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The purpose of this paper is to compare two unitary, deterministic approaches to the study of the interaction
of quantized fields with atomic systems in optical cavities. In particular it is shown that the “modes of the
universe” approach, in which each mode has both an intracavity and an outside part, is formally equivalent, in an
appropriate limit, to the better known “input-output” formalism in its unitary (i.e., Hermitian-Hamiltonian based)
form; the latter may be called a “quasimode” theory, since it treats the field inside the cavity as a separate degree
of freedom. Differences that arise between the two approaches for numerical calculations involving a finite set
of discrete modes are also pointed out. The formalism is illustrated with an in-depth discussion of the explicit
solution for a single-photon pulse, of arbitrary shape and detuning, incident on a cavity containing a two-level

atom.
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I. INTRODUCTION

The experimental demonstration of squeezed light in the
1980s prompted the development of a formalism appropriate to
describe the coupling between a mode of the electromagnetic
field inside an optical cavity and the modes of the field outside.
The formal solution to the problem, known as the “input-output
formalism,” was presented by Collett and Gardiner in two
classic papers [1,2], inspired by earlier work on the coupling
of an oscillator to a “bath” of other oscillators (in this case, the
cavity field and the outside modes, respectively).

Although it is possible to study this problem entirely in a
closed, unitary framework (the basic Hamiltonian is already
provided in Ref. [2]), many later studies have combined the
basic input-output relations with a stochastic wave-function
approach, in which probabilities for photon detection (and
related quantities, such as correlation functions) are derived
from a non-Hermitian Hamiltonian [3,4]. Nonetheless, the
unitary approach (typically in the Heisenberg picture) has been
used often over the years in order to answer such questions as
the optimal shape for an incident single-photon pulse to drive
an atomic system inside a cavity (see, for instance, Refs. [4,5]).
Most recently, it has been adopted to provide a space-time
description of the interaction of wave packets containing only
a few photons with atoms in cavities [6,7].

Meanwhile, an alternative approach to the quantization of a
cavity mode coupled to the outside world had been developed
by Lang, Scully, and Lamb in the context of the quantum theory
of the laser [8]. (See also Refs. [9—11] for other works along
these lines.) Dubbed the “modes of the universe” approach, this
was applied to the study of squeezed inputs and outputs in a
couple of papers [12], where a connection was explicitly made
to Gardiner and Collet’s formalism, in particular pointing out
that the latter’s Langevin operator equations could be rederived
from the modes of the universe approach. This same point was
established in the work of Knoll ef al. [13], who also showed
the equivalence of a number of correlation functions obtained
by both methods.

Since both approaches can lead, under the right circum-
stances, to the same Langevin equations (in the Heisenberg
picture), it seems that it must be possible to show that the
basic Hamiltonians used in the two approaches are also, in
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some sense, equivalent, and hence also the corresponding
evolution equations in the Schrodinger or interaction pictures.
The main goal of this paper is to provide a direct proof of this
equivalence, which is otherwise not immediately obvious. This
has been motivated by recent work on passive, single-photon
optical gates, following a proposal by Koshino, Ishizaka and
Nakamura [14]. The approach in Ref. [14] used a variant
of what I will henceforth call the IO (for “input-output™)
Hamiltonian appropriate to the bad cavity limit; however, later,
the results of Ref. [14] were extended to the good cavity limit
using the MOU (or “modes of the universe”) Hamiltonian by
Pedrotti and the present author [15], and most recently [16]
we have obtained a full analytical solution to the problem, also
using the MOU approach. Hence a proof of the equivalence of
both treatments seems to be called for.

Besides establishing this equivalence, this paper explores
some of the differences, subtleties, and practical advantages
or disadvantages of the two approaches (for example, in
numerical calculations using only a finite number of modes,
the two methods are not equivalent), and illustrates their
usefulness for a space-time description of cavity quantum
electrodynamics processes; in particular, a full analytical
solution is provided to the problem of a single-photon pulse,
of arbitrary shape, interacting with a cavity containing a single
two-level atom (the solution is, of course, equivalent to the
one obtained previously by Koshino and Ishihara in Ref. [7];
however, the derivation here is different, and explicit results
for a number of interesting physical properties of the system
are also presented and discussed).

II. THE “MODES OF THE UNIVERSE” APPROACH

A. The original formulation

In the “modes of the universe” approach presented in
Ref. [12], one deals with the case of a one-sided cavity of
length [ (with a perfectly reflecting mirror and a mirror of
amplitude transmission coefficient 7 < 1) by embedding it in
a larger cavity (the “universe”) of length L + [ (see Fig. 1).

By convention the outside cavity is taken to be bounded by
a perfect mirror at z = —L, whereas the small cavity extends
from z = 0 to z = [. One then calculates the electromagnetic
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FIG. 1. The setup for the “modes of the universe” calculation.

field mode functions for this (one-dimensional) arrangement,
for the whole space —L < z < [, which can be written as
(Eq. (2.2) of Ref. [12])

& sink(z+ L) for z <0,
Uk(z) = . (1)
My sink(z —1) for z>0.
The & are taken to be alternately +1 and —1, and the M, then
are approximately given by

(ck/D)'
[(u — Q) + k212

Here, as in Ref. [15], I have changed the notation of Ref. [12]
slightly, so that «, rather than I', is the amplitude decay rate
for the small cavity; k = c7>/4l. The resonant frequency of
the cavity is €2.; the frequency €2; of an individual mode is
Q; = ck (later on, I will use the notation w, = 2, — 2.). For
finite L, the allowed values of the wave number k form a
discrete set which can be obtained by solving a characteristic
equation. If L > [, then one has k,, ~ nmr/L (with n a positive
integer) as a lowest-order approximation, but in general it is not
correct to simply assume that kL = nm, as discussed below.

As shown in Ref. [12] [see, in particular, Eqs. (A4)
and (A5)], Eq. (2) is, in fact, already an approximation, which
assumes that the mirror transmission 7 is small enough for the
cavity resonances to be well separated, in which case each
resonance can be well approximated by a Lorentzian. The
equivalence that is the object of this paper only holds in this
limit; the difference between I0 and MOU approaches when
the approximation (2) does not hold was considered by Barnett
and Radmore [17].

The total, quantized field is a superposition of the
form Zk SkUk(z)ake_iQk’, with & = [ /€0 A(L + l)]l/z >~
(h 2 /€9 AL)'/? the “electric field per photon” (A is an appro-
priate cross-sectional area). The right- and left-propagating
parts of this field in the region —L < z < 0 are identified with
the incoming and outgoing fields:

1 AU\ s
Ei(‘T)(Z’t)ZZZ<eoAL> Grage! I (3)
k

2

k=

I A \ 2 A ‘
Dyt —ikG+L-it (4
Eol(z,1) = —5 L Erage 4

whereas for the cavity field we have

A 1/2 .
ERen=Y" (EO " L) M sin[k(z — D]age ™!
k

A\ |
’:(@) sin[k.(z — )] a e8! (5)
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with the cavity “single quasimode” operator

[l .
a(t) — Z Z Mkakeft(ﬂkfﬂr)t (6)
k

(the above two equations correct some mistakes in Ref. [15]).
The replacement, in the sine function, of the variable k by
a single k. = Q./c is justified as follows: the range of k
that characterizes a single cavity “quasimode” is Ak ~ k/c =
72 /4l. For this range, Akl ~ *>/4 < 1 for a good mirror.

As defined in Eq. (6), the operator a(¢) and its Hermitian
conjugate satisfy the commutation relations

/L
la().a’ (@)=Y — L=
Zk: (ck — Q)% 4«2

~ eI )

—i(ck—S2.)(t—t")

(here and elsewhere sums over k are converted into inte-
grals over frequency w = ck via the replacement ), —
(L/7c) [ dw; the integral over w can be extended formally
to —oo provided 2. > k).

B. A more convenient formulation

A problem with the above formalism is that the presence
of L in the exponents in Egs. (3) and (4) makes passage to the
L — oo limit nontrivial. As shown in Ref. [15], one cannot
just replace %L by 1 in this limit. Rather, one has

. + (2 — Q2
e*2lkL ~ K l( k C)' (8)
K —1(Q2r — Q)
Noting that ¥ ~ ¢!"™ to lowest order, we can write
; ; Q — Q2
et > e g = tan”! [—k ] ©)
K

and we can then absorb this phase in the definition of the
operators a;. As a result, Egs. (3)-(5) are replaced by

1 "
EP =) ( : ) ape™ I (10)
k

2i €AL
£ 1 A%\ K+ (% — Q0)
out (z,1) = _T ;
L €yAL Kk —1(Q — Q)
X ay e—ikz—ith’ (1 1)

and

h. 12 Jex /L ,
ES) @ = ( ) S ———

GoAl m ‘
x sinfk.(z — D]. (12)

As we have shown in Ref. [16], in this form, the “modes of
the universe” formalism can be simply derived by considering
the “scattering modes of the cavity,” in the following way.
Consider an incoming, monochromatic field of amplitude
e**=iS4! [ag in Eq. (10)], incident on the small cavity from the
left; standard methods, familiar from classical optics (bound-
ary conditions, or multiple reflections and transmissions) can
then be used to calculate the total intracavity and reflected
field amplitudes. This leads directly, under the assumption of
small transmission 7, to the amplitude coefficients shown in
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Egs. (11) and (12); then, as in the previous subsection, one just
considers all these fields (incident, intracavity, and transmitted)
as parts of a single “mode of the universe” with creation and
annihilation operators a,i and ai. (As explained in Ref. [16],
since this approach makes use of traveling waves instead
of standing waves, there is a formal, but ultimately trivial,
difference in the mode spacing to be used for discrete-mode
calculations.)

The interaction of this quantized field with a two-level atom
in the cavity would be described by a Hamiltonian like

Hyou = hg(ao'e @001 | gl ei@coony
Jek/L —
apole @) 4 Yo
gzx—mk Q0

(13)

where o and o' are atomic lowering and raising operators, and
w, 1s the atomic resonant frequency. The quantities appearing
in front of the summation sign in Eq. (12) are incorporated in
the coupling constant g.

III. THE INPUT-OUTPUT APPROACH

A. The general case

In this section, I will consider the input-output Hamiltonian
approach, as adapted by Koshino and coworkers [7] to the
space-time description of fields interacting with atoms in
cavities. For our geometry, their Hamiltonian can be written
as

Hio = h(w, — Q)olo + f hayb) bedk

Ty /(a*bk +bla)dk +hglao’ +oal). (14)
T

Here, the field is split into a continuum of outside modes
by, and a cavity mode a, coupled by the third term in the
Hamiltonian above. The frequencies wy are defined relative to
the cavity frequency €2, that is, w; = ck — Q, and so is the
zero of atomic energy. Regarding the latter, for consistency
with previous work [15,16], I shall henceforth use §, =
—(w, — ) (note the sign!).

In this formalism, the input and output fields are calculated
from the operators

bin(z) = bre'* k2 gk (15)

1
2 /
and

1 .
Poul2) = N f bre "R dk = biy(—z).  (16)

As in the previous section, it is understood that the integral
runs only over positive values of k, centered around k.. The
notion of getting the output field operator from the input one
by extending it from the z < 0 to the z > 0 region appears to
have originated with Hofmann and Mahler [18].

As stated earlier, the equivalence between Eqgs. (13)
and (14) is not immediately apparent. Apart from some
trivial differences (one is in an interaction picture and for
discrete modes, the other in the Schrodinger picture and for
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a continuum), the Hamiltonian (14) contains what appears to
be one more degree of freedom than Eq. (13), namely, the
operators a and a' for the intracavity field. The strategy will
be to transform Eq. (14) into an interaction picture where a
and a' actually disappear.

For clarity, this will be done in two steps. We start by
transforming the Hamiltonian (14) to a “standard” interaction
picture, in which the first two terms disappear:

/ Kc —iwyt T iwgt
Hj, =h/— [ (a'bre™ + blae'*")dk
T

+ hglaoTe ! 4 galel®"). (17)

The transformed input and output operators are then

1 ‘
bi(z.1) = —= / bre IO (18)
21 ¢
and
1 , ‘
biuet) = / e x4/ g (19)

We now want to go to a second interaction picture in which the
first term of H; , will disappear. If we call this term A(¢) we see
that the transformed state vectors will obey the Schrodinger
equation with a transformed Hamiltonian

= U(t,tO)TH;OU(tvtO) - A(t)’
(20)

Ult.to) = T exp [—(i/h) / A(t’)dt’}.

Here the lower limit of integration #y is an arbitrary time that
we will soon formally extend to —oo, and the 7 stands for
time ordering.

We need to calculate the effect of the transformation on the
operators a and by. Let a(t) and by (¢) denote the transformed
operators, whereas the absence of an explicit time argument
will denote the original operators (or the transformed operators
at the time 1g):

d .
L a) = %[A(t)a(z) — a()A®)]

di
Y i / b(t)e ™ dk Q1)
T

d ] )
b = %[A(r)bkm — bu(DA@)] = —i,/%e'wk’am,
22)

and

assuming continuum commutation relations [bk,bi/] =5k —
k). The system (21) and (22) can be integrated as follows. First
integrate Eq. (22) formally to get

t
be(t) = by — i | <€ / dora(tydr 23)
T to

then substitute in Eq. (21):

—i X< / bee™ ! dk
T

ke ! . ,
- — / dr’ / dk e ' Dqt".  (24)
T Jy
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The integral over k in the last term can be approximated by
Q2r/c)d(t —t') if Q. is sufficiently large, since in that case
the lower limit of integration is effectively —oo (recall w; =
ck — ¢, and k > 0). Basically this amounts to requiring that
2, be large compared to all the other relevant time scales in
the problem. The integral over #’ then picks up half of the §
function, since the upper limit of integration is . We end up

with
d KC it
—a(t) = —«ka(t)—i .| — [ bre "“*dk, (25)
dt T

which integrates immediately to

«//cc/rr

a(t) = e T dk (26)

in the limit fy — —oo. This is dlrectly comparable to the
expressions that we found in the previous section. In particular,
note that this a(¢) satisfies the same commutation relation (7)
as its discrete-mode counterpart.

With this substitution, the Hamiltonian H/, becomes

HY, = —ihg/ JKke/m

K —iwyg

brot e i@ gk 4 He., (27)

which is directly comparable to Eq. (13), since wy + 8, =
Qr — w,. The phase factor represented by the —i term can be
absorbed in the definition of the atomic raising and lowering
operators.

The only thing left to check is the transformation of the input
and output operators (18) and (19). One must simply replace
the original b; by the transformed b (¢) given by Eq. (23),
with the explicit expression (26) for a(¢). The result is

1 .
b{;(z»t) — _I:/bkezwk(tz/c)dk

21
Kc t e*iwk(tfz/c)ei(wkfwkr)t’
——/dk/ dt’/dk’ : bk/]-
T f K — Loy
(28)

With the same restrictions as above, the integral over k in
the second term can be approximated by an integral over wy/c
from minus infinity to infinity, which yields (27 /¢)§(t — z/c —
t"). For z < O this always gives zero, since the point ¢’ =
t — z/c > t is outside the interval of integration for #'. Hence

bin(z,1) = bre " dk, (29)

1
V2 /
On the other hand, for b, (z,t) one has the same for-
mal expression with the opposite sign of z, which yields
Q2n/c)8(t + z/c —t'), and now the point ' =t +z/c <t
is inside the interval of integration for all z < 0. With z
understood to be negative, we get

2
£ }dk

K —iwyg

bl(z.t) = bke-l“"k“*z/‘”[l -

7/
2w
1 K+ iwg b
=—— e
Var ] ok —io "
which is substantially the same as Eq. (11) in the previous
section, only missing an overall factor of e~/%(+%/9) which
can always be added by hand if necessary. Equation (29) for

—iwy(t+z/c) dk, (30)
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the input field also agrees with Eq. (10), again, up to an overall
factor of e~#$%(=2/0),

As noted above, the preferred approach of Hofmann,
Koshino, and coworkers seems to be to derive both input
and output fields from a single expression like the right-hand
side of Eq. (15) above, with z < 0 giving the input and z > 0
the output field. Clearly, after going to the second interaction
picture, one then ends up with an expression like the right-hand
side of Eq. (28), which for z < 0 yields Eq. (29), and forz > 0
yields Eq. (30) with t — z/c in place of ¢t + z/c.

We see, therefore, that the input-output based approach,
Eq. (14), with a separate degree of freedom for the cavity
quasimode, is mathematically equivalent to the “modes of
the universe” approach [Eq. (13)], up to a global unitary
transformation, in the limit of a very narrow cavity resonance.
The unitary transformation does not affect the initial state
vector, since it is equal to 1 at t = fy (although we have
formally let {y — —oo, in practice it is sufficient to choose
1o well before any pulse-cavity interaction takes place). Hence
both methods should yield the same results for all physically
relevant quantities.

B. The very bad cavity limit

A limit that is often of interest is when the cavity bandwidth
k is much larger than any other frequencies involved in the
interaction: this includes the pulse bandwidth, and the coupling
rate g. In that case, and on resonance (|2, — .| < « for all
k), one can just neglect all the 2; — . terms in Egs. (10)—(13)

to get
e "2
E-(+) ) = — ikz—iSQut 31
in (2:1) = Xk: wAL) e : (3D
n 1/2 o
E(+) = —— —zkz—tth7 32
out (2,1) = E AL (32)

and an interaction Hamiltonian

H =g /KiL Xk: apote i@ L He, (33)

This is clearly the discrete-mode, interaction-picture version
of the Hamiltonian

H = —h8,0'l0 + f hayb] bedk

+hg,|— / (o by + blo) dk, (34)
KT

which looks alotlike Eq. (14), only the last term is gone and the
“cavity mode” a has been replaced, in the third term, by g%o/«
(a replacement often justified by “adiabatic elimination”
methods [19]). This Hamiltonian (34) is sometimes referred
to as the “one-dimensional atom limit” (see, e.g., Ref. [6]).
Instead of depending separately on g and «, it involves only
the ratio g2/k; one often writes I' = 2g%/k. Equation (34)
is essentially the Hamiltonian used in the study of cavity-
mediated single-photon quantum logical gates in Ref. [14].
Space-time descriptions of quantum fields interacting with
atom-cavity systems based on this Hamiltonian can also be
found in Ref. [6] and references therein. Clearly, no special
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effort is necessary to derive this Hamiltonian from the MOU
formalism; it suffices to neglect wy versus « in all the resonant
denominators.

IV. PRACTICAL CONSIDERATIONS

A. Numerical calculations with a finite, discrete set of modes

While analytical results based on the Hamiltonians (13) or
(27) are possible in some cases (namely, for one- and two-
photon incident pulses: see, e.g., Refs. [6,7,16]), sometimes
one may have to resort to numerical calculations, which
necessarily must be performed with a finite, discrete set of
modes. In this case, the equivalence between the two Hamil-
tonians established in Sec. III A (which explicitly involved
the continuum limit of an infinite number of modes) does not
exactly hold.

This point is illustrated in Fig. 2, which refers to the
following situation: a Gaussian pulse containing exactly one
photon is incident from the left on a cavity containing a
two-level atom, initially in the ground state. The atom-cavity
parameters are g = 5/T and « = 10/ T, where T is the pulse
duration [see Eq. (35) below]. The initial state of the field is
described, in terms of the MOU operators a; of Sec. I, by the

sum ), ¢k (O)a,i|vac), where |vac) is the vacuum state and the
coefficients ¢y are given by

a\"* [eT " k) /2)2
c(0) = (5> e e (Tk=k0/2) (35)
withk = nrm /L, and ckg = noct /L = 2, the cavity resonant
frequency; in practice, we just set k — ko = nm/L with
n=—(N-1)/2,...,0,...,(N — 1)/2, where N is the total
number of modes (an overall phase factor e’*% may be
ignored). For sufficiently large N, the expression (35) is

1 T

exact

09 I 51 modes — — - (a)
0.8 101 modes -

07}
1,(zD o6 |
[eny] 05t
04 |
03}
02}
01| p

t=6T

-3.5 -3 25 2 -15

0.9 {

exac
0.8 - 51 modes —— - R (b)
07 k 101 modes Z

10 %8

q 05 \
e 0°[ \
031 4 N
02 Va AN
o1} / % .
0 ‘ ‘ ‘ ‘ ‘
-35 -3 25 2 15 -1 0.5 0

z/cT

FIG. 2. The outgoing pulse, as described by the photon prob-
ability distribution function [in units of (¢T)~'], for times ¢t = 4T
and ¢t = 67T, calculated by (a) the MOU approach and (b) the 10
approach. The number of modes used in the numerical integration of
the Schrodinger equation is indicated; the exact result is also shown
in both graphs for reference.
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normalized to a very good approximation. The packet is
initially centered at zy, which we take to be a negative number
much larger than the pulse width ¢ T, so the interaction between
the pulse and cavity is initially negligible.

As time passes, the state |W(¢)) of the overall (field
+ atom/cavity) system changes. The probability to de-
tect a photon at a space-time point goes as [(t,z) ~
(W EC(t,2)EP(t,2)|W(¢)). This can be specialized to the
probability to detect a photon in either the input or the output
field, by using either the operator (10) or (11). To be precise,
we can define

2
1 .
In(t,0) = 7 ;ak(t)e—’<‘”“—’“>|w)> ,
, (36)
1 K+iw o
fou(1.2) = 57| 3 = a0 "N
- k

The normalization in Egs. (36) is such that, for an initial one-
photon state, 7;,(0,z) integrates to unity over the region —L <
z<0.

Figure 2(a) shows the function I,,(#,z), which may be
thought of as the outgoing pulse, at two different instants,
t = 4T and ¢t = 6T; the incoming pulse at = 0 was centered
at zo = —mcT. The corresponding calculation in the IO
formalism, that is, with an appropriately discretized version
of the Hamiltonian (14), is shown in Fig. 2(b). The exact result
from the infinite, continuous mode approach (which can be
obtained easily, as will be shown in the next section) is also
plotted in both figures for reference.

It is apparent that for any finite number of modes there are
differences in detail between the two approaches and between
each and the exact result. Both numerical approximations show
wiggles near z = O1in the still-interacting (t = 47T') pulse; these
are unphysical and can be discounted, as will be shown in the
subsection immediately following. The postinteraction (¢t =
6T) pulse is reproduced more accurately, but the IO formalism
for small N shows it shifted from its true position by a small
distance.

In general, the MOU approach is more economical (since
it has one degree of freedom fewer than the IO model) and,
for the same number of modes, more accurate for numerical
calculations, perhaps because it has the interaction with the
empty cavity “built in” from the start. Mathematically, the
resonant denominators of Eq. (13) may be helpful in reducing
the influence of large-frequency modes, which in the IO
approach rely solely on interference for their cancellation.

B. Space and time dependance of input and output fields in the
presence of interaction

It was shown at the end of Sec. II A that the input and
output fields in the second interaction picture, bj, and b,
depend on ¢ and z only through the combinations t — z/c
and r 4 z/c, respectively. This is what one expects for right-
and left-traveling fields outside the interaction region. It is,
however, not immediately clear that the same result still holds
when dealing with expressions such as Eq. (36), when the
state vector |\W(¢)) changes as a result of the interaction with
the atomic field inside the cavity. In fact, the numerical results
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just presented show that this is not the case for a finite-mode
calculation, since the interacting pulses calculated in Fig. 2 are
not just shifted, truncated copies of the postinteraction ones.
Nonetheless, in the physical limit of an infinite continuum
of modes, the expectation values involving the input (output)
field do depend only on ¢t — z/c (t + z/c), as shown by the
lines marked “exact” in Fig. 2. The simplest way to prove
this result in general is to go fully to the Heisenberg picture
appropriate to the IO Hamiltonian [Eq. (27), for a continuous
set of modes], in which, of course, the state vector no longer
changes. In this picture we have, for the input field operator,

b (z,1)
=Texp [i [ ] (t/)dt/}L [ bre =20 g
h 1o ro V27T
; t
x T exp [ - i/ H;/O(t/)dt,}’ (37)
hJ,

using Eq. (29) as the starting point. To show that b{f)(z,t)
depends only on t — z/c it suffices to show that (9; +
¢ 3,)b{!) = 0. Applying this to Eq. (37) we get

ad d
9 B —
<8t e 32) "

Again, it suffices to show that the right-hand side of Eq. (38)
vanishes in the original picture, in which H/,, is given by
Eq. (27) and the by are time-independent, since Eq. (38) is just
related to that picture by a unitary transformation. We get

p . Akc/m
[H;o(0),bk] = —lhg—./
K+ iwg

/[HI//O ,bk](H)e_iw"(t_Z/c)dk.

(38)

i
h/2m

gl @, (39)

Substituting in Eq. (38), we end up with something pro-
portional to | €'“?/¢ /(k + iw) dw, which vanishes for z < 0,
which proves the desired result. Similarly, for the outgoing
field, which is given by Eq. (30) in the second interaction
picture the factor (x +iwy)/(k —iwy) ensures that (9, —
cd )boul ends up proportional to [ e~“%/¢ /(k — iw) dw, which
also vanishes for z < 0.

We conclude that, even in the presence of interaction,
expectation values of quantities involving the input field will
depend only on ¢t — z/c, and expectation values of quantities
involving the output field will depend only on 7 + z/c; that is,
the parts of the pulse in the z < 0 region do not change either
as they go into the cavity or after leaving it. This means, as
already anticipated, that the oscillations seen in the interacting
(t = 4T) pulses in Fig. 2 are unphysical. On the other hand,
note that the analytical result just proved required the formal
addition of an infinite, continuous set of modes, so naturally
one should not expect to see it hold for calculations involving
a finite, discrete set.

This result is very useful because it means, in essence, that
the asymptotic, postinteraction wave function contains all the
relevant physics. This final state, in turn, can be calculated
analytically with relative ease for a number of cases, as
illustrated in the next section.
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V. EXAMPLE: SINGLE-PHOTON, TWO-LEVEL ATOM

To illustrate the formalism, in this section I will solve
without (any further) approximations the problem of a single-
photon pulse incident on a cavity that contains a single
two-level atom. This has been done before in Ref. [7], but
it may be interesting, nonetheless, to present a unified view of
the various regimes that are possible for this system. As always,
spontaneous emission from the excited state (out of the sides
of the cavity) will be neglected, although it can actually be
included in the model with some additional effort [7].

A. Output pulse for atom initially in ground state

With only one excitation in the system, the total state can
be written at any time as

V(1)) = |:/ Cg(k,t)bli dk|g) + Cg(t)le):||vac). (40)

Assuming that the atom starts in the ground state, the
coefficients C,(k,tp) represent the initial pulse (or “wave
function of the photon”) in momentum space. Since there
is a one-to-one correspondence between the wave numbers
k and the frequencies wy, in what follows it will be useful
sometimes to work with coefficients C4(w,t) which depend
on o rather than k. The precise correspondence, which
ensures that [ |C(w,0)|*dw = [ |C(k,t)|*dk, is Cy(w,t) =
Cy(k,t)/«/c, where c is the speed of light and w = ck — Q..

With the Hamiltonian (27) the equations of motion for the
coefficients of the state vector are

Colh,t) = —ig i"l/ O C (1), (41a)
Cot) = —ig | X C(k e @I gr - (41b)

We can integrate formally Eq. (41a), substitute the result in
Eq. (41b), and carry out the integral over k with w, = ck — Q
The result is the integral equation

C, =—-g° / t e WH =D (gt

1)
VIR Clhatg)e™ @ (42)
Wi

Introduce now the Fourier transform of C,(¢)
1 - .
C.(t) = — / C.(we " dw (43)
21

and substitute Eq. (43) in Eq. (42), formally letting the lower
limit of the time integral go to minus infinity. One can then
solve for C.(w), with the result

Co(w — 84, — 00)

_2’g‘/ﬁg — ik — l(w s Y

Co(w) =

Also, the time integral of the right-hand side of Eq. (41a),
from (formally) minus infinity to infinity, is just proportional
to C,(w+ 8,). Putting this together with Eq. (44) imme-
diately yields the state coefficients after the interaction is
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over:
2g2K Cy(w, — 00)
K+io g2 —i(w+68,)(k —iw)
o+ik (@ —ic)w+8;) — g?
= . . Cg(a)v - OO)
w—ik (w+i)w+8,) — g2

Co(w,00) = Cy(w, — 00)

(45)

Under the assumption that the initial state has the photon
entirely outside the cavity, the spectrum of the incoming
pulse, fin(w), is simply proportional to C4(w, — 00). On the
other hand, from Eq. (36) [see also Eq. (11)] we see that
the spectrum of the outgoing pulse is given by the product of
the C,(w,00) coefficients by a factor (x + iwy)/(k — iwy).
We therefore have

(@ — i) +8.) &
@+ i+ 8y —g? M@ 40

which shows that the incoming spectrum simply gets mul-
tiplied by a (frequency-dependent) phase shift, —e 2/¢()

with
K
S 4

If the central frequency of the pulse is €29, one may define
the field-cavity detuning A as A = Qy — 2, and write @ in
the above expression as w = A + ', where @' is a new
variable that captures the pulse’s shape. The pulse’s bandwidth
may be written as Aw = Aw'.

One may now consider several limits of interest. In the
adiabatic limit, the pulse is very long and Aw K g,k, so the
pulse is just multiplied by the constant phase factor e 2%,
with ¢ given by Eq. (47) with v = A.

Another case is when Aw < k, but g2/k may be smaller
than, or of the same order as, Aw. This is basically the bad
cavity regime, since it requires ¥ >> g. The general expression
in this limit is not much simpler than Eq. (46), but when the
detunings A and §, vanish one has approximately

io+T/2

Sou(w) = m

foul(a)) = -

¢ =tan"! |:

fin(w) (bad cavity, A = 8, = 0), (48)

where the parameter I' = 2g?/k is often used to characterize
the bad cavity limit; see Sec. III B above. This limit looks
essentially (up to an overall minus sign) like an empty cavity
[compare with Eq. (46) for g = 0], only with a decay rate I"/2
instead of k.

The spatial or temporal profile of the outgoing pulse can be
easily obtained, in practice, by Fourier transforming Eq. (46)
[as in Eq. (36)]. We may define a “photon wave function”
Y(t) = 1/V27 [ f(w)e " dw, so that I(t) = |¢(7)|? gives
the normalized probability distribution function to find the
photon, as a function of t, where (by the results of Sec. IV B)
T =t —z/c for the incoming pulse and ¢+ z/c for the
outgoing one. A partial fraction decomposition of Eq. (46)
yields

R A Ll R Ll ) '
fout(w)—|: 1 S<iw+m iw+m>]fm(w), (49)

where s = 3/(k +i6,)2 —4g? and w15 = (—k +i8,)/2 F

s; the latter represents the resonances of the atom-cavity
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02 |

0.1

/T

FIG. 3. Input and output probabilities to find the photon as
functions of 7 (in units of T71), for kT = gT = 10 (close to the
adiabatic regime).

system. Because the real part of u; , is always negative, one
can always write (iow + ;)™ = — fi’oo et g’ 5o the
Fourier transform can be written

T

You(T) = —Yrin(t) + g/ [(i8, — Ml)em(t—r’)

—(i84 — 1) T Y (r)d T (50)

The first term on the right-hand side of Eq. (50) is the only
one present in the x — 0 limit, where the cavity is replaced
by a perfectly reflecting mirror (the minus sign is, of course,
arbitrary, depending on the type of mirror). The two other
terms are convolutions of the input pulse with the response
functions associated with the two resonances of the system.

For reference, for an input Gaussian pulse with spectrum
Fin(@) = (T /N/27)2e=@=A7T*/4 the explicit result (valid in
both the good and bad cavity regimes) is

CH Y-
_ _ —(t/T) —itA
wout(l—) - (27_[)3/4|: T e
K . o .
5 D (D8, — gy T
=12
T(u; +iA
x (1 +erf[%+%:|)i|. (51)

Figures 3—6 below show examples of outgoing pulses for the
same incoming, Gaussian pulse, and different cavity parame-
ters. Figure 3 is close to the adiabatic regime, Fig. 4 is in the bad
cavity regime, and Fig. 5 in the good cavity regime. According
to the discussion in Sec. IVB one may get a spacetime
description from these pictures in the following way: imagine
a vertical line drawn through the figure and moving to the right
as time passes. At any given time, the part of the input pulse to
the right of the line represents the part of the pulse that has not
gone yet into the cavity (one has to imagine this part reflected
about the vertical line, that is, traveling to the right; this is
because for the input pulse T =t — z/c, so T and 7 increase
in opposite directions), whereas the part of the output pulse to
the /eft of the vertical line represents the part of the pulse that
has already come out of the cavity, at that same instant.
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0.4 . . . -

0.35 -

(in, out) . \

(T oz . w 1
025 | 1
02t , 1

0.15 | \ B

/T

FIG. 4. Input and output probabilities to find the photon as
functions of 7, for kT =4, gT = 1 (bad cavity regime).

Although the parameters of Fig. 3 are close to the adiabatic
regime, the figure shows a small difference between the
incoming and outgoing pulses, in the form of a shift in time
(or space). This is in fact what one would expect from an
expansion of the phase Eq. (47) to first order in «’: multiplying
the incident spectrum by such a linearly growing phase factor
just results in a displacement in the 7 domain. For A = §,,
this displacement, or delay, is equal to 2« / gz, or 0.2T for the
pulse in the figure.

Figure 2 illustrates the apparition, in the bad cavity regime,
of a fairly slow decay rate, associated, in our notation, with
the parameter w,; for large «, and §, = 0, this slow rate goes
as g2/k (~ 1/4T for the parameters in the figure). The zero in
the output pulse results from a cancellation between all three
terms in Eq. (50) which typically survives in the empty cavity
limit (g — 0); in that limit, however, the u, term in Eq. (50)
goes to zero.

Figure 5 shows additional zeros and oscillations that appear
in the good cavity limit, as the characteristic decay rates 1412
develop an imaginary part. It is tempting to associate these
features with Rabi oscillations; mathematically, of course, they
have the same origin, but it would be wrong to conclude, for
instance, that when the probability of finding the photon in the
outgoing pulse is exactly zero the atom must be in the excited

0.4
0.35
(in, out)
(T o3t |
0.25 | !
0.2 !
0.15 |- I

01

0.05 |

0
12

/T

FIG. 5. Input and output probabilities to find the photon as
functions of 7, for kT = 0.5, gT = 1 (good cavity regime).
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FIG. 6. Output pulses forx 7 = 0.5,¢T = 1l,and A =2/T,5/T
(with 8, =0)and 6, =2/T,5/T (with A = 0).

state, because for these pulses the probability to excite the
atom never reaches very high values, even on resonance, as
will be explained below. Indeed, for any time T when Iy (7)
is zero there is a nonvanishing probability that the photon may
have left the cavity before then, and this alone implies that the
excitation probability cannot be equal to 1 at that time.

Finally, Fig. 6 shows the effect, on the output pulse, of
varying the detunings, for the same cavity parameters as in
Fig. 5. Clearly, for sufficiently large detuning A between the
cavity and the pulse, the cavity appears as a perfectly reflecting
mirror and the output pulse approaches the input one, whereas
for sufficiently large detuning §, between the atom and the
cavity the output pulse approaches the limit appropriate for an
empty cavity, mentioned above.

B. Excitation probability, and decay of initially excited atom

For an atom initially (formally, at t = —o0) in the ground
state, the excitation probability as a function of time is given
by P.(t) = |C.(t)|* [Eq. (43), with C,(w) given by Eq. (44)].
We can write this as
2

P(t) ‘/ K/'T[ C( _ ) —ia)td
C,o(a)+1/<)(a)—|—8)— glw, —o0)e @
2
= ‘ / S(w) Cy(w, — 00) e dw (52)

with the function S(w) defined by this equation. It is not
hard to see that in fact [ |S(w)|*dw = 1, just as [ |C,(w,
— 00)|’dw = 1, and therefore, by the Cauchy-Schwartz in-
equality, the integral in Eq. (52) will always be strictly smaller
than 1 unless C(w, — 00) = §*(w)e'®, in which case the
probability will be equal to 1 att =¢,.

The input pulse corresponding to a spectrum C(w, — 00) =
S*(w) is

Vinom($) = — e
in, o] - N e w
P V271 ) (@ — i) @+ 8,) — g2
V 2 * *
= il e Ml —e7my fort <0
vV (K - iaa)z - 4g2
(53)
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FIG. 7. Optimal driving pulses for k = 4g (bad cavity regime),
k = 0.5g (good cavity), and k = 0.5g,8, = 2g. Time is in units of
g~ !; the vertical axis is the probability of finding the photon per unit
time (in units of g). Reflecting these pulses around the ¢ = 0 vertical
axis gives the decay pulses for an initially excited atom, for the same
parameters.

and O for > 0. When such a pulse is incident on the atom-
cavity system, it will drive the atom to the excited state at the
time t = 0. The corresponding output pulse can be obtained
by Fourier-transforming Eq. (46), with fi,(w) = S*(w), which
immediately shows that the following relation holds:

WOUI(I) = _Wi;opt(_t)-

This result vanishes for ¢ < 0, i.e., for this particular input
pulse there is no reflected (outgoing) pulse at all, as long as
the input pulse lasts. Clearly, for t > 0, when ¥, op “switches
off” and ¥, “switches on,” the latter just gives us the decay
of an initially excited atom in the cavity, a problem that can
also be solved starting directly from Eq. (42) above, in its
homogeneous form (that is, without the second, driving term
on the right-hand side).

Equation (53) represents the optimal way to drive the cavity-
atom system: at the end of the ¥rj, op; pulse the photon is certain
to have gone into the cavity (zero reflection probability) and
to have excited the atom (|C,|*> = 1). The observation that
the pulse that accomplishes this is just the same as the pulse
given off by an initially excited atom, only time-reversed, was
made a long time ago by Cirac et al. [4]. Interestingly, full
excitation is possible, in principle, even for a finite atom-cavity
detuning §,.

Figure 7 shows several of these optimal pulses, as functions
of time (evaluated, for instance, at the entrance to the cavity,
z = 0). The parameters correspond to Figs. 4 and 5, as well as
one of the detuned situations considered in Fig. 6.

Turning Fig. 7 around also shows that the pulse emitted
by an initially excited atom in the good cavity limit has
oscillations (“bright and dark fringes”) similar to the ones
we found in the previous subsection. Their physical origin,
in this case, is actually quite clear. In the good cavity limit,
the cavity-atom system single-excitation spectrum consists of
two distinct lines centered at Im(u;) and Im(u,). The state
in which the atom is initially excited is an equally weighted
superposition of these two modes, so a subsequent state in
which the photon is outside the cavity and the atom in the

(54)

gt

FIG. 8. Excitation probabilities for the optimal pulses shown in
Fig. 7.

ground state could be the result of two indistinguishable (as
long as the frequency of the photon is not observed) decay
processes, whose relative phases change with the observation
time [see Eq. (53)]; the fringes are the result of the interference
between these two alternative paths. One may also think of
them as an example of “quantum beats.”

Finally, the expression (52) for the excitation probability
can be evaluated for an arbitrary input pulse as described by
the initial spectrum Cy(w, — 00). The result can be trivially

written in terms of a convolution of ¥ . with ¥y
00 2
* / / /
Pe(t) = ‘ / Vinopt ) Win(t + 1) dt
—00
2 g?
2
\/(/cz —4g% — 82)" + 4k282
00 2
x / (M7 — Dy (1) dit’ (55)
—00
0.25 S : , ,
// \ k=g=10T - - -
\ K=4/T, g=UT
P ozl // \ k=05T,g=1T ——— 1
»
)
015 ’ | 1
! |
! \
’ |
01 F / \ ]
| \
/ \
/ \
L iy |
0.05 A \ >y
) \ \ / N
) // \ \ ; \\ —
0 - s i P—
2 0 2 4 6 8 10
/T

FIG. 9. Excitation probabilities for the Gaussian pulse and the
cavity parameters used in Figs. 1-3. Solid line: bad cavity regime.
Long-dashed line: good cavity regime. Short-dashed line: near-
adiabatic regime.
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For the Gaussian input pulse considered above the explicit
result is

2
P,(t) = T «g Z(_l)je(uz+iA)2T2/4+Hﬂ
V27 12s5)? i

t T(uj+iA)

Figure 8 shows the excitation probabilities calculated for
the optimal pulses in Fig. 7, whereas Fig. 9 shows the result
(56) for an incident Gaussian pulse, for the parameters used
in Figs. 1-3. Figure 8 shows the interesting result that the
excitation probability also displays oscillations in the good
cavity limit, even for an optimal pulse. Figure 8 shows that
the Gaussian pulse is not very good at exciting the atom, in
general. As expected, the excitation probability is smallest for
thek = g = 10/ T case, since this is very close to the adiabatic
regime.

2
(56)

VI. CONCLUSIONS

The complete formal equivalence of the input-output
formalism and the modes of the universe approach to deal
with the problem of the coupling between an atomic system in
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a cavity and the external quantized field has been established in
a particular limit (namely, when the cavity transmission losses
are small enough to allow for a Lorenzian approximation to
the cavity resonance line). The MOU approach has a number
of potential advantages for numerical calculations: it involves
intrinsically fewer equations, and fewer modes are typically
required to obtain reliable results. It is also conceptually
more satisfying, since it can be derived directly from the
optical boundary conditions, and hence easily adapted to any
type of cavity (see, for instance, the treatment in Ref. [16]
for a double-sided cavity). Although its original formulation
was formally cumbersome, the most recent one in terms of
scattering modes is conceptually quite straightforward (again,
see Ref. [16]).

The formalism has been illustrated for a very simple case
of a two-level atom in a cavity and a single-photon pulse. Of
course, the real usefulness of the formalism will have to be
shown by addressing open problems; these may include new
photonic gates, or ways to combine few-photon pulses.
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