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Photoionization of heliumlike ions with excitation of nl states
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Photoionization of heliumlike targets accompanied by transition of the residual ions into the arbitrary nl

state is studied. The method of nonrelativistic perturbation theory with respect to the interelectron interaction is
employed. Cross sections are deduced in the form of universal scalings, which hold for nonrelativistic energies
including the near-threshold range. Numerical calculations are compared both with available experimental and
with theoretical results.
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I. INTRODUCTION

The two-electron transitions in atoms and ions caused
by collisions with photons and charged projectiles are in-
tensively studied both theoretically and experimentally in
order to get information about the interelectron correlations
and multiparticle wave functions [1–3]. The most interesting
processes are those which occur entirely due to electron-
electron correlations. In the case of photoabsorption, these are
double photoionization, photoionization with excitation, and
double excitation of a target by a single photon. The majority
of experiments are still carried out with neutral helium, which
is assumed to be the simplest multielectron atomic system.

Heliumlike multicharged ions with moderate values of
nuclear charge Z are even more attractive for investigations
of correlated processes, since the corresponding cross sec-
tions exhibit the universal scaling behavior. In addition, the
theoretical calculations can be performed analytically within
the framework of perturbation theory with respect to the
interelectron interaction, which appears to be the perturbation
theory with respect to the small parameter 1/Z � 1 [4,5].
However, there are also two circumstances which complicate
the use of such targets. First, it is still sufficiently difficult to
prepare intensive ion beams of high quality. Second, cross
sections of the correlated processes decrease rapidly with
increasing Z values.

Although the double photoionization of helium has been
thoroughly studied, photoionization accompanied by excita-
tion has attracted rather minor attention. The first calculations
of the process for the He atom were performed by Brown
within the energy range from the ionization threshold to
5 keV [6]. As a wave function of the initial state, the
multiparametrical variational function [7] was used. The final
state was described as a product of the Coulomb wave
functions, which is obviously insufficient in the low-energy
regime.

In Refs. [8–10], it was shown that at asymptotically
high photon energies ω, the cross section for ionization
accompanied by simultaneous excitation of the nl state
behaves as σ+∗

nl ∼ ω−7/2−l . For ns transitions, this dependence
is similar to that of the cross section for a single K-shell
photoeffect, which decreases as σ+ ∼ ω−7/2 with increasing
photon energy. The contributions of transitions into nl states
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characterized by orbital angular momenta l � 1 decrease more
rapidly and, therefore, can be neglected.

At intermediate and low energies, the contribution of
excitations into the nl states with l � 1 can be significant.
In Ref. [11], the intermediate energy range was considered.
As a wave function of the initial state, Drukarev et al. used a
highly accurate numerical function. The wave function of the
final state was constructed as a series expansion with respect
to the Sommerfeld parameters αZc/v and αc/v, where α is
the fine-structure constant, c is the speed of light, and v is
the velocity of the ejected electron. Since the parameter αZc

characterizes the average velocity of a K-shell electron, such
an expansion is not justified at low energies near the ionization
threshold. The cross sections for ionization accompanied by
excitation were also calculated for He atoms and for heliumlike
ions Li+ and O6+ at middle and low energies within the
framework of sophisticated numerical methods [12–14].

It should be stressed that, in contrast to the high-energy
range, the low-energy description of correlated processes in the
vicinity of the ionization threshold is a much more complicated
problem, because all couplings in the colliding system are
essential. Here the electron momenta are of the same order
of magnitude as the recoil momentum transferred to the
atomic nucleus. Accordingly, one needs to take into account
both electron-electron and electron-nucleus interactions con-
sistently. In Refs. [15] and [16], we employed nonrelativistic
perturbation theory in the Furry picture. The Coulomb wave
and Green’s functions were used to the zeroth approximation.
The electron-electron interaction was taken into account in
both the initial and the final states. The cross sections for
photoionization of heliumlike ions accompanied by transitions
into the ns and np states were calculated over the entire
nonrelativistic range of photon energies.

However, the results in Refs. [15] and [16] contain errors,
which are corrected in the present paper. In addition, we make
a generalization to the case of excitation of residual ions into
arbitrary nl states. The final results are presented in the form
of universal scalings, which allow for investigation of most
generic features of the correlated process for a wide family
of atomic targets. In the following, the conditions Z � 1 and
αZ � 1 are assumed to be fulfilled. Accordingly, the accuracy
of our results is restricted by higher order corrections with
respect to the parameters 1/Z and αZ, which are omitted in the
present study. Resonance phenomena near the threshold [17]
are not considered here. Relativistic units are used throughout
the paper (h̄ = 1, c = 1).
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II. AMPLITUDE OF PHOTOIONIZATION WITH
EXCITATION OF THE nl STATE

The amplitude of two-electron transition caused by absorp-
tion of a single photon reads [5]

A = 2〈�f |Vγ |�i〉, (1)

where Vγ is the single-particle operator of the electron-photon
interaction and �i,f (r1,r2) are the wave functions for the
initial and final states of the atomic target. In the nonrelativistic
approach, the photon energy ω is restricted by the condition
ω � me, where me is the electron mass. In photoionization
processes, the operator Vγ can be approximated by the dipole
term [18]. Since we shall work in the coordinate representation,
the electron-photon interaction is taken in the acceleration
form [19,20],

Vγ (r) = Nγ

iαZ

meω

(e · r)

r3
, Nγ =

√
4πα√
2ω

, (2)

where e is the polarization vector of a photon. Expression
(2) is convenient for numerical calculations of the matrix
elements, because it improves the convergency of integrals.
The wave functions �i,f (r1,r2) are found by using the
perturbation theory with respect to the electron-electron in-
teraction VC(r1,r2) = α/|r1 − r2|. To zeroth approximation,
the Coulomb wave functions for target with nuclear charge Z

are taken. Due to symmetry of the wave functions, amplitude
(1) can be represented as the sum of four terms [5],

A =
√

2(Aa + Ab + Ac + Ad ), (3)

where

Aa = 〈ψpψnl |Vγ G(Ea)VC|ψ1sψ1s〉, (4)

Ab = 〈ψpψnl |VCG(Eb)Vγ |ψ1sψ1s〉, (5)

Ac = 〈ψnlψp|Vγ G(Ec)VC|ψ1sψ1s〉, (6)

Ad = 〈ψnlψp|VCG(Eb)Vγ |ψ1sψ1s〉. (7)

Here G(E) denotes the one-particle Coulomb Green’s function
with energy E. The one-electron Coulomb wave functions
of the discrete spectrum, ψ1s and ψnl , correspond to the
energies E1 = −I and En = −I/n2, respectively, where I =
η2/(2me), η = meαZ, and n is the principal quantum number.
The one-electron Coulomb wave function ψp of the continuous
spectrum corresponds to the energy E = p2/(2me), where
p is the asymptotic momentum of the ejected electron. In
Eqs. (4)–(7), the energies of intermediate states are defined as
follows:

Ea = 2E1 − En, (8)

Eb = E + En − E1 = ω + E1, (9)

Ec = 2E1 − E. (10)

In Eqs. (9), the second equality results from the en-
ergy conservation law 2E1 + ω = E + En. Matrix elements

( )a ( )b

1s

1snl

p1s

1snl

p

( )c ( )d

1s

1s

nl1s
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nl
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FIG. 1. Feynman diagrams for photoionization with excitation of
the nl state. Solid lines describe electrons in the Coulomb field of the
nucleus.

(4)–(7) can be represented by four Feynman diagrams (see
Fig. 1). Figures 1(a) and 1(c) describe the interaction in
the initial state, while Figs. 1(b) and 1(d) account for the
interaction in the final state.

In Refs. [15] and [16], matrix elements (4)–(7) are
calculated in the momentum representation without use of
the partial-wave decomposition. The disadvantage of this
approach is that the general formulas for excitation of arbitrary
nl states characterized by different angular momenta l cannot
be derived. However, the advantage is that the final formulas
are convenient for numerical calculations. In the case of ns

transitions, the amplitudes can be reduced to single integrals
[15], while the amplitudes are given by twofold integrals
for np transitions [16]. We have found that the formulas
obtained in Refs. [15] and [16] contain errors (see Appendix).
Therefore, the corresponding numerical results need to be
revised.

In the coordinate representation, one can derive the general
formulas for transition of the residual ions into the arbitrary
final state. However, these formulas contain threefold radial
integrals, which require rather time-consuming calculations.
In experiments, the cross sections are measured for photoion-
ization with excitation of the whole n shell. Accordingly, one
needs to calculate the total cross sections for excitations into
all nl subshells. In the following, we work in the coordinate
representation, which allows us to separate the radial and
angular parts. For example, the wave function ψnl(r) is given
by ψnl(r) = Rnl(r)Ylm(r̂), where r̂ = r/r is the unit vector
and Ylm are the spherical harmonics. The radial functions are
normalized by the condition

∫ ∞

0
R2

nl(r)r2dr = 1. (11)

Since the angular distributions of ejected electrons are not
considered here, it is convenient to take the Coulomb wave
function ψp, which is characterized by a definite energy and
angular momentum. Namely, ψp(r) = REl′(r)Yl′m′ (r̂), where
the radial functions REl(r) are normalized to the δ function in
the energy

∫ ∞

0
RE′l(r)REl(r)r2dr = δ(E′ − E). (12)
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Then matrix elements (4)–(7) can be cast in the form

Aa =
∫

ψ∗
p(r1)Vγ (r1)d r1

×
∫

G(r1,r2,Ea)Un(r2)ψ1s(r2)d r2, (13)

Ab =
∫

ψ∗
p(r1)Un(r1)d r1

×
∫

G(r1,r2,Eb)Vγ (r2)ψ1s(r2)d r2, (14)

Ac =
∫

ψ∗
nl(r1)Vγ (r1)d r1

×
∫

G(r1,r2,Ec)Up(r2)ψ1s(r2)d r2, (15)

Ad =
∫

ψ∗
nl(r1)Up(r1)d r1

×
∫

G(r1,r2,Eb)Vγ (r2)ψ1s(r2)d r2. (16)

Here we have used the following notation:

Un(r) =
∫

ψ∗
nl(r ′)VC(r ′,r)ψ1s(r ′)d r ′, (17)

Up(r) =
∫

ψ∗
p(r ′)VC(r ′,r)ψ1s(r ′)d r ′. (18)

Expanding the operator VC of the electron-electron interac-
tion over the spherical harmonics yields

Un(r) = 4πα

2l + 1
unl(r)Y ∗

lm(r̂), (19)

unl(r) =
∫ ∞

0
�l(r,r

′)Rnl(r
′)ψ1s(r

′)r ′2dr ′, (20)

Up(r) = 4πα

2l′ + 1
uEl′(r)Y ∗

l′m′(r̂), (21)

uEl(r) =
∫ ∞

0
�l(r,r

′)REl(r
′)ψ1s(r

′)r ′2dr ′, (22)

where �l(r,r ′) = rl
</rl+1

> , r< = min{r,r ′}, and
r> = max{r,r ′}. The partial-wave decomposition for the
Coulomb Green’s function is given by

G(r1,r2,E) =
∑
λ,μ

Gλ(r1,r2,ν)Y ∗
λμ(r̂1)Yλμ(r̂2), (23)

where ν = η/
√−(2meE + i0).

For simplicity, we chose the spherical basis vector e0 = ez

as the polarization vector e. Then, after integration over angles
in Eqs. (13)–(16), the expression for total amplitude (3) reads

A = iαZ

3me

(
4πα

ω

)3/2

C10
l0 l′0C

10
lm l′m′

×
{

�l′

�l

(Ja + Jb) + �l

�l′
(Jc + Jd )

}
, (24)

where �l = √
2l + 1 and the standard notations for the

Clebsch-Gordan coefficients are used. In Eq. (24), the radial
integrals take the form

Ja =
∫ ∞

0
REl′(r1)dr1

∫ ∞

0
Gl(r1,r2,νa)unl(r2)ψ1s(r2)r2

2 dr2,

(25)

Jb =
∫ ∞

0
REl′(r1)unl(r1)r2

1 dr1

∫ ∞

0
G1(r1,r2,νb)ψ1s(r2)dr2,

(26)

Jc =
∫ ∞

0
Rnl(r1)dr1

∫ ∞

0
Gl′(r1,r2,νc)uEl′(r2)ψ1s(r2)r2

2 dr2,

(27)

Jd =
∫ ∞

0
Rnl(r1)uEl′(r1)r2

1 dr1

∫ ∞

0
G1(r1,r2,νb)ψ1s(r2)dr2.

(28)

For derivation of the universal scalings, it is convenient
to use the dimensionless variable x = ηr and to express all
momenta and energies in units of η and I , respectively.
Then the dimensionless asymptotic momentum k of the
ejected electron is given by k = p/η, while the corresponding
dimensionless energy is just ε = E/I = ξ−2, where ξ = 1/k.
The dimensionless photon energy is defined as εγ = ω/I . The
energy-conservation law for the process under consideration
takes the form εγ = ξ−2 + 2 − n−2.

The radial parts of the Coulomb wave functions are given
by

Rnl(r) = η3/2
n Rnl(x), (29)

Rnl(x) = Nnlρ
le−x/nF (l + 1 − n,2l + 2,ρ), (30)

REl(r) = √
ηme Rεl(x), (31)

Rεl(x) = Nεlζ
le−ikxF (l + 1 + iξ,2l + 2,iζ ), (32)

where ηn = η/n, ρ = 2x/n, ζ = 2kx, and F (a,b,z) is the
regular confluent hypergeometric function. In Eqs. (30) and
(32), the normalization factors are defined as follows:

Nnl = 2

�(2l + 2)

√
�(l + 1 + n)√
n�(n − l)

, (33)

Nεl =
√

2√
πξ

eπξ/2 |�(l + 1 − iξ )|
�(2l + 2)

, (34)

where �(z) is Euler’s � function.
The radial part of Green’s function is given by

Gλ(r1,r2,ν) = ηme Gλ(x1,x2,ν), (35)

Gλ(x1,x2,ν) = ν�(λ + 1 − ν)

�(2λ + 2)x1x2
Mν,μ(κ<)Wν,μ(κ>), (36)

where μ = λ + 1/2, κ≶ = 2x≶/ν, x< = min{x1,x2}, and
x> = max{x1,x2}. The Whittaker functions, Mν,μ and Wν,μ,
are defined as [21]

Mν,μ(z) = e−z/2zλ+1F (λ + 1 − ν,2λ + 2,z), (37)

Wν,μ(z) = e−z/2zλ+1�(λ + 1 − ν,2λ + 2,z), (38)

where �(a,b,z) is the irregular confluent hypergeometric
function.
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Functions (20) and (22) can be written as

unl(r) = ηn√
nπ

wnl(x), (39)

wnl(x) =
∫ ∞

0
�l(x,x ′)Rnl(x

′)e−x ′
x ′2dx ′, (40)

uEl(r) =
√

me√
π

wεl(x), (41)

wεl(x) =
∫ ∞

0
�l(x,x ′)Rεl(x

′)e−x ′
x ′2dx ′. (42)

Finally, total amplitude (24) takes the form

A = iαZ

3πme

(
4παme

nω

)3/2

C10
l0 l′0C

10
lm l′m′Dll′ . (43)

Here

Dll′ = �l′

�l

(Ja + Jb) + �l

�l′
(Jc + Jd ), (44)

Ja =
∫ ∞

0
Rεl′ (x1)dx1

∫ ∞

0
Gl(x1,x2,νa)wnl(x2)e−x2x2

2dx2,

(45)

Jb =
∫ ∞

0
Rεl′ (x1)wnl(x1)x2

1dx1

∫ ∞

0
G1(x1,x2,νb)e−x2dx2,

(46)

Jc =
∫ ∞

0
Rnl(x1)dx1

∫ ∞

0
Gl′ (x1,x2,νc)wεl′(x2)e−x2x2

2dx2,

(47)

Jd =
∫ ∞

0
Rnl(x1)wεl′(x1)x2

1dx1

∫ ∞

0
G1(x1,x2,νb)e−x2dx2,

(48)

where νa = 1/
√

2 − n−2, νb = i/
√

ε + 1 − n−2, and νc =
1/

√
ε + 2. Integrals (25)–(28) and (45)–(48) are related to

each other via the following equality:

Ji = 1

π

(me

n

)3/2
Ji , (i = a, . . . ,d). (49)

III. CROSS SECTION FOR PHOTOIONIZATION WITH
EXCITATION OF THE nl STATE

The cross section for the process under consideration reads

σ+∗
nl = 2π

∑
l′,m′,m

|A|2, (50)

where amplitude A is given by Eq. (43). Taking into account
that ∑

m,m′

(
C10

lm l′m′
)2 = 1, (51)

one obtains the universal scaling

σ+∗
nl = 210πσ0

9Z4n3
Qnl(ξ ), (52)

Qnl(ξ ) = ε−3
γ

l+1∑
l′=|l−1|

∣∣C10
l0 l′0Dll′

∣∣2
. (53)

Here σ0 = απa2
0 � 0.642 Mb, a0 = 1/(meα) is the Bohr

radius, ε = ξ−2, εγ = ξ−2 + 2 − n−2, and Dll′ is given by
Eq. (44). Formula (52) is valid over the entire nonrelativistic
energy range characterized by 2 − n−2 � εγ � 2(αZ)−2.

The function Qnl(ξ ) does not depend on the value of Z,
being the universal one for a whole sequence of heliumlike
ions. At high and low energies, it can be expanded in
parameters ξ and ξ−1, respectively. In the case of excitations
into ns states, we have found two leading terms of these
expansions, which read

Qns(ξ ) �

⎧⎪⎨
⎪⎩

B1 − B2ξ
−2 if ξ � 1,

ξ 8

e2πξ − 1
(C1 − C2ξ

2) if ξ � 1.
(54)

Note that we do not make an expansion with respect to
the parameter πξ , which is not supposed to be small. The
expansion coefficients for different values of the principal
quantum number n are listed in Table I. As can be seen, the
second coefficients are always larger than the first ones.

The ratio of the cross section for the process under
consideration to that for a single photoeffect is also of
experimental interest. The nonrelativistic cross section for K-
shell photoionization of heliumlike ions is known in analytical
form [22],

σ+ = 210πσ0

3Z2ε4
γ

e−4τarccotτ

(1 − e−2πτ )
, (55)

where τ = 1/
√

εγ − 1. Then the ratio of cross sections is given
by

Rnl = σ+∗
nl

σ+ = Hnl(ξ )

Z2n3
, (56)

Hnl(ξ ) = ε4
γ

3

(1 − e−2πτ )

e−4τarccotτ
Qnl(ξ ). (57)

TABLE I. Expansion coefficients in Eq. (54) and limiting values for functions Hnl(ξ ).

Hns(ξ ) Hns(ξ ) Hnp(ξ ) Hnd (ξ )
n 102 × B1 10 × B2 C1 C2 (ξ → 0) (ξ → ∞) (ξ → ∞) (ξ → ∞)

2 1.578 0.332 2.1864 7.008 0.729 1.332 0.967
3 0.916 0.188 1.3824 5.208 0.461 0.959 0.861 0.0195
4 0.770 0.157 1.1952 4.728 0.399 0.867 0.831 0.0243
5 0.713 0.145 1.1208 4.536 0.374 0.829 0.818 0.0263
6 0.684 0.139 1.0824 4.428 0.361 0.810 0.812 0.0273
7 0.667 0.136 1.0596 4.368 0.353 0.798 0.808 0.0279
8 0.656 0.133 1.0464 4.332 0.349 0.791 0.805 0.0283
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FIG. 2. (Color online) Functions Hns(ξ ) with dependence on the
parameter ξ for the principal quantum numbers n � 2. In Figs. 2–5,
all curves are numbered in order with use of the same colors for the
same n values.

We have calculated the universal functions Hnl(ξ ) with
dependence on the parameter ξ for transitions into the ns,
np, and nd states (see Figs. 2–4). The quality of numerical
calculations has been checked by using different gauges (in the
acceleration, length, and velocity forms), as well as by using
the corrected formulas obtained in Refs. [15] and [16] for the
case of ns and np excitations. Within the high-energy domain
(ξ � 1), only transitions into ns states contribute to the cross
section. The contributions from excitation of other states with
l � 1 tend to 0 when ξ → 0. Within the near-threshold energy
domain (ξ � 1), all the cross sections peak. However, cross
sections σ+∗

nd turn out to be too small in comparison to those
for excitation of ns and np states. In general, with increasing
values of l, the cross sections for excitation of nl states decrease
rapidly when l > 1. The limiting values of functions Hnl(ξ )
both at the threshold and at asymptotic high energies are listed
in Table I. For n > 7, the functions Hnl(ξ ) become practically
n independent. The range of fast changes in Hnl(ξ ) lies at
intermediate energies ξ ∼ 1.

FIG. 3. (Color online) Functions Hnp(ξ ) vs ξ for n � 2.

FIG. 4. (Color online) Functions Hnd (ξ ) vs ξ for n � 3.

Since the dominant excitation channels are due to transi-
tions into ns and np states, we have also depicted the curves
for the cross-section ratio χn(ξ ) = σ+∗

np /σ+∗
ns = Rnp/Rns de-

pendent on the parameter ξ for different values of n. As
shown in Fig. 5, for ξ � 5 and n > 3, the function χn(ξ ) is
close to 1. Note that these results are in disagreement with
the calculations made for Li+ ions within the near-threshold
energy range [14], where the cross sections σ+∗

np are already
larger than σ+∗

ns for n = 2. The discrepancy could be caused
by higher-order correlation corrections with respect to the
parameter 1/Z, which are not considered here.

In Fig. 6, we compare separate contributions of the
Feynman diagrams to H2s(ξ ) and H2p(ξ ). The qualitative
behavior of these contributions depending on the variable ξ

remains similar for other values of n > 2 also. The numerical
calculations are performed by using the velocity gauge.
Excitation of the 2s state appears to be due mainly to the
diagram depicted in Fig. 1(a), which describes the interelectron
interaction in the initial state. At high energies, this is the only
contribution to the process under consideration [10]. The other
diagrams become noticeable at ξ � 0.5. Note that the diagram
in Fig. 1(c) turns out to be negligibly small, although there is

FIG. 5. (Color online) Functions χn(ξ ) = σ+∗
np /σ+∗

ns vs ξ for n � 2.
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FIG. 6. Contributions of the separate Feynman diagrams to H2s(ξ ) and H2p(ξ ) in the velocity gauge. Dash-dot-dotted, dash-dotted, dotted,
and dashed curves correspond to the contributions of the diagrams in Figs. 1(a), 1(b), 1(c), and 1(d), respectively. The solid line is the total
contribution of all diagrams.

no explicit parametrical smallness. In contrast to that, in the
case of 2p excitation, this diagram gives rise to the dominant
contribution within the near-threshold energy domain, while at
the energy range characterized by 0.1 � ξ � 1 the dominant
contribution appears from the diagram in Fig. 1(b), which
accounts for the interelectron interaction in the final state.

It should be noted that gauge-invariant results are ob-
tained only if the total contribution of all four diagrams is
calculated taking into account the interference terms (see
Fig. 7). Although these terms can contribute significantly
to the cross sections of correlated processes, they are often
unreasonably disregarded in different model calculations (see,
e.g., Refs. [23–26]). In Fig. 7, we also compare the exact
calculations with approximation (54). As can be seen, both
high- and low-energy expansions already fail to converge at
the intermediate range ξ ∼ 1.

FIG. 7. Function H2s(ξ ) as a coherent (solid line) and an inco-
herent (dotted line) sum of the contributions of the four Feynman
diagrams in Fig. 1. Approximations by Eq. (54) at high and
low energies are shown by the dash-dotted and dashed curves,
respectively.

The quantities of experimental interest are the cross sections
for ionization with excitation of residual ions into the whole
n shell σ+∗

n = ∑n−1
l=0 σ+∗

nl and the corresponding cross-section
ratios Rn = σ+∗

n /σ+ = ∑n−1
l=0 Rnl . Up to now the measure-

ments are available for helium atoms only. Since, in the
perturbation theory we employ, the small parameter is assumed
to be 1/Z � 1, our results for helium are not supposed to be
accurate enough. However, due to the fast convergency of the

TABLE II. Comparison of experimental (top rows, from
Ref. [27]) and theoretical (middle rows, from Ref. [13]; lower rows,
present work) results for the ratio Rn = σ+∗

n /σ+ in helium.

ω (eV) R2 (%) R3 (%) R4 (%) R5 (%) R6 (%)

89.5 8.17(4) 1.51(3) 0.57(6) 0.284(28) 0.168(25)
7.69 1.45 0.570 0.295 0.165
5.29 1.31 0.530 0.268 0.154

100.0 7.63(4) 1.38(3) 0.53(5) 0.264(25) 0.147(22)
7.16 1.27 0.486 0.238 0.141
4.84 1.16 0.464 0.233 0.133

120.0 6.96(5) 1.16(3) 0.41(4) 0.193(20) 0.106(20)
6.67 1.12 0.418 0.202 0.106
4.26 0.977 0.384 0.191 0.109

160.0 6.39(10) 0.96(4) 0.35(4) 0.139(20) 0.075(20)
6.19 0.935 0.333 0.160 0.090
3.62 0.787 0.303 0.149 0.085

220.0 5.68(15) 0.86(4) 0.29(2) 0.132(20)
5.78 0.831 0.288 0.137 0.077
3.16 0.657 0.249 0.122 0.069

300.0 5.48(10) 0.736(45) 0.232(20) 0.099(20)
5.55 0.767 0.264 0.123 0.067
2.86 0.578 0.217 0.106 0.059

389.9 5.43(15) 0.690(45) 0.207(20) 0.095(20)
5.38 0.726 0.248 0.115 0.064
2.69 0.534 0.199 0.096 0.054

499.1 5.22(15) 0.731(60) 0.188(20)
5.25 0.695 0.235 0.110 0.066
2.58 0.504 0.187 0.090 0.051
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FIG. 8. Cross-section ratio Rn for photoionization of Li+ ions with simultaneous excitation of the n shell. Calculations performed by
Kheifets and Bray [13] using a gauge in the acceleration form are given for comparison.

series expansion over the correlation parameter 1/Z [5,18],
cross section (52) is expected to be correct by an order of
magnitude even for targets with small values of Z � 1. The
most significant contribution should arise from the Feynman
diagrams of two-photon exchange.

In Table II, we compare the theoretical predictions for the
cross-section ratios Rn at different n and photon energies ω

with experimental data of Wehlitz et al. [27]. For each photon
energy, the top row of numbers indicates the experimental
results, with the experimental errors in parentheses; the
middle row of numbers is obtained within the framework of
the convergent close-coupling approach [13] using the gauge
in acceleration form; and the lower row of numbers is the
results of our calculations. Note that within the near-threshold
energy range, the results of Ref. [13] exhibit a slight gauge
dependence, about 2%. In addition, the cross sections σ+∗

n

calculated by using the gauge in the length form have incorrect
high-energy asymptotic behavior (see Fig. 10 in Ref. [13]).
Except for the case of n = 2, our results are in satisfactory
agreement both with numerical calculations performed within
the framework of the convergent close-coupling formalism and
with experimental measurements. Since in the lowest order
of perturbation theory the Coulomb binding energy differs
significantly from the experimental value for helium atom,
theory and experiment are compared at the same energy of
ejected electron. More specifically, for a given value of photon
energy ω, we calculate the energy E = ω − I+∗

n of the ejected
electron, which is used as the input parameter in theoretical
calculations, that is, dimensionless quantities ε = ξ−2 and
εγ = ε + 2 − n−2 are defined via the excess energy E. Here
I+∗
n denotes the threshold energy, which is overadjusted by

higher-order correlation corrections:

I+∗
n = I

( ∑
k�0

εkZ
−k − n−2

)
, (58)

where I = me(αZ)2/2, ε0 = 2, ε1 = −5/4, ε2 = 0.3153, and
ε3 = −0.0174 [28]. Formula (58) reproduces the experimental
energies for heliumlike targets with small values of Z � 1. To
be consistent, in general, one needs to deduce the cross sections
at the same level of accuracy, taking into account higher-
order terms of perturbation theory. However, this problem is
presently not solved. For particular values of the photon energy
ω, the parameter ξ depends on n. For example, in helium,
where I = 54.4 eV, at ω = 89.5 eV one gets ξ = 1.502 for
n = 2 and ξ = 2.128 for n = 6. If ω = 499.1 eV, we have
ξ = 0.354 for n = 2 and ξ = 0.359 for n = 6.

TABLE III. Comparison of cross sections σ+∗
n calculated within

the framework of the convergent close-coupling approach [13] (top
rows) for the heliumlike ion O6+ with numerical results of the present
work (bottom rows).

ω (eV) σ+∗
2 (b) σ+∗

3 (b) σ+∗
4 (b) σ+∗

5 (b) σ+∗
6 (b)

1688.97 109 26.4 9.87 4.49 2.20
89.6 22.6 9.25 4.69 2.70

1939.00 65.9 14.5 5.40 2.44 1.18
53.8 12.9 5.16 2.59 1.48

3738.96 6.36 1.24 0.460 0.220 0.121
5.61 1.17 0.446 0.218 0.123

5738.96 1.48 0.281 0.103 0.049 0.028
1.37 0.275 0.103 0.050 0.028
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In Fig. 8, we have presented the cross-section ratios Rn

for photoionization of heliumlike ion Li+ with simultaneous
excitation of the n shell. In this case, the threshold energy is
given by Eq. (58), where I = 122.45 eV. The photon energy
range is chosen to be 200 � ω � 1000 eV. At ω = 200 eV
one gets ξ = 1.940 for n = 2 and ξ = 4.242 for n = 5. If ω =
1 keV, we have ξ = 0.384 for n = 2 and ξ = 0.390 for n = 5.
Except for the case of n = 2, our results are in satisfactory
agreement with numerical calculations performed within the
framework of the convergent close-coupling approach [13].
The discrepancy can be explained by higher-order correlation
corrections, which are omitted here.

In Table III, we compare the cross sections σ+∗
n obtained

by Kheifets and Bray [13] for the heliumlike ion O6+
with our numerical calculations. Again, the most significant
disagreement of the results is observed for excitations of the
n = 2 shell.

IV. SUMMARY

We have deduced formulas for the cross sections of pho-
toionization of heliumlike ions accompanied by simultaneous
excitation of the residual ions into the nl state. The method
of nonrelativistic perturbation theory with respect to the
interelectron interaction is used. The study is performed for
atomic targets characterized by small parameters 1/Z � 1 and
αZ � 1. In addition, the dipole approximation is employed,
that is, the dimensionless photon momentum (nondipolarity
parameter) κ = αZεγ /2 is assumed to be negligibly small
[5,18]. Accordingly, the accuracy of our predictions is re-
stricted by corrections of the order 1/Z and αZ, which are
not taken into account in this work.

The cross sections exhibit the universal scaling behavior
over both the nuclear charge Z and the principal quantum
number n, when n > 7. At low energies near the ionization
threshold, the cross sections of the ns and np excitations are
comparable by magnitude, while the transitions into the nd

states are smaller by two orders of magnitude. The present
results are in satisfactory agreement both with measurements
made on neutral helium [27] and with numerical calculations
performed within the framework of the convergent close-
coupling approach for He, Li+, and O6+ targets [13]. The only
exception is the particular case of n = 2 excitations, where the

Feynman diagrams of two-photon exchange should be taken
into account.

In some experiments [23,24], the cross sections for double
K-shell photoionization of neutral atoms are determined via
measurements of the yield of x-ray photons emitted at filling
of the empty K shell. In this case, the total cross section is
given by the sum of cross sections for double photoionization
and ionization with excitation, because both these processes
result in the formation of two vacancies in the K shell. The
universal scalings we obtained could be useful for analysis of
such experiments [18].
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APPENDIX: CORRECTIONS TO FORMULAS
IN REFS. [15] AND [16]

In Ref. [15], the amplitude Md given by Eq. (44) contains
a misprint. The correct expression reads

Md = −i(1 − iξ )Dν

∫ 1

0

dx

�
x1−i/β

(
β + �

β + i

)2i/β

× ∂

∂ν

1

(ν − i�)

∂

∂ν

1

(ν − i�)2

× [Q1(1) − Q1(1 + ν − i�)] ∣∣ν=n−1
,

where all notations are defined in the original paper [15].
In Ref. [16], there is an error in the amplitude Mc. The

correct function P (x,y) given by Eq. (62) should read

P (x,y) = x(1 − x)

2ρ

[
1

ρ
+ 1

μ
+ 2(z − 1)

√
y

z2 + k2

]

+ 1

ρ

(
ρ − ν

q2 − ν2

)2

+ x2(1 − y)

2μ2
+ x2√y

μ

×
[

1 − y

(z − ik)2
+ (z − κy)

z2 + k2

(
1 − 2

z − ik

)]
,

where all notations correspond to the original work [16].
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