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Electromagnetic cascade in high-energy electron, positron, and
photon interactions with intense laser pulses
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The interaction of high-energy electrons, positrons, and photons with intense laser pulses is studied in head-on
collision geometry. It is shown that electrons and/or positrons undergo a cascade-type process involving multiple
emissions of photons. These photons can consequently convert into electron-positron pairs. As a result charged
particles quickly lose their energy developing an exponentially decaying energy distribution, which suppresses
the emission of high-energy photons, thus reducing the number of electron-positron pairs being generated.
Therefore, this type of interaction suppresses the development of the electromagnetic avalanche-type discharge,
i.e., the exponential growth of the number of electrons, positrons, and photons does not occur in the course of
interaction. The suppression will occur when three-dimensional effects can be neglected in the transverse particle
orbits, i.e., for sufficiently broad laser pulses with intensities that are not too extreme. The final distributions
of electrons, positrons, and photons are calculated for the case of a high-energy e-beam interacting with a
counterstreaming, short intense laser pulse. The energy loss of the e-beam, which requires a self-consistent
quantum description, plays an important role in this process, as well as provides a clear experimental observable
for the transition from the classical to quantum regime of interaction.
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I. INTRODUCTION

The processes typical for high intensity particle physics
[1], i.e., the interactions of charged particles with strong
electromagnetic fields [2], have attracted considerable interest
recently. This interest is due to the rapid growth of the maxi-
mum achievable laser intensity at many existing, constructed,
and projected experimental facilities. Some of these processes,
previously believed to be of theoretical interest only, are now
becoming experimentally accessible.

High intensity electromagnetic (EM) fields significantly
modify the interactions of particles and EM fields, giving
rise to the phenomena that are not encountered either in
classical or perturbative quantum theory of these interactions.
One can imagine a cube of theories (analogous to the cube
mentioned in Ref. [3]), which is located along three orthogonal
axes marked by c, h̄, and a (see Fig. 1). These three
axes correspond to relativistic, quantum, and high intensity
effects. Each vertex of the cube corresponds to a physical
theory: (0,0,0) is nonrelativistic mechanics, (c,0,0) is special
relativity, and (0,h̄,0) is quantum mechanics. The theory
that has both quantum and relativistic effects included is the
quantum field theory, (c,h̄,0). The classical electrodynamics
corresponds to the vertex (c,0,a) and atomic, molecular, and
optical physics to (0,h̄,a). If the high intensity effects are
included in the framework of the quantum field theory, then the
corresponding vertex (c,h̄,a) corresponds to the high intensity
particle physics. Thus the high intensity EM fields add a new
dimension to the processes occurring in quantum field theory,
significantly changing the physics of the interactions.

The intensity of 2 × 1022 W/cm2 was demonstrated several
years ago [4] and the intensity of 1023 W/cm2 can in principle
be achieved at several PW-laser facilities, which are being
built or are already operational. Several projected facilities
are aiming to reach intensities of 1026 W/cm2 [5]. At laser
intensities of 1023 W/cm2 and above the electromagnetic (EM)
radiation interaction with charged particles becomes highly

dissipative, due to the efficient generation of high-energy γ

rays [2,6–9]. These high-energy photons can decay in the
strong EM field producing e+e− pairs, which in turn will lose
their energy emitting photons.

It is widely discussed in the literature [10–12] whether
these two processes occurring subsequently in the EM field of
two colliding laser pulses will give rise to the EM avalanche-
type discharge at intensities of about 1025 W/cm2, i.e., the
exponential growth of the number of electrons, positrons, and
photons due to the fact that the charged particles are being
constantly accelerated by the EM field. This phenomenon
would significantly change the properties of the laser pulse
interaction with the charged particles, and the most evident
consequence will be the scattering of the laser radiation at the
generated e+e−γ plasma [12]. For example, this scattering
might limit the maximum attainable laser intensity [11,12],
which may occur much earlier than the laser pulse depletion
due to pair production from vacuum, discussed in Ref. [13].

It is convenient to parametrize the charged particle interac-
tion with the EM field in terms of the dimensionless amplitude
of the EM field vector potential:

a = eE

mω0c
, (1)

where e and m are electron charge and mass, respectively, c

is the speed of light, and ω0 and E are the frequency and
strength of the EM field, respectively. The parameter a has
a meaning of an electron energy gain over a distance of one
wavelength in units of its rest energy mc2. The value a = 1
marks the onset of the relativistic regime in the charged particle
interaction with the EM field. The possibility of new particle
production by the EM field is connected with a field strength
that is able to perform mc2 work over the electron Compton
length, λC = h̄/mc = 3.86 × 10−11 cm, i.e., eESλC = mc2.
This field,

ES = m2c3

eh̄
= 1.32 × 1016 V/cm, (2)
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FIG. 1. (Color online) The cube of theories: three axes correspond
to relativistic (c), quantum (h̄), and high intensity effects (a); the
vertices of the cube, (0,0,0), is classical mechanics, (c,0,0) is special
relativity, (0,h̄,0) is quantum mechanics, (c,h̄,0) is quantum field
theory, (c,0,a) is the classical electrodynamics, (0,h̄,a) is atomic,
molecular, and optical physics, and (c,h̄,a) is the high intensity
particle physics.

is usually referred to as the quantum electrodynamics (QED)
“critical” field [14]. The subscript “S” in the definition of
the “critical” field as well as in the subsequent definitions of
the “critical” intensity and vector potential stands for the fact
that this field is usually referred to as a “Sauter-Schwinger”
field. The dimensionless vector potential corresponding to this
field is

aS = mc2

h̄ω0
, (3)

and has a meaning of a minimal number of photons that need
to be absorbed from the field to produce a new particle. For a
laser pulse with 1-μm wavelength aS = 4.1 × 105.

The “critical” field of QED is unaccessible in the near
future by laser technology, since the corresponding intensity
is IS = 4.65 × 1029 W/cm2. Even the less demanding peak
intensities that are required for scenarios of electron-positron
pair production by single focused, two counterpropagating
[13] or multiple focused at one spot [15] laser pulses, which
require peak intensity of 1025−28 W/cm2, will not become
available in the near term. However, a high-energy electron and
positron, or photon can experience such a field in collision with
the high intensity laser pulse. Such interaction is characterized
by the parameter χe for an electron and positron and χγ for a
photon:

χe = eh̄
√

(Fμνpν)2

m3c4
= 1

ES

√(
γ E + p × B

mc

)2

−
(

p · E
mc

)2

,

(4)

χγ =
eh̄

√
(Fμνkν

γ )2

m3c4

= 1

ES

√(
h̄ωγ E + kγ × B

mc

)2

−
(

kγ · E
mc

)2

. (5)

Here p is the electron momentum, γ =
√

1 + (p/mc)2, and
the photon momentum is kγ = (h̄ωγ ,kγ ). The parameter χe

has a meaning of the EM field strength normalized to the
“critical” field strength in the reference frame where the
electron is at rest. The parameters a and χe,γ play an important
role in calculating the probabilities of QED processes in
strong EM fields: multiphoton Compton scattering (e → eγ )
[16–18] and multiphoton Breit-Wheeler process (γ → ee)
[17,19–21]. When a � 1 the interaction of an electron with
an EM wave can be considered as an interaction with a single
photon. The probabilities of interaction with two or more
photons are negligible in this case. For a � 1 these proba-
bilities become comparable with the one-photon interaction
probability. Thus the process becomes multiphoton, i.e., it
acquires a nonlinear dependence on the field amplitude. The
parameters χe,γ govern the magnitude of quantum effects.

For an electron interaction with a plane EM wave prop-
agating along the x axis with E = E(x − t)ey and B =
E(x − t)ez, χe = (E/ES)(γ − px/mc), and for a photon inter-
action with this wave, χγ = (E/ES)(h̄ω − kxc)/mc2. Here we
used the conservation of the electron generalized momentum,
which gives the component of the electron momentum parallel
to the laser electric field. One can see that the quantum
effects are maximized for an electron and positron or a photon
counterpropagating with the EM wave. In the ultrarelativistic
limit, γ � 1,

χ↑↓
e = 2γ

E

ES

, χ↑↓
γ � 2

h̄ω

mc2

E

ES

. (6)

Here ↑↓ denotes the counterpropagating electron and positron
or photon and the EM wave. If an electron and positron or a
photon co-propagates with the EM wave, then in the former
case the parameter χe is reduced and in the latter case the
parameter χγ is equal to zero:

χ↑↑
e � (2γ )−1 E

ES

, χ↑↑
γ = 0, (7)

where ↑↑ denotes the co-propagating electron and positron
or photon and the EM wave. The vanishing of the photon
parameter χ↑↑

γ = 0 is connected with the fact that co-
propagating massless particles do not interact, since the terms
corresponding to the photon-photon scattering in the EM
field Lagrangian vanish for this interaction geometry (on
the possibility of measuring the photon-photon scattering
for eV-keV photons; see Ref. [22]). Analogous effects in
gravitational interaction of massless particles were mentioned
by Zee in Ref. [23]. Since we are interested in exploring the
effects of high intensity particle physics, which optimally
requires χe ∼ 1, the configuration of a counterpropagating
electron beam and a laser pulse is most beneficial for studying
these effects.

The configuration of a counterpropagating 46-GeV electron
beam and a 1018 W/cm2 laser pulse was used in the E144
experiment at SLAC [24]. The resulting EM field strength in
the electron rest frame was a quarter of the QED critical field.
However, the relatively low laser intensity resulted in a long
mean free path of electrons and photons with respect to either
radiation or pair production and thus led to a small number of
events observed. By contrast, today the achievable peak laser
intensity is of the order of 1022 W/cm2, GeV electron beams
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are routinely produced by laser-plasma accelerators [25,26],
and there are projects to achieve 10-GeV electron beams in
the near future [27]. Thus combining a 10-GeV electron beam
with a 1022 W/cm2 laser pulse will bring us much further into
the experimentally uncharted domain of high intensity particle
physics [12].

As it was shown in [9,12] the effects of nonlinear QED begin
to dominate when the emitted photon carries away an energy
on the order of the electron energy, h̄ωγ ≈ γmc2, where ωγ is
the frequency of the emitted photon. For a head-on collision
of an electron and a laser pulse, the emitted photon energy
is h̄ωγ ≈ 1.2h̄ω0aγ 2 and the number of emitted photons per
laser pulse period is Nγ ≈ (3π/4)αa [12], where α = 1/137 is
the fine structure constant. Hence the effects of high intensity
particle physics should be taken into account for

a > aQ = (2/3)α(1.2εradγ )−1, (8)

where εrad = 4πre/3λ0, re = 2.8 × 10−13 cm is the classical
electron radius, and λ0 is the laser wavelength. Equation (8)
is analogous to two conditions, derived from the analysis of
the probability of the photon emission by an electron, χe > 1
and αa > 1 [30]. The first condition indicates that the recoil
in each photon emission is important, and the second one
indicates that the number of photons emitted incoherently per
laser period can be larger than unity. For a 10-GeV electron
beam and a laser with a wavelength of 0.8 μm, aQ ≈ 20.
This value of aQ is below the peak value of a, which was
already demonstrated in the experiments by focusing the laser
pulse to the intensity of 1022 W/cm2, corresponding to a ≈ 70.
Thus it is possible to explore experimentally high intensity
effects with present laser systems. Multiphoton Compton and
multiphoton Breit-Wheeler processes have attracted a lot of
attention recently for this reason. Especially the interaction
of electrons, positrons, and photons with finite duration laser
pulses, and effects that accompany it, were studied [28–34].

In this paper we study the interaction of an energetic
electron beam with the intense laser pulse in the framework
of high intensity particle physics. We aim at the theoretical
exploration of the interaction regimes characterized by high-
energy dissipation and associated processes. The individual
processes of a photon emission by an electron and a photon
decay into an electron-positron pair in strong constant crossed
field show an enhancement in the production of high-energy
particles. However, in the interaction with the laser pulse, the
electron beam undergoes a cascade-type process involving
multiple emissions of photons and the consequent decay of
these γ ’s into electron-positron pairs, which can be described
by the system of kinetic equations for the electron, positron,
and photon distribution functions, analogous to the approach of
Refs. [32,35,36]. As a result the initial electron beam quickly
loses its energy and develops a broad energy distribution
with an exponentially decaying high-energy tail. For this
type of energy distribution the emission of high-energy γ ’s
is suppressed, which leads to a reduction of γ ’s decays into
e+e− pairs. Thus this type of interaction disfavors the EM
avalanche-type discharge development.

We also compare the approach based on the QED rates
for e → γ e and γ → ee processes and corresponding kinetic
equations with the solution of classical equations of motion
with radiation friction force included. The importance of the

multiphoton absorption for the electron dynamics in the strong
EM pulse is discussed.

The paper is organized as follows. In Sec. II we consider
the dependence of the probabilities of the e → eγ and γ → ee

processes in constant crossed EM field on various parameters
and study different limiting cases. In Sec. III we present the
results on the cascade formation and the comparison between
the “quantum” and “classical” cases. We conclude in Sec. IV.

II. MULTIPHOTON COMPTON AND BREIT-WHEELER
PROCESSES IN A CONSTANT CROSSED EM FIELD

In what follows we consider the processes of a photon
emission by an electron and a photon conversion into an
electron-positron pair in a strong EM field (see Fig. 2):

e(p) → e(p′)γ (k′
γ ), (9)

γ (kγ ) → e(p′)e(q ′), (10)

where p, q, and kγ are momenta of initial electron, positron,
and photon, respectively, and primed momenta refer to the
same particle but in the final state. The electric and magnetic
field strengths are denoted as E and B, respectively, and the
wave vector as k0. In this paper a system of units is chosen
such that c = 1 and h̄ = 1. Based on the results of [17], we
study the properties of processes (9) and (10) in the plane EM
wave with regard to particle energies and field strength.

In what follows we introduce parameters χe = χe(p), χ ′
e =

χe(p′), χγ = χγ (kγ ), and χ ′
γ = χγ (k′

γ ), which describe the
strength of the interaction of initial and final state electrons
and photons with the EM field [for positrons we also use the
notation χe = χe(q), χ ′

e = χe(q ′) and since these parameters
for an electron and positron do not appear together it should not
cause any confusion]. These parameters are not independent,
they are connected by the energy-momentum conservation:

sk0 + p = p′ + k′
γ , (11)

where s is the number of photons absorbed from the EM field
(sω0 + p0 = p′

0 + ω′
γ ). If we multiply this equation by k0 and

then using the fact that k2
0 = 0 we rewrite it in terms of the

invariants to obtain

χe = χ ′
e + χ ′

γ . (12)

In what follows we consider a simplified one-dimensional
(1D) model of the electron interaction with the laser pulse. We
assume that initially electron momentum is directed along the
laser pulse propagation axis, but oppositely to the direction of

FIG. 2. The Feynman diagrams of the Compton (e → eγ ) and
Breit-Wheeler (γ → ee) processes. Double fermion lines indicate
that the process occurs in external field.
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the laser pulse, p = (−px,0,0), and in the course of interaction
the y and z components do not change, i.e., we assume p0 � 1
and the dynamics of electrons and positrons is dominated by
the longitudinal motion. This implies that a transverse quiver
amplitude of the electron, ∼ λ0a/γ , is much less than the
laser spot size r0. In this case χe = (E/ES)(γe − px/me). It
was pointed out in Ref. [17] that since the wavelength of
the laser is much larger than the characteristic scale of the
formation of the process, a−1, the laser field can be regarded
as constant. Moreover for an ultrarelativistic electron beam the
EM field of the laser in the electron rest frame is very similar to
the crossed EM field (E ⊥ B, E = B). Therefore we assume
the approximation of a locally constant crossed EM field and
consider the spectra and probabilities of multiphoton Compton
and Breit-Wheeler processes in such a field. The differential
probabilities of these processes can be written in the following
form:

dP e = − α

πλC

me

γ
F+(ze,ye)dεγ , (13)

dP γ = − α

πλC

me

ωγ

F−(zγ ,yγ )dεe, (14)

where εγ = k′
γ /p0 and εe = p′

0/kγ are the emitted photon
energy normalized to the initial electron energy and the
produced electron energy normalized to the initial photon
energy, respectively. The function F (z,y) is

F± (z,y) = 2

3 ∓ 1

[∫ ∞

z


(z′)dz′ ± y

z

′(z)

]
. (15)

Here 
(z) and 
′(z) are the Airy function and
its derivative, respectively, which can be expressed
in terms of a modified Bessel function of a sec-
ond kind: 
(z) = 3−1/2π−1z1/2K1/3(2z3/2/3), and 
′(z) =
−3−1/2π−1zK2/3(2z3/2/3) [37].

Though expressions for the differential probabilities of the
multiphoton Compton and Breit-Wheeler processes (13),(14)
look similar, the fact that in one case the electron and photon
are in the final state, whereas in the other case the electron and
positron are produced, is accounted for in the explicit form of
variables ze,γ and ye,γ :

ze =
[

εγ

(1 − εγ )χe

]2/3

, ye = 1 − εγ + 1

1 − εγ

, (16)

zγ =
[

1

εe(1 − εe)χγ

]2/3

, yγ = 1 − εe

εe

+ εe

1 − εe

. (17)

If we compare two cases where (i) almost all the energy
of an initial electron is transferred to an emitted photon,
εγ → 1, and (ii) almost all energy of an initial photon is
transferred to either final electron or a final positron, εe → 1,
then the behavior of the variables ze,γ and ye,γ is the same.
They all tend to infinity: ze,γ → ∞ and ye,γ → ∞. In the
opposite situation we compare (i) the case where the emitted
photon energy tends to zero, εγ → 0, and (ii) the case where
either final electron or final positron is produced almost at
rest εe � 1. Here the behavior of the variables ze,γ and
ye,γ is completely different. While ze tends to zero and ye

tends to 2, both zγ and yγ tend to infinity. This means that
the differential probabilities for multiphoton Compton and
Breit-Wheeler processes in the case of a maximum asymmetry

FIG. 3. (Color online) The spectra of photons from the e → eγ

process (blue solid curves) and electrons from the γ → ee process
(black dotted curves) in a constant crossed field for different values
of the field intensity: 1024, 1025 W/cm2. The energy of the initial
electron and photon is 10 GeV.

in the momentum distribution among the final state particles
should be almost similar. Moreover the fact that for both
εe → 1 and εe � 1 the variables zγ and yγ tend to infinity
indicates that the differential probability for the Breit-Wheeler
process is symmetric with respect to εe → 1 − εe. These
properties can be seen from Fig. 3 where the dependencies
of differential probabilities on εγ for multiphoton Compton
and εe for multiphoton Breit-Wheeler are shown.

A. Differential probabilities of multiphoton Compton and
Breit-Wheeler processes: εγ,e → 1

In the limit εe,γ → 1 the integration in Eqs. (13) and (14)
can be carried out and the differential probabilities will take
the following form:

dP e = α

πλC

me

γ

χ
1/2
e

(1 − εγ )1/2
exp

[
−2

3

εγ

(1 − εγ )χe

]
dεγ ,

(18)

dP γ = − α

2πλC

me

ωγ

χ
1/2
γ

(1 − εe)1/2 exp

[
−2

3

1

εe(1 − εe)χγ

]
dεe.

(19)

The functions in Eqs. (18) and (19) demonstrate almost
identical behavior ∼ δε−1/2 exp(−2/3δεχe,γ ), where δε =
1 − εe,γ . For χe,γ � 1 these functions have a maximum near
εe,γ = 1:

εe,γ = 1 − 4

3χe,γ

, (20)

which corresponds to the enhancement of the high-energy
electrons and positrons or photons production in γ → ee and
e → γ e processes, respectively. In the case of e → γ e the
requirement χe > 4/3 should be satisfied for the maximum in
dP e/dεγ to exist. In the case of γ → ee this requirement is
χγ > 8. If either the final photon in the multiphoton Compton
process or the final electron and positron in the multiphoton
Breit-Wheeler process was produced with the energy given by
Eq. (20) then the other particle in the final state will have an
energy of 4/3χe,γ or (4/3)(ES/E), which does not depend on

062110-4



ELECTROMAGNETIC CASCADE IN HIGH-ENERGY . . . PHYSICAL REVIEW A 87, 062110 (2013)

the energy of an initial state particle. Since the production of
particles with εe,γ > 1 − 4/3χe,γ is exponentially suppressed
[see Eqs. (18) and (19)], this result introduces a low energy
cutoff for electrons and positrons:

pth = 4

3
me

ES

E
, (21)

which holds as long as the condition χe,γ � 1 is satisfied.

B. Differential probabilities of multiphoton Compton and
Breit-Wheeler processes: εγ,e � 1

In the opposite case of εγ,e � 1 the differential probabilities
of e → γ e and γ → ee processes demonstrate different
behavior. While dP γ /dεe is symmetric with respect to εe →
1 − εe, dP e/dεγ is not with respect to εγ → 1 − εγ , due to

the fact that there is no charge symmetry in the final state. The
differential probability of emitting a low energy photon goes
to infinity as ε

−2/3
γ :

dP e = − 2α

πλC

me

γ

′(0)

(
χe

εγ

)2/3

dεγ , εγ � 1,χe. (22)

However, the total probability of emission remains finite and
the intensity of the radiation emission scales as ε

1/3
γ as εγ → 0.

C. Total probabilities of multiphoton Compton and
Breit-Wheeler processes: Radiation length

If we integrate the expression for the differential probability
of a photon emission by an electron (13), we obtain the total
probability of this process [17]:

P e(χe) = − α

2πλC

me

γ
χe

∫ ∞

0
dx

5 + 7z + 5z2

√
x(1 + z)3


′(x), z = χex
3/2.

In the limiting cases of large and small χe it is possible to carry out the integration, and the total probability can be written down
in the form of series in χe:

P e(χe) =
⎧⎨
⎩

5
31/2π

α
λC

(
I
IS

)1/2(
1 − 8

√
3

15 χe + · · · ), χe � 1

28�(2/3)
9π

α
λC

(
I
IS

)1/2
(3χe)−1/3

(
1 − 45

28�(2/3) (3χe)−2/3
)
, χe � 1.

(24)

Here we explicitly show the dependence of the total probability
on the EM field intensity, and �(z) = ∫ ∞

0 t z−1e−t dt is the
Euler-Gamma function. The same can be done in order to
obtain the electron-positron pair production probability [17]:

P γ (χγ ) = − α

32πλC

me

ωγ

χγ

∫ ∞

(4/χγ )2/3
dx

8z + 1√
xz

√
z(z − 1)


′(x),

(25)

z = χγ x3/2

4
.

In the limiting cases of large and small χγ it is possible to carry
out the integration, and the total probability can be written
down in the form of series in χγ , the first term of which is
given by

P γ (χγ ) =
⎧⎨
⎩

3
√

3
16π

√
2

α
λC

(
I
IS

)1/2
exp

(− 8
3χγ

)
, χγ � 1,

30·21/3

7�2(1/6)
α
λC

(
I
IS

)1/2
(3χγ )−1/3, χγ � 1.

(26)

The lifetime of an electron with respect to radiation, or a
photon with respect to pair production, is τe,γ = (P e,γ )−1. We
can also define the radiation length, a mean free path with
respect to either radiation or pair production, Le,γ

R = τe,γ . For
example, a 10-GeV electron interacting with a laser pulse with
intensity of about I ∼ 1022 W/cm2, such that χe ∼ 1, has the
radiation length of about λ0/5. At the same time a 10-GeV
photon interacting with the same pulse (I ∼ 1022 W/cm2)
has a radiation length of about 10λ0. The fact that electron
radiation length is 50 times smaller than that of a photon is
connected with the huge enhancement of the probability for
an electron to emit a low energy photon that can be seen from

Eq. (22) (also see Fig. 3). The dependencies of the radiation
lengths on parameter χe,γ are shown in Fig. 4 for different
intensities of the laser radiation. At high values of χe,γ both
electron and photon radiation lengths increase as (χe,γ )1/3.
However, at small values of χe,γ the behavior of Le

R and Lγ

R

is completely different. The electron radiation length tends to
a constant value, while the photon radiation length tends to
infinity. Such behavior is a good illustration of the fact that the
process of pair creation does not have a classical analogy.

We note that the photon radiation length increases for both
small and large values of parameter χγ . This means that there
exists a value of χγ that minimizes the photon radiation length.

FIG. 4. (Color online) The dependencies of the electron and
positron (a) and photon (b) mean free paths with respect to radiation
in constant crossed EM field on parameter χe,γ for different intensities
of the EM field: 1023 (1a, 1b), 1024 (2a, 2b), 1025 W/cm2 (3a, 3b).
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From Eq. (25) we find the value is χmin
γ ≈ 12 and the minimal

radiation length is

Lγ

R,min � 5λC

α

(
IS

I

)1/2

= 106λ0

a
, (27)

and it is inversely proportional to the square root of intensity.
Here λ0 = 1 μm. In order to maximize the number of events
of a photon decaying into an electron-positron pair let us
assume that L

γ
min = λ0 and derive the intensity of the laser

and the energy of photons. Then a = 106, corresponding to
the intensity of about 1022 W/cm2. However, the requirement
of χmax

γ ≈ 12 fixes the energy of photons: ωγ ≈ 12 GeV.
This configuration would require 12-GeV photons to be
generated in abundance in the multiphoton Compton process.
Further reduction of the radiation length is possible for higher
intensities, however, in this case, the 1D approximation for
an electron, positron, and photon interaction with a laser
pulse will no longer be valid, since such interaction will be
greatly affected by the transverse dynamics of charged particle
moving inside the laser pulse. Thus we can conclude here
that the prolific pair production in the e-beam interaction with
the intense laser pulse is closely connected with the strong
transverse dynamics of electron and positrons as could have
been expected from the results of Refs. [10–12].

III. ELECTROMAGNETIC CASCADE-TYPE PROCESS

Using the results of the preceding section we can approx-
imately model the interaction of an energetic electron beam
with the intense circularly polarized laser pulse. We use the
1D approximation and the laser pulse is chosen to have a
Gaussian profile. Since the radiation formation length, LR ,
is much smaller than the laser wavelength, we can adopt the
locally constant field approximation. In this approximation the
differential probabilities of the processes of a photon emission
by an electron and positron and a photon decay into an electron-
positron pair are calculated for the case of the constant crossed
EM field at each point, then the total probabilities or the dif-
ferential ones are obtained by integrating over time and space.

If we consider the evolution of the energy distributions
of the electron, positron, and photon beams [fe±(ε′

e± ,t),
fγ (εγ ,t)] inside the laser pulse, then at each time instant
these distributions are sums of three terms. For an electron
(positron) distribution these three terms are (i) the distribution
of electrons (positrons) that did not emit a photon, (ii) the
distribution of electrons (positrons) that emitted a photon, and
(iii) the distribution of electrons (positrons) that were created
as a result of a photon decay. For a photon distribution these
three terms are (i) the distribution of photons that did not decay
into an electron positron pair, and (ii) and (iii) the distribution
of photons that were emitted either by electrons or positrons.
In other words the distribution functions obey the following
recursive expressions:

fe± (ε′
e± ,t + �t)

= fe± (ε′
e± ,t)[1 − P e(ε′

e± ,t)�t]

+
{∫ 1

0

[
fe± (x,t)P1(x,ε′

e,t) + fγ (x,t)P2(x,ε′
e,t)dx

]}
�t,

(28)

fγ (εγ ,t + �t)

= fγ (εγ ,t)[1 − P γ (εγ ,t)�t]

+
{∫ 1

0
[fe+ (x,t) + fe− (x,t)]P3(x,εγ ,t)dx

}
�t,

(29)

where P1(εe,ε
′
e,t) = dP e/dε′

e, P2(εγ ,ε′
e,t) = dP γ /dε′

e, and
P3(εe,ε

′
γ ,t) = dP e/dε′

γ are the differential probabilities of the
corresponding processes in a constant crossed EM field defined
in the previous section. Correspondingly the functions P e(εe,t)
and P γ (εγ ,t) are the probabilities of a photon emission
by an electron and positron, and a photon decay into the
electron-positron pair. It is emphasized here that they are
the functions of initial electron, positron, and photon energy
and the instantaneous (at time t) value of the EM field.
These expressions can be rewritten in a form of a system of
differential equations for the distribution functions fi , where
i = e+,e−,γ , by dividing both sides by �t and then by taking
the limit at �t → 0:

dfe± (ε′
e± ,t)

dt
= −fe± (ε′

e± ,t)P e(ε′
e± ,t) +

∫ 1

0
[fe± (x,t)P1(x,ε′

e,t)

+ fγ (x,t)P2(x,ε′
e,t)dx], (30)

dfγ (εγ ,t)

dt
= −fγ (εγ ,t)P γ (εγ ,t) +

∫ 1

0
[fe+ (x,t) + fe− (x,t)]

×P3(x,εγ ,t)dx. (31)

These equations are analogous to the ones obtained in
Refs. [32,35,36].

This system of Eqs. (30) and (31) can be solved numerically.
The results are presented in Fig. 5, where the evolution of the
electron, positron, and photon spectra are shown during the
interaction of the beam and the pulse. The initial electron
beam was chosen to be monoenergetic with the energy of
10 GeV; the laser field has a Gaussian profile with the duration
of 10 wave periods. The peak intensity is 2.5 × 1022 W/cm2.
The electrons undergo a cascade-type process involving the
emission of multiple photons, which in their turn can decay
into an electron-positron pair, giving rise to the positron beam.
Such evolution of the electron beam leads to a fast loss of
the beam energy, which can be seen from Fig. 5(a). Being
initially monoenergetic the electron beam transforms into a
broad distribution with the maximum near 1 GeV, losing
almost 70% of its initial energy. Moreover such form of the
spectrum leads to the reduction of the emission of high-energy
photons, which can be seen from Fig. 5(c), where the photon
spectrum evolution is shown. This spectrum demonstrates an
exponentially decaying form, i.e., the number of high-energy
photons is highly suppressed when compared to the low energy
ones. The number of emitted photons is about 12 times higher
then the number of initial electrons, i.e., on average each
electron undergoes the photon emission 12 times.

As discussed in the previous section, the decay of an
energetic photon into an electron-positron pair in the presence
of a strong EM field leads to a spectrum of electrons and
positrons, the form of which depends on the value of parameter
χγ . If χγ > 8 then there are two peaks in the spectrum,
corresponding to εe ∼ 1 − 4/3χγ and εe ∼ 4/3χγ . However,

062110-6



ELECTROMAGNETIC CASCADE IN HIGH-ENERGY . . . PHYSICAL REVIEW A 87, 062110 (2013)

FIG. 5. The evolution of the spectra of electrons, positrons, and photons during the interaction of a 10-GeV electron beam with the
2.5 × 1022 W/cm2 laser pulse. The duration of the laser pulse is 10 wave periods. The intensity profile was chosen to be Gaussian with duration
of 30 fs.

the spectrum of photons is dominated by the low energy ones
and the contribution of the γ → ee decays with the two-
peak structure is negligible. Most electron-positron pairs are
generated by the photons with χγ < 8. It is plausible to assume
that the main contribution to the positron spectrum comes
from the photons, whose radiation length is about the length
of the laser pulse (10λ). The parameter χγ corresponding
to such radiation length (Lγ

R � 10λ) and laser intensity of
2.5 × 1022 W/cm2 is χγ � 1.5. For such photons the most
probable is the decay into the electron-positron pair, where the
final energy is equally distributed between the electron and the
positron, i.e., εe+ = εe− � 800 MeV. This estimate is in good
agreement with the result of the numerical solution of Eqs. (30)
and (31), which show a maximum in positron spectrum at
εe+ � 640 MeV, if we take into account the energy loss of
positrons due to the photon emission in the laser pulse. The
number of produced positrons is almost the same as the number
of initial electrons. The final forms of the spectra, when the
interaction of the beam and the laser pulse is over, are shown in
Fig. 6.

A. Comparison with the solution of classical equations
of motion in the presence of radiation reaction

In what follows we consider the equation of motion of
an electron in the EM field taking into account the radiation
reaction in order to compare the results obtained in the
framework of nonlinear QED with those of the classical
electrodynamics:

me

duμ

ds
= eFμνuν + gμ. (32)

Here uμ = (γ,p/m) in the four-velocity and s = ∫
dt/γ is

the proper time. The radiation friction force is taken in
the Landau-Lifshitz form [38] in order to avoid unphysical
self-accelerating solutions, which are possible if the radiation
friction force is taken in the Lorentz-Abraham-Dirac (LAD)
form [39] (for the discussion of the equivalence of the LAD and
L-L forms of the radiation friction force see [40]). The force
gμ is defined in such a way that an integral of it performed over
the world line of an electron moving in the EM field, is equal
to the total emitted photon momentum with negative sign.

We next consider a model case of a 1D motion of an electron
in the EM field of a counterpropagating laser pulse in order to
be able to compare the results of classical calculations with the
quantum calculations described above. If εradaγ 2

e � 1, then
the interaction is purely dissipative and we can neglect all the
EM forces except the radiation reaction. In this limiting case
the equation of motion is reduced to [40]

dp

dt
= −εradω0a

2(−2t)
p2

m
. (33)

Since we assumed a 1D motion of an electron in the EM field
of a counterpropagating laser pulse, then x ≈ −t and a(x −
t) ≈ a(−2t). The solution of the equation for the longitudinal
momentum component is

p(t) = − p0

1 + εradω0(p0/me)
∫ t

0 a2(−2η)dη
, (34)

which shows a gradual decrease of the electron momentum as
it passes through the laser pulse due to radiation. Here p0 is
the initial electron momentum.

FIG. 6. (Color online) The spectra of electrons, positrons, and photons after the interaction of a 10-GeV electron beam with a 2.5 ×
1022 W/cm2 laser pulse. The duration of the laser pulse is 10 wave periods. The intensity profile was chosen to be Gaussian.
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FIG. 7. The dependence of (a) the parameter χe, (b) the electron energy, and (c) the radiated intensity on time for the 1-GeV electron beam
interaction with a 1021 W/cm2 laser pulse with a duration of 10 cycles. (1) “Quantum” corresponds to the results obtained through the solution
of the kinetic equation [(30) and (31)], (2) “modified classical” corresponds to the results obtained through the solution of the modified classical
equation of motion, and (3) “classical” corresponds to the results obtained through the solution of the classical equation of motion.

It is well known that in the classical approximation the
amount of the radiation emitted by an electron moving in the
EM field is overestimated. Thus the electron energy is more
rapidly depleted. It is connected with the fact that classical
formula for the radiation intensity allows for the emission of
photons with the energy greater than the initial electron energy.
Equation (32) can be modified in a way that the integral of the
radiation friction force performed over the electron world line
will be equal to the total emitted momentum, but the emitted
momentum is calculated in the QED framework. From Eq. (13)
we can get the expression for the radiation intensity [17]:

I = IclG(χe), where

G(χe) = 1 − 55
√

3

16
χe + 48χ2

e + · · · , χe � 1, (35)

where Icl = 2e2m2
eχ

2
e /3 is the classical radiation intensity.

Then, following [10], we can modify the classical equation
of motion by multiplying the radiation friction force by
the function G(χe), gQ

μ = gμG(χe), in order to reduce the
amount of unphysical energy loss by the electron due to the
overestimation of emitted radiation.

We now compare the evolution of the e-beam energy and
intensity of emitted radiation in three cases: (i) “quantum,”
according to the solution of kinetic Eqs. (30) and (31);
(ii) “modified classical,” according to the solution of (32)
with the modified radiation friction force, gQ

μ ; (iii) “classical,”
according to the solution of Eq. (32). We consider the case
of a 1-GeV electron beam interacting with a 1021 W/cm2

Gaussian laser pulse with a duration of 10 cycles. The laser
wavelength is 1 μm. In Fig. 7 we present the dependencies of
parameter χe, e-beam energy, and radiated intensity on time.
In the “quantum” case the energy, which is plotted, is the
average energy of the beam. The evolution of parameter χe in
each of the three cases is shown in Fig. 4(a). In the quantum
case the e-beam is able to reach the peak intensity of the
laser pulse with highest energy, which is resulting in highest
values of χe. The evolution of the e-beam energy is shown
in Fig. 7(b). One can see a significant difference between
final e-beam energy in these three cases. As was already
mentioned, the classical approach overestimates the amount
of the radiated energy and thus the electron loses more energy.
However, in the “modified classical” approach this discrepancy
is approximately accounted for [see Fig. 7(c) where the
evolution of the radiated energy is shown]. Nevertheless the

“modified classical” and quantum cases give different values
of the final e-beam energy. It is connected with the fact
that in both “classical” and “modified classical” cases the
electron energy loss is due to emission and the total emitted
energy is determined only by the electron energy loss. In
the “quantum” case the energy balance is determined by the
energy-momentum conservation (11), where the absorption of
multiple photons from the background EM field is present. As
we can see from the results presented in Fig. 7 the total amount
of energy absorbed from the laser pulse accounts for almost
half of the emitted energy. Thus the “quantum” approach is
not only giving the correct amount of radiated energy, it also
shows that the e-beam energy loss is not as severe as could
have been expected from “classical” considerations, and that
taking into account the energy absorption from the laser pulse
is crucial for the understanding of the dynamics of energetic
e-beam interaction with the laser pulse.

IV. CONCLUSIONS

We considered the interaction of a high-energy electron
beam and an intense laser pulse with the electrons and
positrons undergoing the multiphoton Compton process, and
with the emitted photons undergoing the multiphoton Breit-
Wheeler process. The parameters of interaction were chosen
in a way that the transverse dynamics of the electron beam
(and the emerging positron beam from the interaction) could
be neglected, i.e., electron beam energy ∼10 GeV and laser
pulse peak intensity 1021−23 W/cm2. This implies that a
transverse quiver amplitude of the electron, ∼ λ0a/γ , is much
less than the laser spot size r0. It is known that the individual
processes of a photon emission by an electron or positron
and a photon decay into an electron-positron pair in a strong
EM field exhibit an enhancement in the number of events
producing the high-energy photons or electrons and positrons,
i.e., the processes exhibit highly asymmetric distributions
of energy among the final state particles. One can expect
that such enhancement, in principle, could lead to prolific
electron-positron pair production, which is an important step
in inciting the EM avalanche-type discharge. From the analysis
of the mean free paths of electrons and positrons with respect
to radiation, and photons with respect to pair creation, we
concluded that in order to have efficient pair creation one
should minimize the photon mean free path. However, this
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would require the utilization of extremely high intensity laser
pulses, for which the approximations assumed in this paper are
no longer valid and the electron-positron dynamics is highly
affected by the transverse motion induced by EM fields of the
laser. Thus the prolific pair creation is closely connected with
the strong transverse dynamics of electrons and positrons in
the EM field.

In order to investigate further the possibility of the prolific
electron-positron pair production we solved the system of
equations for the distribution functions of electrons, positrons,
and photons in the strong electromagnetic field, describing
the collision of an electron beam with the laser pulse. We
showed that in this case the enhancement is suppressed. It is
due to the fact that, inside the laser pulse, electrons undergo a
cascade-type process involving multiple emissions of photons,
leading to a fast depletion of the electron beam energy as
well as the transformation of the electron spectrum from
initially monoenergetic to a broad one with the maximum
at low energies and decaying according to a power law
high-energy tail. The spectrum of photons demonstrate a
power law dependence with increased production of low
energy photons. Some fraction of the photons convert into
electron-positron pairs giving rise to the positron beam. The
spectrum of positrons is similar to that of the electrons: broad
with maximum at low energies and decaying high-energy tail.
The main contribution to the positron spectrum comes from
the photons, whose mean free path is about the laser length.
It is due to the fact that lower energy photons have longer
mean free paths and escape the laser pulse without decaying
into an electron-positron pair, and the number of high-energy
photons is suppressed by the power law dependence of the
spectrum. This conclusion is in agreement with the results of

the numerical solution of the equations for the distribution
functions.

In order to study the energy depletion of the electron beam
due to radiation we compared different approaches for the
description of the e-beam interaction with the laser pulse. We
considered the e-beam energy loss in the cases of “classical”
(electron equation of motion with the radiation friction force),
“modified classical” (friction force takes into account quantum
expression for radiation intensity), and “quantum” approaches.
The energy absorption from the laser pulse plays a crucial
role in the description of the e-beam dynamics in the intense
laser pulse, since it accounts for a significant part of the
high frequency radiation emitted by electrons leading to a
smaller reduction in e-beam energy than is predicted by the
classical and “modified classical” equations. We conclude that
the energy absorption from the laser pulse, which is only
present in the “quantum” approach, plays an important role
in the description of the high-energy electron interaction with
the intense laser pulse. Thus the energy loss of the e-beam will
provide a clear experimental observable for the transition from
the classical to quantum regime of interaction in the planned
experiments on multi-GeV e-beam interaction with PW-class
laser pulses [1,12].
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