to an ionized electron
during the second step of the rescattering process for HHG [6].
By adjusting the relative time delay between the pulses,
we obtain an optimized condition that the cut-off frequency
of the harmonics can be extended to Ip + 12.48Up for the
hydrogen atom and the driving laser field E0 = 0.1 a.u. In
our computations, the TDSE in the dipole approximation and
length gauge is solved numerically by using a split-operator
method. The results indicate that the main contribution of
the manipulating pulse is driving the EWP toward the atomic
core accompanyied by the driving pulse rather than releasing
the EWP through tunneling ionization. The time-frequency
analysis shows that the introduction of a HCLF is beneficial for
the synthesization of an isolated attosecond due to harmonic
emission only within a single time interval. Moreover, we
have proposed a method of position-momentum analysis by
analogizing Gabor transformation between the coordinates
and momentum of the EWP to the time-frequency analysis, in
which the multiplication px < 0 represents the EWP moving
toward the parent ion, px > 0 means the EWP moving away
from the ion, and the direction of motion depends on the sign
of the momentum p.
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