PHYSICAL REVIEW A 87, 023826 (2013)

Theoretical analysis of the coherence-brightened laser in air
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We present a detailed theoretical study of a recent experiment [A. J. Traverso et al., Proc. Natl. Acad. Sci.
USA 109, 15185 (2012)] in which a laserlike source is created in air by pumping with a nanosecond pulse.
The source generates radiation in the forward and backward directions. The temporal behavior of the emitted
pulses is investigated for different pump shapes and durations. Our analysis indicates that the spiky emission
is due to quantum coherence via cooperation between atoms of an ensemble, which leads to strong-oscillatory
superfluorescence. We show that these cooperative nonadiabatic coherence effects cannot be described by rate
equations and instead a full set of the Maxwell-Bloch equations must be used. We consider a range of parameters
and study transitions between various regimes. Understanding these coherence-brightened processes in air should
lead to improvements in environmental, atmospheric remote sensing and other applications.
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I. INTRODUCTION

Coherently generated optical signals have been widely
investigated in the field of remote sensing as their high
efficiency and directionality hold promise for environmental
monitoring and chemical and biohazard detection. Backward-
propagating coherent signals can be generated by focusing
forward-propagating laser beams on a target in air [1-4]
or through four-wave-mixing processes such as coherent
anti-Stokes Raman scattering by focusing both forward and
backward light sources [5,6]. The latter methods are simpler,
but require a backward light source that propagates from the
atmosphere to the ground. Generation of such backward lasing
in air has been achieved recently by two-photon excitation of
oxygen atoms using a picosecond forward-propagating pump
pulse [7]. Another study has shown high-gain coherence-
brightening behavior using a nanosecond pump pulse [8].
Therefore, the demonstration of a backward coherent light
source in air provides an alternative possibility for atmospheric
remote sensing via a coherently scattered signal. Here we
present a detailed theoretical study of the collective emission
observed in Ref. [8] and provide a better understanding of the
nature of the coherence-brightened lasing in air.

The coherence-brightened laser, a superradiant source, can
be realized from a pencil-shaped gain medium without mirrors
as proposed by Dicke [9,10]. The Dicke superradiant pulse
was first observed in optically pumped HF gas and studied
using a semiclassical treatment [11,12]. Further study of the
superradiant regime with a swept-gain excitation suggests
interesting applications such as an x-ray laser source [13].
Superradiance and superfluorescence (SF) as the collective
emission phenomena have been extensively studied and
reviewed [14,15]. The main distinction between superradiance
and SF is the initial coherence. In superradiance, the system is
initially coherent, whereas in superfluorescence, the coherence
builds up in an initially incoherent inverted medium.

Yoked superfluorescence (YSF) is another example of
collective emission in a three-level cascade scheme [16,17].
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Such a YSF-type system is prepared with a coherent two-
photon excitation from the lower to the upper level. The
transition between the upper and middle levels is accompanied
by the emission of a SF pulse from an initially inverted
configuration. This emission is coupled with the quantum
coherence between the upper and lower levels and as a result,
another pulse (namely, YSF) from the transition between the
middle and lower levels is emitted. This process occurs only
when all three fields are phase matched (for example, all three
fields propagate in the forward direction). This three-level
cascade system simultaneously emits a backward field from
the upper transition; a backward field from the lower transition
is not emitted because there is no population inversion there.
This results in different emission behavior for the forward and
backward fields [18,19].

There has been interest in coherence effects in lasing
processes for decades [20-22]. It has been widely accepted
that the coherent effects, which cannot be described by the
rate equations, are present when the polarization evolves faster
than or on the same time scale as the decoherence time [22,23].
The estimated average Rabi frequency for the emitted fields in
the recent experiment [8] is higher than 10'! rad/s, which is
significantly higher than the dephasing rate of 10'® s=!. This
provides evidence for the coherence effects.

Various regimes of N-atom cooperative spontaneous emis-
sion are defined by the values of several characteristic
parameters [24] such as the single-pass gain [25]
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where T, is the collisional dephasing time, the collective
damping time [26]
8 T1
L=
3 nA2L
where T is the spontaneous lifetime, A is the wavelength, L
is the gain length, and 7 is the excited atom density, the delay
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time [27]
o = o[ V)], 3)

where N = nAL is the total number of excited atoms in
the gain volume (with the cross-sectional area A of the gain
medium), and the cooperation number [28]
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The physical meaning of each regime is discussed in detail in
Ref. [24]. We summarize it briefly here. In the limit 7, — oo,
there is no collisional dephasing, so SF is radiated for the
duration t, with a delay time of 7p. In the regime 7, > tp,
the coherence can be built up during the time tp before it
decays by collisions and the cooperative emission process may
occur. However, in the opposite regime where 7> < /7, Tp,
the large collisional dephasing rate prevents coherence from
building up. Thus the system generates amplified spontaneous
emission (ASE). In the intermediate regime (damped SF),
both coherence and collisions play a role. The cooperation
number N, gives the maximum number of atoms that can
emit cooperatively. When the total number of excited atoms
N is larger than N, the propagation effect is present and
atoms undergo reabsorption and reemission processes. The
SF emission has temporal ringing behavior. However, when
N < /N., the propagation effect is negligible and pure SF is
emitted. Figure 1 shows these various regimes determined by
these parameters labeled ASE, damped SF, and SF (including
strong-oscillatory SF, weak-oscillatory SF, and pure SF) [24].
With the parameters from the recent experiment [8] as 7, ~
0.1ns, 77 =0.108 us,A = 845nm,L ~ lcm, A ~ 1075 cm?,
and n ~ 3 x 10" cm~3, we obtain 7, &~ 0.4 ps, Tp =~ 15 ps,
oL ~ 476, and N.~ 4 x 10”. These parameters place the
experiment of Ref. [8] in the strong-oscillatory SF regime.
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FIG. 1. (Color online) Regimes of N-atom cooperative sponta-
neous emission (adapted from Ref. [24]). The experimental parame-
ters from Ref. [8] correspond to the strong-oscillatory SF regime (red
circle). The four other points (purple square, yellow diamond, green
triangle, and blue inverted triangle) correspond to four distinct sets
of parameters used in simulations (see below).
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In this paper we perform a detailed theoretical analysis
of the recent experiment [8] and simulate strong-oscillatory
temporal behavior of atmospheric oxygen emission. The
coherence-brightened nature of this emission is revealed using
picosecond pump excitation. We conclude that the measured
spiky features in the emitted fields are due to coherence
brightening and cannot be described by the rate equations
or the pump noise.

II. THEORETICAL MODEL

In a recent experiment on atmospheric oxygen [8], a
10-ns, 226-nm pulse (propagating in the forward direction)
dissociates oxygen molecules and is used as a pump in a
three-level atomic oxygen system (see Fig. 2). Emission fields
are generated from the a <> b transition in both the forward and
backward directions. As noted above, the field from the b <> ¢
transition can be coherently generated only in the forward
direction. The backward field from the b <> ¢ transition is zero
because of the phase mismatching with the forward pump field
and the absence of the population inversion. The fields from
the a <> b transition have a wavelength of 845 nm and have
been detected in both directions in the experiment [8]. The
forward UV field at 130 nm from the b <> ¢ transition is also
involved in the dynamics and affects the 845-nm fields, but
has not been detected due to its strong absorption in air.

For our model, we use a pencil-like active medium, with
a length of 1 cm and a cross-sectional area of 1075 cm?,
as in the experiment. We assume that the atomic density in
this active medium is constant at 10'> cm~* (with population
initially in the ground state). The two-photon excitation of the
a <> c transition by the pump pulse is treated as two excitation
processes via two allowed transitions with the smallest
detuning between the pump field and the transition from the
ground level to an intermediate level. This intermediate level
corresponds to the 3s > S state (level b) in the atomic oxygen
energy scheme. The detuning A is 6.1 x 10" rad/s. The Rabi
frequencies for the pump pulse coupled to the a <> b and
b < c transitions are Q2,1 = P&, /R and Qo = pEp /R,
respectively, where g, and gy, are the matrix elements of
the electric dipole moment and &, is the slowly varying
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FIG. 2. (Color online) (a) Three-level energy diagram of an
oxygen atom. Levels a, b, and ¢ represent the states 3p 3P, 35 3S, and
2p 3P, respectively. (b) The pump pulse propagates in the forward
direction. We consider fields from the @ <> b and b <> ¢ transitions
in both the forward and backward directions in the theoretical model.
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envelope amplitude with E, = £,e~ "' ~%3 4 c.c. Here E,
is the electric field, v, is the frequency, and k, is the
wave vector of the pump and z is taken to be positive for
the forward propagation direction. The detailed derivation
of the two-photon excitation is shown in Appendix A. The
generated fields from the a <> b and b < ¢ transitions have
both forward and backward contributions, which lead to the
Rabi frequencies of Qe /0w!=kw?) Q- o=iuitku) and
Qf e v =hoet) 4 Q- =1l thoe) | regpectively. The plus and
minus signs represent forward and backward propagation,
respectively. Here Q,, Q_,, ©j., and Q;_ are assumed to
be slowly varying functions. These fields are coupled with
the active atomic medium. The semiclassical Maxwell-Bloch
(MB) equations are used to describe the physics of this three-
level system. The phase-matching conditions are considered.
The rotating-wave approximation (RWA) is used, so the terms
coupling the fields and the polarization in the medium that are
not phase matched are neglected. The detailed equations can
be found in Appendix A.

III. PICOSECOND PUMP EXCITATION

In the recent experiment [8], a nanosecond laser pulse (with
a full width at half maximum of ~10 ns) was used to pump
oxygen atoms. The density of the atomic oxygen in a pencil-
like cylinder with the length L = 1 cm and cross-sectional area
A ~ 1073 cm? is n, = 10'> cm~3. The spontaneous emission
rates are v, = 9.3 x 10%s™ ' and y. = 1.97 x 103 s~!. Hence
the transition dipole moments are gg, ~ 1.38 x 1072 Cm
and @y ~ 0.38 x 1072 Cm. We first consider a shorter
picosecond pump pulse to better understand the physics of the

T -
(a) Forward 845-nm field
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system. We choose a 20-ps pump pulse with the same order
of the peak power as in the experiment (~0.5 MW). Thus we
can take the peak Rabi frequencies Q,; ~ 3.2 x 103 rad/s
and Q,, ~ 8.4 x 10'? rad/s and an effective Rabi frequency
Qetr = Qp1Qpa/A ~ 4.4 x 10'° rad/s. Doppler broadening is
not included in this simulation because we assume that the
collisional dephasing is the dominant relaxation process.

The pump pulse enters the medium at a time of 0.5 ns. The
emission fields at 845-nm are generated in both the forward
and backward directions. We fixed the boundary conditions
for the 845-nm fields to be a small constant to play the role
of a spontaneous emission source, but assume that there is
no spontaneous emission source for the 130-nm field (the UV
field is strongly absorbed in air). The depletion rate for the
845-nm fields is k ~ 1.5 cm™! due to the Rayleigh diffraction
length. The simulation results of the temporal behavior of
the 845-nm fields (|ij|) for different collisional dephasing
rates y.o are shown in Fig. 3. Strong-oscillatory SF with
large peak Rabi frequencies is seen in both the forward and
backward directions when y. = 10 ns~! [Fig. 3(a)]. The SF
oscillations are damped and the intensity decreases for larger
Yeol. The simulation results are consistent with the various
regimes described in Fig. 1. The physics is clear with this
short picosecond pump pulse excitation. The upper transition
of the oxygen atom is inverted after this pump pulse. In
the small dephasing rate limit, the inverted system radiates
SF and generates a large quantum coherence via cooperation
between ensemble atoms. After the population is transferred
from the upper level to the middle level, the coherence plays
an important role by producing a weaker radiation, which in
turn transfers a portion of population back to the upper level.
The small portion of the population in the upper level then
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FIG. 3. (Color online) Temporal behavior of the 845-nm forward and backward fields generated by a 20-ps 226-nm pump pulse with
different collisional dephasing rates: (a) ¥.o; = 10 ns~! (leading to the regime labeled by the red circle in Fig. 1), (b) 30 ns~! (labeled by purple
square), (c) 50 ns~! (labelled by yellow diamond), and (d) 100 ns~! (labelled by green triangle).
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continues to radiate cooperatively. This process repeats and
results in the ringing (i.e., Burnham-Chiao ringing [29]) in
Fig. 3(a). In the large dephasing rate limit [see Fig. 3(c)], the
radiation generated by the inverted system produces a small
amount of coherence because of the larger decoherence terms
Iy and I'p.. The amount of coherence is not large enough
to reemit the field after the population moves to the middle
level. However, there is a burst in the emission field because
the process is still in the SF regime and the atoms radiate
collectively. Nevertheless, with a significantly large dephasing
rate (e.g., Yeol = 100 ns~!) [Fig. 3(d)], the inverted system
cannot produce enough coherence so the radiation is closer to
ASE than to SF. The difference between the forward and back-
ward fields is not prominent in this regime. Phase-matching
condition and the asymmetric scheme (i.e., forward and
backward fields at the a <> b and b <> c transitions, but only a
forward-propagating pump pulse) are the main reasons for the
difference, which is discussed in detail in the following section.
We find in this simulation with a simple short pump pulse that
the atomic coherence is responsible for the spiky features.

IV. COMPARISON OF MAXWELL-BLOCH AND RATE
EQUATIONS

In this section we match simulations more closely to the
experiment [8] by using a nanosecond pump pulse. The
long pump pulse makes the dynamics more complicated
than in the preceding section. Namely, it keeps pumping the
populations from the lower to the upper level, generating
coherence between these two levels and coupling with the
forward-propagating generated fields. We consider a 2-ns
square-shaped pump pulse entering the medium at 0.5 ns and
exiting at 2.5 ns, with the same peak Rabi frequency as in the
preceding section.

The simulations were done using both the MB and the
rate equations. It is well known that the rate equations can
be derived from more general Maxwell-Bloch equations in
the density-matrix treatment by the adiabatic approximation,
which assumes that the transient part of the evolution of the
atomic coherence can be neglected and the amplitude of such
coherence follows adiabatically the changes of the population
distribution [30]. This approximation eliminates the equations
of the rapidly decaying dipole moment, such as Eqgs. (A18)
and (A19) in Appendix A, and describes the coherence terms
as

L iQ%(Paa — Pob)

= 5
Pap Fab ( )

This approximation is valid only when the dephasing time is
much shorter than the population relaxation time. Therefore,
the coupling terms, such as the last term in Eq. (A18), can also
be neglected because the large y., leads to a relatively small
coherence term. This means that there are no coupling effects
between the coherence and the field in two different transitions
in the rate-equation picture. Now we insert the approximated
coherence term back into the population equations, such
as Eq. (A23), and the field propagating equations, such as
Eq. (A26), and obtain the resulting differential rate equations
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and so on. The full set of rate equations is given in Appendix B
with only populations and fields included. The atomic coher-
ence is no longer included explicitly.

The simulation results using both the Maxwell-Bloch and
the rate equations are shown in Fig. 4. In the small dephasing
limit (o = 10 ns™'), the resulting fields |ij| and the
coherence puib at the upper transition from the Maxwell-Bloch
equations are shown in Figs. 4(a) and 4(b), respectively. Highly
oscillatory SF radiation is generated similar to that in Fig. 3(a),
but with a more complicated temporal profile. The long pump
pulse continues to excite the population to the upper level,
while the SF radiation depletes the excited atoms. The peak
amplitude of the Rabi frequency is ~10'! rad/s, which is
consistent with the measurement in the experiment [8]. The
forward field has a different shape from the backward field,
as does the coherence ,oj}. The real part of the coherence
Pap» Which contributes to the backward field generation, is
zero, but the real part of the coherence p:b, which helps
the forward field generation, is nonzero. This is the major
cause of the difference between the forward and backward
fields. The backward coherence (or field) is generated only
by the population difference; however, the forward coherence
can also result from the four-wave mixing. Namely, the
two-photon excited coherence p,. interacts with the radiation
at the lower transition and contributes to the p:b and the
forward 845-nm field (and vice versa). In this simulation, a
large amount of coherence (~0.1) at the a <> b transition
is produced. The fast change of the coherence makes it a
nonadiabatic process. To prove this point, a simulation with
the same decay rate but using the rate equations is shown in
Figs. 4(c) and 4(d). Comparing the results with Figs. 4(a) and
4(b) from the Maxwell-Bloch equations, we see a different
temporal behavior of the fields and the coherence. Therefore,
the adiabatic approximation in the small dephasing limit
(Yeol = 10 ns™!) is not valid and the rate equations give an
incorrect result. The coherence effects play an important role
when the Rabi frequency is larger than any relaxation rate.
In this regime they can be described only by Maxwell-Bloch
equations without the adiabatic approximation.

In contrast, in the large dephasing limit (y.o; = 200 ns™!),
both the Maxwell-Bloch and rate equations give similar results
for the fields and the coherence [see Figs. 4(e)—4(h)]. The
amplitude of the Rabi frequency at the 845-nm emission is
~107 rad/s, which is much smaller than the dephasing rate.
In this regime, since the coherence effects are not important,
the adiabatic approximation works well and the simplified rate
equations are adequate to describe the physical process.
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FIG. 4. (Color online) Temporal behavior of the fields be and the atomic coherence paib pumped by a nanosecond pulse simulated using
the Maxwell-Bloch (MB) and rate equations for different dephasing rates y., = 10 ns~! (leading to the regime labeled by the red circle in
Fig. 1) and y., = 200 ns~! (labeled by blue inverted triangle in Fig. 1): (a) and (b) MB equations with y.,; = 10ns~!, (c) and (d) rate equations
with .o = 10 ns™!, (e) and (f) MB equations with y., = 200 ns™!, and (g) and (h) rate equations with y,,; = 200 ns~'. The coherence in the

simulations with the rate equations was calculated using Eq. (5).

In Fig. 5 we show two-dimensional plots of the generated
845-nm forward and backward fields inside the active medium
with the parameters the same as in Fig. 4(a). The fields are
plotted for the position z from O to 1 cm and the time # from 0.7
to 1 ns. We show the evolution of the spiky features of the fields
in space and time. We notice that the forward and backward
fields dominate in different regions; namely, the forward field
is much larger in the region z > 0.5 cm and the backward field
in z < 0.5 cm. The fields evolve from a broad peak to spiky

oscillations with changing position because the single-pass
gain [Eq. (1)] increases with the propagation distance. The
nonadiabatic coherence makes the fields evolve fast in both
the temporal and spatial domains.

V. NOISY NANOSECOND PUMP PULSE EXCITATION

From the discussion above we find that the atomic co-
herence plays a role in the spiky features of the generated
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FIG. 5. (Color online) Generated 845-nm forward (left) and backward (right) fields dependent on time and position. The parameters are

the same as those in Fig. 4(a).

845-nm SF emission. It is necessary to consider other possible
mechanisms that might produce the spiky temporal behavior
of the fields in the experiment. One possibility is a noisy pump
pulse. In this section we keep all the parameters the same as
those used in Figs. 3(a), 4(a), and 4(b), which are close to the
experimental parameters, but we change the pump pulse shape.

The simulation results are shown in Fig. 6. In Fig. 6(a)
we added small-amplitude noisy fluctuations to the square
pump pulse that was used in Fig. 4(a). The simulation results
show that the forward and backward 845-nm fields have
different shapes than the fields generated from a square
pump pulse and the pump shape itself. In the case of large-
amplitude noisy fluctuations in the square pump pulse [as in
Fig. 6(b)], the generated fields have different pulse shapes,
which are uncorrelated with the pump fluctuations. Therefore,
we conclude that, in the SF regime, the spikiness of the SF
pulse is primarily due to the fast collective damping rate and
the coherence effects (as in the Burnham-Chiao ringing that
was discussed in Sec. III). The noise in the pump pulse plays
a role and modifies the spikes in the emission field temporal
behavior (and in some regimes, the noisy pump features lead

to similar temporal behavior of the generated fields), but it is
not the primary reason for the creation of the spikes [8].

VI. CONCLUSION

We presented a detailed derivation of the theoretical model
for the coherence-brightened oxygen lasing experiment [8].
Strong-oscillatory SF temporal behavior has been confirmed
in the simulations. We conclude that the spiky features of the
emission fields are mainly due to coherence effects. The rate
equations are not adequate to describe this behavior. The pump
noise is not responsible for the spiky temporal behavior of the
845-nm fields. This theoretical study supports the experimental
demonstration of a coherence-brightened laser source in air,
in the Dicke sense [9].
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APPENDIX A: MAXWELL-BLOCH EQUATIONS

Here we discuss the derivation of the two-photon excitation
in detail and list the full set of density-matrix equations.
Using the slowly varying approximation and the RWA and
the assumption that the pump Rabi frequencies £2,(¢,z) and
€2,1(t,z) are positive real functions, the Hamiltonian in the
interaction picture reads

Hy = —hQpe 8% a) (b] — hQppe 0% |b) (c|
_ h(Q:beikabZ 4 Q;be_ikubz)|a) (b| o h(Q;rceikb[-z
+ Q; e ) b)Y (c| + H.c. (A1)

The density-matrix equations for the coherence are

fab = —Lappap — 1™ + Qe ™ ) (paq — prp)
- iQple_iAH_ikpZ(paa - ,Obb)
_ i(Ql—:—C*efikhL-Z + Q;C*eikbcz)pac _ iQT,zeiiAtiik"Zpam
(A2)
Pre = —heppe — i(Q ™% + Q) e %) (o), — pec)

- iQpZeiAH—ikpz(pbb - pcc)
+ i(Q;L;e—ikubZ + Q;b*eik“bz)pac + igzleiAl_ikpram
(A3)

Pac = —TacPac + i(Q:heikabz + Q;},e—ikﬂbz)pbc
+ iQplefiAtJrik,,zphc
— (@ + Qe M) pupy — Qe N oy,
(A4)

where the dephasing rates are I'y, = %(yab + Vbe) + Veols
The = 2¥be + Yeol» and Tue = 2¥ap + Yeol, With yeor being the
collisional dephasing rate and y,, and y;. the spontaneous
decay rates at the a <> b and b <> c transitions, respectively.
Expressing the coherence as a sum of the slow and fast varying
terms (the latter oscillating at a frequency as the detuning A)

Pab = Oap + uabeiiAa (A5)

Pbc = Ope + ubceiAt’ (A6)

plugging those two definitions into Eqs. (A2)-(A4), and using
the RWA to neglect the fast oscillating terms we obtain

Gap = —LapOap — i, + Qe ™ ) (paq — prp)
— (e 4 @t ) g (A7)
ttay = —(Cap — i Aty — i2p1€* 7% (0aa — Pip)
— iS¢~ pye, (A8)
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e = —Tpeope — i(2, ™% + Q) ™™ ) (), — pec)
+i(Q) e + Qe pge, (A9)
itpe = —(Tpe + i Atpe — i2p2€™ (01 — pec)
+iQe7 " pyc, (A10)

. . ikq — ik . ikpz
Pac = _Facpac + Z(Q(-:bel ve + Qabe ' hZ)Uhc + lQplel " Upe
— () ™7+ Qe NG, — i e Uy, (Al1)

Because the detuning A in Egs. (A8) and (A10) is much larger
than any relaxation process, we assume that the terms u,;, and
up. reach steady state quickly. Therefore, we write them as

_QPZeik']Z(pbb — Pec) + QZIe_ikprac

= . (A2
up A il (A12)
Q16577 (paa — ppp) + ipe K% pye
Uap = — Sl 2 . (A13)
A+ily

Plugging these two solutions into Eq. (A11) with the assump-
tion that A > T';;, we find

. 12117 — Q)

Pac = _Facloac + l#pac
A

i QPIAQPZ oi2k

4 (Q:beikahz + Q;be*ikabZ)obC

+ ikpez — —ikpez
— (2. + Qe ") oy,

"Z(Paa - IOCC)

(A14)

Next we express the coherence as slowly varying terms with
position z,

Oap = p;beik””z + pa_bef"k””z, (A15)
e = e + ppoe” 7, (A16)

and
Pac —> puc'eikaz' (A17)

Keeping in mind that the phase-matching condition gives
2k, — kap — kpe = 0, we plug Egs. (A15)—(A17) back into
Egs. (A7), (A9), and (Al4) and use the RWA to remove
the terms with fast oscillation with z. (The treatment of the
density-matrix equations for the population is the same as
for p,.). Then we derive the full set of the density-matrix
equations, which is summarized in the following:

6hy = —Tappl, — i, (0aa — Pob) — i Puc, (A1)
Pop = —Lavpyy, — i2,,(Paa — Pbb)s (A19)
bre = ~Thepie = I (Poo — pec) + IRy pac. (A20)
Ppe = —LhePpe — 12 (0bb — Pec), (A21)
fac = — [Fac Bl T R 'Q”z'z} Pac
- i%(ma — Pec) +iQpp, — 100, (A22)
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paa = —VYabPaa
Q10
—%Gﬂﬁp;+49@p@+4—lkizmﬂ+cc>,(Azn

/’bb = YabPaa — VbcPbb T (_lgjhpz_u - iQ;[;pb_a
+iQph +iQ.0, + c.c), (A24)

Paa + Pob + Pec = 1. (A25)

We neglect Doppler broadening in the simulation because the
collisional dephasing rate is the dominating relaxation process
in the current experiment [8]. The Maxwell-Bloch equations
read

At 190F
i—5f£+-E—5f24—xﬂj,=inwp$, (A26)
At 190
E T = hepics (A27)

where 7;; = %na)\izj vij is the field-atom coupling constant,

n, is the atomic density, and « is the decay rate of the 845-nm
field due to the Rayleigh diffraction limit.

APPENDIX B: RATE EQUATIONS

The rate equations are derived from the density-matrix
equations (A18)—-(A27) by the adiabatic approximation. This
approximation eliminates the equations of the rapidly decaying
dipole moment. Namely, Eqs. (A18)—(A22) become

0~ —Tuppyy, — i, (0aa — Pob)s (B1)
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0 = —Tpepye — iR (00 = Pec), (B2)
Q17 = |2)?
OZ—[Fac—i| p1| | p2|:|pac
A
Q,Q
—1 %(paa - pcc)v (B3)

where the transient parts of coherence p2; and pi. can be
neglected, and they follow adiabatically from the population
difference [30]. The full set of rate equations may be derived
by plugging the results of Eqs. (B1)—(B3) into all the rest of
the density-matrix equations [Eqgs. (A23)—(A27)]

2|S2;b|2 + 2|Q;b|2
Fah

paa = —YabPaa — (Paa — Pvb)

_ 2Fac|§2p19p2|2
FgcAz + (|Qpl |2 - |Qp2|

2190 17+ 212,

2)2 (paa - Iocc)v (B4)

pbb = YabPaa — VbcPbb T T (paa - /Obb)
ab
219712 + 2|, 2
- 2 (pob — Pec)s (BS)
Fbc
Paa + Pbb + Pec = I, (B6)
aQE 190 Nap 2T
+ ab 4= ab + Q:t — a ab g — , B7
T4 st el = M — ). (BT
aQE  10QE .0
+ bc - bc — CcR%c — Dee)- BS
a2 + = 5 T (ovb — Pec) (B3)
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