
PHYSICAL REVIEW A 86, 053417 (2012)

Orientation dependence of nonadiabatic molecular high-order-harmonic generation
from resonant polar molecules
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Orientation-dependent nonadiabatic molecular high-order-harmonic generation (MHOHG) is studied for the
one-electron polar diatomic molecular ion HeH2+ exposed to short, linearly polarized, intense laser fields. The
fully dimensional time-dependent Schrödinger equation is solved numerically. The resonance of excited states is
maximal in the parallel orientation, while it is minimal in the perpendicular case for the nonsymmetric molecular
ion. The resulting redshift and the overall intensity of MHOHG strongly depend on the electronic symmetry and
charge transfer of the resonant excited states. These results are used to confirm the proposed four-step model in
MHOHG involving intermediate resonance states.
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I. INTRODUCTION

High-order-harmonic generation (HHG) is a nonlinear
process to generate coherent attosecond (1 as = 10−18 s) laser
pulses [1]. It has received a lot of attention recently [2–5], as
it provides an important tabletop XUV source to investigate
ultrafast electronic dynamics [6]. The general feature of HHG
spectra from strong laser-gas interaction is the rapid decay of
lower order harmonics, followed by a long plateau, and the
short cutoff with a photon energy around Ip + 3.17Up (where
Ip is the ionization potential, and Up = I/4ω2 denotes the
ponderomotive energy). A semiclassical three-step model has
been used successfully to interpret the HHG mechanism for
initial zero-velocity ionized electrons [7] and nonzero-velocity
electrons [8]. In this model, when atoms and molecules are
exposed to intense laser fields, the electron is initially ionized
by tunneling from the ground state. It is then accelerated by
the laser field and returns to the original ion to recombine with
the parent ion and emit HHG photons due to a phase change
of the electric field. This model successfully explains the
maximum cutoff energy Ip + 3.17Up of HHG observed in
atoms and molecules [5]. However, this model neglects the
structure of molecules and the role of excited states in HHG.

Due to permanent dipoles, polar molecules have received
increasing attention recently [9–13]. The phenomena of en-
hanced excitation and enhanced ionization have been reported
[9] to be essential phenomena in molecules. Harmonics with
cutoff energies higher than Ip + 3.17Up can be obtained
in laser-induced electron transfer with the neighboring ions
[14–17] in molecules and is called MHOHG, molecular
high-order-harmonic generation. In our previous work, we
proposed a four-step model [17,18] to interpret multichannel
MHOHG in resonant dipolar molecular systems. The electron
in the ground state is pre-excited to a localized resonant excited
state with a long lifetime [19] first, then it is ionized and
oscillates in the laser fields, acquiring kinetic energy. Finally,
it recombines with the ground state and emits high-energy
photons. MHOHG for such resonant systems can be described
by the above four-step model and has novel features, which
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do not occur in the three-step model of atomic HHG. For
example, resonance-enhanced-harmonic generation, multiple-
frequency harmonic series, double plateaus, a higher cutoff
energy [10,17], and nonadiabiatic redshift of MHOHG [18]
are predicted by this model. In particular, a time delay between
enhanced excitation and subsequent enhanced ionization has
been shown to produce a noticeable “redshift” in MHOHG for
very short pulses [18].

In this paper, we study the orientation [20–22] dependence
of resonant MHOHG in linearly polarized laser fields for the
one-electron polar molecular ion HeH2+. The rest of this paper
is organized as follows. The numerical method is presented
in Sec. II. The results and discussion are in Sec. III. The
conclusion of the paper is given in Sec. IV.

II. THEORETICAL METHOD

For diatomic molecular systems, prolate spheroidal coordi-
nates are accurate to deal with the nuclear potential terms [17].
If the internuclear distance R is small, spherical coordinates
are also a good choice with a satisfactory precision [23]. In this
paper, we adopt the latter coordinates since this method is easy
to generalize in molecular systems with multiple centers [24].

The field-free Hamiltonian in the Born-Oppenheimer ap-
proximation is (atomic units are used throughout; e = h̄ =
me = 1)

H0 = −1

2
∇2 − Z2

|r + R/2| − Z1

|r − R/2| , (1)

where R is the nuclear distance, and Z1 and Z2 are nuclear
charges, respectively. A multipole expansion of the nuclear
attraction potential gives [24]

1

|r − R/2| =
∞∑

λ=0

rλ
<

rλ+1
>

Pλ(cos θ ). (2)

Here r< (r>) is the smaller (larger) one of the r and R/2, and
Pλ(cos θ ) are the Legendre polynomials.

The wave function is expanded by B splines [24]:

�(r,ξ,φ) =
∑
i,j,m

Cm
i,jBi(r)(1 − ξ 2)

|m|
2 Bj (ξ )

exp (imφ)√
2π

, (3)

with ξ = cos θ .
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FIG. 1. (Color online) (a) Molecular geometry of HeH2+ in
linearly polarized laser fields. Wave functions of (b) the 1sσ state,
(c) the 2pσ state, and (d) the 2pπ state.

The interaction of the system with a linearly polarized
laser field is described by the corresponding time-dependent
Schrödinger equation as

i
∂

∂t
�(r,t) = [H0 + H (t)]�(r,t), (4)

where the interaction term in length gauge is H (t) =
E(t) · r. We set the molecular axis along the z axis, and the
laser polarization has a fixed angle χ with the molecular axis in
the xz plane as illustrated in Fig. 1(a). The interaction term can
then be written as H (t) = E(t)(z cos χ + x sin χ ). The electric
field of the laser pulse is given by E(t) = E0f (t) cos (ωt)ê,
t ∈ [−τ/2,τ/2], with the pulse shape f (t) = cos2 (πt/τ ),
where τ is the total duration of the laser pulses.

The time propagation scheme used in this paper is the
Crank-Nicolson method, which expresses the exponential
operator to the third order as

exp (−iHt) = 1 − iHt/2

1 + iHt/2
+ O(t3). (5)

We have built an efficient parallel code to solve the above
full-dimensional time-dependent Schrödinger equation. After
obtaining numerically the wave function �(r,t) at any time
t , the power spectra of MHOHG are calculated by Fourier
transformation of the dipole momentum in acceleration form
dA(t). dA(t) is obtained by the Ehrenfest theorem [22]:

dA(t) = 〈�(r,t)|ê · [∇V (r) + E(t)]|�(r,t)〉. (6)

This is the most reliable numerical method for strong-field
interactions, thus avoiding transient effects in very short pulses
due to nonrecolliding electrons [25]. To reduce the reflection
from the boundary, a cos1/8 mask function is used at every
time step [17].

To further probe the temporal structures of MHOHG, we
perform a time profile analysis of the harmonic spectra. The
time profile of harmonic ωq is obtained by a wavelet analysis
[26,27],

d(ωq,t) =
∫

dA(t)wt,ωq
(t ′)dt ′, (7)

with the wavelet kernel wt,ωq
(t ′) = √

ωqW (ωq(t ′ − t)). The
mother wavelet we use is a Morlet wavelet:

W (x) = (1/
√

σ )eixe−x2/2σ 2
. (8)

III. RESULTS AND DISCUSSION

In this paper, the peak intensity of the laser field is
I = 3.5 × 1015 W/cm2, the wavelength is λ = 400 nm, and
the duration of the laser pulse is τ = 15 optical cycles.
The internuclear distance is fixed at R = 4 a.u. (near the
excited-state minimum R = 3.89 a.u.). The convergence of
the numerical calculations in this work is achieved by varying
the number of basis vectors and time steps. The wave function
in Eq. (3) is expanded by 350 B splines in the radial direction
and 36 B splines in the angular ξ direction. The quantum
number m is truncated with |Mmax| = 20. Four thousand
ninety-six time steps per optical cycle are used in the time
propagation. To obtain the initial state, an imaginary time
propagation method (t → −it) is used. The obtained energies
of the ground state 1sσ and the excited states 2pσ and 2pπ

are −2.2506, −1.0310, and −0.7388 a.u., respectively, which
agree well with recent results reported in the literature [28].
The corresponding wave functions � are also illustrated in
Fig. 1. For the 1sσ state, the wave function is concentrated on
He2+, while for the 2pσ state the corresponding wave function
has a larger portion on H+. As a result, the transition between
the 1sσ and the 2pσ states corresponds to a charge transfer
from one core to the other for parallel orientation [17]. The
2pπ state is excited for a perpendicular orientation. Its wave
function remains concentrated on He2+ and is antisymmetric
with respect to the yz plane. In our numerical simulations,
the initial state is the ground state. The MHOHG spectra
with different orientation angles χ and the corresponding
time profiles obtained by wavelet analysis are shown in
Figs. 2 to 6.

A. Intensity dependence of MHOHG on the
resonance of excited states

In Figs. 2 to 6, one can see that the overall intensity of
MHOHG is strongly dependent on the resonance of the excited
states. The intensity of MHOHG in the plateau for a parallel
orientation χ = 0◦ is more than two orders higher than that
with χ = 90◦ for a perpendicular orientation. The reason is
that the ionization rate from the excited state 2pσ is around
seven orders higher than that from the ground state under the
current laser conditions [17]. A small population in the excited
state 2pσ greatly enhances the ionization rate. For the parallel
orientation, the amplitude of transition to the 2pσ state, which
is a localized state on H+, is maximal. This corresponds to
an efficient laser-induced electron transfer in a nonsymmetric
system. One can observe a strong resonance in the MHOHG
spectra in Fig. 2(a). The position of the resonance at around
harmonic order 18 agrees well with the energy difference
between the dressed 1sσ and 2pσ states [17]. This resonance
can also be seen in the time profile of MHOHG in Fig. 2(b).
When we gradually increase the orientation angle χ between
the laser polarization and the molecule axis, the intensity of
the resonance and overall MHOHG decreases as illustrated in
Figs. 3 to 6. When χ > 45◦, no obvious resonance is observed
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FIG. 2. (Color online) (a) MHOHG spectra of HeH2+ in linearly
polarized laser fields and (b) wavelet analysis of the harmonic
generation. Inset in (a): The enlarged area of MHOHG. The
internuclear distance R = 4 a.u. is fixed. The initial state is the ground
state 1sσ . The laser polarization is along the z axis, i.e., χ = 0◦. The
peak laser intensity is I = 3.5 × 1015 W/cm2. The wavelength is
400 nm. The pulse has a cos2 shape with a duration of 15 optical
cycles as illustrated in (b).

in the MHOHG spectra or the corresponding time-profile
analysis. For a perpendicular orientation with χ = 90◦, the
amplitude of the transition from 1sσ to 2pσ is 0. The resonance
in MHOHG is negligible. Consequently, the total ionization
rate of the system is lower, and the intensity of the MHOHG
in the plateau is two orders lower than that with χ = 0◦. These
results show that the resonance of the excited state strongly
influences the harmonic intensity.

B. Intensity modulation of even and odd MHOHG with
different orientation angles

The presence of odd and even harmonics reflects the
symmetry of a system. For symmetric systems such as H+

2 , the
three-step or four-step model predicts the same recombination
dynamics every half-cycle T0/2. In the frequency domain, the
frequency difference between each harmonic is 2ω, so that only
odd harmonics appear in the spectra of symmetric systems.
However, for asymmetric systems, the harmonic generation
process repeats itself at every cycle T0 due to the lack of
symmetry, and the frequency interval of harmonics is ω. Both
even and odd harmonics appear in the harmonic spectra [29].
For the HeH2+ molecular ion as shown in Fig. 1, which
has rotational symmetry along the z axis, the asymmetry is
maximal with respect to the xy plane. Intuitively, when we
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FIG. 3. (Color online) The same as Fig. 2 but with χ = 30◦.

gradually increase the laser-molecule orientation angle χ ,
the relative intensity between odd and even harmonics will
increase. When χ = 90◦, even harmonics should disappear
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FIG. 4. (Color online) The same as Fig. 2, but with χ = 45◦.
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FIG. 5. (Color online) The same as Fig. 2, but with χ = 60◦.

owing to the symmetry with respect to the yz plane. However,
the harmonic spectra presented in Figs. 2 to 6 are not simple.
The lower (below threshold) and higher (near cutoff) order
harmonics areas are enlarged in the figures. The lower-order
harmonics behave as expected, but the higher order harmonics
are contrary to what is expected. In the vicinity of the
cutoff, even-order harmonics remain when χ = 90◦, and their
intensity is higher than that of the neighboring odd harmonics.
To interpret these counterintuitive observations, contributions
from different states have to be included. Harmonics of order
less than 10 are in the perturbative regime. Even though
the long trajectory can contribute to harmonics close to
the ionization threshold [30–32], its role in the well-below-
threshold ionization harmonics is negligible, as they are of
a pure molecular bound-state character. The corresponding
photon energy of harmonics of order N < 10 is lower than
the transition energy between the ground state 1sσ and the
first excited state 2pσ . Neither contributions from the excited
states nor ionization occurs, so that the above three-step or
four-step model fails in this regime. As a consequence, there
will not be a nonadiabatic redshift in the harmonic spectra.
When χ = 90◦, even harmonics disappear in the lower order
harmonics due to the symmetry of the ground state. However,
for higher order harmonics in the nonperturbative regime,
populations in excited states should be included. If we take
the excited state 2pπ into account, the asymmetry of the
total wave function, a superposition of 1sσ and 2pπ states,
i.e., � = c1�1sσ + c2�2pπ , increases when we gradually
increase c2. Due to the radiation transition selection rule,
c2 = 0 when χ = 0◦, while c2 is maximal when χ = 90◦
with maximal transition amplitude in the x direction. Since
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FIG. 6. (Color online) The same as Fig. 2, but with χ = 90◦.

the harmonics near the cutoff region come from high-energy
electrons ionized near the peak of the electric field predicted
by the three-step or four-step model, the asymmetry of the
superposition of the ground and excited states plays a key role
in the harmonic generation. Consequently, near the cutoff,
even-order harmonics occur with an intensity higher than that
of the neighboring odd-order harmonics.

C. Redshift of MHOHG with different orientation angles

Another important feature in our simulations is the depen-
dence of the redshift of harmonics on the orientation angle χ .
As presented in Figs. 2 to 6, the redshift of harmonics above the
ionization threshold is maximal when χ = 0◦, while the shift is
negligible when χ = 90◦. As explained in our previous work
with a four-step model [18], this is due to the nonadiabatic
response of the molecular dipole to the rapid change of laser
intensity [18,33,34]. On the intensity-increasing part of the
laser pulse (t < 0), the laser field pumps part of the system
from the ground state 1sσ to the resonant state 2pσ with a
long lifetime. As a consequence, in the falling-intensity part
of the laser pulse (t > 0) the ionization rate is higher than in
the rising part, and most of the harmonics are emitted with
a rapidly decreasing laser intensity, I (t), with t > 0 for very
short pulses. The result of dI (t)/dt < 0 is a negative chirp
of harmonics. Consequently, the electronic kinetic energies
obtained from the laser fields are reduced, which leads to
the redshift of the harmonics. When the orientation angle χ

increases, the transition probability to the resonant 2pσ is
decreased as the z radiative transition momentum vanishes.
When χ = 90◦, the direct transition amplitude from the ground
state 1sσ to 2pσ is 0. The four-step model, which involves
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a resonant intermediate state, becomes the simple three-step
model, and the ionization rate in the decreasing part of the
pulse when t > 0 is comparable to that in the rising part with
t < 0. The blueshift generated in the rising part of the pulse
with dI (t)/dt > 0 will compensate the redshift produced in
the falling part of the pulse. As a result, the overall shift of the
harmonics is considerably reduced. This is confirmed by the
MHOHG spectra and the corresponding time profile analysis
in Fig. 6.

IV. CONCLUSION

We have studied the orientation dependence of nonadiabatic
effects in MHOHG from the nonsymmetric HeH2+ in short,
intense laser pulses. It is shown that the resonance effect of
excited states is strongly dependent on the orientation angle χ

between the molecular axis and the laser polarization direction.
This forcefully influences the intensity of some specific and
the overall harmonics. The resulting redshift of harmonics
predicted previously [18] also depends on the orientation
angle χ . For a parallel orientation, the intensity and redshift

of MHOHG are maximal, while they are minimal with a
vertical orientation, which agrees well with the proposed
four-step model. For a perpendicular orientation, even though
the molecular structure of the system is symmetric with
respect to the yz plane, even harmonics are produced due
to the asymmetry of the electron distribution in the resulting
superposition of the ground and excited states.

The present simple HeH2+ system emphasizes that the
principle of nonadiabatic MHOHG is general, which can
be used for other polar molecules, like HCl and CO. The
resonance of an intermediate state is the key source of the
four-step model in polar molecules. Since resonances in
HHG have also been observed experimentally in laser-plasma
interaction systems [35–37], we predict that the appearance of
a redshift and even-order harmonics should also be observed
experimentally in such media.
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