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Non-Markovian quantum state diffusion for an open quantum system in fermionic environments
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Non-Markovian quantum state diffusion (NMQSD) provides a powerful approach to the dynamics of an open
quantum system in bosonic environments. Here we develop a NMQSD method to study the open quantum system
in fermionic environments. This problem involves anticommutative noise functions (i.e., Grassmann variables)
that are intrinsically different from the noise functions of bosonic baths. We obtain the NMQSD equation for
quantum states of the system and the non-Markovian master equation. Moreover, we apply this NMQSD method

to single- and double-quantum-dot systems.
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I. INTRODUCTION

The theory of open quantum systems has become an
increasingly important topic in, e.g., quantum information
science, quantum measurement, and quantum optics. Tra-
ditionally, the dynamics of an open quantum system was
often investigated using a Markov master equation derived
by invoking the Born-Markov approximation. However, this
formalism fails for many solid-state systems (see, e.g., Ref. [1])
where the system-environment coupling is strong and the
environment is structured. Thus a non-Markovian master
equation is required when considering the memory effect and
back action of the environment. It is known that the derivation
of an exact non-Markovian master equation has long been a
challenging task. One of the breakthroughs is the exact non-
Markovian master equation for quantum Brownian motion
model derived by Hu ef al. [2] using the Feynman-Vernon
influence functional path-integral method [3].

Of all the theoretical strategies used to deal with open
quantum systems, a non-Markovian quantum trajectory theory
known as non-Markovian quantum state diffusion (NMQSD)
[4,5] provides a powerful approach to the dynamics of an open
quantum system in bosonic environments. In this approach,
when the so-called O operator is obtained, the quantum
dynamics of an open system is determined by solving the
NMQSD equation (i.e., a diffusive stochastic Schrodinger
equation) and the non-Markovian master equation can also be
derived [6,7]. In contrast to the conventional master equation
under the Born approximation, this non-Markovian mater
equation is derived nonperturbatively, so it applies even for
a strong system-environment coupling. Indeed, some exact O
operators have been found in a variety of quantum models
[4-9], including multilevel models [10].

In addition to bosonic baths, fermionic baths are also
involved in many physical systems, particularly in solid-state
systems. The Feynman-Vernon influence functional path-
integral method can also be used to study the quantum
dynamics of an open system in a fermionic environment
(see, e.g., Ref. [11]). Recently, this path-integral method was
extended to derive non-Markovian master equations for nan-
odevices [12,13]. Also, there were other studies on quantum
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dynamics and transport of nanostructured systems, including
the rate-equation approach [14,15], and the Markovian (see,
e.g., Refs. [16,17]) and non-Markovian (see, e.g., Ref. [18])
master-equation approaches. In addition, the nonequilibrium
Green’s function method can be used to study the quantum
transport through the nanostructures (see, e.g., Ref. [19]).
Nevertheless, the extension of the NMQSD method to an
open quantum system in fermionic baths has been a long-
standing unsolved problem because this open system involves
anticommutative noise functions (i.e., Grassmann variables)
that are intrinsically different from the noise functions of
bosonic baths.

In this paper, we develop a NMQSD method to study
the open quantum system in fermionic baths. This NMQSD
approach is formulated in a nonperturbative manner and it
applies for both weak and strong system-environment cou-
plings. We not only obtain the NMQSD equation for quantum
states of the system, but also derive the non-Markovian master
equation. Moreover, as interesting examples, we apply this
NMQSD method to single- and double-quantum-dot systems.
Note that our NMQSD method belongs to the quantum trajec-
tory approach involving continuous time evolution. There is
another kind of quantum trajectory approach which involves
discontinuous time evolution, i.e., quantum jumps (see, e.g.,
Ref. [20]). The non-Markovian quantum trajectory approach
in Ref. [21] generalizes the Markovian quantum jump method
and can also apply to both bosonic and fermionic baths.

II. QUANTUM STATE DIFFUSION EQUATION

We consider a quantum system coupled to two fermionic
baths: H = Hgys + Heny + Hiy, with (we seth = 1)

Heny = Y (014a},aL + ORcayare), (1)
k
Hi = ) (8uicpan + gricgare +He).  (2)
k

Here, Hgys denotes the Hamiltonian of the system, Heyy is the
Hamiltonian of the two electric leads acting as fermionic baths,
and Hi, models the interactions between the system and the

two baths. The spectral density function of each bath is

Ti(@) =) 1gul*8(@ — o), 3)
k
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where . = L or R.InEq. (1), aik (a,z) is the fermionic creation
(annihilation) operator for a quantum state with wave vector k
in the left or right lead. We assume that the system of interest
couples to the two leads via single channels characterized by
the fermionic creation (annihilation) operators c}k (cx) [see
Eq. (2)]. Extension to a multichannel case is straightforward.
In a NMQSD approach, environments are required to be
initially at zero temperature so as to conveniently represent
the environmental degrees of freedom with the coherent-state
basis. As for environments initially with a nonzero tempera-
ture, one can map the nonzero-temperature density operator
to a zero-temperature density operator using a Bogoliubov
transformation [22]. In the case of fermionic baths, this
requires adding ) ,, a),\kbxkbik to Eq. (1), corresponding to
the part involving holes in the electric leads. The Bogoliubov
transformation for fermionic operators can be introduced as

e =1 —fpdyy — vflxkeik,
by =1 — e + \/ﬁxkd;]tk,

where 7, = [e@*#)/kT L 1171 is the average number of
electrons in the kth state of the left (right) electric lead
with chemical potential w;. In Eq. (4), the coefficients are
determined by the requirement that the derived master equation
reduces to a Lindblad form in the Markovian limit. The
transformed Hamiltonian H is written as

H = Hyo+ Y [ould)idik + exel;)
Lk

+ (Vi gicrenn + /1 — ﬁkkgkkcidkk +Hc)l, (5)

“4)

where the new fermionic operator d (eik) corresponds to the
annihilation of electrons (holes) in the virtual fermionic baths.
Note that the effects of temperature are incorporated into the
transformed Hamiltonian and the fermionic baths with nonzero
initial temperatures are mapped to virtual fermionic baths with
zero initial temperature.

In the interaction picture with respect to the environmen-
tal Hamiltonian Heny = Y, oux(dl i + esiel,), the total
Hamiltonian reads

H(t) = Hys + Y (Vmgipcrerce™!
Lk

+v1- ﬁAkgAkCILdAkeiiw)‘“ + H.c.), (6)

and the quantum state of the total system satisfies the equation
of motion

0 |Wp) = —iH(D)[W,). )

We assume that the quantum state of the total system is
factorized at the initial time ¢ = 0, so that |¥y) = |¢o) ® |0),
with the virtual fermionic baths initially in the ground state
(i.e., at zero temperature): |0) = ), [0),4 @ |0),., where
d;;10) = 0, and ¢;]0) = 0.

Define a fermionic coherent-state basis for the environmen-
tal degrees of freedom:

zw) = @) 12): ® [w)s, ®)
A
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with
120 = R 260 = e~ e i),
k
©)

), = Q) lwg)y, = e~ Ze i 0),
k

where z; and wy; are Grassmann variables that obey the
anticommutation relation. With the completeness relation for
coherent states [ ™% “""""|zw) (zw|d 2zd *w = 1, the state
|W,) can be expressed as

W) = / e TEI zw) @ [P (2F w))d 2zd 2w, (10)
where

*_ * ¥ *
7= E LkRak, W W= E W) Wik,
Lk Lk

d*z = [ [dzjidun. d’w =] [dwjdw.
Ak Ak

Y

The actions of annihilation (creation) operators d,; and e (d ,{ X
and eik) on fermionic coherent states satisfy the relations [23]

0
Ai|2)n = 2kl 2, dik|Z>x = —;lzh,
ke (12)

e|w) = wir|w)y, ej\k|w)x =— [w)y.

8w,\k

When projecting onto the coherent-state basis, the equation of
motion (7) can be reduced to the NMQSD equation for a pure
state of the system |y, (z*,w*)) = (zw|¥,):

0 — _iH * T
o W) = —iHys ) = 3 62O + w0l

A
—Zciftom(r—m ®|yds
—~ " Jo 825(s)

t F)
-3 — §)———|W)ds, 13
4 q/O oo (t S)(Sw;(s)lw s (13)

which initiates from |y,—o(z*,w™)) = |@o). Here the noise
functions z;(¢) and wj(¢) are defined as

G0 =—i Y V1= fugizie ™,
k

4 (14)
wi(t) = —i Z ik guwi e
k

The temperature-dependent environment correlation functions
are

a(t —s) = M{z(0)z5(s)}
= / doll = i (@) (@)e ™,
(15)
@t — 5) = M{w; (Hwj (s)}
= / doit, (@) J;(w)e' ™™,

where M{-} denotes the statistical mean over all noise
variables: M{-} = [ e ¥ {.}d *zd *w.
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Introducing O operators by

( )Ilﬂz(z ,WH) = O (t,s, 2", w)|y, (25, w")),
A

(16)

[V (2", w™)) = Osa(t,5,2" wH)Y (", w")),

A()

we can write the NMQSD equation in a time-local form:

Y Lz + clwi)

»
+c} 05(1.2% w*) + ¢ Ot 25 wHIY),  (17)

ol .
awfﬁ = _leysW’t) -

where 03, = [ dso,(t — $)O03(t,5,2" W), n = 1,2.
With the consistency conditions

D8y 8 Oln) D 8lYy) 8 OlYn)
3t 8z75(s)  8zi(s) at at Swi(s)  Swi(s) ot

)

(18)

as well as the initial conditions O;;(t,s,z*,w*)|;=s = ¢, and
O (t,8,7%,w*)|=s = c;, we obtain the equations of motion
for the O operators:

d Okn

97 = |:_iHsys - Z(CIL/ 01 + (% O_A’Z), 0An:| + On

Y
+ ) lew. Ol () + {c). Osahwi (0], (19)
v
where the square and curly brackets denote the commutator
and anticommutator, respectively, and
§Ora

50 50 50
490u 190k L2
Q0
Lan Trga - Toga -ty 20

with Ay = zj(s), and Ay = wi(s).

On =

III. MASTER EQUATION

The reduced density operator of an open quantum system
by tracing over the environmental degrees of freedom can be
obtained by taking the statistical mean for a density operator
related to the state |y, (z*,w™*)):

Pr = Treny | W, ) (W, | = M{P;}, 21

where P, = |, (z*,w*)) (Y, (—z, — w)|.
Using the relation

AP Yz w"))

8t 8—(1ffr( Z, — w)|

4 |wt<z*,w*)>W, 22)

and Eq. (17), we derive the following non-Markovian master
equation:

9p;
S = ilHysp] + Z([ck, M{P,O},(t. — 2. — w))]
- [C)Lv M{O)\l(tvz 3w*)Pt}]
- [C)w M{O_Xz(tvz*9w*)Pt}]
+lcl, M{P,OL(t, — 2, — w)}]). (23)
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This master equation is derived nonperturbatively, so it applies
even for a strong coupling between the system and the
environments. Moreover, in addition to trace preserving, it
also preserves the positivity and Hermiticity.
In the Markovian limit, there are
ot —s) = (1 =)@ —s),
(24

a(t —s) = m e —s),
where T, = 2mp;|g:|>, with A =L (R), is the electron
tunneling rate between the system and the left (right) lead.

Also, the time-integrated O operators become
01 = s —iier,  Oun — %Fxﬁ)\ci~ (25)

Therefore, the master equation (23) is reduced to

o .
- = syqapt]+z

i t
o CACy L1 — P1CiCy)

nA(ZCi,OzC,\ -

prclenl. (26)

It is clear that this Markov master equation has a Lindblad
form.

+ (1 —)Qerpict — clerp —

IV. APPLICATION TO QUANTUM-DOT SYSTEMS
Below we apply our NMQSD approach to single- and
double-quantum-dot systems.

A. Single quantum dot

Suppose that the single quantum dot is in the strong
Coulomb blockade regime, so that only one electron is allowed
therein. The Hamiltonian of the system is written as

Hys = wocle, 27)

and ¢, = cg = ¢ for Hy in Eq. (2). The non-Markovian
master equation is exactly derived as (see Appendix A)

00 . t t
—— = —i[Hys, 0] + T1(@®)[c, pic'] + Ta(@)[c,c' pr]

ot
+T(Olepr, T+ T pre,cl, (28)

with time-dependent rates
t
i) = f [oi(s — 1)Aj(t,s) — oa(t — 5)B(t,5)]ds, (29)
0

where o (t) = o ;(t) + agj(t); Aj(t,s) and B;(t,s) are deter-
mined by the integro-differential equations:

(i — ia)O)Aj(l‘,s) + /S B(s — S/)Aj(t,s’)ds/ =U(t,s),
as 0

(i — iwo)Bj(t,s) + /s B(s — s’)Bj(t,s/)ds’ = V(,s),
as 0
(30)
with
Bls —s") = ai(s’ —5) +aa(s — ),

Ut,s) = / as(s — sHh(t,s)ds’, 31)
0

Vi(t,s) = / a(s’ — s)h(t,sds’,
0
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and the final conditions at s = ¢: A(¢,t) = By(t,t) = 1, and
As(t,t) = By(t,t) = 0. Here h(t,s) satisfies the equation

a t
(8_ — iw0> h(t,s) — / B(s — sHh(t,sHds' =0, (32)
s s
with the final condition A(z,t) = 1.
In the Markovian limit, there are

Ti(t) > 311 — (@)l + 3[1 — fig(wo)ITk, a3
Lay(t) > —3iiL (@), — 3iir(wo)Tg.

Let us consider the zero-temperature case with 71, (wp) —
0(uy — wo), were 0 is the Heaviside step function. If the single-
dot level wy lies within the energy window w; > wg > g, the
master equation (28) reduces to

0

oP = —iwolcte,p ] + 1012t pre — cctp, — prect)

+5TRQeprct = clep — picte). (34)

With the basis state |0) (]1)) which denotes an empty
(occupied) dot, it follows that the density matrix elements
satisfy

o0 = —T'zpoo + Trp11,
11 =T — Crp1t, (35)
p1o = —(iwo+ 'L + Tr)pio,

which are exactly the rate equations obtained by Gurvitz and
Prager [14].

Figure 1 presents both real and imaginary parts of the
time-dependent coefficients I';(r) in Eq. (28). For simplicity,
we consider the large-bias regime (i.e., iy > wo > ug) and
zero temperature for fermionic environments. The tunneling
rates are chosen in the symmetric case of 'y =T'r =T,
so that I',(t) = —TI'1(z). Moreover, the noise is modeled as
the Ornstein-Uhlenbeck process, and the related correlation
functions are then given by

Q1a(t,8) = g (t,5) = e ]
(36)
api(t,s) = aga(t,s) =0,

a — d =105pcV b
( ) d = 120peV ( )
== -d=500peV

..................

Re[['y(t)/Tg]

Im Iy (¢) /T R]
N

0 1 2
t/to t/to

FIG. 1. (Color online) (a) Real and (b) imaginary parts of the
time-dependent coefficient I';(¢) in the non-Markovian master equa-
tion of a single-quantum-dot system, where ', = 'y = 100 ueV,
wo = 50 eV, and ty = 2 /wy.
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where 1/d characterizes the memory time of each envi-
ronment. In the Markovian limit with d — 00, a,(t,s) =
agi(t,s) = I'é(t —s), and T'i(#) becomes time-dependent.
Indeed, Fig. 1 shows that I'; oscillates with time ¢, but it
quickly decays to a constant for a large value of d.

B. Double quantum dot

Suppose that the double quantum dot (DQD) is in the strong
Coulomb blockade regime, so that at most one electron is
allowed in each dot. The Hamiltonian of the DQD can be
written as

Hgys = a)lcicl + a)gciq + Qo(c;cl + crcz), 37

where ¢ denotes the inderdot coupling. For Hj, in Eq. (2),
cr =cy1, and cg = c,. The exact non-Markovian master
equation is given by

)

5 = ~ilHsp] + {(TLi@ler,prcl] 4+ Tra®lerclpr]

+ T a()lerprch] + Tra@ler.chpr]
+ Tri(Dlca, prel ]+ Tra()lea,c o]
+ Trs(D)lea, preb] + Tra(®lea,cho]) + He, (38)

with time-dependent coefficients

() = / loai(s — 1) Ay (2,5) — ana(t — 5)Byj(2,5)lds,
0
(39

where A,;(t,s) and B,;(z,s) satisfy a set of integro-
differential equations (see Appendix B), with the final con-
ditions: Ay (z,t) = Agrs(t,t) = Byy(t,t) = Bra(t,t) = 1, and
Ayj(t,t) =0, Byj(t,t) =0 for other A and j. A sim-
ilar non-Markovian master equation was also obtained
using the Feynman-Vernon influence functional path-integral
method [12].
In the Markovian limit, there are

T = 31 —Agw)Il,, Tr — 0,

Tpa(t) > —3iig (@), Try— 0, “0)
[13() > 0, Tgs — 3[1 —ig(@)]Tk,

Tra(t) = 0, Try > —3iig(@)]Tk.

We also consider the zero-temperature case with 7i; (w,) —
0(u; — wy), and the two single-dot levels of the DQD all lie
within the energy window ©; > w, > ug,wheren = 1,2. We
use |[), I = 0,1, 2, and 3, to denote the states with both dots
empty, the left dot occupied, the right dot occupied, and both
dots occupied, respectively. From Eq. (38), it follows that the
master equations for density matrix elements are reduced to

000 = —Trpoo +Trp22, P33 =T rp2 —Trpss,
o1 = Lrpoo + Trp3z +iQ0(012 — p21), @D
P22 = —('L + Tr)p22 — iQo(012 — p21),

' +Tkg

P12 = —i(w; — wp)p12 +iQ0(o11 — p22) — — P

which are identical to the rate equations obtained in Ref. [14].
For a DQD, both intradot and interdot Coulomb repulsions can
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play an important role in the Coulomb-blockade effect (see,
e.g., Ref. [24]). Thus, if both intradot and interdot Coulomb
repulsions are so strong that only one electron is allowed in the
whole DQD, the master equations for density matrix elements
are reduced to

oo = —I'rpoo + I'rp22,

o1 = T'rpoo +iQ0(p12 — p21),

. ) (42)
P22 = —Trp2n —iQ(p12 — p21),

. . . r
P12 = —i(w; — w2)p12 + (P11 — P22) — TRPQ,

which are exactly the rate equations obtained in Ref. [15].

V. CONCLUSION

We have developed a NMQSD method to study the
dynamics of an open quantum system in fermionic baths.
We not only obtain the NMQSD equation for quantum states
of the system, but also derive the non-Markovian master
equation. This non-Markovian approach is formulated in a
nonperturbative manner and applies even for a strong coupling
between the system and the fermionic baths. Moreover, as
useful examples, we have applied this NMQSD method to
single- and double-quantum-dot systems.

Note added. Recently, we became aware of a closely related
work in Ref. [25], which also investigated an open quantum
system in fermionic baths by using a quantum state diffusion
approach.
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APPENDIX A: NON-MARKOVIAN MASTER EQUATION
FOR A SINGLE-QUANTUM-DOT SYSTEM

In this Appendix, we show how to obtain the exact non-
Markovian master equation for a single-quantum-dot system
from the general non-Markovian master equation (23) in the
main text. In order to get a closed convolutionless master
equation, we need to know the explicit forms of the operator
functions

Qi(t,s) = M{Ou(t,s,2",w*) P},
Qz(tss) = M{O)LZ(taS’Z*sw*)Pt}s

and their Hermitian conjugates. Similar to the Heisenberg-
equation approach for quantum state diffusion in a bosonic
environment [7,22], we start by obtaining the evolution
equations for

Ci(s) = (zwlUsc()]0) = O0y1(t,5,2",w*)G, (2%, w"),
Ca(s) = (zw|Usc(5)|0) = Osa(t,5,2", WG (2", w™),

(AD)

(A2)

where U, is the time evolution operator for the total system:
|W,) = U;|Wy). The stochastic propagator of the open quantum
system can be expressed using the matrix element of the time
evolution operator: G,(z*,w*) = (zw|U;|0). Now we take the
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operators C; (i = 1,2) as functions of s and treat ¢ only as
a parameter. With the Heisenberg equation of motion for the
fermionic operator c(s) of the single quantum dot:

%c(s) = —ill e, HO)IU,, (A3)

we have

d
—Ci(s) = —iwoC(s)
as

—i Y VT —ikgue”  (zwllhdi(s)[0)
Ak

+i Y agie " (qwllhel (5)]0).  (Ad)
Ak

By integrating the Heisenberg equations of motion for both
dy and eik, we can get

.
A (s) = dpx — i/ 1 — ﬁxkg:k/ e ¢e(s")ds'
0 (A5)

t

eik(t) = eik(s) + i\/ﬁxkg;k/ ¢ o(s")ds'.
5

Substituting Eq. (AS) into Eq.(A4), we derive the evolution
equation for C,(s) as

0
8—01(S) = —iwoC(s)
S
- f [api(s — 5') + agi(s — HIC1(s)ds”
0

t
+ f (a5’ — ) + agals’ — 9ICi()ds’
— [w} (s) + wi(s)](zw|U()]0). (A6)
In the above calculations, we have used the relations

d;;10) =0, and (zw|b{,eik(t)|0) = wi (zw|i]0). Similarly,
we can also derive the evolution equation for C,(s) as

8 t
0a(5) = onCa(s) + / [s1(5'—$) + cr (5 —$)]Cals)ds”

s
- / loea(s — ") + agal(s — s)1Ca(s")ds’

0
— [27.(s) + 2R ()} {zw|U(®)]0). (AT)

From Eq. (A2), we can thus obtain the evolution equation
for the O operators O;(t,s,z*,w*) and O;,(¢,s,z*, w*):

0 * *

_O)Ll(t’syz ,W )

as

= —iw Oy (t,s,z",w")

- / lrza(s — ') + arils — YO (.5, 2% wds’
0

t
+ / [apa(s" — ) + ara(s’ — $)105(t,s" .25 wds'

— [wi(s) + wr()], (A8)
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and
0 * *
— Oja(t,5,2%,w%)
as
. * *
= iwyO0;2(t,s,2",w")

t
+ / [as1(s’ — ) + ari(s' — )10tz wHds’

- / lapa(s —s") + aga(s — s)050(t,s", 25, w*)ds’
0

—[27(s) + 2R (], (A9)
with final conditions at s = t:
Ou(t,t,2%5w*) = ¢, Oun(t,t,z*w*) =cl. (A10)

By taking the mean M({--- P;} on Egs. (AS8) and (A9) and
using the relations
M{wi($)P} = =M{P,0L,(t, - z, — w)) Al
Mz ()P} = =M{P,0},(t, — 2, — w)},

we derive the evolution equations for the operator functions

Qu(s)(n =1,2) as

d
B—Ql(l,s) = —iwyQ,(t,s)
S
- / [api(s — )+ ari(s — s)]1Q1(t,s")ds’
0
+ / lara(s’ — ) + aga(s’ — $)]1Q,(1,5")ds’

+ f [aiy(s — ) + aln(s — s)]ON(1,s")ds',
0
(A12)

and

0
£Q2(I’S)
= iwyQDa(t,s) + / [api(s" — )+ ari(s" — $)]1Qa(t,s")ds’
- / [ara(s — s') + ara(s — s)Ra(2,s")ds’
0

t
+ [ [, (5 — 5) + oy s — N1Q}@.5)ds',  (AI3)
0
with final conditions at s = ¢: Q;(t,t) = cp,, and Q»(t,1) =
il

clp;.

According to Egs. (A12) and (A13) and the final conditions
of the operator functions Q,(¢,s), n = 1,2, it can be seen that
Q,(t,s) and 9, (t,s) should have the forms

Qi(t,s) = A(t,8)cp; + A5(t,5)psc,
Qs(t,5) = Bi(t,5)c! pr + Ba(t,s)pic’.

Substituting Q;(¢,s) and Q,(¢,s) and their Hermitian conju-
gates into Eq. (23), we finally obtain the non-Markovian master
equation for a single-quantum-dot system:

0

P = —iwolce,pi] + Ti()le, e’ 4 Ta(dle,ct pr]

(Al4)

+THO[epr,c1+ T30 pre,e'l, (A15)
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which is just Eq. (28) in the main text. Here the time-dependent
coefficients I';(¢), j = 1 and 2, are given in Eq. (29).

APPENDIX B: NON-MARKOVIAN MASTER EQUATION
FOR A DOUBLE-QUANTUM-DOT SYSTEM

As in Appendix A, by the Heisenberg-equation approach, it
can be derived for the double-quantum-dot system that the O
operators satisfy the following integro-differential equations:

0

_OLl(t,s,Z*,w*)

as

= —iw Op1(t,5,2%,w") — iQOr(t,5,2",w")

S
—/ api(s —s)O0pi(t,s" 2", w*)ds’'
0

t
+ / (s’ = $)001 (1,52 wh)ds' — w(s),

9 (B1)
_ORI(I,S,Z*,U)*)
as
= _ia)ZOR](t,S,Z*,w*) - iQOOLl(t7S9Z*5w*)
N
- / ari(s — )OR (1. 2w’
0
t
+/ (s’ — $)Opi(t,s" 2", w*)ds" — wi(s),
and
0 * *
— Opa(t,s,25,w")
as
=iw Opa(t,s,2",w*) +iQOga(t,s,2%,w")
t
+/ api(s' —$)0pa(t,s', 25, w*)ds’
SS
- / a1s(s — $)0 (5,2 whds — 21 (s),
0 (B2)

0 * ok
_ORz(t,S,Z , W )
as

=iy Opa(t,8,2%,w") +iQ00p(t,5,2", W)

t
+ / agi(s’ — $)Opa(t,s', 25, w*)ds’
N

- / ara(s — s)Opa(t,5,2",w*)ds" — zZx(s),
0

with final conditions at s=1t: Op(@,.t,z25w*) =c,
Ori(t,1,2%,w*) = ¢, Opa(t,1,2%w*) = c|, and Oga(t,1,2*,
w*) = c;.

Define Q;,(t,s) = M{O0;,(t,s,z*,w*)P;}, where A=
L,R, and n = 1,2. From Eqs. (B1) and (B2), the evolution
equations for the operator functions Q,,,(¢,s) can be derived as

d
a—SQu(l,S) = —iw Qri(t,s) — iQQri(t,s)
—/ ori(s —s)Qpi(t,s)ds’
0
+/ apa(s’ —$)Qpi(t,s")ds’

t
+/ o, (s —5)Q),(t,s")ds’,
0
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%Qm(t,s) = i Qp(1,8) = iRQL1(t.5)
_ /0 Cam(s — 5)Qmi(1,8)ds’
+ /St aga(s’ — 5)Qpri(t,s")ds’
+ /0 Ia;;z(s_s')gﬁn(t,s’)ds’, (B3)
and
;_SQLZ(;,S) = (01 Q2(1,5) + iQQra(1,5)
+ [ (s’ = )Qua(t.5)ds’
_ /0 Cals — 8)Quat,5 s

+/ g (s —S/)QTL](t,s')ds/,
d ’ (B4)
gQRZ(l,S) = iy Orolt,s) + Q090 1(t,5)

t
+ [ agi(s’ — $)Qra(t,s")ds’
SS
—/ aga(s — ") Qpo(t,s")ds’
0
t
+ / g (s —s’)QLl(t,s’)ds/.
0

Correspondingly, the final conditions of Q;,(¢,s) at s =t are
given by Qy(t,t) = c1p1, Qra(t,t) = CLOz, Ori(t,t) = 204,

and Qo (,1) = ¢y ;.

According to Egs. (B3) and (B4) and the final conditions
of the operator functions Q;,(t,s), Q;,(¢,s) should take the
forms

Q(t,s) = A (t,8)c1p + AL (t,8)prct + AL5(t,8)c20
+ A5, (,8)pic2,
Qia(t.5) = Bui(t.s)pic] + Bua(t.5)c pr + Bya(t.5)pich
+ BM(I,S)C;sz (BS)

where A =L,R, and the final conditions of Aj;(t,s)
and B,;(t,s) are given as follows: Ap(t,t) = Ag3(t,1) =
Bro(t,t) = Bra(t,t) = 1, and A)Lj([,l‘) =0, B)Lj(l‘,l) =0 for
other A and j. Here A,;(t,s) and B,;(t,s) satisfy the following
integro-differential equations:

0 . .
Upj(t,s) = gALj(t,s) —iw1AL;(t,s) —iQ0Ag;(t,s)

s
+/ Br(s —sNAL;(t,s"ds',
. (B6)
URj(t,S) = aARj(I,S) — iszRj(t,S) — iQoALj(I,S)

+/ Br(s — s)Ag;(t,s)ds’,
0
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and

0 . .
Vii(t,s) = gBLj(l,S) —iwBrj(t,s) —iQ0Bg;(t,s)

+/ Br(s" — s)Bj(t.s")ds’,
0

5 (B7)
Vrj(t,s) = aBRj(t,S) —iwy Bgj(t,s) —iQB;(t,s)
s
+ / Br(s" — s)Bgj(t,s")ds’,
0
with
t
Urj(t,s) = / ara(s — sHhpi(t,s")ds’,
0
t
Ugj(t,s) = / apa(s — sHhpo(t,s")ds" for j =1,2,
°, (B8)
Urj(t,s) = [ ara(s — sHhpo(t,s")ds’,
0
t
Ugj(t,s) = / apa(s — g (t,s))ds’, for j =34,
0
and
t
Vij(t,s) = / api(s — sHhpi(t,s)ds’,
0
t
Vg;(t,s) = / api(s — sHhgo(t,s)ds', forj=1,2,
) (BY)

t
Vij(t,s) = / api(s —sHhpa(t,s")ds’,
0

t
VR_]'(t,S) = / aRi(s —s’)hm(t,s’)ds’, fOI'j =3,4.
0

In Egs. (B8) and (B9), iy, (¢,s) and hg,(t,s), withn = 1,2, are
solutions of the two coupled integro-differential equations:

0

3 hpn(t,s) =iwihp,(t,s) +iQohra(t,s)
S

t
+ / Br(s — sHhp,(t,s)ds’,
5 s (B10)
a—hRn(l,S) = iwyhpa(t,s) +iQohr,(t,s)
s

t
+[ Br(s — shgu(t,s")ds’,

with final conditions at s = ¢: hy((t,t) = hg(t,t) = 1, and
hpa(t,t) = hga(t,t) = 0. Here B;(s — ') is defined by

Bils =) = a1 (s" — 5) + (s — ). (B11)
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Using the obtained Q;,(¢,s) in Egs. (B5), one can calculate

M{O0(t,2" WP} = / dsa;(t — $)Qun(t.5),  M{P,O), (1. —z, —w)} = / dsa;(t — $)Q},(1.9).
0 0

PHYSICAL REVIEW A 87, 052108 (2013)

t

(B12)

Substituting Eq. (B12) into Eq. (23), we then obtain the exact master equation in Eq. (38) for the double-quantum-dot system.
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