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Time-energy analysis of above-threshold ionization in few-cycle laser pulses
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A Wigner-distribution-like (WDL) function is used to study the time-energy distribution of a photoelectron
emitted from an atom in few-cycle laser fields with different frequencies. The WDL function shows the dependence
of ionization probability on time and explicitly demonstrates the transition of the ionization process from the
multiphoton regime to the tunneling regime with decreasing laser frequency. Accompanying this transition, the
semiclassical relationship between the final drift energy and the ionization moment becomes more and more valid
and is in good agreement with the time-energy distribution in the tunneling regime. Meanwhile, the photoelectron
energy spectrum shows a fine structure, which is more and more dependent on the direction of the ejection of
the photoelectron and the carrier-envelope phase of the laser field. Moreover, the WDL function enables us to
explicitly attribute the fine structure in the tunneling regime to interference between electrons with the same
kinetic energy ejected at different times.
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I. INTRODUCTION

Above-threshold ionization (ATI) is a fundamental process
in strong-field atomic physics. The corresponding physical
process is known to be usually categorized into two distinct
regimes: multiphoton ionization and tunneling ionization.
These two regimes are distinguished by the Keldysh parameter
γ = √

Ip/2Up (Ip is the ionization potential, and Up = I/4ω2

denotes the ponderomotive energy, where I is the laser
intensity and ω is the frequency) [1]. When γ is well above
1, the ionization process is in the multiphoton regime, and the
ATI energy spectrum consists of a series of regularly spaced
narrow peaks, each separated by one-photon energy [2]. When
γ decreases to be less than 1, the ionization process enters the
tunneling regime in which the ionization can be understood
in a quasistatic picture: The electron tunnels through a barrier
formed by the ionic Coulomb potential and the external electric
field, which is commonly known as the simple man’s picture of
the ATI process [3]. In the tunneling regime, the photoelectron
energy spectrum shows a rather smooth distribution in which
the ATI peaks are mostly smeared out by the focal average
effect of the laser pulse. The overall spectrum consists of
a fast drop in the low-energy regime followed by a plateau
structure and a cutoff at about 10Up in the high-energy
regime [4,5]. This overall structure can be well interpreted by
a rescattering mechanism based on the simple man’s picture:
Once the electron tunnels out of the barrier, it oscillates in
the external laser field and may return back to collide with
the core, which gives rise to the plateau and cutoff structures
in the observed energy spectrum [4,6]. It is noteworthy that
this semiclassical picture of the ATI process has also achieved
great success in the description of other abnormal phenomena
in an intense laser-atom interaction, e.g., plateau and cutoff
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in the high harmonic generation spectrum and nonsequential
double ionization process. In addition, with the inclusion of
the long-range ionic Coulomb potential, this semiclassical
picture also well explains the recently observed low-energy
structure in the ATI spectrum, which becomes pronounced in
the midinfrared intense laser field [7,8].

On the other hand, the physical picture in quantum theory,
corresponding to the above semiclassical perspective, is the
so-called “quantum trajectory theory” [9]. In this approach,
the transition amplitude is obtained by the coherent sum of
various trajectories similar to those in the semiclassical picture
discussed above. In the spirit of the path-integral picture
of the quantum mechanics, this model successfully explains
interference effects in the ATI process, e.g., resonancelike
enhancement in the ATI plateau [10] and carrier-envelope
phase (CEP) dependence of a high-energy photoelectron
spectrum in few-cycle laser pulses [11,12].

Clearly, the above-mentioned semiclassical picture (or
extended simple man’s picture) of the ATI process is based on
the availability of the following understanding: The electron is
ionized by the laser field via tunneling for which the ionization
probability is exponentially dependent on the amplitude of
the electric field, and then the motion of the electron in
the external field and the ionic potential can be treated
classically, or in other words, there is a specific relationship
between the electron’s drift momentum and the corresponding
ionization moment. However, this picture, which is under
the quasistatic approximation of the ionization process, has
never been explicitly depicted in any investigation despite the
fact that it has been proved that, in the limit of γ � 1, the
Keldysh-Faisal-Reiss formula of the ATI process [1,13,14]
indeed agrees with the time-averaged tunneling ionization
formula [14,15].

In this paper, we use a Wigner-distribution-like (WDL)
function [16] to study the time-energy distribution of a
photoelectron emitted from an atom in few-cycle laser fields
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with different frequencies. The WDL function enables us to
show the dependence of ionization probability on time and
explicitly demonstrates the transition of the ionization process
from the multiphoton regime to the tunneling regime with
decreasing laser frequency, i.e., decreasing Keldysh parameter
γ . Accompanying this transition, we explicitly show that the
time-energy distribution evolves and is consistent with the
semiclassical picture in the tunneling regime. Meanwhile,
the photoelectron energy spectrum depicts a fine structure,
which is more and more dependent on the direction of the
ejection of the photoelectron and CEP of the laser field, which
can be attributed to interference between electrons with the
same kinetic energy ejected at different times in the tunneling
regime.

II. THEORY

The Wigner-distribution-like function is defined as [16]

f

(
t,

p2

2

)
= 1

π

∫ ∞

−∞
S ′∗(t + t ′)S ′(t − t ′)e−2i(p2/2)t ′dt ′, (1)

where S ′ is given by

S ′ = −i
√

2π√
v

φi(p)VA(p,t) exp

[
i

∫ t

−∞
VA(p,τ )dτ + iIpt

]
.

(2)

Here, v is the normalization volume, VA(p,t) is the interaction
potential between the applied laser field and the photoelectron,
φi(p) is the Fourier transform of ϕi(t), which is the atomic
ground state |ϕ0〉eiIpt , and Ip is the ionization potential.

In this paper, we use a linearly polarized laser pulse with a
sin2-type temporal envelope. The vector potential is given by

A(t) = −E0

ω
sin2

[
ωt

n

]
cos(ωt + ϕ)ez, (3)

where E0 is the field peak strength, ω is the laser frequency,
and n/2 is the number of optical cycles (o.c.) contained in the
laser pulse. ϕ is the initial phase. ez is the unit vector.

Under these conditions, we have

f

(
t,

p2

2

)
= 1

π

∫ Tc

0
S ′∗(t + t ′)S ′(t − t ′)e−2i(p2/2)t ′dt ′, (4)

here, Tc = πn
ω

is the duration of the pulse and velocity gauge
used in this paper.

The WDL function f (t, p2

2 ) satisfies the marginal relation-
ship,

|Sf i |2 =
∫

f

(
t,

p2

2

)
dt, (5)

where Sf i is given by Sf i = 1√
2π

∫ ∞
−∞ S ′ei(p2/2)t dt .

Furthermore, one can find that the ionization probability as
a function of time can be given by

P (t) =
∫

f

(
t,

p2

2

)
d

(
p2

2

)
. (6)

III. RESULT AND DISCUSSION

At first, we calculate P (t) for a one-dimensional H atom
(Ip = 13.6 eV) in a few-cycle laser pulse [with n = 8 in
Eq. (3)] at different wavelengths. As shown in Fig. 1, when
the laser frequency is high (ω = 0.5 a.u.), the time distribution
of the ionization probability shows a rather smooth envelope,
which roughly resembles the shape of the laser pulse. When
the laser frequency decreases to ω = 0.182 a.u., the ionization
probability tends to peak at moments when the electric
field reaches maxima [see Figs. 1(c) and 1(d)]. When ω

decreases further to 0.056 91 a.u., the distribution already
shows a typical tunneling pattern: The ionization probability
is strongly dependent on the electric-field amplitude, leading
only to very sharp peaks at the crests of the electric field,
and the heights of the peaks are strongly dependent on the
amplitude of the field maximum [see Figs. 1(e) and 1(f)]. If
the laser frequency decreases further, the ionization probability
becomes more sensitive to the field amplitude as shown in
Figs. 1(g) and 1(h) with ω = 0.030 35. It is noteworthy that
the Keldysh parameters, corresponding to four different laser
frequencies used in our calculation, are 9.35, 3.4, 1.06, and
0.56. So, our calculation explicitly shows that, accompanying
the decrease in γ , the ionization probability becomes more

FIG. 1. (Color online) Calculated P (t) of photoelectrons ejected
in two oppositive directions in four-cycle laser pulses with different
laser frequencies. Peak intensity I = 1 × 1014 W/cm2. The CEP ϕ =
0 [(a), (c), (e), and (g)] and ϕ = π/2 [(b), (d), (f), and (h)]. Dashed-
dotted red line: electron emitted in the positive direction; blue solid
line: electron emitted in the negative direction.
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and more strongly dependent on the field amplitude, which
can be considered as a transition from the multiphoton regime
to the tunneling regime. Moreover, it is worth noting that,
strictly speaking, the tunneling picture of the ATI is only valid
when γ � 1 [1,14,15]. However, the tunneling formula (or the
semiclassical picture) is commonly used in an atom-intense
laser interaction even when the Keldysh parameter is around
1 and the theoretical results are well consistent with the
experimental observations [17]. According to our calculation,
as explicitly shown in Figs. 1(e) and 1(f), the ionization process
already shows a typical tunneling characteristic even when
γ ∼ 1, which is still far from the strict theoretical requirement
that γ � 1. Therefore, the semiclassical model is already a
valid approximation when γ is around 1.

It is obvious that the electric field of the few-cycle laser
pulse is sensitive to the CEP and, more interestingly, shows
either spatial asymmetry [e.g., see Fig. 1(a) for φ = 0] or
temporal asymmetry [e.g., see Fig. 1(b) for φ = π/2], depend-
ing on the CEP. As a consequence, the ionization probability
shows asymmetries in the positive and negative directions of
electron emission and the temporal distribution with respect
to the central moment of the pulse (t = 2 o.c. in Fig. 1).
This asymmetry also shows an interesting transition when
the ionization process transits from the multiphoton regime
to the tunneling regime. In the typical multiphoton regime,
e.g., ω = 0.5 a.u. (γ = 9.35), the ionization probability shows
slightly CEP-dependent spatial and temporal asymmetries
[Figs. 1(a) and 1(b)]. With decreasing laser frequency and
corresponding γ , the asymmetry becomes more and more
distinct as shown in Figs. 1(c)–1(h).

Next, we investigate the energy spectrum and the two-
dimensional time-energy distribution of the ATI process in
a few-cycle laser pulse. The results are shown in Fig. 2,
which also depicts an interesting transition when the ionization
process transits from the multiphoton regime to the tunneling
regime. In the multiphoton regime, the energy spectra show
smooth ATI peaks and nearly no difference in the positive
and negative directions [see Figs. 2(a)–2(d)]. Meanwhile,
the time-energy distributions show a slight difference in two
different directions corresponding to the ionization probability
depicted in Fig. 1. When the laser frequency decreases to
ω = 0.056 91 and 0.030 35 a.u., both the energy spectrum and
the time-energy distribution become strongly dependent on
the emission direction. More interestingly, the energy spec-
trum shows complicated interference patterns, which can be
attributed to the interference between electrons with the same
final drift kinetic energies but are ionized at different moments
[10,11,18]. Clearly, this physical picture is only valid in the
tunneling regime in which the electron with a specific final drift
energy can be considered to be ionized at a specific moment.
This point will be further illustrated in the following analysis.

First, we analyze the results of CEP ϕ = 0. In Figs. 2(e)
and 2(g), two stripes appear next to the moments of t = 2.25
and t = 1.75 o.c. It is noteworthy that these two stripes are
not perpendicular to the time axis. They gradually incline
symmetrically to the center with increasing kinetic energy.
Figures 2(f) and 2(h) show the time-energy distribution of the
photoelectrons emitted in the negative direction. Two strips
also appear next to t = 2.25 and t = 1.75 o.c., respectively,
but they symmetrically incline off with increasing kinetic

FIG. 2. (Color online) Time-energy distribution and energy spec-
trum (solid line) in few-cycle laser pulses with the CEP ϕ = 0. The
laser parameters are the same as those used in Fig. 1. (a), (c), (e), and
(g) An electron ejected in the positive direction; (b), (d), (f), and (h)
an electron ejected in the negative direction. Dotted lines show the
semiclassical relationship between the drift kinetic energy and the
ionization moment [p2/2 = A2(t)/2].

energy, which is opposite to those shown in Figs. 2(e) and 2(g).
Interestingly, it can be seen that there are some interference
structures located in the center of the time-energy distribution
(around t = 2 o.c.) in Figs. 2(e)–2(h). The negative maxima
and positive maxima are in accordance with the minima
and maxima in the energy spectra, respectively. Moreover,
there are more interference structures in the low-frequency
cases [Figs. 2(g) and 2(h)] than in the high-frequency cases
[Figs. 2(e) and 2(f)]. In addition, the interference pattern
becomes denser in the negative direction of electron emission
[Figs. 2(f) and 2(h)] than in the positive direction [Figs. 2(e)
and 2(g)] in accordance with the energy spectra.

The interference structures shown in Figs. 2(e)–2(h) can be
attributed to the interference between the two strips started
at t = 2.25 and t = 1.75 o.c. It is worth noting that the
interference effect in the ATI spectrum in the few-cycle
laser pulse has been discussed in Ref. [11], which attributes
the fringes in the high-energy part of the ATI spectrum
to the double-slit interference effect. A similar mechanism
can be applied to explain the interference in Fig. 2. As
shown in Figs. 2(e)–2(h) [see also Figs. 1(e)–1(h)], only
electrons ionized around t = 2.25 and t = 1.75 o.c. contribute
dominatingly to the energy spectrum, and the electrons ionized
at other moments contribute negligibly since the ionization
probability is strongly dependent on the electric amplitude in
this regime. Similar to Ref. [11], Fig. 3 shows the electric field
and vector potential of the laser pulse for φ = 0. One can see
that the interference comes from the electrons with the same
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FIG. 3. (Color online) Vector potential and electric field of a four-
cycle pulse with the initial phase ϕ = 0.

kinetic energy ejected at different times within the half-cycle
from t = 1.5 to t = 2.5 o.c. (see Fig. 3). According to the
semiclassical picture of the ATI process [6], the electron’s
drift momentum satisfies P = −A in the tunneling regime,
hence, the interference between the electrons emitted at the
time shown by the red line in Fig. 3 results in the structures
in Figs. 2(e) and 2(g) [see also the dotted lines in Figs. 2(e)
and 2(g)]. The interference structures in Figs. 2(f) and 2(h)
result from the interference between the electrons produced
at the time shown by the bold black line in Fig. 3 [see also
the dotted lines in Figs. 2(f) and 2(h)]. The difference between
interference patterns in Figs. 2(e) and 2(f) [Figs. 2(g) and 2(h)]
is due to the different energy dependence of the time interval
in two directions: The time interval decreases with increasing
energy in Fig. 2(e) [Fig. 2(g)] but increases with increasing
energy in Fig. 2(f) [Fig. 2(h)].

Clearly, this mechanism is only applicable when the semi-
classical picture of the ionization process is valid, or in other
words, there is a correspondence between the kinetic energy
and the ionization moment when the electron is ionized in the
laser pulse, which is only available in the tunneling regime
[or close to tunneling regime as shown in Figs. 1(e) and 1(f)].
In the multiphoton regime, as shown in Figs. 2(a)–2(d), the
ionization probability of an electron with a specific energy
distributes in a rather wide time regime, which means that
the correspondence between the drift kinetic energy and the
ionization moment does not exist, and hence, the interference
pattern is smeared out by the large uncertainty in the time
distribution of the ionization probability.

Last but not least, Fig. 2 also shows the evolution of the
availability of the semiclassical picture of the ATI with the
Keldysh parameter. In Figs. 2(a)–2(d), which are well in the
multiphoton regime (γ > 1), the time-energy distributions
show nearly no correspondence between the final drift mo-
mentum (or final drift energy) and the ionization moment
and are hardly comparable to the semiclassical relationship
[the curves of p2/2 = A2(t)/2]. It is noteworthy that, for ω =
0.5 a.u., the drift energy (2Up = 0.0057 a.u.), calculated by
p2/2 = A2(t)/2, is too small to be distinguished in Figs. 2(a)
and 2(b). In Figs. 2(e) and 2(f) for which γ ∼ 1, although
the time-dependent ionization probability already shows a

typical tunneling ionization characteristic, the approximate
correspondence between the final drift momentum and the
ionization moment [represented by the strips in, i.e., Fig. 2(e)]
still differs from the semiclassical relationship P = −A no-
ticeably, especially when the energy is high, which can be
seen in Figs. 2(e) and 2(f) where the strips diverge from the
dotted lines noticeably when Ek > 0.1 a.u. It is noteworthy
that, only in Figs. 2(g) and 2(h) for which the Keldysh
parameter well satisfies γ < 1, the energy-time dependence
is in good agreement with the semiclassical relationship [the
strips in Figs. 2(g) and 2(h) coincide with the curves of
p2/2 = A2(t)/2] and is also well consistent with the analysis
using the Wigner function by Czirják et al. for the ionization
process of an atom in a static electric field [19]. In addition,
it should be pointed out that, though a sin2 temporal envelope
is used for the laser pulse here, which is different from the
physical envelope (usually a Gaussian envelope) used in the
experiment, our calculation with a Gaussian temporal envelope
(not shown here) shows that the effects discussed in this paper
are independent of the pulse envelope since these effects focus
on the low-energy part of the ATI spectrum and are mainly
determined by the crest part of the laser pulse, significantly
different from the high-energy part of the ATI spectrum
discussed in Refs. [12,20].

Furthermore, we show the time-energy distribution (in
Fig. 4) of electrons emitted by laser pulses with the same
parameters as those in Fig. 2(e), except the initial phase
ϕ = π/2. It is clearly shown that the interference structures in
Fig. 4 appear at two positions t = 1.75 and 2.25 o.c. Moreover,
different from the case of ϕ = 0, since those electrons, which
are ionized around t = 1.5, 2.0, and 2.5 o.c., contribute
significantly to the spectrum, the interferences become more
complicated, and the energy spectrum (solid line in Fig. 4)
shows more complicated structures. However, one can find
that the interference structures at t = 1.75 and 2.25 o.c. are
similar to those in Figs. 2(e) and 2(f), respectively, since
the structures of the strips started at t = 1.5 and 2.0 o.c.

FIG. 4. (Color online) Time-energy distribution and energy spec-
trum of an electron emitted in few-cycle laser pulses with the same
parameters as those in Fig. 2(e), except the initial phase ϕ = π/2. The
solid line is the energy spectrum, and the dashed line is the vector
potential.
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and the strips started at t = 2.0 and 2.5 o.c. resemble those
started at t = 1.75 and 2.25 o.c. in Fig. 2(e) and those
started at t = 1.75 and 2.25 o.c. in Fig. 2(f), respectively.
In addition, the spectrum is symmetrical with respect to
the direction of electron momentum in accordance with the
ionization probability distribution, electric amplitude, and
vector potential shown in Fig. 1(f) [the electric amplitude
satisfies E(t) = E(4T − t), and the vector potential satisfies
A(t) = −A(4T − t)].

IV. CONCLUSION

In conclusion, we use a Wigner-distribution-like function
to study the time-energy distribution of a photoelectron
emitted from an atom in few-cycle laser fields with different
frequencies. The WDL function enables us to show the time
distribution of the ionization probability. With a decreasing
laser frequency, the time distribution of ionization probability
becomes more and more peaking at the crests of electric
amplitude of the laser pulse, which explicitly demonstrates
the transition of the ionization process from the multiphoton
regime to the tunneling regime. Accompanying this transition,

the semiclassical picture of the ATI process, which relies
on a correspondence between the final drift momentum and
the ionization time, becomes asymptotically valid and agrees
well with the time-energy distribution in the tunneling regime.
Especially, the semiclassical picture is already available when
γ ∼ 1 even though the disagreement between the quantum
time-energy distribution and the semiclassical calculation is
noticeable. Meanwhile, the photoelectron energy spectrum
changes from a smooth distribution to a spectrum with
abundant fine structures and is more and more dependent
on the direction of the ejection of the photoelectron and
carrier-envelope phase of the laser field. The WDL function
enables us to explicitly attribute the fine structure in the
tunneling regime to interference between electrons with the
same kinetic energy ejected at different times.
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