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Photoionization spectra by intense linear, circular, and elliptic polarized lasers
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We study the characteristics of ionization rates of an atom by an intense laser field using an extension of
Keldysh theory. High-order semianalytical expressions are obtained for linear, circular, and elliptically polarized
fields. We compare the features of the new rates with Keldysh analytical results as functions of frequency and
electric field strength. The directionality of photoelectron emissions is compared for elliptical, circular, and
linearly polarized cases. Laser polarization has significant effects on the ionization spectra and directionality of

photoelectron emission.
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I. INTRODUCTION

Over the past decade, there has been much interest in
highly nonlinear nonperturbative interactions of atoms and
molecules with intense few-cycle laser pulses with intensity [1]
approaching the atomic unit of intensity Iy =5 x 10'6 W
cm~2 orequivalently the electric field strength Eg = 5 x 10° V
cm™!. The study of electron dynamics [2] in this nonlin-
ear nonperturbative regime leading to new processes such
as above-threshold ionization (ATI), multiphoton ionization
(MPI) [3], and high-order-harmonic generation (HHG) [4] has
brought remarkable advancement in the field of attosecond
physics [5,6]. The pioneering work of Keldysh [7] provides
the basic theoretical description of the tunnel ionization by
intense linearly polarized light where the photon energy hw
is lower than the ionization potential [8] /,. For photon
energy higher than I, the model describes multiphoton
ionization where the transition from bound states to free
ionized states is accompanied by the absorption of several
quanta of order N,,. The Keldysh theory [9-11] determines
whether the photoionization is in the tunneling or multiphoton
region through the adiabaticity parameter y = ,/1,/2U,,
where U, = e?E? /4m? is the classic ponderomotive energy.
The three-step model by Corkum [3,12] provides a classical
description of the electron in the strong electromagnetic field,
E, by initially tunneling to the continuum with initial zero
velocity [3,4] or nonzero velocity [12] and then recolliding
with the parent ion, hence resulting in the maximum return
energy or equivalently the photon energy, N,hwy =1, +
3.17U,. Recolliding electrons can be used for molecular [13]
or nuclear imaging [14]. Their high energy and corresponding
wavelengths, A = 2rhi/ p, become comparable to molecular
distances, thus providing new tools for imaging and requiring
further the development of electron control through intense
light-matter interactions [15,16].

Recent experiments [17] have led to the generation of
high-energy attosecond light sources from intense laser-matter
interaction. The generation of attosecond pulses is based on a
highly nonlinear response, HHG, where the electron is driven
to the Volkov continuum state, returns and recollides with
the parent ion [18], emitting a plateau of harmonics where a
maximum energy cutoff is located at I, + 3.17U,. The nature
of the cutoff and whether other values beside 1, + 3.17U,
are possible is a subject of current interest as explored by

1050-2947/2012/86(2)/023410(6)

023410-1

PACS number(s): 33.80.Rv, 32.80.Rm

Milosevi¢ and A. F. Starace [19] who showed that linearly
polarized intense pulses with a static field perpendicular to the
linear polarization laser field can induce a plateau extending
towards high energy x-ray photons. Yuan and Bandrauk
[20] showed numerically that molecular high-order-harmonic
generation (MHOHG) can have the maximum elliptically
polarized harmonic energies of I, + 13.5U,, [20] for certain
internuclear distances and also the relative pulse carrier
envelope phase (CEP). Their model shows that MHOHG
is not only contributed by the recollision of the electron
with the parent ion of H," but also by recollision with the
neighboring ion. Constant et al. [21] have recently proposed
this as a new route for attosecond pulse generation in a
dissociative molecular medium. MiloSevi¢ et al.. [22] and
Borca et al. [23] have shown, respectively, that circularly and
elliptically polarized harmonics can be also generated if a
linearly polarized laser field is orientated at an appropriate
angle relative to a static electric field.

In this paper, we examine analytically and to higher order
the role of polarization, strength, and frequency of the laser
field on atomic polarized photoionization rates. We present
general semianalytical expression of photoionization rates for
the hydrogen atom by intense circular, elliptical polarization
fields [24,25]. We generalize Keldysh’s result for linear
polarized light from small photoelectron momentum to an
arbitrary value of momentum. We compare the general results
of linearly polarized light and the approximate expression
of the Keldysh theory. We analyze the variations of the
spectrum of the photoionization rates with laser field strength
and frequency. The main results are detailed spectra and
directionality of photoelectron emission for intense circular
and elliptical polarizations, which are qualitatively different
from the results with linear polarized laser fields.

II. KELDYSH THEORY FOR LINEAR POLARIZATION

For a linearly polarized electric field of strength E, the
ionization rate for small momentum was first derived by
Keldysh [7]. The theory is valid for small momenta such that
terms higher than (—£=)? are negligible. This restriction

/2ml,

also implies a limitation on the laser field strength E (since
% =~ eE) and hence the Keldysh parameter y = ,/1,/2U,.
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A. Tonization rate for small momentum

The general ionization rate is obtained by integration over
the three-dimensional momenta
3

dp
/ Z ILu(p)PSIARAp) — nhiw] ———, (1)

Q2m 71)3’

n=—0o

with the ionization amplitude (integrated over one period T of
the laser oscillations)

1 (72 . .
Ln(p)=g / V, (T(1))e'SPD = HP=molt gy ()

T2

The Vo(II(z)) = fws(r)eE . rexp[—%l’[(t)-r]cﬁr is the tran-
sition matrix element between the starting state of the
atom with 1, and the photoelectron, and S(p,t) = fot ,ll[l »+

ﬁn(‘[)z]d‘[ is the action phase during photoionization.
Here, II(t) = p — eA(t) and hQ(p) =1, + U, + -, with

d'p = p?dpdS2, and d2, = sin ©dOd d.
The celebrated Keldysh formula [9] for a strong field
ionization rate is then obtained from Egs. (1) and (2) as

w = 8w ,/ 53/2exp[2n <)/2 2+1 —sinh’1 y)i|

% Z exp[2An(€ — sinh™' Y)ID(/2EAR), (3)

n=(no+1)

where the summation over n starts with the photon integer

number ng + 1, An =n —ng, £ = 1)/—+y2’ U, = 4mw2 is the
ponderomotive energy, and no(E,w) = 1”; %  The Dawson
integral in Eq. (3) is defined as
y
D(y) = / exp(z® — y)dz, )
0
y? = 2&An. (5)

Equation (3) is derived by a residue theorem following Ref. [9]
instead of using the saddle point method, which includes all
(two) poles. This gives results that are twice as large as the
single pole Keldysh result [9]. Furthermore the integrand in
Eq. (4) must be multiplied by [1 + (—1)" cos(zg,)], where
gn = 4\/ 2B(1 + y2)(n — ng). However, the rapid oscillation
term cos (zg,) has a negligible effect on the results.

B. General ionization rate for arbitrary momentum

We have extended the Keldysh theory to arbitrary momenta,
giving the more general result that is semianalytical,

m2mw
= L) pysin®do, 6
s f Zﬂ (PP (6)
where
5 4hol, 2raleiS®uus)  iSmau-) |2
LI =\ —%— ) — . (D
eE n | coswty cos wi_
with double saddle points
us = —yxa; £yv(xa)? = (1 + 1), @®)
wty =sin"lug, 9)
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wt_ = —sin"u_, (10)
where a, = cos ®, n = 1 + x?sin?> ®, and the corresponding
phase for each saddle point is

Q
S(uy) = = sin'uy — B@yxa, +ug)vy,  (11)

Q
Sw_)=—(r —sin'u_)+ B@yyxa, +u)v_, (12)
w
where hQ =1, + U, +2m B=12 andve = V1 —ul.
The momentum pn depends on the frequency w and n
through the parameter

D h o) (13)
= = —n —ny),
X V2mli, I, 0

I”; Y is the threshold. Equation (13) follows
the energy conservation from =nhw — (I, + U,) which
clearly describes the photoelectrlc effect, with a threshold that
serves as the effective work function, i.e., the sum of ionization
energy /, and the ponderomotive energy U,. Note that the
photoelectron kinetic energy (and p?2) is proportlonal to the
photon frequency. The strong field regime is characterized by

where ng =

the Keldysh parameter y = ‘/%. In the limit U, becomes
P

significant compared to [,; i.e., the threshold becomes depen-

. . _ gE? 1_p
dent on the laser intensity, / = =5~ 30, <1

Figure 1 shows that the new analytical results, Eq. (6), agree
quite well with the Keldysh results at lower frequencies w up
to a quite high electric field E, according to the condition

_ Pn 2 —
X = N < 1, where p; = 2mhw(n — ny). However, there

are significant deviations for large frequency w and large field
strength E. This shows that the present high-order theory is
necessary for the high frequency and high field regimes.

and y =

E=4x10' Vin'!

» 12 E=10'2 V!
x10 x10°

wis™)
- N w S w (2]

lower frequency range
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FIG. 1. (Color online) Comparison of ionization rates w(s™')
between double pole Eq. (7) (thick line) and Keldysh Eq. (3) (thin
line) for linear polarization, low and high frequencies w(s~!). and
electric fields E(V m™!).
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FIG. 2. (Color online) Linear polarization ionization rates w (s~')
vs frequency o (s~!) and electric field E (V m~") for (a) double exact
poles from Eq. (7), (b) single exact pole from Eq. (7), and (c) Keldysh
Eq. (3).

Figure 2(a) reports the ionization rate for a range of
frequencies w and electric fields E. The general trend is that the
rate increases with both the frequency and the electric field.
At frequencies greater than about 10'® s=' or wavelengths
less than about A = 0.2 um, the rate shows clear oscillations
[not found in the Keldysh theory, Eq. (3)] especially at small
fields, E. The rates show saturation with increasing electric
field and frequency. Since there are oscillations when only
one pole is considered [Fig. 2(b)], therefore the oscillations
in the general result Eq. (6) and Fig. 4 are NOT due to the
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beating or interference of the two terms o or T
in Eq. (7) associated with the two exact poles u (that include
the momentum to all orders). However, the result with the two
poles, Eq. (6), gives slightly different oscillations and with the
rate 2 (instead of 4) times that of a single pole, a result of the
incoherent sum of the two pole terms with different phases. The
Keldysh result [Fig. 2(c)] shows ripples instead of oscillations,
since the terms associated with the second pole have negligible
effect. The Keldysh Eq. (3) predicts a rate about 50 times larger
than the higher order theory. This discrepancy is due to the
breakdown of the small momentum approximation used in the
Keldysh theory requiring higher corrections \/2";”_[] .

The angular dependence of the photoionization rate ob-
tained from Eq. (6) is shown in Fig. 3:

dw m it )
=——= > ILE)I P (14)
dSta  (2mh7)* =

The differential rate is obtained by differentiating the rate
w with respect to the solid angle €2,.The differential rate %’Jﬂ
is maximum at ® = 0, parallel to the field E, which is along
the z axis, and then becomes 50 times smaller at ® = 7 /4
and about 100 times smaller in the perpendicular x-y plane
(® = 1 /2). These new results describe the high directionality
of the photoelectron emission by intense linear polarized
light.

III. ELLIPTICAL POLARIZATION

For elliptical polarized light E = E(« cos wt, § sin wt,0) =
%E[()?a +i9B)e” ' + c.c.], where o and B determine the
ellipticity € = «/f, the integration over ®, the azimuthal
angle, should be included:

2m
(2nh2)2f / ZIL(pn)l P sin©@dOdP, (15)

where
Vo (I, () g
L = ¢ (8 u)du 16
P = m (16)
1
T
U _ B2)sin?2
S(p.s) = ns - U@ = psinx s
hw 2
eE .
_ W[Otpx coss + fp, sins],

with u = sins and s = wt. The angular momentum compo-
nents p = p(sin © cos P, sin O sin &, cos ) define the subse-
quent electron momentum as it follows the field predominantly
confined in the x-y plane, with p(ay,ay,a;) that can be
found from d—'t’ =e(E + Lp x B). Neglecting the magnetic
Lorentz force at nonrelativistic speed deﬁnes ~ ¢E, giving

a, = 0, and finite transverse components —* o ’3 4 owithv =
~/1 —u?. This corresponds to setting ® = n/2 in the unit
vector of p, i.e., a, = 1 ,ay = 1 . We note that

P T 1 ETY T 146

a further contribution to the electron dynamics may come
from gradients of the ponderomotive energy U, as discussed
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FIG. 3. (Color online) Differential ionization rate dw/d<2, for linearly polarized laser field, at different detection angle ©.

in filamentation processes [26]. As shown in this work, at
nonrelativistic energies and slow varying pulse envelopes, such
corrections are small perturbations on electron velocities and
are neglected in the present analysis. This is consistent with
the dipole approximation adopted here.

The transition matrix element between an initial bound state
¥, and a continuum Volkov state ¥, (r,7) = exp{%[H(t) T —

(; —Hz(;)zdr]}, with II(t) = p — eA(?), is

Volt) = e / V(D) Ersin@C(t,¢)e " Er’drsin0dodep, (19)

where
1
E0,9) = ﬁ[Qr sinf + Prcosf], (20)
C(t,9) = acoswt cos ¢ + B sinwt sing, 21
P =p,, 22)
O(t.¢) = (px + eA, sinwt)cos ¢
+ (py — eAycoswt)sing. (23)
In Q(¢,¢), the radiation momenta eA, = O{% andeA, = %

are due to the x- and y-component fields of the elliptically
polarized laser, respectively.

For a  hydrogenic  atom,
R(r)@(@)\/%e’m‘f’. Assuming  an
Y(r) = «/%3 e7"[R(r) = v a—7‘3 e, we may perform

the r integration and obtain a semianalytical expression:

1
Vo(IL(r)) = 4/ ﬁeE6a4 / Ct.9)G@@)dp,  (24)

Vs(r) = R(r)Y (0,9) =

initial 1s  state,

with

sin 6d6
G(o) = ) ; 7
[1+i%(Qsinf + Pcost)]

L [iuﬂ —1- 4Q’2)(in + 2tanh™! g)

(25)

T 6A | /A JA
407
260" — , 26
+260" - 55— 1] (26)
where

A=P?+0%-1, 27)

, la , la
P = ;P, 0 =—0. (28)

The above expressions have been computed numerically
and are illustrated in Figs. 4 and 5 for various fields. The
saddle point method S’ = 0 gives, on the other hand,

Q
37 (@ — BH(2u; — 1)

+4)/)({ozaxus — Bay,/1 — uf} =0. (29)

This gives four saddle points (roots) u, that do not have a
simple analytical form. The transcendental Eq. (29) reduces
to Eq. (11) for linear polarization by setting « = 1 and 8 =
0, with AiQ = I, + U,(a* + B*) + p?/2m. Each root has the
corresponding derivative

S”us:
() -

Circutar Polarization
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FIG. 4. (Color online) Differential ionization rate dw/d<2, for circularly polarized laser field; @ = 8 = 1/+/2 at different detection angle
©®. The results are independent of azimuthal angle ® due to symmetry of the circularly polarized laser.
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Eltiptic Polarization

®=7/2, ©=0

1 4
E(vm) ofs™

O=n/2, O=1/4

®=n/2, O=7/2

E(vm)

ofs) E(vm™")

FIG. 5. (Color online) Differential ionization rate dw/dS2, for elliptically polarized laser field; & = 1/+/5 and B = 2/+/5 at different

detection directions ® and ® = /2.

For circular polarized fields, the differential photoionization
rate dw/dS2 (Fig. 4) at ® = /2 is about 30 times smaller than
the rate for linear polarization at ® = 0. However, there are
no rapid oscillations despite the fourth-order root in the saddle
point formula, Eq. (29). The calculated spectra do not vary
with @ due to the circular symmetry of atoms as opposed
to molecular spectra [12], where ionization rates depend on
laser-molecule orientation.

Ellipticity ¢ = «/ has significant effects on the differential
ionization rate spectra and their intensity dependence (Fig. 5).
There is a clear minimum threshold frequency of the laser
required for photoionization for each value of the electric field
that is almost independent of the azimuthal angle ®. This
feature due to the asymmetry, the term o> — 82 in the phase
S, does not appear in the circular polarized case, since then
o = B in Eq. (29), thus reducing it to a two pole problem. The
electron is ejected mainly in the x-y plane (when ® = 7 /2), as
expected. The rate along the y direction (® = 7 /4) is slightly
greater than that along the x direction since § > «. The results
are similar to a recent analysis [27] for initial nonzero angular
momentum states.

IV. CONCLUSION

We have obtained general semianalytical expressions for
atomic photoionization rates driven by intense linear, circular,
and linearly polarized laser fields. The new result for linear
polarization is different from that of the Keldysh theory in the
high field and high frequency regime. Due to the occurrence of
multiple poles in the transition amplitudes, we find oscillating

features as the result of interference in the high frequency and
high intensity regime, not only in the rate w but also in the
differential rate dw/d<2, especially at larger angles ®. Such
features do not appear in the circular and elliptic polarization
field cases. The differential rates for circular polarized fields
are about ten times smaller than those for the spectra for
elliptical polarization which show different asymmetry as
a function of the azimuthal angle ¢ in the perpendicular
x-y plane. This asymmetry is absent in atoms for circular
polarization (Fig 4) but appears in diatomic molecules for
circular polarization, due to different ionization rates parallel
and perpendicular to molecular symmetry axes [28]. Thus
the molecular circular polarization response mimics atomic
elliptical polarization ionization.

The theory developed above can be extended to calculate
higher-order terms in the perturbative formalism. For example,
the second-order term in the atomic transition amplitudes
gives the effects of laser-induced recollision and HHG driven
by intense circular and elliptically polarized laser fields.
Orientation-dependent ionization rates in molecules [20,28]
offer a new challenge for developing nonperturbative analytic
expressions for these highly nonlinear processes as a function
of laser-molecule orientation for new applications in molecular
imaging on ultrashort time scales.

ACKNOWLEDGMENTS

This work is supported by the Ministry of Higher Edu-
cation (MOHE)/University of Malaya HIR under Grant No.
A-000004-50001.

[1] T. Brabec and F. Krausz, Rev. Mod. Phys. 72, 545
(2000).

[2] S. Baker, J. S. Robinson, C. A. Haworth, H. Teng, R. A. Smith,
C. C. Chirila, M. Lein, J. W. G. Tisch, and J. P. Marangos,
Science 312, 424 (2006).

[3] P. B. Corkum, Phys. Rev. Lett. 71, 1994 (1993).

[4] M. Lewenstein, Ph. Balcou, M. Y. Ivanov, A. L’Huillier, and
P. B. Corkum, Phys. Rev. A 49, 2117 (1994).

[5] E. Krausz and M. Ivanov, Rev. Mod. Phys. 81, 163 (2009).

[6] P. B. Corkum and F. Krausz, Nat. Phys. 3, 381 (2007).

[7]1 L. V. Keldysh, Sov. Phys. JETP 20, 1307 (1965) [Zh. Eksp. Teor.
Fiz. 47, 1945 (1964)].
[8] M. V. Ammosov, N. B. Delone, and V. P. Krainov, Sov. Phys.
JETP 64, 1191 (1986).
[9] K. Mishima, M. Hayashi, J. Yi, S. H. Lin, H. L. Selzle, and
E. W. Schlag, Phys. Rev. A 66, 033401 (2002).
[10] V. N. Ostrovsky, T. K. Kjeldsen, and L. B. Madsen, Phys. Rev.
A 75, 027401 (2007).
[11] H. Mineo, S. D. Chao, K. Mishima, K. Nagaya, M. Hayashi, and
S. H. Lin, Phys. Rev. A 75, 027402 (2007).

023410-5


http://dx.doi.org/10.1103/RevModPhys.72.545
http://dx.doi.org/10.1103/RevModPhys.72.545
http://dx.doi.org/10.1126/science.1123904
http://dx.doi.org/10.1103/PhysRevLett.71.1994
http://dx.doi.org/10.1103/PhysRevA.49.2117
http://dx.doi.org/10.1103/RevModPhys.81.163
http://dx.doi.org/10.1038/nphys620
http://dx.doi.org/10.1103/PhysRevA.66.033401
http://dx.doi.org/10.1103/PhysRevA.75.027401
http://dx.doi.org/10.1103/PhysRevA.75.027401
http://dx.doi.org/10.1103/PhysRevA.75.027402

C. H. RAYMOND OOI, WAILOON HO, AND A. D. BANDRAUK

[12] A. D. Bandrauk, S. Chelkowski, and K. J. Yuan, Intl. Rev. At.
Molec. Phys. 2, 1 (2011).

[13] M. Lein, J. Phys. B 40, R135 (2007).

[14] N. Milosevic, P. B. Corkum, and T. Brabec, Phys. Rev. Lett. 92,
013002 (2004).

[15] M. Protopapas, D. G. Lappas, and P. L. Knight, Phys. Rev. Lett.
79, 4550 (1997).

[16] E. Lorin, S. Chelkowski, and A. Bandrauk, Comput. Phys.
Commun. 177, 908 (2007).

[17] G. Sansone, L. Poletto, and M. Nisoli, Nat. Photonics 5, 655
2011).

[18] M. Lein and J. M. Rost, Phys. Rev. Lett. 91, 243901 (2003).

[19] D. B. Milosevi¢ and A. F. Starace, Phys. Rev. A 60, 3160
(1999).

[20] K. J. Yuan and A. D. Bandrauk, Phys. Rev. A 84, 023410 (2011);
83, 063422 (2011); 81, 063412 (2010).

PHYSICAL REVIEW A 86, 023410 (2012)

[21] M. Forre, E. Mevel, and E. Constant, Phys. Rev. A 83, 021402
(2011).

[22] D. B. Milosevi¢, W. Becker, and R. Kopold, Phys. Rev. A 61,
063403 (2000).

[23] B. Borca, A. V. Flegel, M. V. Frolov, N. L. Manakov, D. B.
Milosevié, and A. E. Starace, Phys. Rev. Lett. 85, 732 (2000).

[24] R. Baer, D. Neuhauser, P. R. Zdénské, and N. Moiseyev, Phys.
Rev. A 68, 043406 (2003).

[25] O. Smirnova, S. Patchkovskii, Y. Mairesse, N. Dudovich,
D. Villeneuve, P. Corkum, and M. Y. Ivanov, Phys. Rev. Lett.
102, 063601 (2009).

[26] C. T. L. Smeenk, L. Arissian, B. Zhou, A. Mysyrowicz, D. M.
Villeneuve, A. Staudte, and P. B. Corkum, Phys. Rev. Lett. 106,
193002 (2011).

[27] 1. Barth and O. Smirnova, Phys. Rev. A 84, 063415 (2011).

[28] K. J. Yuan and A. D. Bandrauk, J. Phys. B 45, 074001 (2012).

023410-6


http://dx.doi.org/10.1088/0953-4075/40/16/R01
http://dx.doi.org/10.1103/PhysRevLett.92.013002
http://dx.doi.org/10.1103/PhysRevLett.92.013002
http://dx.doi.org/10.1103/PhysRevLett.79.4550
http://dx.doi.org/10.1103/PhysRevLett.79.4550
http://dx.doi.org/10.1016/j.cpc.2007.07.005
http://dx.doi.org/10.1016/j.cpc.2007.07.005
http://dx.doi.org/10.1038/nphoton.2011.167
http://dx.doi.org/10.1038/nphoton.2011.167
http://dx.doi.org/10.1103/PhysRevLett.91.243901
http://dx.doi.org/10.1103/PhysRevA.60.3160
http://dx.doi.org/10.1103/PhysRevA.60.3160
http://dx.doi.org/10.1103/PhysRevA.84.023410
http://dx.doi.org/10.1103/PhysRevA.83.063422
http://dx.doi.org/10.1103/PhysRevA.81.063412
http://dx.doi.org/10.1103/PhysRevA.83.021402
http://dx.doi.org/10.1103/PhysRevA.83.021402
http://dx.doi.org/10.1103/PhysRevA.61.063403
http://dx.doi.org/10.1103/PhysRevA.61.063403
http://dx.doi.org/10.1103/PhysRevLett.85.732
http://dx.doi.org/10.1103/PhysRevA.68.043406
http://dx.doi.org/10.1103/PhysRevA.68.043406
http://dx.doi.org/10.1103/PhysRevLett.102.063601
http://dx.doi.org/10.1103/PhysRevLett.102.063601
http://dx.doi.org/10.1103/PhysRevLett.106.193002
http://dx.doi.org/10.1103/PhysRevLett.106.193002
http://dx.doi.org/10.1103/PhysRevA.84.063415
http://dx.doi.org/10.1088/0953-4075/45/7/074001



