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We consider a group covariant quantum state set with a group in which each element corresponds to a unitary
or antiunitary operator. This type of quantum state set can express a broad class of quantum state sets, including
geometrically uniform state sets and self-symmetric state sets. We derive that for any quantum measurement for
a group-covariant state set (both with and without a certain fraction of inconclusive results), a group covariant
quantum measurement exists with respect to the same group with the same performance, that is, the same
probability of correct detection and the same rate of inconclusive results. We then show that a group covariant
optimal measurement exists for any group-covariant state set. In some cases, we derive an optimal measurement

for a group—covariant state set.
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I. INTRODUCTION

One of the fundamental problems in quantum information
is quantum state discrimination. The problem consists in
identifying the quantum state that belongs to a given finite
set of known states with given prior probabilities. In quantum
mechanics, there is no way to discriminate perfectly between
nonorthogonal states. Thus, it is of importance to obtain
measurement strategies that can discriminate between them
as accurately as possible.

The subject of quantum state discrimination was pioneered
in the 1970s by Helstrom, Holevo, and Yuen et al. [1-3].
Necessary and sufficient conditions for obtaining an optimal
measurement that minimizes the probability of a detection
error, which we call a minimum error measurement, were
formulated by Holevo and Yuen er al. [2,3]. However, it
is generally very difficult to obtain a closed-form analytical
solution for the optimal measurements that satisfy these
conditions. Several works have been reported to tackle the
problems of finding minimum error measurements (see, e.g.,
[4-=T71).

In recent years, other types of optimal measurements have
also been considered, such as a measurement that maximizes
the probability of correct detection with zero probability of a
detection error, which we refer to as an optimal unambiguous
measurement [8,9], and a measurement that maximizes the
probability of correct detection with a fixed rate of inconclusive
results, which we call an optimal inconclusive measurement
[10]. Minimum error measurements and optimal unambiguous
measurements can be considered as the special cases of optimal
inconclusive measurements.

Recently, many research efforts have been made to express
optimal measurements for some state sets. There are some
state sets in which analytical solutions for minimum error
measurements are known, for example, cyclic pure state sets
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[4,5], three mirror-symmetric state sets [11], linear codes with
binary letter states [6], and pseudocyclic codes with g-ary
letter states [12]. In the case of a geometrically uniform
(GU) state set, which is defined over a finite group of unitary
operators, Eldar et al. derived that an optimal GU measurement
exists [13]. In the special case of a GU state set, the square
root measurement (SRM) is a minimum error measurement
for a pure state set [7,13]. In some cases of mixed GU state
sets, analytical solutions of an optimal measurement have been
found [13-17]. For a GU state set, Eldar also derived that
there exist both an optimal inconclusive measurement and
an optimal unambiguous measurement that are GU [18,19].
A self-symmetric state set, in which each density operator is
invariant over a certain regular normal operator, is another case
of a symmetric state set. We showed that for a self-symmetric
state set, a minimum error measurement with self-symmetry
exists [20].

A GU state set and a self-symmetric state set have different
types of symmetries. In addition, state sets having other types
of symmetry exist such as three mirror-symmetric state sets
[11]. These symmetries can be formulated as the invariance
of the corresponding collection of quantum states under
the action of a group. We call a state set with some of these
symmetries a group covariant quantum state set. To the best of
our knowledge, however, for group-covariant state sets there
has been no attempt to systematically study the above optimal
measurements.

In this paper, we consider a group covariant quantum
state set with a group in which each element corresponds to
unitary or antiunitary operators. First, we introduce a group
covariant quantum state set and provide some examples in
Sec. III. Next, in Sec. IV, we show that for any quantum
measurement for a group-covariant state set both with and
without a certain fraction of inconclusive results, a group
covariant measurement exists with respect to the same group
with the same performance. In particular, we show that a group
covariant optimal measurement exists. We also show that there
exists a Lagrange operator for an optimal measurement with
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the same symmetry. Then we derive optimal measurements
for several special cases, which are extensions of the results
of Refs. [13,18,19]. Finally, in Sec. V, we illustrate group
covariant optimal measurements for some group-covariant
state sets.

II. QUANTUM MEASUREMENTS

Suppose that {p/,} (m € Zy)is a set of M density operators
describing quantum states where 7, = {0,1, ...,k — 1}. Each
density operator g, is positive (denoted g;, > 0) and has unit
trace (Trp,, = 1). We refer to {5, = £, 0,,} as a quantum state

Al

set with prior probabilities {§,,}, instead of {0,,}. {6} satisfies
pn = 0,Tep, > 0,and Y, =) Trp, = 1. Forgiven {pn}, (5},
and {p,,} are uniquely determined as &, = Trp,, and p,, =
& 1pn. Let us call the Hilbert space that is spanned by the
supports of the operators gy, . ..,0n—1 the state space H.

A state with a rank 1 density operator is called a pure state;
otherwise, it is a mixed state. A pure state set has only pure
states. A mixed state set has at least one mixed state.

We consider a quantum measurement {I1,,} (m € Zy11)
defined in ‘H. The operator ﬁm for each m € I, corresponds
to detection of the state f,, and the operator I1,; corresponds
to an inconclusive result. Let M be the entire set of quantum
measurements, each of which consists of M + 1 detection
operators. Any measurement {I1,,} € M satisfies

M
My >0, VmeTyy, Yy M,=1, 1

m=0

where 1 is the identity operator. {IT,,} is referred to as a positive
operator-valued measure (POVM).

The probabilities of correct detection Pc({I1,,}) and a
detection error Pg({I1,,}) are defined by

M-1

Pe({f1, ) = ) Tr(pall),
m=0

2)

M—-1M-1

Pe({T1,)) = ) > " Tr(pnTTo).
m=0 k=0
(m##k)

The probability of an inconclusive result Pi({I1,,}) can be
expressed as

P({[T,}) = 1 = Pc({I1)) — Pe({TL, D). 3)

PI({ﬁm}) can also be expressed as PI({ﬁm}) = Tr(GﬁM),
where

M—1
=Y pn )
m=0

Any measurement with PI({fIm}) = 0 satisfies I1 u =0.

An optimal inconclusive measurement maximizes the prob-
ability of correct detection Pc({I1,,}) given a fixed probability
of an inconclusive result, Pi({I1,}) = p O<p<lI). A
minimum error measurement is a special case of an optimal
inconclusive measurement, which satisfies p = 0. An optimal
unambiguous measurement maximizes the probability of
correct detection Pc({f[m }) and discriminates unambiguously
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between the states p,,, i.e., satisfies PE({fIm}) = 0, which is
also a special case of an optimal inconclusive measurement
with sufficiently large p. If Y~ rankp,, = dim M holds,
then the minimum error measurement is a von Neumann
measurement and uniquely determined as described in [21]
(see also [1,22] in the pure state case), whereas an inconclusive
measurement with p > 0 is in general not a von Neumann
measurement and is not uniquely determined.

A necessary and sufficient condition for unambiguous
measurements to exist for the state set {0,,} is that there exists
m € Ty such that the kernel of the state g,, does not contain
the intersection of the kernels of the others, that is [23],

Kerpy, 2 [ Kerpy. 5)
keTy k#tm

In particular, in the case in which {5,, = |¥,) (Y|} 1s a pure
state set, unambiguous detection between {0,,} is possible if
and only if {|1,,)} are linearly independent [24].

III. GROUP-COVARIANT STATE SET

We consider a quantum state set with group symmetry, that
is, it is invariant under the action of a group in which each
element corresponds to a unitary or antiunitary operator. This
type of state set, which we call a group-covariant state set,
generalizes a GU state set [13] and a self-symmetric state
set [20]. Note that Davies derived a measurement maximizing
the mutual information for a group-covariant state set with an
irreducible representation [25]. Decker generalized Davies’
result to reducible representations [26], but only in the case of
unitary operators. In this paper, we assume that a group can be
reducible and that each element of the group corresponds to a
unitary or antiunitary operator.

First, we define a group-covariant state set. Let us consider
the following operations from a positive operator 7" to another:

Ty =0TU", (6)

where U is a unitary or antiunitary operator and where denotes
conjugate transpose. (The antiunitary operator is described in
detail by Wigner [27].) Note that if U is an antiunitary operator,
then JTU(f) is also expressed as nU(f) = ﬁunif*UJni when
using a unitary operator Uy corresponding to U. 7* denotes

N—-1N-1

7= 33 Ul TIou) Y 16n) (bl )

n=0 n'=0

where {|¢,)} (n € Zy,N = dim’H) is some complete or-
thonormal basis of H and where z* denotes the complex
conjugate of the complex number z. Let F be the entire set of
operations ng(f").

A group-covariant state set is defined as the following group
action.

Definition 1. A state set P = {p,,} (m € L) is a group-
covariant state set with respect to G, which we refer to as a
G-symmetric state set, if there is a finite group G with |G| > 2
(|G| is the number of elements in the group G) that satisfies the
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FIG. 1. Phase-space representation of examples of group-covariant state sets: (a) a GU state set; (b) a self-symmetric state set; (c) another
type of state set. Each line segment represents a coherent state. A state expressed by multiple line segments is a mixed state in which the

corresponding coherent states are uniformly mixed.

following properties:

(1) There is an operation 7, € F for each g € G such that
e # my, forany g,h € G (g # h).

(2) my(pm) € Pforany g € Gandm € Zy.

(3) 7(pm) = P for any m € T, where e is the identity
element of G.

4) T (Pm) = wo(7wh(Pm)) for any g,h € G and m € Zy.

The group G is said to act on P.

Let 7,(m) € Zy (g € G,m € Iy ) be a number that satisfies
Pryomy = Tg(Pm). We denote g o T = 7, (T) and g o m = T4(m)
to simplify the notation. Thus, if P is a G-symmetric state set,
then we have

Vge G, mely.

®)

Note that &g, = Trmg(pp) = Ttp, = &, for any g € G and
m e IM.

Next, we show three examples of group-covariant state sets:
GU or compound GU (CGU) state sets [13], self-symmetric
state sets, and other state sets.

Example 1 (GU or CGU state set). Let us consider the
unitary operators U that form a group G = {U;} (k € s, S =
|G| > 2). A CGU state set is defined as a quantum state set
P = {pr;} (k € Lg, j € I;) satisfying

go:am = ﬁgom,

€))

where J is a natural number [13]. It is easy to verify that a
CGU state set is a G-symmetric state set. A GU state set is a
special class of CGU state sets in which J = 1.

The phase-space representation of an example of a GU
state set {0, A1, 0>} where U? = 1 is shown in Fig. 1(a). p,, =
|otm) (o | /3 is a coherent state of light where |o,,) is the
eigenvector of the annihilation operator corresponding to the
eigenvalue o, = o exp(i2rm/3) (@ # 0,1 = /—1).

The action of G on P is called free if, forallm € Zy;, g om =
m (g € G) implies g = e [28]. The action of G is transitive if
for any m,n € Ty, g € G exists such that gom = n [28]. P is
a CGU state set if and only if G exists such that the action of G
on P is free. As a special case, P is a GU state set if and only
if G exists such that the action of G on P is free and transitive.

Example 2 (self-symmetric state set). A self-symmetric state
set P = {p,} (m € Zy) is defined as a quantum state set such
that there exists a regular normal operator A of the space H

m(po.;) = Urho, U/j = Pr.j>

satisfying

ApwA™" = p, Vm € Iy.
We exclude the trivial case where A is expressed by A = ¢
(c # 0 is a complex number).

Here we show that a self-symmetric state set is also a
group-covariant state set. Let {IA’Z} (I € Z,) be the entire set
of orthogonal projection operators onto the eigenspaces of A.
We consider the following unitary operator:

(1)

N

U has the same eigenspaces as A and satisfies U p,,U " = p,,
for any m € Ty and UL = 1. Since G ={U'} (€ Z;) is a
group and 7y (0p) = U!'p,U~" = p,, astate set P satisfying
Eq. (10) is a {U"}-symmetric state set.

The phase-space representation of an example of a self-
symmetric state set is shown in Fig. 1(b). g, is a mixed
state of coherent light expressed as P, = &, (o) (o] +
U lom) (m| U + U2 ) | U=)/3, where U |ay) =
lexp(i2rm/3)a,,). Equation (10) holds with A=0.

The action of G on P is called faithful if for any g,k € G
(g # h)there existsm € Zy, suchthat g cm # hom [28]. When
7T, 1S a unitary operation for any g € G, P is a self-symmetric
state set if and only if G exists such that the action of G on P
is not faithful.

Example 3 (another type of state set). An example of a
group-covariant state set P that is neither a CGU state set nor
a self-symmetric state set is shown in Fig. 1(c). It is easy to
verify that the action is faithful but not free. In this example
a unitary operator U exists such that U3 =1 and a group
g= {1,0, 02} acts on P as reported in Table L.

TABLE I. The group action of G on P with respect to the state
set in Fig. 1(c).

geg g40 gol go2 g3
i 0 1 2 3
U 0 2 3 1
02 0 3 1 2
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IV. QUANTUM MEASUREMENTS FOR
GROUP-COVARIANT STATE SETS

A. Optimal measurements
Definition 2. A POVM {I1,,} € M satisfying
golly =Tgm, Vge€G, mely (12)

is group covariant with respect to G, which we call G
symmetric. M@ is the entire set of G-symmetric POVMs,
each of which consists of M + 1 detection operators.

First, we introduce the following lemma.

Lemma 3. For any positive operators S,T', any ¢ € Ry (R
is the entire set of non-negative real numbers), and any g € G,
any operation 77, € F expressed by Eq. (6) satisfies

g-(8T) = (g-8)(g-T), (13)
g-S+T)=g-S+g-T, (14)
go(cT)=c(g-T), (15)
g:0=0, (16)
go1=1, (17)
Tr(g-T) = TeT, (18)
go(TT)y =(g-1)", (19)

where T+ denotes the Moore-Penrose inverse operator of 7.
Moreover, we have that for any positive regular operator 7' and
any ¢ € R (R is the entire set of real numbers),

g (T = (g-T). (20)

It is easy to prove Lemma 3 from Eq. (6) (proof
omitted) It follows that if {I1,,} € M@, then g-Ily =

g =YV 1,)=1-""M,, =Ty holds since
{g 0,g01,...,8.(M — 1)} = Z). For simplicity, let g M =
7,(M) = M. By using Lemma 3, we obtain the following
theorem.

Theorem 4. We consider a G-symmetric state set P = {0, }
(m € Ty). For any POVM {X,,} € M, a G-symmetric POVM
{T1,,} € M@ exists such that Pc({I1,}) = Pc({X,}) and
Pe({I1,}) = Pe({ X ).

Proof. We consider the operators { X ,(,f)} (m € Zp4q)defined
as

X® =g Xy (21)

It follows that {Xﬁf)} € M for any g € G. Indeed, from
Eq. 21), X > 0 and

M M M
SRP = 3 Ky = g (2 x)
m=0 m=0 m=0
=gl 1=1 (22)
Moreover, we have that for any m € Iy and k € Ty,

Tr(pn X&) = Trlpm(g ™"« X o)l = Tr{g ™" < [(g - pm) X et}
= Tr(/sgamf(gck)' (23)

Thus, Pc({X¥') = Pc({X,) and Pe({RXE') = Pe({X,.)
hold.

PHYSICAL REVIEW A 87, 012308 (2013)

Consider the operators {flm} (m € Zpy41) expressed as

. 1 .
f1,, = il Z X, (24)

g€y

{T1,,} is obviously a POVM with Pc({I1,,}) = Pc({X,}) and
Pe({I1,,}) = Pe({X,u})- We have that for any g € G and m €
Tr+i,

(h)_ 1
o IQIZg ngh Ko

heG

1 N 1 A .
= T4 k_l OXkogom = 5 (k) H , (25)
2 : gom
191 =5 91 7=

where k = h.g~!. Therefore, {I1,,} € M9, [ ]

Corollary 5. We consider a G-symmetric state set P =
{Om} (m € Zpr). A G-symmetric minimum error measurement
and a G-symmetric optimal inconclusive measurement exist.
Moreover, if P satisfies Eq. (5), then a G-symmetric optimal
unambiguous measurement exists.

Proof. Let {)A(m} € M be an optimal measurement, i.e., a
minimum error measurement or an optimal inconclusive mea-
surement or an optimal unambiguous measurement. From The-
orem 4, {I1,,} € M9 exists such that Pc({I1,,}) = Pc({Xn})
and Pe({I1,,}) = Pe({X,,}). Thus, {I1,,} is also optimal. M

Theorem 6. We consider a G-symmetric state set P = {0, }
(m € Zy). Let Q be a set whose elements are pairs of
the probabilities of correct detection and a detection error
(Pc, Pg). Assume that Q is convex, that is, for any two
pairs (Pci, Pg1), (Pc2,Pg2) € Q, and any ¢ € R satisfying
0<r <, (tPei + (0 —t)Pco,t Per +(1 — 1) Ppp) € Q. Let
M(g) be the entire set of G-symmetric POVMs {I1,,} that
satisfy (Pc({IT,,}), Pe({I1,,})) € Q. Then M(G) is a convex set

(possibly empty). That is, for any POVMs {IT,,}, {ﬁ:n} € M(g)
and any ¢ € R satisfying 0 < ¢ < 1, we have

{11, + (1 = DI} e ME. (26)

m

Let Q;={(Pc,Pg): Pc20,Pg>0,Pc+ Pe=1-p}
and Q, = {(Pc,0) : 0 < Pc < 1}. Itis easy to verify that both
Q; and Q, are convex. Thus, the problem of obtaining an
optimal measurement clearly remains in convex programming

even if we restrict the solution domain from M to M(Qgi) or
M(G).

Proof. Suppose that {I1,,} and {ﬁ;n} are in M(Qg). Both
(Pe({T1 ), Pe({I1,)) and (Pe({IT), ), Pe({IT;,})) are ele-
ments of the set Q. Consider {IT), = ¢II,, + (1 — HII,} € M.
From Eq. (2), Pc({Il,}) = tPc({Il,}) + (1 — ) Pc({IT, )
and Ps({T17}) = t Pe({I1,,}) + (1 — £) Pe({I1,,}) hold. Thus,

(PC({H;;}),PE({H;})) € Q. Moreover, we have that for any
g € g and m € IM-H’

g-N = go(tT, + (1 —nIT)
=1(gI,) + (1 — 1)(g - T1},)
= My + (1 = DI, =11, . 27)

Therefore, {ﬁ;;} € M(Qg). [ ]
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B. Dual problems

It was shown in Ref. [18] that necessary and sufficient
conditions for an optimal inconclusive measurement {I1,,} are
that a positive operator I, which is called a Lagrange operator,
and A € R exist satisfying

[ —pn =0, Vme Iy, (28)
(' = P =0, ¥m € Iy, (29)
where py = AG. Summing Eq. (29) overm = 0, ..., M gives
[29]
M
=D Al (30)

k=0

Necessary and sufficient conditions for a minimum error
measurement, which have been derived in Refs. [2,3], can be
interpreted as that [" > 0 exists such that Egs. (28) and (29)
hold for . = 0and I, = 0. It is known that only Egs. (28) and
(30) are also necessary and sufficient conditions for a minimum
error measurement [30]. [Note that if Eq. (28) holds, then I
is a Hermitian operator since [" > 0.] The following remark
shows that an optimal inconclusive measurement has similar
properties.

Remark 7. Necessary and sufficient conditions for an
optimal inconclusive measurement {I1,,} € M for a quantum
state set {0,,} (m € I,) arethat A € Rexists such that Egs. (28)
and (30) hold where py = AG.

Proof. It was shown in Refs. [18] and [29] that Egs. (28)
and (30) are necessary conditions for optimality. Now we prove
that these equations are also sufficient conditions. Assume that
A € R exists satisfying Egs. (28) and (30). Consider another
POVM, {Hm} € M, with the probability of an inconclusive
result, Tr(Gl'I )=p= Tr(GHM) We have

Pc({I1,}) — Pc({T1,})

= [Pc({T1,,}) + Ap] — [Pc({T1,}) + Ap]

M M
= ) Te(plle) = Y Te(puIT),)

k=0 m=0
M
= D Te{( = AT} > 0, (31)
m=0

where the inequality follows from [ — Om = 0 and flfﬂ > 0.
Thus, the POVM {I1,,} is an optimal inconclusive measure-
ment. ]

The following theorem shows that a symmetric Lagrange
operator associated with an optimal inconclusive measurement
for a G-symmetric state set exists.

Theorem 8. We consider a G-symmetric state set P = {5,,}
(m € Ty). A Lagrange operator [" associated with an optimal
inconclusive measurement satisfying g . I' = I" (g € G) exists.

Thus, [ is obtained by minimizing Trl" subject to the
constraints [* > Omand g o .I' = I", which is also a convex pro-
gramming problem. Assalini et al. showed that the symmetry
of a Lagrange operator I' permits computationally efficient
calculation of a minimum error measurement in the cyclic
case [31]. Theorem 8 can also be used to obtain a minimum
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error measurement and an optimal inconclusive measurement
efficiently.

Proof. Let {I1,,} be a G-symmetric optimal inconclusive
measurement, which always exists from Corollary 5. Since
go,éM = ,OAM andchM = HM,

M M
gl =g pully =) (gpm)(g-Ty)
m=0 m=0
M
=Y pemllgm =T (32)

|

Now we consider an optimal unambiguous measurement.
Suppose that Eq. (5) holds. Let &, (m € Z,;) be the orthogonal
projection operator onto N;,Kerp; = Keré,, where 6,, =
G — pp. [Note that KerA N KerB = Ker(A + B) for positive
operators A and E.] In Ref. [23], necessary and sufficient
conditions for an optimal unambiguous measurement are that
there exists a Lagrange operator Z > 0 satisfying &,,(Z —
Pr)®m = 0 (m € Tyy) and TrZ = Pe({I1,,}). It can be shown
that a Lagrange operator Z associated with an optimal
unambiguous measurement for a G-symmetric state set exists
such that g. Z = Z (g € G) as the following theorem.

Theorem 9. We consider a G-symmetric state set P = {0, }
(m € Ty) satisfying Eq. (5). A Lagrange operator Z associated
with an optimal unambiguous measurement satisfying g . Z =
7 (g € G) exists.

Proof. Let {I1,,} be a G-symmetric optimal unambiguous
measurement (which always exists). Let 7' >0bea Lagrange
operator associated with {f[m}. 7 is defined by

=G Zg (33)

geg

It is easy to verify that Z > 0, TrZ = |G| deg TtZ =

T2 = PC({I'Im}) and g . Z = Z.Now we show that &,,(Z —
,om)CID >0.d, is expressed by &, = i— 6m6,F. We have

~ a

go(bm: _(goﬁirz)(gc )—1_Ugmagm CI)
(34)
since g.6,, = G — go,ém = Gg.m. Thus,
®,(Z = ) B = Z &g Z' — pu)dn
191
g€g
1 n s X
= T4 Zg ° [qjg*lcm(z - pg*‘om)q)g*‘ om]
14
g€y
=0, (35)
where the inequality follows from &, (2 = pm)Pm = 0 for
any m € Zy. ]

C. Decomposing into the direct sum of measurements

Suppose that a group G does not act faithfully on P. It is
known that a subgroup G’ of G that acts faithfully on P can be
obtained [28]. Consider K = {h € G : hoam = m(Nm € Iy)}.
K is a normal subgroup of G (|| > 2), and the action of
the quotient group G’ = G/K is faithful. Since a G-symmetric
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state set P is also /L symmetric and G’ symmetric, any POVM
{I1,,} € M@ satisfies

holl, =1, YheK, m eIy, (36)
gOﬁm = ﬁg:mv Vg € g/, me IM+1. 37

In some cases, a G-symmetric POVM may be easily
analyzed by dividing the group G into subgroups K and G'. In
particular, if the group K has an element 4 in which 7, (T) is
represented as nh(f“) =070t (0 is a unitary operator), then
each state p,, can be expressed as the following direct sum of
operators defined in the eigenspaces {X;} (I € Z,.) of U

L—1
ﬁm = @ Wl,ém;l» ﬁm;l - p]ﬁmpl/wla (38)
=0

where P, is the orthogonal projection operator onto the space
Xyand W, =" Tr(P, p,, P)) is the normalizing constant such
that Zm Trﬁm;l =1.

Note that Theorem 4 and Corollary 5 hold if the operation
7, satisfies Equations (13)—(15), evenif 7, cannot be described
by Eq. (6). [Egs. (16)—(20) can be derived from Eqs. (13)—(15).]
For example, if each p,, satisfies Eq. (10), i.e., f,, commutes
with a regular normal operator A, then an operation expressed
as

wpo(T)=UPTP + (- PYT*d - PYOT (39

also satisfies Eqs. (13)—(15) for any positive operator T
commuting with A, where P and U are, respectively, an or-
thogonal projection operator and a unitary operator satisfying
PA=AP and UA = AU. npqg(f”) of Eq. (39) indicates a
unitary operation in the support space of P and an antiunitary
operation in the kernel space of P. Such a fj,, can even be
easily analyzed by expressing it as the direct sum in Eq. (38).

We explained in our previous paper [20] that the problem
of finding a minimum error measurement for a self-symmetric
state set can be replaced by the equivalent problem of finding
a minimum error measurement for the state set {p,,;} for
each /. A similar proposition can be obtained for an optimal
unambiguous measurement as follows.

Proposition 10. Suppose that {p,} (m € Zy) satisfies
Eq. (5) and can be expressed as Eq. (38). Foreach [ € 7;, let
{ﬁm;l} (m € Zpy41) be an optimal unambiguous measurement
for {fm4} in its state space A;. (If unambiguous detection
between {/,,,1} is not possible, then let flm;l = Oforallm e Iu
and fIM;l = P,.) Then the following POVM {I1,,} € M is an
optimal unambiguous measurement for {0, }:

~

-1
I1,. (40)

IT,, =
I

Il
o

Proof. From Theorem 4, there exists an unambiguous
measurement {Xm} that is expressed as {Xm = ZL:701 X,n;,},
with )A(m;l defined in &}. Foreach!l € 7, let Pc;g({?m;z}) be the
probability of correct detection of the POVM (Y1} for {f,,,}.

We have

L—-1 L—1
PC <{@ YAvm;l}> = Z WIPC;I({},}m;l})- (41)

1=0 =0
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Since {flm;l} is an optimal unambiguous measurement for
{Pma}s PealTTma}) = Poy({X o). Therefore, from Eq. (41),
Pc({I1,,}) = Pc({X ). Since {X,,} is an optimal unambigu-
ous measurement, PC;Z({IQIm;Z}) = PC;Z({}A(m;Z}) holds. Thus,
{I1,,} is also an optimal unambiguous measurement. |

D. SRM, SIM, and EPM

Here we consider some suboptimal measurements, that is,
the SRM, the scaled inverse measurement (SIM), and the equal
probability measurement (EPM). Eldar et al. derived that the
SRM, the SIM, and the EPM for a GU (CGU) state set are also
GU (CGU) and that these measurements are optimal under
certain constraints [13,18,19]. Here we extend these results to
a group-covariant state set.

The SRM {ITSRM} € M is defined by

ASMY = 672p, 672, meZy, NG =0. @2

A sufficient condition for the SRM to be a minimum error
measurement is given in Ref. [13].
The SIM {T[1$™)} € M is defined by

N 1—p . ~
HSIM) = TpGilﬁmGila m € Ly,

et 43)
A _q _ Z s,

m=0

It follows that Py({TTS™}) = p holds. To satisfy Eq. (1),
P 2 Pmin = | — NApiy is required, where A, is the smallest
eigenvalue of G. Eldar showed a sufficient condition for the
SIM to be an optimal inconclusive measurement [18].

The SIM with p = pmin, Which is called the EPM, is
known to be an optimal unambiguous measurement for any
GU linearly independent pure state set [19].

Proposition 11. Let P = {p,,} (im € Zy) be a G-symmetric
state set. The SRM and the SIM for P are both G symmetric.

According to Proposition IV D, the EPM, which is a special
case of the SIM, is also G symmetric.

Proof. From Eq. (200 and g-G =G, we ob-
tain g (G2 = (g.G) "2 =612 and g- (G =G .
Therefore, the SRM {T1S®W} and the SIM {I15™} satisfy, for
any m € Ly,

g™ = G725, 672 = IS, (44)
sy _ L P A, Al e
go g™ = L6715, 67 = ASKY. )
Thus, {TTS®M} and {TTS™)} are both G symmetric. [ |

Consider a G-symmetric state set P = {p,,} (m € Zy).
{gopm : Vg € G} is called the orbit of p,, € P under G. Let
{O} (k € To) be the entire set of orbits of p,, under G, where
O is the number of orbits. Note that G is transitive if and only
if O =1.

Theorem 12. Consider a G-symmetric state set P = {5, }
(m € Iy).Letsy € Iy (k € Ip)be anumber such that g, isan
element of the orbit Oy. Letr,, = rankp,,. ¥, denotes the N x
r, matrix such that g,, = ¥, I/I,L via the eigendecomposition
of p,,. The following properties are satisfied.
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(1) If, for any k € Zyp,
Yl Gy = o, (46)

where o € Ry is a constant independent of m, then the SRM
is a minimum error measurement.
(2) If, forany k € Zy,

v Gy, = B1, (47)

where 8 € Ry is a constant independent of m and p >
Pmin = 1 — NAmin, then the SIM is an optimal inconclusive
measurement.

(3) Let g be the number of distinct singular values of the
matrix of columns ¥, ..., ¥ —1. Suppose that P is a linearly
independent pure state set. If, for any k € 7 and any natural
number ¢ satisfying ¢ < ¢,

vl Gy, =y, (48)

where y1,...,¥y; € Rg are constants independent of m, then
the EPM is an optimal unambiguous measurement.

(4) If P is a pure state set and G is transitive, then
the SRM and the SIM are a minimum error measurement
and an optimal inconclusive measurement with p > puyin,
respectively. Moreover, if P is linearly independent, then the
EPM is an optimal unambiguous measurement.

Proof. According to Theorem 1 of Ref. [13], the fact that
Eq. (46) is satisfied for any m € 7y, not only m € {s;} (k €
Zo), means that the SRM is a minimum error measurement. In
a similar fashion, according to Theorem 3 of Ref. [18] and also
Theorem 3 of Ref. [19], if Eq. (47) is satisfied for any m € Zy,
then the SIM is an inconclusive measurement, and if Eq. (48)
is satisfied for any m € Zj, then the EPM is an unambiguous
measurement.

Now suppose that for some u € R, we have that, for any
k e Io,

Wyl Gy, = cl, (49)

where ¢, € Ry is a constant independent of m. To prove that
properties 1-3 of Theorem 12 hold, it is sufficient to show

that lﬁn G*Yy = ¢, 1 for any m € T);. Premultiplying by Vs,
and postmultiplying by Y. on both sides of Eq. (49) gives
05, G" Ps, = cups,. Since m € Iy can be expressed by m =
g o5, (g € G) by using k € Zy such that p,, € Oy, we have
Pm G" Om = ﬁgoskéuﬁgvs‘k =8 (/A)Skéuﬁé‘k)
=8 (Cuﬁsk) = CufPm. (50)
Let ¢y = Y (Yl ). Since Y, = 1 and Eq. (50),
W,Gulﬁm = ¢jnﬁméuﬁm¢m = Cu¢,,t/3m¢m = cui~ (51)

We finally show that property 4 of Theorem 12 holds.
Suppose that P is a pure state set and G is transitive, i.e.,

O = 1. Equations (46)—(48) are satisfied, since I/I,LGMWm is
scalar and {s;} contains only one element. |

V. EXAMPLES

We now consider two examples of group-covariant state
sets.

PHYSICAL REVIEW A 87, 012308 (2013)

xS
A
P P
» X c
ps Ao

FIG. 2. Phase-space representation of an example of a group-
covariant state set with respect to a transitive group G = {e,g1,82,93}-
{Om} is the set of the coherent states of light expressed by
Eq. (52). Each element in G corresponds to one of the operations of
Eq. (53).

A. Generalized GU state set

Consider a group-covariant state set consisting of four
coherent states of light P = {p,,} (m € I4) expressed by

po = la) (el /4, p1 = o) (™[ /4,
P2 = |—a)(—al /4, p3=|-a") (—a’|/4,

where |o) is the eigenvector of the annihilation operator
corresponding to the eigenvalue o ¢ R. The phase-space
representation of an example of the state set P is illustrated in
Fig. 2.

P is a G-symmetric state set where G = {e,g1,82,g3}. The
corresponding operations in J are

ﬂe(T) = T» ngl(T) = T*s
wo () = OF0, ey (Fy = 001,

(52)

(53)

where the asterisk indicates the operation satisfying
(o) (a])* = |o*) (a*| and where U is the unitary operator
satisfying U |B) = |—B) for any coherent state | 8). The group
action of G, gom (g € G,m € Iy), is reported in Table II.
Since the action of G on P is free and transitive, P
can be regarded as a generalized GU state set in Ref. [13]
(or a GU state set with respect to unitary and antiunitary
operators). According to Theorem 12, the SRM and the SIM
are a minimum error measurement and an optimal inconclusive
measurement with p > pnn, respectively. Moreover, since P
is linearly independent, the EPM is an optimal unambiguous

TABLE II. The group action of G on the generalized GU state set
expressed by Eq. (52).

geg gOO gol g02 go3
e 0 1 2 3
81 1 0 3 2
82 2 3 0 1
23 3 2 1 0
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TABLE III. The group action of G’ on the three mirror-symmetric
state set expressed by Eq. (54).

geg g-0 gol go2
K 0 1 2
2K 1 0 2

measurement. Note that a closed-form analytical expression
for an optimal inconclusive measurement for a generalized
pure GU state set with arbitrary p was derived [32].

B. Three mirror-symmetric state set

We give an example of a mirror-symmetric state set
consisting of three states P = {0, = &y |Vim) (Vm|} (m € I3)
expressed as

[vo) = cos B |[+) + sinb |—),
(54)

v} =cosO [+) —sinf |—), [v2) =[|+),

where 0 < 6 <m/2, 6§ =& =&,and & =1-26 (0 <€ <
1/2). {|+),|—)} are orthonormal basis. A minimum error
measurement of the mirror-symmetric state set is derived by
Andersson et al. [11].

LetG = {e,g1,82,83}. P is a G-symmetric state set in which
the corresponding operations in F are given by the same
expression as Eq. (53), exceptthat U = |+) (+| — |—) (—|and
that the operation denoted by the asterisk satisfies (|+) (+])* =
|[+) (+] and (]=) {(=])* = |—=) (—|. The action of G on P is not
faithful since any state is invariant under the action of the
group K = {e,g1}. As described in Sec. IV C, the action of the
quotient group G' = G/K = {K,g,K} is faithful. The group
action of G', gom (g € G',m € 13), is reported in Table III.

Let us consider group covariant optimal measurements for
the state set. Since P is a pure state set that is not linearly
independent, unambiguous detection between the states is
not possible. Eldar showed that an optimal inconclusive
measurement, {f[,(,?}, satisfies ranklilsl) < rankp,, (m € I3z)
[18]. Thus, [19 can be expressed as [1) = |7,,) (77, | (m € T3).
Since every ﬁﬁ,i,) is invariant under the action of the group K,
we have [19* = 119 for any m € Z,. Since {I11)} € M9, it
follows that UﬁS)UT = fI(ll) and Uﬁ(zl)UT = f[(zl) are satisfied.

PHYSICAL REVIEW A 87, 012308 (2013)

Therefore, |m,,) is expressed as

|mo) = a1 |+) +az|-),
(59)
|m2) = a3 |+),

where a; € R and ay,a; € Ry. (Note that whereas |m;) =
as |—) (a4 € R) also satisfies the above symmetry conditions,

no optimal inconclusive measurement satisfies |m;) = a4 |—)
since (v;]—) = 0.] From Eq. (1) we obtain a; < 1/«/5 and
az < L/1— 2a12.

A minimum error measurement, {f[ﬁfl)}, can be considered

as a special case of an optimal inconclusive measurement with
p = 0. Thus, I1 (m € Z3) can also be expressed as [1¥ =

m

|70,) (7|, satisfying Eq. (55). Moreover, since anzo e =

i, we obtaina, = l/ﬁanda3 =
the same as those found by Andersson et al. [11].

|T) = a1 |+) —az|-),

/1 — 2a}. These results are

VI. CONCLUSION

In this paper we have considered a group covariant quantum
state set where each element in a group corresponds to the
operation represented by a unitary or antiunitary operator. This
class of quantum state sets includes the GU state sets and the
self-symmetric state sets. We have shown that for any quantum
measurement for a group-covariant state set with a certain
fraction of inconclusive results, a group covariant quantum
measurement exists with respect to the same group with the
same probabilities of correct detection and a detection error.

We have also shown that for any group-covariant state
set, there exists a minimum error measurement, an optimal
inconclusive measurement, and an optimal unambiguous mea-
surement, all of which are group covariant. We then derived
that, for a group-covariant state set, a Lagrange operator having
the same symmetry associated with an optimal measurement
exists. We have described sufficient conditions under which
the SRM, SIM, or EPM is optimal, which are extensions of
the results of Eldar et al. [13,18,19].
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