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Stern-Gerlach effect of weak-light ultraslow vector solitons
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We propose a scheme to exhibit Stern-Gerlach deflection of high-dimensional vector optical solitons at a
weak-light level in a cold atomic gas via electromagnetically induced transparency. We show that the propagating
velocity and generation power of such solitons can be reduced to 10~ ¢ (c is light speed in vacuum) and lowered
to magnitude of nanowatt, respectively. The stabilization of the solitons is realized by using an optical lattice
potential formed by a far-detuned laser field, and trajectories of them are deflected significantly by using a
transversal Stern-Gerlach gradient magnetic field. Deflection angles of the solitons can be of magnitude of 1073
rad when propagating several millimeters. Different from atomic Stern-Gerlach deflection, deflection angles of
the solitons can be distinct for different polarization components and can be manipulated in a controllable way.
The result obtained can be described in terms of the Stern-Gerlach effect for vector optical solitons with quasispin

and effective magnetic moment.
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I. INTRODUCTION

The Stern-Gerlach (SG) effect, that is, particles with
nonzero magnetic moments deflect when passing through an
inhomogeneous magnetic field, was first discovered in the
early period of quantum mechanics. This effect illustrates in
a drastic manner the necessity for a radical departure from
classical mechanics, and characterizes quantum mechanics in
a simple and fundamental way [1]. Recently, a similar effect
was also predicted in many other systems such as spinor Fermi
and Bose gases in tight atom waveguides [2], and mixed left-
and right-handed chiral molecules [3].

All known massive elementary particles, such as electrons
and protons, have nonzero magnetic moments. In contrast,
photons have no magnetic moment in vacuum, and hence
experience no force when passing through an inhomogeneous
magnetic field. Recently, in a very remarkable experiment [4],
Karpa and Weitz demonstrated that photons can acquire an
effective magnetic moment when propagating in a resonant
atomic gas, and hence can deflect in a gradient magnetic field.
For obtaining a significant deflection angle, they exploited
electromagnetically induced transparency (EIT) [5], by which
a very small absorption and very slow propagating velocity of
light can be realized.

However, the EIT-enhanced deflection of light in Ref. [4]
cannot be explained as a standard SG effect because only
one component of “spin” is involved. In the present work
we propose a double EIT scheme to demonstrate the SG
effect of high-dimensional ultraslow vector optical soliton
(VOS), which not only has two polarization components (i.e.,
a quasispin) but also allows a distortionless propagation.

Before proceeding we note that besides Ref. [4] the optical
beam deflection in external fields has been the subject of
many previous works [6—11]. The present work is related to
Refs. [4,9,10] and to the recent study of weak-light solitons
[12—18]. The essence of Refs. [4,9,10] is the SG effect of linear
polaritons via EIT. However, such linear polaritons spread
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and attenuate during propagation because of the existence of
diffraction and other detrimental effects. In Refs. [12—18],
weak-light solitons via EIT are suggested, but no SG deflection
of them have been considered.

In contrast with all previous works, the scheme presented
here exploits EIT-enhanced Kerr nonlinearity, which allows
the formation and propagation of high-dimensional VOS,
or called nonlinear polariton, with intrinsic quasispin and
effective magnetic moment. We find that the propagating
velocity and generation power of the VOS can be reduced
to 107% ¢ (c is light speed in vacuum) and lowered to a
magnitude of a nanowatt, respectively. We demonstrate that
the stabilization of the VOS can be realized by using an
optical lattice potential formed by a far-detuned laser field,
and trajectories of them can be deflected significantly by using
a transversal Stern-Gerlach gradient magnetic field. Deflection
angles of the VOS can be of the magnitude of 103 rad
when propagating several millimeters. Different from atomic
Stern-Gerlach deflection, deflection angles of the VOS can
be distinct for different polarization components and can be
manipulated in a controllable way. Because the SG deflection
of the nonlinear polariton does not spread and attenuate for a
long propagation distance, the present scheme, compared with
the linear ones [4,9,10], is more efficient and robust for the
observation of the SG effect of photons as well as for practical
(e.g., magnetometery) applications.

The rest of the article is arranged as follows. In Sec. II
the theoretical model under study is introduced. In Sec. III
linear dispersion and absorption properties of the system are
analyzed. In Sec. IV nonlinear envelope equations are derived
by using a method of multiple scales, and ultraslow vector
optical soliton solutions at very low light level are obtained.
In Sec. V the Stern-Gerlach effect of ultraslow vector optical
solitons is studied. Finally, in the last section a summary of
the main results obtained in this work is given.

II. MODEL AND LINEAR DISPERSION RELATION

We consider a medium consisting of five-level atoms with
M configuration. A linearly polarized, pulsed probe field
(with pulse duration 79) E, = E,1 + Ep = (6_&,1 +é:.Ep2)
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FIG. 1. (Color online) (a) Double EIT scheme. E, and E
(j = 1,2) are probe and control fields, respectively; §,, §, + A, and
d.; are detunings. (b) A possible experimental arrangement, where an
inhomogeneous static magnetic field B(y) = Z(By + B,y) removes
the degeneracy of ground states |j) (j = 1,3,5) and excited states |/)
(I = 2,4), and causes Stern-Gerlach deflection of probe-field compo-
nents. 6, and 6, are, respectively, deflection angles of ¢~ polarization
component (i.e., E,;) and o T polarization component (i.e., E,,) of
high-dimensional vector optical soliton, which has a quasispin and
an effective magnetic moment. The curved thick arrow represents the
far-detuned optical lattice field E(x,t) = XEy cos[x /(2R )] cos(w,t)
used to stabilize the soliton.

expli(k,z — wpt)] +c.c. drives the transitions |3) < |2)
and |3) < [4) by its left-circular (i.e., o~) polariza-
tion component E,; and right-circular (ie., o) polar-
ization component E,,, respectively. Here é_ = (X —i§)/
/2 and En =&+ ijf)/ﬁ and &,,] are, respec-
tively, the unit vector and envelope of the o~ (o¥)
polarization component. A m-polarized continuous-wave
control field E.; = 2&€. expli(ksix — we1)] +c.c. {Ep =
ZE expli(kax — wet)] 4 c.c.} drives the transition |1) <>
[2) (]5) < |4)) [Fig. 1(a)]. X, ¥, and Z are unit vectors along
coordinate axes x, y, and z, respectively [Fig. 1(b)]. The control
field envelopes &, and &, are strong enough so that they are
taken to be undepleted during the evolution of the probe field.
We assume an inhomogeneous static magnetic field

B(y) =2B(y) = «Bo + B1y), (M

with B} < By is applied to the medium. Here By contributes
to a Zeeman level shift AEzeeman = wpgrmy By, and hence
removes the degeneracy of ground-state sublevels |j) (j =
1,3,5) and the excited-state sublevels |/) (I =2,4). pp,
gy, and m7. are Bohr magneton, gyromagnetic factor, and
magnetic quantum number of the level |j), respectively.
B; is a transverse gradient magnetic field, which results in
SG deflection of the polarization components of the probe
field.
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We assume further a small, far-detuned laser field
E(x,t) = XEjcos(x/R ) cos(w.t) 2)

is also applied into the system, where Ey, R, , and w;, are field
amplitude, beam radius, and angular frequency, respectively.
Due to E(x,t), Stark level shift AE;sa = —50;(E?), =
—La; E*(x) occurs. Here a; is the scalar polarizability of the
level |j), (O(t)), denotes the time average in an oscillation
cycle for the quantity O(¢), and hence we have E(x) =
(Eo/ V2) cos(x /R1). The aim of introducing the far-detuned
laser field is to form a low-dimensional optical lattice to
stabilize the high-dimensional VOS without losing its mobility
[19], as shown below. In addition, atoms are assumed prepared
initially in the ground-state level |3) and trapped in a gas
cell with ultracold temperature to cancel Doppler broadening
and collisions. Thus, the system is composed of two A-
type configurations. A possible arrangement of experimental
apparatus is suggested in Fig. 1(b).

Under electric-dipole and rotating-wave approximations,
the Hamiltonian of the system in interaction picture is

Hini/h = (8, — 8c)[1)(1] +8,12) (2] 4+ (8, + A)[4) (4]
+(6p + A = 8:2)I5) (5] + 1 2) (1] 4 £2,112) (3]
+ Q214) (3] + Q2214) (5| + Hee., 3)

where Q1 = —(py; - € )Ep1/h, Qpa = —(Py3 - €)ER /N
(ch = _(p21 . 2)(c/,cl/hv and 902 = _(p45 . 2)662/7[) are,
respectively, Rabi frequencies of two circularly polarized
components of the probe field (two m-polarized control
fields), with p;; being the electric dipole matrix element
associated with the transition from |j) to |/). Detunings are
defined as 8, = w4+ u23B(Y) — 303 E(X)* — wp, 81 =
w21 + 121 B(Y) — S E(x)? — w1, 82 = s + pasB(y) —
lousE(x)? — we, and A = iy B(y) — sapE(x)?, where
Wit = pp(gpmy — gpmip)/h, aj = (e —a)/h, and w) =
(Ej — E;)/h with E; being the eigenenergy of the state | j).

The motion of atoms is governed by the Bloch equation for
density-matrix p:

dp/0t = —i[Hin, p1/h — T'(p), “4)

where I'(p) is a relaxation matrix representing spontaneous
emission and dephasing. The explicit form of Eq. (4) is given
in Appendix A.

The evolution of electric field is controlled by Maxwell
equation V2E — (1/c¢»)3*E/dt*> = (1/€9c®)d*P/dt?, where
P = N'Tr(pp) is electric polarization with A/ the atomic
concentration. Under slowly varying envelope approximation,
the Maxwell equation reduces to equations for 2,1, £2,:

(L 10y, Vi 0, (5)
1| — — e o
9z cot 20, pl.p2 — K32,34023,43

where V1 = 0%0x? + 0%/0y? and k32,38 =N |Py.34 - éx1*wp/
(2hepc) with €y the vacuum dielectric constant.

If the diffraction effect are very weak, a linear propagation
of the probe field can be obtained by taking €2, ,> as small
quantities and Bj, Ey to be zero. Then from the Maxwell-Bloch
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FIG. 2. (Color online) (a) ImK ;(w) and (b) ReK ;(w) as functions
of w. The solid and dotted lines correspond tothe 6~ (j = 1) and 0"
(j = 2) polarization components of the probe field, respectively.

(MB) Egs. (4) and (5) one obtains the solution proportional
to exp{i[K;(w)z — wt)]} (j = 1,2), with the linear dispersion
relation [20]

w T w — d1’5 (6)
— K E——
c 32,34 Dl,z

Kia(w) =
Here D)= Q0> — (@ —dis)o—drs), di =), —
8e1) —ivi13/2, do =38, —i(T2+y»)/2, di=(,+ A)—
i(T4+y34)/2, and ds = (6, + A — 82) — iy3s/2 with §, =
w3 + uBy —wp, A= pgpBy, 81 = wi + 2By — w1,
and 8¢ = w45 + pasBo — we. I'j and yj; denote the spon-
taneous emission and dephasmg rates of relevant states,
respectively.

From Eq. (6) we see that the linear dispersion relation of
the system has two branches. Figures 2(a) and 2(b) show the
imaginary part [ImK ;(w)] and real part [ReK ;(w)] of K ;(w)
(j = 1,2) as functions of frequency w, respectively. The pa-
rameters are chosen from a laser-cooled 3 Rb atomic gas with

atomic states assigned as [1) = |52S;p,F = 2,mp = —1),
|2) = |52P1/2,F = 2,mp = —1), |3) = |5251/2,F = l,mp =
0), [4) =|5*Pip,F =2,mp=1), and |5) = |5%S)5,F =

2,mp = 1). The decay rates are I’y >~ I'y ~ 6 MHz and y;3 ~
Y23 = Y34 = y35 =~ 50 Hz. The other parameters are taken as
k3 ~ k3 =1.0x100cm 's™, Q. = Qe = 1.0 x 107 s~

8y, =68c1 =68 =0, and By = 34.1 mG. In both panels the
solid (dotted) lines corresponds to o~ (o™) polarization
component of the probe field. From Fig. 2(a) we see that large
and deep transparency windows in the absorption spectra of
both polarization components appear, and they nearly coincide
with each other. Such double EIT phenomenon results from
the quantum destruction interference contributed by the two
control fields. Furthermore, due to EIT, the group velocities of
both components [defined by V,; = Re(dK;/dw)~'] become
very small compared with ¢ and well matched [see Fig. 2(b)].
Indeed, using the above parameters we obtain

Vo1 = Vea 3.3 x 107 %. (7

Such ultraslow, matched group velocity is very crucial for
obtaining significant SG deflection of the probe field.

III. NONLINEAR ENVELOPE EQUATIONS
AND VECTOR OPTICAL SOLITONS

The linear propagation is unstable due to the diffraction
and other detrimental effects, which results in spreading and
attenuation of the probe field during propagation, as explicitly
demonstrated by Eq. (24) in Ref. [10]. To solve this problem

PHYSICAL REVIEW A 86, 043809 (2012)

we suggest to use nonlinear effect to suppress the spreading
and attenuation and hence obtain a probe pulse that is robust
during propagation.

Now we employ the method of multiple scales [13]
to derive nonlinear envelope equations of the probe-field
components. To this aim, we take the following asymptotic
expansions P, = > o €l pl) (m=1,2,4,5), p3=1+

Z, €Y o =32 €l pD (m,n = 1-5; m #n), and
Zz | € Q() (j =1, 2). Here € is a small parameter
characterlzmg the small population depletion of the ground
state, and all quantities on the right-hand side of asymptotic
expansions are considered as functions of multiscale variables
u=¢€z(1=0,2),(x;,y1)=€(x,y),andf; = €'t 1 =0, 2).
The inhomogeneous static magnetic field and the
far-detuned laser field [given respectively by Eqgs. (1) and (2)]
are now assumed to be B(y;) = By + €2By; and E(x;) =
e(Eo/\/E) cos(x1/R ). Thus, detunings can be expanded as
8y =80 + €262, A = A+ 2A? 5, = 5] + €257, and
8y = 623) + 6232?, where 5;,0) = wn + UnBy — w,, A0 =

42 Bo, 52(1)) = wy| + M21 By — @1, 523) = w45 + 45 By — w2,
8P = uxBiyr — janEjcos*(xi/Ry), AP = pyBiy —
%0142E0 COos (xl/Rl), 8221) = U21 B]y] — —0621 E2 COSZ(X]/RL)
and 5(2 = WasB1y; — %0645E(% cos (X]/RL). Note that
detunings at the leading order are homogeneous in space,
whereas detunings at the second order have spatial
distributions which depend on B; (the SG gradient magnetic
field) and Ej (the far-detuned laser field).

Substituting above expansions into the MB Egs. (4) and (5)
we obtain a chain of linear, but inhomogeneous equations (the
explicit forms of them are given in Appendix B), which can
be solved order by order.

Atthe first order (/ = 1) we obtain the solution for the probe
field

Q(plj) = F; exp{i[Kj(w)z0 — wio)]}, (8)

where F; are yet to be determined envelope func-
tions of slow variables z; and 1, and K;(w) is
given by the linear dispersion relation (6) with d; =
80 — 80 —iy13/2, dy =080 —i(Cr+yn)/2, dy =380+
A® —i(Ty + y34)/2, and ds = 80 + A® — 89 —iys5/2 in
D;. Solutions of density-matrix elements at this order
read pjy = —Q}QV)/ Dy, pff) = —(0 — d)Q}))/ D1, pyy =

—(w — d*)Q*m/D*, pys = —QaQ5" /D3, with the other
density- matrlx elements being zero.

At the second order (I = 2), one obtains the expressions of

ORI RO
P (m = 1-5), p\Y, p%), p'0 08, o ot which are lengthy

and hence omitted here. The other second-order density-matrix
elements are zero.

At the third order (I = 3), a solvability condition for 52(3)
gives the governing equations for the envelope functions F

(G =12

,(_a + L o ) +_cv2 Fio— (Wil Fiol
l 1,2 1,2 — 11,221171,2
022 g1g2 ot 20),,

+Wiaoi| Fai[He @22 Fy 5 + [My 2B1 2y + Ni2E]
x cos’(x1/R1)IF12 =0, )
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where V2 = 9%/0x? + 3%/dy?, and

—1
1 1Qc1,2* + (0 + dy 5)°
Verg2 = | = + k33— 5 ,  (10a)
c D1,2
d1 5% + 191,21
Wit = =k ud s—————5—, (10b)
’ Di1|D;|?
|ds 11> + |Qe2,c1]?
Wizl = —k33d) s ————, (10¢)
Di1|D; 1|2
d? iz a3 + Qe 113,53
Mo = —kp 34— 3 - ) (10d)
Dy,
d? 03,43 + |2 2|20l3 3
Nip = kap3g—2— chezl 719 , (10e)

4D%’2

with @; = e 2Im[K j(w = 0)].
After returning to original variables, Eq. (9) can be written
into the dimensionless form

VAR AYE 9? . 92
il — — N+ |u
ds  vgemor)  2\0&2 " ap2)]"?

— (gnolural® + guaatlus i Pur s + ViaEmura
= —iAjou 2, (11)

where we have introduced new dimensionless vari-
ables s =1z/Lpir, T=1/70, (.n)=x,y)/R1, vy =
ng‘l,'()/LDiff, and uj = (ij/Uo)e_iRe[Kf‘ﬂ:O]Z. Here Lpig =
a)pRi /c, t9, and Up are, respectively, typical diffrac-
tion length, probe-field pulse duration, and Rabi fre-
quency; gi1.12.21.22 = Wii12.21.22/|Waz| characterize, respec-
tively, self-phase (g11,22) and cross-phase (g12,21) modulations;
Aj =Im[K;|,—0]Lpif (j = 1,2) are small absorption coef-
ficients contributed mainly by decay rates I', and I'y. The
combined potentials in Eq. (11) have the form

Vi(€,n) = Mjn + N cos*(§), (12)

where Ml,z = LDiffMl’zRJ_Bl and ./\/1’2 = LDifle’zEg are
the contributions from the SG gradient magnetic field (pro-
portional to B;) and the far-detuned optical lattice field
(proportional to Eg), respectively.

In deriving Eq. (11) we have assumed 7y is large so
that second-order dispersion (i.e., the term proportional
to 8%u;/dt?) can be neglected. This can be easily re-
alized experimentally. In fact, when taking 79 = 2.1 us,
3, =10x 106 s7!, 8., =1.0x 10° 57!, and R, = 16 um
with other parameters the same as in Fig. 2, one has
typical (second-order) dispersion length of the system
LDiSp[Erg/Re(dzKj/da)z)lw:o] 2 7.6 cm, which is much
larger than typical diffraction length Lpiy and nonlinearity
length Lyon[=1/(U3|Wa2))], both of which are only 0.2 cm.

We seek the solutions of Eq. (11) with the
form  u;(p;,7,6,n) = F;(pj)vj(r,§,n), where F;(p))
are normalized Gaussian functions, that is, F; =

[1/(oo/T)I' expl—p3/(20)]  with  p; =s —vgT and
po a constant [10]. Integrating out the variable p;, Eq. (11)
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FIG. 3. (Color online) (a) and (b) Evolutions of |u;|?, respec-
tively, at t =0 and ¢ = 37y for the single-peaked VOS. (c¢) and
(d) Evolutions of |u;|?, respectively, at t = 0 and t = 31, for the
multiple-peaked VOS. The SG gradient magnetic field is absent (i.e.,
B; = 0). The stability of the VOS is achieved by the far-detuned
optical lattice. Result for |u,|* is similar to that for |u;|* thus not
shown.

becomes

EETEN ——
a7 "o \gg2 T g2 ) | V12T T Suanivy

Vei,g2 0T 2 \3&2  9n? L2 N 11,22]v1,2
+ gia1lv21 s + ViaEmvia = —iAivia. (13)

Shown in Figs. 3(a) and 3(b) are, respectively, results of
numerical simulation for |u;|? at # = 0 and t = 37, for a deep
optical lattice (by taking Eq = 4.5 x 10* V ecm™!). The soliton
obtained displays a single-peaked structure. The result for |u;|?
is similar to that for |u;|> due to symmetry and hence not
shown. The case for a shallower optical lattice (by taking E, =
3.2 x 10* V ecm™') is also simulated, with the result plotted
in Figs. 3(c) and 3(d) for + =0 and ¢t = 37, respectively.
We see that in this case a multiple-peaked soliton appears.
In both simulations, §, = 1.0 x 106571, 8, = 1.0 x 10°s71,
and R, = 16 um with other parameters the same with those in
Fig. 1. In addition, Uy = 6.8 x 10% s~!, which allows enough
nonlinearity to balance the diffraction. The typical diffraction
length Lpis and nonlinearity length Loy are around 0.2 cm.
Furthermore, B; is chosen as zero, that is, the SG gradient
magnetic field is absent, thus no SG deflection occurs. We
stress that the far-detuned optical lattice laser field is necessary
for obtaining a stable propagation of the high-dimensional
VOS.

We use two methods to test the stability of the high-
dimensional VOS. The first is to add a small random
perturbation to the stationary solution obtained in imaginary
time [Figs. 3(a) and 3(c)], and evolve the solution in real time
[Figs. 3(b) and 3(d)] based on Eq. (13). We found that the
soliton can indeed propagate stably for a long time [Figs. 3(b)
and 3(d)]. The second is to use a standard linear stability
analysis by neglecting small absorption (the absorption length
of the system Laps = 1/A; is around 1.8 cm, which is much
longer than the diffraction length). Specifically, we add a small
perturbation to the stationary solution and solve numerically
the eigenvalue problem (see Appendix C) related to the
perturbation. We find that all eigenvalues have a vanishing
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FIG. 4. (Color online) SG effect of ultraslow VOS. (a) and
(b) Symmetric deflection (on y axis) of |« | and |u,|> when propagat-
ing from z = 2Lpyr to z = 8Lpyr (corresponding respectively to the
subfigure from left to right), respectively. (c) Asymmetric deflection
of |us|? [|u;)? is the same as (a) thus not shown]. (d), (e), and (f) The
corresponding evolution of two polarization components in a linear
case.

real part, so the VOS is stable against the perturbation with the
choice of parameters used in Fig. 3. The physical reason of the
stabilization of the VOS is due to the far-detuned optical-lattice
field (2) that contributes a trapping potential to the VOS.

IV. STERN-GERLACH EFFECT OF THE VECTOR
OPTICAL SOLITONS

Now we investigate the deflection of trajectory of the VOS
by numerically simulating Eq. (11) with B; # 0. Shown in
Figs. 4(a) and 4(b) are spatial distributions of |v;|? [Fig. 4(a)]
and |v2]> [Fig. 4(b)] in the (x,y) plane when the VOS
propagates from z = 2 Lpis to z = 8 Lpy with group velocities
Vo1 = Vgr =3.2 % 10~%¢. In the simulation we have chosen
B; = 0.7 mG um~'. We see that an obvious deflection of
VOS trajectories occurs due to the existence of the SG gradient
magnetic field. In addition, the two different polarization com-
ponents deflect symmetrically in opposite (i.e., +y and —y)
directions, similar to the SG deflection for atoms.

However, in contrast with the atomic SG deflection where
trajectories are always symmetric for the two different spin
components, the SG deflection of the VOS components
can be asymmetric because the two VOS components can
propagate with different velocities. To show this we take
Qe = 0.9 x 107 s~! without changing other parameters, then
we have (V,1,Vg) = (3.2,2.6) x 10~%¢. In this situation the
o~ component keeps the same trajectory as Fig. 4(a), whereas
the o component displays a different trajectory against
Fig. 4(b). Shown in Fig. 4(c) is the trajectory of the o™
component when it propagates from z = 2Lp; to 7 = 8 Lpjg.
We see that the deflection in Fig. 4(c) is more significant than
that in Fig. 4(b).

For comparison, in Figs. 4(d), 4(e), and 4(f) we present
results of corresponding evolution for a linear case (i.e., for
a small typical Rabi frequency Uy = 6.8 x 10 s71). We see
that the probe pulse spread rapidly due to diffraction. Thus the
nonlinear effect is necessary for balancing the diffraction and
hence obtaining the stable VOS and its robust SG deflection.

Analytical VOS solutions of Eq. (13) can be gained by
using several reasonable approximations. First, the small
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absorption term —iAjv; is disregarded. Second, since in
the presence of the SG gradient magnetic field the two
polarization components of the VOS separate each other after
propagating some distance, the cross-phase-modulation terms
can be neglected. Third, each well of the optical lattice is deep
enough, so that the VOS is almost trapped in one well and has
single-peaked structure. Hence V;(§,n) given by Eq. (12) can
be approximated as M ;n + N;(1 — £2) and Eq. (13) can be
rewritten as

[i8+1(82+82>] 1 ol
o Y - ——— v P
vg; 0T 2\ 0§ an? ! v2np0gj] n
+WMn+N; —N;EH; = 0. (14)

Taking v;(7,&,1) = w;(t,m¢;(€) exp[iNjv,; 7], where ¢;(§)
is the normalized ground state of the eigenvalue problem

(02/0&% — N;€%/2)¢; = 2E¢; with Es = —,/N;/2, and in-
tegrating out the variable &, Eq. (14) becomes (see Appendix D

for details)
i 9 +1 92
v ot 29n2)
/N.
+<M,~n— ﬁ’>w_,-= . (15)

Equation (15) admits exact soliton solutions [21]. A single-
soliton solution reads

uj = Aj 1/ (pon/m' 2 (2N )1Vl mm TG
X e’\/ﬁfsz/ﬁsech®j, (16)

where A; = (25/4/\/'1/471,00/IgJ]|)l 2 = M vgt(n —
ijgjrz/@ and ©;=(2N;)4(n— MJ Z 2/2) (j=1,2).
From expression (16) we see that both VOS components are
localized in three spatial and one temporal dimensions. Thus
(u1,u;) can be considered as a vector optical bullet due to the
localized character in both space and time.

We now estimate the deflection angles of the VOS
components. After passing through the medium with length
L, the center position of the jth polarization component
of the VOS is at (x,y;,z) = [O,MjLzRL/(ZLﬁiff),L] with
the propagating velocity along the z (y) axis given by V,;
(V; = ./\/lJ 2 RLt/roz) As a result, the expected deflection
angle of the output jth polarization component of the VOS
after passing through the medium is given by

0; = V;/Vyj = (L] Vej)(isor j/ P)r’Bu, (17)

where r = R /Lpiss, p =hk, is photon momentum, and
Mol j = M;V,jlik, is the effective magnetic moment. With the
data in Fig. 4 we obtain ptso112 = £7.6 X 10720 J/T, which
is four orders of magnitude larger than the effective magnetic
moment for linear polariton obtained in Ref. [4]. From (17)
we see the deflection angle of the jth polarization component
of the VOS is proportional to the medium length L, the SG
gradient magnetic field B, and inversely proportional to the
group velocity V,;.

In a mechanical viewpoint, the deflection of the jth
component of the VOS is caused by the transverse magnetic
force F; = o1 j B and the deflection angle can be expressed
as 0; = Fjty jr?/p; with ti; = L/ V,; being the interaction
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FIG. 5. (Color online) (a) Deflection angles of the VOS as
functions of medium length L for magnetic field B; = 0.7 mG/um.
The solid line with positive (negative) slope is the analytical result of
0, (6,) for the symmetric case. Dashed line is the analytical result of
6, for the asymmetric case (¢, is the same as the symmetric case thus
not shown). Points labeled by “x”” and “+ are center positions of the
VOS polarization components obtained numerically. (b) Deflection
angles of the VOS as functions of B, for L = 0.8 cm. The solid line
of positive (negative) slope is the result for 6; (6,) in the symmetric
case. Dashed line is the result of 6, in the asymmetric case (6, is the
same as the symmetric case hence not shown).

time between the probe field and atoms. Notice that due to
untraslow propagating velocity of the VOS, large deflection
angles may be observed even for very small L.

Shown in Fig. 5(a) are deflection angles of the VOS as func-
tions of medium length L for magnetic field B; = 0.7mG/um.
The solid line with positive (negative) slope is the result of
0, (6,) for the o~ (o) component, obtained by using the
formula (17) with j = 1 (j = 2)for Vg1 =~ Vy = 3.3 x 107%¢
(i.e., the symmetric case). Points labeled by “x” are numerical
results of the center position of VOS polarization components
obtained in Figs. 4(a) and 4(b). From these results we obtain
61,62) ~ (3.1, —3.1) x 1073 rad for L = 4Lpi = 0.8 cm,
which is two orders of magnitude larger than that for linear
polariton obtained in Ref. [4]. In the same figure, the dashed
line is the result of 6 for (V,,V,2) = (3.2,2.6) x 10%¢ (i.e.,
the asymmetric case), with points labeled by “+” taken from
numerical results in Fig. 4(c) (6, is the same as the symmetric
case). We see that in both cases analytical results agree well
with the numerical ones.

The SG effect of the VOS demonstrated above may have
many interesting applications. For example, by measuring
the deflection angles of the VOS components, one can obtain
the value of the SG gradient magnetic field. Shown in Fig. 5(b)
are deflection angles of the VOS components as functions of B,
for L = 4Lpis = 0.8 cm. The solid line of positive (negative)
slope in the figure is the result of 8, (6,) for the symmetric
case. Dashed line is the result of 6, for the asymmetric case
(0 is the same as the symmetric case thus not shown). Since
the deflection angles can be measured easily, one can design an
optical magnetometery based on the SG deflection of the VOS.

Using Poynting’s vector [13] it is easy to estimate the input
power for generating the high-dimensional VOS predicted
above, which is estimated as

P ~3.5nW. (18)

Thus for producing such VOS very low input light intensity
is needed. This is a drastic contrast to conventional media
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such as glass-based optical fibers, where picosecond or
femtosecond laser pulses are usually needed to reach a very
high peak power to bring out the enough nonlinear effect
required for soliton formation.

V. CONCLUSION

In this work we have proposed a scheme to exhibit SG
deflection of high-dimensional VOS via a double EIT. We
have shown that the propagating velocity of such VOS may be
reduced to 10~ ¢ and the generation power can be lowered to
nanowatt. The stabilization of the VOS can be realized by using
a far-detuned optical lattice, and trajectories of them can be
deflected significantly by using a SG gradient magnetic field.
Deflection angles of the VOS can be of magnitude of 10~3 rad
when propagating several millimeters. Different from atomic
Stern-Gerlach deflection, deflection angles of the VOS can
be distinct for different polarization components, and can be
manipulated in a controllable way. The result obtained can be
described in terms of a SG effect of the VOS with quasispin
and effective magnetic moments. We expect that such robust
SG effect of light have potential applications in the field of
optical magnetometery, quantum information manipulation
and storage, and so on.
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APPENDIX A: EXPLICIT FORM OF THE BLOCH EQ. (4)

Equations of motion of the density-matrix elements p;; are

dp11

o = —iQ% 21 + Q1012 + Ta1 044 + Ta1 022, (Ala)
0022 - _iO " O* 0 r
o —182c1p12 + 18201021 + 1827, 023 — 18251032 — 12022,

(A1b)
0033 ) . ) .
el —iQ 103 +iQp1p32 +iQp2p34 — i 083
+ L3044 + T2z 022, (Alc)
0044 ) ok ok .
ETale —iQ2p2p3a + 82,043 + 1825045 — 1822054 — Tapaa,
(A1d)
0pss s )
o —i8275 045 + i Q22054 + T'a5044 + Ta5002, (Ale)
for diagonal elements, and

o2 . . o I+ yi2

rvalie 181 p12— 1821 (P22 — p11) + 182,013 — ——pn,
(A2a)

ap17 . . . .

a—tn =i(8c1 —8,)p13 +iQ2p1p12 +iQ2p2p1a — i) 023
Y13
-5 P (A2b)
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ap ) . . .
8_t14 = i(A +38c1)p1a +ipp13 + Q15 — i p2a
L4+ yua
s P (A2¢)
op1s . : . Y15
ETE I(A+ 601 —8c2)p15 +iQc2014 — i P25 — = Ps
(A2d)
0023 . . . .
= —i8pp23 — 121013 +iQ2p2024 — iS2p1(033 — P22)
Iy + y23
-2, (A2¢)
2
0o, . s s .
o EApP2 — Q21 p14 + 182525 + 182,003 — i1 34
[+ T4+ yu
B w—T (A2f)
opas . . . .
wryale I(A = 802025 — i2c1015 — 1821035 + 122024
I+ s
B — (A2g)
0034 . . . c ok
o = i(8p+A)p3a— i, P24 + Q35— 15 (p4a— p33)
L4+ v
- P (A2h)
0p3s . s i :
wryale i(8p + A —8c2)p3s — 182,025 — 82}, pas + 182c2034
V35 .
- P (A2i)
0045 . . ; L4+ yas
T —18:2045— 182:0( 55— 44) — 182 p2 035 — 5 P
(A2j)

for nondiagonal elements. Here I', =", 4+ '35 + I's, and
'y =4+ T34 + sy are decay rates, with I'j; being the
spontaneous emission decay rate from state |/) to state |j).
vii =@ +T)/2+ys, with y{' the dephasing rates
related to states |j) and |/).

APPENDIX B: ASYMPTOTIC EXPANSION
OF THE MAXWELL-BLOCH EQUATIONS

The asymptotic expansions of the Bloch equations read

a 1 i 1 l} . 1
i —pi) — Q15 + Quipl) — iTaipy — iTapf) = A,

(Bla)
D .

Q5;+zm>p$ Qupi +Qupy = B”.  (BIb)
0

0

(’ o ”4) P+ Q0P — el =, (Blo)
)

8 1 l l
3158 = api + Qe -

. !
i —iTspy; = DV,

, !
iTyspyy

(Bld)
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for the diagonal matrix elements, and

0 I+
(12 oty ) 0t = 0

(B2a)
(z g A o z%) Ol = FO,  (B2b)
(13 om0 #1222 ol - ol + 22l
=G", (B2c)
(10 + 8048 = 89+ 122 2 - 208 +
— HO (B2d)
(15 00+ 152 gl sl = 1
(B2e)
(i a‘io + A0 4 —F2 tlet m) 2 — Qe1piy + Q53
=J°, (B2f)
(z - + A0 _ 8(0) F2+V25> o _ Llpils)‘i‘gdpg:
= k", (B2g)
( 20 +69 4 A0 4 T + Det ) o gr ) 4 @)
=LY, (B2h)
(iaito 150 4 A0 5O 4 st) P 4 Quapl) = MO,
(B2i)
(

) 0  LTatws\ q I /
a0 B o ) = w0,

(B2j)

for the nondiagonal elements. The equation for p33 has been
replaced by the closed system condition Z?: pjj =1, that

. !
1s,Z lpjj)—0(12
Maxwell equation is

1). The asymptotic expansion of the

5 10

(s * ) w0 B
0 0
o 10

i(am +Ea_to> Q) —kupy = PP (B3b)

The quantities on the right-hand side of Eqs. (B1)—~(B3) are
given as AW =B —c®H = pO = g — p) — g —
HO=1O=—gO gD 10 = py)=pND = o) = p(h) —
A® = DO = H® = 0@ = p@ =0, B® = —""p{l ¢
Q(l) O co—)h _grh 0 o _ _Q*m & FO _

Qo0 — 2, P13
Q(12) ﬂ) Q;ll) flz) GO — 9*(1)/)513)’ 1@ — Q(l) o
Qm(pm Py, o= Q*é”pé? Q(plfpgi)’ KO _ Q(ll)p%),
L(z)_Q’;i”p;” ;;1)(,0(1) Py, M@ — Q;(l)pfé) I
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n A n A
0. ¥ = ol ana

(1

A — _iapll p® — _iap55
oty ’ ot ’
d
3 (1) *(2) (1) *(1) (2) 2) (1)
B = —i—p)) — Q17 — 2,1 Py + 82,03

oty
1 (2)
+ Q03

d
(€)—— (1 @) D @1 (2 *(2) (1)
CO = —i—pl) + QDo) + Q% — 2 ply

oty 2
*(1) ()
— 82,5 043
il
(€) ; @) M *(2) (1) *(1) (2)
EX =i +80 ) pia =R, P13 — 2,0 013
oty

a
3) _ : (@) 2 o)) ) @) 1) ()
FO =~ (’ T S — 3;)> P13 = LpaPiy = Py

2 (1) 1 (2
— Q1P —Q2,1P12,

a
3 : 2 2) (1 @ M 1 2
G® = — (l o +A® 4 8. ) Pia + Qp2p13 + Qp2p13

*(2) (1) *(1) (2)
— Q3 — 2 3,

)
HY = - <ia—t2 + A 452 35?) pis-

0
3 . 2 (1) 2) (1) 1 () 2)
9= - (’ 9 5;)) Py — 2Py — 200 + 82,
(H QY] My () )
x (/033 - /022) + Qp1(1033 — Py )v
0
3 . 2 (1) *(2) (1) *(1) (2)
J® = — (la_tz + Al )) Pag = 20 Pz — K2, 03

2) (1) a1 (2
+ 82,1034 + 21034

0
3 _ : (2) 2) () 2 (1) 1 (2
K _—<18t2+A —86.2),025 +Qp1p35 +Qp1p35,

.0 | 2) H @
LY = - (l at + 5572) + A(z)) P§4) + Q:i ):054) + Q;i ):0£4)

2)¢ (1) (1) My (2 (2)
+ Q) (Pag — P33) + Q) (P43 — P33)

.0 2
M = = (i + 0+ 0% = o2 ) o+ 2

oty
*(1) (2) *(2) (1) x(1) (2)
+ Q5 ys + 82,7025 + 82,1055

.0 2\ .a ) H_@
W = = (i =) o4 + 20 + e

8[2
3 139 c (8 ¥
09— i L 120 Yoo < (L4 C ) qm,
‘\om T can ) 2w, 8x12+3y12 P!

3 19 c (0%
PO=—i| —+-— )@Y - — (—+— |l
(azg cin) Pt 2w, ax? Ay} r2

APPENDIX C: EIGENVALUE PROBLEM
FOR THE STABILITY OF VOS

We consider a small perturbation adding to the stationary
VOS solution, that is,

Uj("»'vf»’?) = {Ustj(‘i:’n) + [01(5’77) + §j(§s77)]€h
+ o] Em — sfE e )T, (C)
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where (v 1,v52) is a stationary solution, o;(¢,n) and ¢;(§,n)
are normal modes, w; are frequencies, and A is the eigen-
value. Substituting (C1) into Eq. (13), one obtains the linear
eigenvalue equations related to the perturbation

A 1 23
i—o + <§Vi + Vig,n) — v_> S1— gllvszugl

Vgl gl
— gnvi,c1 =0, (C2a)
s 1 2
i—g1 + (EVi + Vig,n) — —) o1 — 38110301
Vgl Vgl
— g12(ve 201 + 204 1v5202) = 0, (C2b)

A 1
i~y + (—Vi + V) — 22

Vez ) ) G2 — gzzvszlzs‘z
8

ng
— 13,6 =0, (C2c)

. A 1 7%
i—¢ + (EVi + Va(§.n) — —) 03 — 380v5,02
Vg2 Vg2

2

— 82 (Ust 102 + zvstlvst261) =0, (C2d)

where VJZ_ = 852 + 3%. The eigenvalue problem (A) can be
numerically solved by the finite-difference method.

APPENDIX D: DERIVATION OF ANALYTICAL
SOLITON SOLUTIONS

Equation (14) is a (3 4 1)-dimensional nonlinear one
with variable coefficients. We can reduce its dimension-
ality related to the variable & by assuming v;(t,§,n) =
w j(t,n)¢_,-(§)e”\/-fvwf, where ¢;(£) is the normalized eigen-
function of the eigenvalue problem

1<32 N;

2 3—52—72>¢j=Es¢j, /_w|¢_,~|2ds=1, (d1)

with E¢ being the eigenvalue. When the optical lattice potential
is deep, we can take

8y = L T (D2)

with E; = —,/N; /2, that is, ¢; is a normalized ground state
solution. By inserting v;(t,§,n) = wj(r,n)¢j(§)ewfv&f’ into
Eq. (14) and integrating out the variable £, we obtain the
equation of w;:

(L)

v 0t 20n2) T 23/4p,

+(M»n— VN">w-=o (D3)
J ﬁ J ’

which is Eq. (15) in the main text. Equation (D3) admits the
following exact single-soliton solution [21]

1/4

2
gjjlwil w;

wj = Ajei(pf SeCh®j, (D4)

where A; = (25/4./\fj1/47r/00/|gjj|)1/2, @j = Mjvgit(n —
M,vz;72/6), and ©; = 2N})/*(n — M,v;;7%/2). Finally,
we obtain the soliton solution (16) given in the main text.
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