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Attosecond tracking of light absorption and refraction in fullerenes
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The collective response of matter is ubiquitous and widely exploited, e.g., in plasmonic, optical, and electronic
devices. Here we trace on an attosecond time scale the birth of collective excitations in a finite system and find
distinct features in this regime. Combining quantum chemical computation with quantum kinetic methods, we
calculate the time-dependent light absorption and refraction in fullerene that serve as indicators for the emergence
of collective modes. We explain the numerically calculated transient features by an analytical model and point out
the relevance for ultrafast photonic and electronic applications. A scheme is proposed to measure the predicted

effects via the emergent attosecond metrology.
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I. INTRODUCTION

The last decade has witnessed the emergence of the
attosecond science opening a window on subfemtosecond
processes that take place in atoms and molecules [1-4] (see
Refs. [5-8] for reviews). Increased interest is currently focused
on many-body effects and condensed-matter systems [9-11]
where many degrees of freedom may interfere. The hallmark
of extended systems is the collective, dielectric linear response
[12] that determines for example the light propagation [13,14]
and the energy and momentum loss of traversing charged
particles [15,16]. On a fundamental level, the dielectric
response describes how the particles cooperatively act to
screen the interparticle Coulomb interaction. Obviously, this
collective motion builds up on a time scale on which the
effective interparticle interaction changes qualitatively (even
in sign) [17]. This was impressively demonstrated by terahertz
spectroscopy for a semiconductor-based electron-hole plasma
[18] evidencing that the electron-electron interaction develops
from its unscreened to a fully screened form on a time scale
of the order of the inverse plasma frequency (several 104
seconds). For a finite system the situation is qualitatively
different: Here quantum size and topology effects bring
about new features. E.g., as detailed below a spherical shell
system exhibits two coupled plasmon modes that, while
interfering transiently, evolve to two separate features in the
long-time limit. In addition, these modes lie energetically
in the ultraviolet (UV) or extreme ultraviolet (XUV) energy
range. Hence, tracing their evolution requires subfemtosecond
resolution, which is within reach experimentally [1-8].

To be definite we concentrate here on the attosecond
(as) evolution of the dielectric response in finite systems as
monitored by the light absorption and refraction in fullerenes.
The time-non-resolved (we call it hereafter steady-state)
absorption of the fullerene [19-21], in our case Cgp, can
be accessed by analyzing the absorbed components from
an impinging moderate intensity, broadband linear-polarized
pulse. To monitor the attosecond buildup in absorption, we
suggest that at a time r = 0 an XUV attosecond pulse ionizes
Ceo and the change in the absorption at a time delay T,
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thereafter is recorded, as sketched in Fig. 1. For negative 7, we
obtain the absorption of Cg) and for large (few femtoseconds)
1, we expect the steady-state absorption of Cey ™. Equilibration
in the limit # — oo proceeds via electronic, plasmonic, and
finally ionic channels, each having a distinct time scale;
the ions are frozen at the as time scale. We focus on the
plasma frequency (w,) regime where the absorption and
refraction show strong modulations [22]. The change of w,
for t > 0 is evident from a qualitative consideration of the
square-root dependence on the density: The valence band of
Cgo accommodates 240 electrons (originating from the 2s
and 2p states of each carbon atom) that form 180 o-type
and 60 m-type molecular orbitals [20]. The highest occupied
molecular orbital is fivefold degenerate. Its complete depletion
by the XUV pulse reduces the number of particles by 4%,
or redshifts the collective response by 2%. As theoretically
quantified below, even a single-photoionization event has a
significant impact on the plasmon dynamics.

II. THEORETICAL FORMULATION

Ceo has a size below 1 nm [21]; its electronic and optical
properties for ¢t < 0 and t — oo are well documented [20,21].
Also Cg is readily available, very stable, and has an ionization
potential of ~7.5 eV and an electron affinity of 2 eV. It also
exists in a well-studied crystalline form (fullerite) [23]. The
collective response is marked by a giant plasmon resonance
at ~22 eV [24] that was investigated experimentally in the
solid [25,26] and the gas phase [27]. Considerable efforts
were devoted to clarify quantitatively the experiments [28,29].
It was not until recently however that the existence of a
second plasmon peak at higher energy (=39 eV) but with
a lower oscillator strength was experimentally confirmed
[30,31]. Theoretically, the presence of two collective modes
follows from a classical dielectric shell model [32-36].
The quantitative description, as we are seeking here, is a
challenging task, however. Quantum-mechanical approaches
utilize either the tight-binding (TB) model for the valence
electrons [24] or the jellium shell model [31,37—40]. The linear
response to an external electric field is calculated either using
the random-phase approximation (RPA) for the polarization
propagator (x) (in the case of the TB [24] and some of
the density-functional-based (DFT) models [38,39]), or by
implementing the time-dependent DFT (TDDFT) [31,37,40].
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FIG. 1. (Color online) A schematic of the considered setup. An
attosecond XUV pulse ionizes a fullerene. After a time delay 7, the
time-dependent absorption of the sample is studied by analyzing the
absorption of broadband, linear-polarized pulse.

Until now TDDFT seems to deliver the best agreement with
experiments, however, the theory describes correctly either the
position of the high-energy plasmon resonance or, with the help
of an adjustable parameter, the position of the lower energy
plasmon resonance [31,40]. Here we develop an approach that
rests on three steps: (1) We utilize quantum chemical ab initio
techniques to capture accurately the stationary, single-particle
electronic structure. (2) These states are expressed in a basis
appropriate for many-body calculations which we perform
within the linear-response theory (i.e., the random-phase
approximation) to obtain the steady-state collective response.
(3) With both quantities at hand we perform quantum kinetic
calculations within the density-matrix formalism to obtain the
time- and the frequency-dependent polarizability «(E,t = t,).
The imaginary and the real part of «a(E,f) deliver then
respectively the time-dependent absorption and refraction
properties of the sample [22].

We showed recently [41-43] that the wave function W, (F) of
the valence-band electrons with an energy € = ¢, as obtained
from first-principles calculations, is expressible to a good
approximation as a product of a radial part R,(r) (having
n — 1 nodes) and an angular part described by spherical
harmonics Y;,,(€2) with [,m being the orbital and magnetic
quantum numbers [7 = (r,2) identifies the electron position],
cf. Refs. [38,41,44]. This procedure is shown [41] to be valid
for C43N12, Bgo, C60, C24(), C540, C20H20, and AU72. Thus, the
theory presented below is readily applicable to these systems;
for the sake of clarity the discussion is restricted to Cg,
however. For C¢ the two occupied radial subbands &,_;; and
&y—2; are separated by approximately 17.5 eV. The highest
occupied to the lowest unoccupied molecular orbital gap as
determined by our ab initio calculations (E; ~ 5.5 eV) as
well as some structural information are encapsulated in the
energy spectrum ¢&,; (cf. [44]). These data allow us to perform
the mapping of the unperturbed system to the single-particle
Hamiltonian Hy with the states bo = Gnim = Ry(r)Y;,(2) and
the spectrum &,,;. These single-particle states are then taken as
the basis to express the density operator p. Our theoretical
description of the charge dynamics is based on the resulting
density matrix p.

We are interested in two types of external perturbations
Vet that trigger the evolution: (i) a broad band, low-intensity
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light pulse probing the plasmonic response and (ii) a sudden
change in the population upon a single ionization of Cg by the
attosecond XUV pulse. Formally, the latter change is described
by a time-dependent occupation function f;(#). To simulate
the plasmonic response, we employ the Heisenberg equation
of motion for the density matrix g, the mean-field approxi-
mation, and the linear response to the external driving. The
relaxation within a time 7 due to collisions we treat within the
particle-conserving relaxation time approximation [45]. This
approach has been successfully tested for a variety of systems
[18,46—49]. It should be emphasized, however, that we are
interested in the dynamics at times much shorter than t. The
equation of motion for p reads as

ap i ns N ple — p
_:0_+_L[H0+de+vext’ﬁ]:p (1)
ot h

The induced potential V™™ has to be determined

self-consistently from the induced charge density as
derived from the change in the density operator p [to find 0
we need V™ in Eq. (1)]. 5" is the local equilibrium density
operator. The corresponding locally relaxed density p'(¥,t)
is the distribution that, at any given instant, would be in
equilibrium in the presence of VX' and V" while satisfying
the charge conservation [45]. Technically, we express g in the
basis {¢,(7)} and expand to first order around the equilibrium,

ie,  Pap(t) = (@lPDIB) = fu()8ap + 8pap();  prp(t) =

(@Ip(1)]B) = fult)bap + T0p(Shap(t), Where 10y(r) =

LO=16® g Sp(t) is the matrix corresponding to the local
Eq—EB

chemical potential (full details are given in Appendix A).

Application of an external linearly polarized electric field
with an amplitude &, polarization direction €, and frequency
o, that corresponds to V(1) = —eF - 8Ege™®" (e is the
electron charge), leads to the change of the density matrix
8p(t) which in linear response is governed by the two-times
response function x (¢,t'),1i.e., 5 p(t) = fioodt/ XYV .
The induced dipole moment derives from f’(t) = Trlersp(t)].
For spherical molecules, reducing all quantities to their radial
components, we find (see Appendix E)

4, o Ny —ioot'
Pt)=——¢& dr’' r' x(t,t)re ,
3 —x
where the elements of r are r,,,; = r,, = (n|r|n’). Introducing
the dimensionless, Fourier-transformed response function
(F =r/rg, ro is the fullerene average radius and €q is the
vacuum permittivity)

e2 [e¢) )
Z(w,t) = / dt e'"“Tx(t,t — T)F, 2)
3eoro Jo
we find P(w;t) = —4nriecEoe ' 2(w,t). The time- and

frequency-dependent dipolar polarizability is then calculated
numerically as

a(w,t) = -3t z(w,1) 3)

(in SI units, ag; = 4mepr). The explicit equation for the
evolution of z(w,t), and therefore of (w,t), following from
Eq. (1), is included in Appendix A.

013202-2



ATTOSECOND TRACKING OF LIGHT ABSORPTION AND ...

For an insight into the numerical results we construct
an analytical model based on the following: For Cgp (and
generally for “spherical” molecules) we find that the intraband
components z;;(w,t) and z(w,t) of the response function are
hardly influenced by the interband components z>(w,?) and
221(w,t) (details are in Appendix D). In this approximation,
considering only the intraband terms we infer a system of two
coupled equations for z;;(w,?) and z2(w, 1),

1
|:8,2 + <— —2ia)> 0 + w%n—w2—ig:|znn(a),t)w§n
T : T :
4

~ 2
+ § gnn,n’n’zn’n’(wat) = _wp,n’
n'=1,2

where the stationary matrix g is explicitly defined in Appendix
B and a)gﬂ = (1/7"12)62«/2Nn/(67'[€()r())ha)p’n. Here N, is the
number of electrons in the nth radial subband. For Cgy in
the equilibrium we have Ny = 180 and N, = 60. hwg, are
the energy distances between the highest occupied state in
the nth radial subband and the unoccupied state in the same
subband having the value of [ that is greater by 1. On the
same approximation level Eq. (3) simplifies to a(w,t) =
—rg [z11(w,t) + z22(w,1)] meaning that the interband compo-
nents can be then neglected when calculating a(w,?). In such
a consideration the dynamics of the electron density in two
different radial channels are still coupled via the induced fields
like in concentric nanoshells [50].

III. STEADY-STATE COLLECTIVE RESPONSE

Absorption and refraction spectra of the Cgy and Cgp™ in
the long-time limit (i.e., 7, < 0) are shown in Fig. 2. The
responses of CgoT and Cgg are quite similar [cf. inset in
Fig. 2(b)] which is in agreement with the existing theory
and experiment [31,40]. Our Cgo calculations exhibit two
peaks at 23.2 and 39.6 eV in the absorption spectrum which
correspond to plasmon excitations and agree very well with
experiment [31]. The width of the measured main plasmon
resonance is reported to be ~5 eV which sets the scale for
the relaxation time 7. With o(E) = #£Ima(E) [22], where
c is the speed of light, we find the corresponding absorption
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cross sections o (E) to be 4.1 x 10> Mb for the main peak and
9.4 x 107 Mb for the higher energy peak. This yields relative
heights of the peaks that are in qualitative agreement with the
experiments and with the time-dependent DFT results [37,40].
There is also a weak low-energy contribution at ~9 eV.
Such structures in the absorption have been attributed to
single-electron transitions [20,28]. Our calculated resonance
has a collective character and is energetically in the proximity
of the single-electron excitations making it difficult for an
observation via absorption. As well established [22], the peaks
in the absorption (refraction) are symmetric (antisymmetric)
with respect to reflection at the respective central frequency.

The approximation including only intraband collective
excitations, i.e., considering the stationary solution of Eq. (4),
gives a very good description of the main peak in the spectrum
(see Fig. 2), but misses the higher energy plasmon. The last
is caused by interband collective excitations (i.e., governed
by zi» and zp;) that are still influenced strongly by the
intraband response. The interband excitations shift slightly
the main plasmon resonance to lower energies and enhance
its strength. The f-sum rule [39,51,52] for the absorption
is fulfilled only approximately, particularly because higher
energy states in the continuum and close to it are not included
in our model. However, these states contribute mostly to the
background of the spectrum. For a further insight we show the
calculated spatial distributions of the induced charge densities
at the maximal absorption [insets in Fig. 2(a)]. The oscillation
amplitude depends linearly on the external field strength. The
interband character of the higher energy plasmon excitation
is evident. Its radial structure is determined by the product
R (r)R,(r) and has therefore one node located in the middle of
the fullerene cage. The angular dependence of the modes in and
out of the depicted plane is governed by their dipolar character.
The radial structure of the density oscillation at the main
plasmon peak shows a constructive superposition of the radial
electronic radial density of the first |R;(r)|> and the second
| Ro(r)|? radial channels that oscillate in phase. In contrast, we
observe an out-of-phase oscillation of the densities in different
channels at 9 eV. Both cases are collective intraband electronic
excitations.
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FIG. 2. (Color online) Energy dependence of the (a) imaginary and (b) real parts of the dipolar polarizability a(E) of Cg in the long-time
limit. Insets to (a) show the calculated spatial densities of the plasmonic modes, corresponding to the peaks in the spectrum, in any plane
crossing the center of the molecule and being parallel to the polarization of the external electric field. Dotted lines result from the approximation
including only intraband collective excitations. Inset to (b) shows the difference in the spectra between Cg and Cgot for the case of

refraction.
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FIG. 3. (Color online) (a) Difference between the imaginary part of the dipolar polarizability Im «(E,t) after removing one electron from
the highest occupied state of Cgo in the second (upper) branch at # = 0 and its long-time limit for Ceo™, i.e., Im e+ (E). (b) The same
dependence for the real part change of a(E,t). (c) Time dependence of the imaginary part of the dipolar polarizability Im «(E,¢) of the excited
fullerene molecule at fixed energy values, E = 24.6 eV and E = 38.8 eV, taken close to the main and higher energy resonance positions of the
stationary response, respectively. Time intervals 7 = w1/ E indicated by the horizontal double-arrow lines are close to the observed oscillation

periods for each of the dependencies: T = 84 as and T = 53 as, respectively.

IV. TRANSIENT DYNAMICS

Having assessed successfully the steady-state response we
move on to the attosecond transient dynamics. We focus on
the setup shown in Fig. 1. At t =0 the XUV pulse with
energy @ > w, and a duration <100 as changes the population
swiftly in Cgp by ejecting one electron. To access the transient
absorption or refraction let us assume the photoelectron is
emitted at t = 0 from the second radial band leaving Cgo™
(we find similar results for multiple XUV ionization). For
all time moments before the ionization the time-dependent
response a(E,t < 0) is equal to its steady-state value o, (E)
for Cgp. At > 0 we solve for the dynamics of a(E,t), which
for long times approaches the steady-state value ac,,+(E) for
Ceo™. The results in Figs. 3(a) and 3(b) illustrate the change
in the imaginary (absorption) and real (refraction) parts of the
polarizability by evaluating Aa(E,t) = ac, (E,t) — o+ (E).
The transient dynamics shows a rich structure evolving over
approximately 2 fs. For 1 fs the remainder of the vanishing
difference between o(E,f) and ac,+(E) is still visible in
Figs. 3(a) and 3(b). For r < 100 as the response is basically
determined by that of Cg, i.e., it takes around 100 as for
Ceo™ to start responding collectively and it attains its full,
steady-state response for ¢ > 1 fs. The reason for this inertia
is the finite mass of the carriers. Three marked general
transient features can be distilled from Fig. 3. The dispersive
hump starting around 200 as is due to the sudden change
in the population (and hence the wide frequency perturbation)
brought about by the shortness of the XUV pulse. Furthermore,
in addition to the relaxation to the steady-state response
we observe an oscillatory behavior in time with a certain
frequency. This behavior is most obvious around w, (cf. Fig.
3). The origin of these oscillations is comprehensible from
a consideration of the response of the fullerene molecule in
the lowest approximation: As we demonstrated by Eq. (4) the
response resembles two coupled damped harmonic oscillators.
For photon frequencies w close to the main peak position
the model can even be further simplified and the spectra are
determined approximately by the dynamics of a single driven
damped harmonic oscillator with the frequency corresponding
to the main peak position. Hence, the feature in the response we
can now understand from the known properties of the driven,
damped harmonic motion. On a short time scale this dynamics
is governed by a combined decay and oscillations with a

frequency around 2w, which is clearly observed in the full-
fledge calculations shown in Fig. 3(c) for Ima(E,t) at E =
24.6 eV (the time period corresponding to 2w is indicated by a
horizontal double-arrow line for comparison). The dynamics
of Im «(E,¢) for fixed energy E = 38.8 eV in the vicinity of
the higher energy peak is contributed to by more frequencies
because the higher energy plasmon is strongly influenced by
the main plasmon. However, oscillations corresponding to 2w
are also seen.

V. SUMMARY

We developed a framework for the attosecond collective
response in finite systems with spherical symmetry and
applied it to fullerenes. The predicted marked features in
the transient absorption and refraction should be accessible
with current attosecond metrology. The discovered attosecond
dynamics in the optical response points to new opportunities
for optoelectronic devices at the subfemtosecond time scale.
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APPENDIX A: DERIVATION OF THE LINEAR-RESPONSE
EQUATIONS

The transient time and energy-dependent polarizability
a(t,E) is governed, to a first order (linear response), by the
two-time response function y (¢,'). For the determination of
x (z,t") we set up a calculational scheme based on the solution
of the Heisenberg equation of motion for the density matrix o
under the influence of the external field V*' in the mean-field
approximation that leads to Eq. (1). In the basis {¢, } we find the
density-matrix elements as Py prm = (nlm|pn'l'm’). From
the change in the density matrix 80,/ v We calculate the
change in the charge density,

Sn(F) =Y 8nm(r)Yim(6,9), (A1)
Im

where
S (r) =Y Sy (F)Sn (A2)

n'n"
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sn’n”(r) = Rn’(r)Rn”(r)a (A3)
o Z ylm 1"m Napnlm n'l'm’ s (A4)
I'm’ 1"m"
Vi = / dQ Y}, ()Y i ()Y (Q)
QU+ 1D)Q21" + 1)
= == 2l Cm . (A5
\/ 4720+ 1) r0.00Crm e (AS)

cim,
charge density determines the induced potential V" leading
thus to a self-consistent procedure.

In the basis {¢,} the Heisenberg equation of motion for the
density matrix (1) reads

1 are Clebsch-Gordan coefficients. The change in the

8)Onlm,n’l’m’

Ll 4o
= —= |1 Enim — En'l'm’ - nlm.,n'l'm’
at h 1 4 Pnlm,n'l

— Z (pn”l 'm”,n'l'm

n"l"m"

nlm n"l"m"

= Pnlm,n"l"m" Vn”l”m”,n’l’m’)
Pnlm.,.n'l'm’

ple -
+ nlm,n’l'm - s ) (A6)

Here ¢,,, are the single-particle energies (cf. Ref. [44]). The
matrix elements of the Coulomb potential are cast as

anm,n’/’m/ - (nlm|‘7md + "}extm/l/m/)

ind ext
anm n'l'm’ + anm n'l'm’» (A7)
where
ext,nn’
it = D iim e Vit (A8)
Im”
and
!
Vit = / 2 dr s, (r)\VEs, (). (A9)

Upon solving the Poisson equation (see Appendix B) we
find for the matrix elements of the potential V"(¥) = e®(¥)
induced by the change in the charge density §n(7) the following
expression:

ind _ Im ni,ny
Vatmaim = — E E Vim! 1'm g,m nlnzén,,,m,,.

nlnz "m”

(A10)

The coefficients g/, , . are defined in Appendix B by
Eq. (B13).

We are interested in the linear response and expand there-
fore the density matrix around the equilibrium distribution

0
nim S

Pnlm,n'l'm = fy?lm + Spnlm,n’l’m’ (A1)

Thus, 80n1m.nrm 1s @ small perturbation. The elements of the
local equilibrium density matrix including the lowest-order
correction with respect to the equilibrium density matrix are
given then by [45]

0 _ (0
nlm n'l'm'
—8Mn1m,n’l’m’

le 0
pnlm,n’l’m’ = nlmann’gll’(smm’ -
Enlm — Ewl'm’
(A12)
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Here the components of the chemical potential can be

expressed as
I
=200

We require density conservation, meaning that n;," =n
which in turn leads to

Sﬂn’l’m’,n”l” (A13)

le,n'n"”
Im

n'n" __ n'n" n'n’
i 2 Mlm lmay’lm ’ (A14)
It
where
0 0

wn’ E I'm’ I'm’ f/ll - fn”l”m”
Mlm m = Yim, A'm ”yl” ” lm_—' (AlS)

£ n'l'm’ Sn//lumu

U'm' 1"m"

In general, § u;‘m” is determined from Eq. (A14) by solving a
system of linear equations for each pair of indexes n’,n”. This
step of the calculation is significantly simplified by neglecting
the energy splitting of the multiplet with the same /, i.e., by
WIIting &,/ = Enmr = &u and therefore f9, = f9 = f9,
which is a good approximation for “spherical”” molecules such
as Cgp, as confirmed by the ab initio calculations. Adopting

this approximation we conclude that (cf. Appendix C)

i~ 'n!

Uiy = M ——dnj, (A16)
where
n'n’ | fav = fow
M = — ; K”,,m (A17)
and
/ ”
11/1” = % [CIOI”O] : (Al8)

Gathering the information in Egs. (A13) and (A16) we can
state
(A19)

I'm’ n'n"
S,un’l’m/,n”l” E yl,,m i Mnn 8” .

From Eq. (A6) we deduce then the following determining
equation for the change in the density matrix:

85lonlm,n’l’m’ 1 . h
_mnt T - |:l(8nl - 8n’l’) + - apnlm,n’l’m’
h T

at
0 0
+h ( nl fn’]’)anm,n’l’m’
1 0 _ £0
1 24
- uaunlm,n’l’m’ (AZO)
T &nl — En'r

The solution of this equation is found as

. t
S,Onlm n/l/mr(f) = i / dl‘/el(i/h)(g"'75”’1/)+1/T](lit’)
’ h

—00

X { [ nol(t/) - /[’(t )] nlm,n'l'm (t/)
7! S @) = fo, )

T Enl — Enr

Blunlm,n’l/m’ (t/) } .
(A21)
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Inserting Eqgs. (A10), (A8), and (A19) into Eq. (A21) and
summing the left- and right-hand sides weighted by yll”’l’fl,,m,, as
in Eq. (A4) we infer that

t
Sn?mn :/ dl/ H;:n (tvt/)vl?::t’nn (l/)

—00

t 2

,on e

/ n'n ’ ! M (4!

—+ / dt Hl (t,t )E_ Zgn’n”,n]ngsnlnli (t)
—00 niny

t
+ / dr’ 1" (t,t)s$n " (1), (A22)
—0oQ
where
wn' ;. o1 _i 1[G /R ey —epp)+1/T)( —1)
I, (t,t)_h%;Kl/l,,e v
X [for @) = fo @], (A23)

Iﬂ'n"(t )= — E K ol@/M ey —eyr)+1/e1' 1)
/ , ‘L’M"/"” Iy
1 7%
0,y — [,
N AL (A24)
Eny — Eprpr

This is the central integral equation, which has to be solved
to arrive at the time-dependent density change induced by a
perturbing external electric field.

We introduce the response function Xrlm/,n]nz(t’t/) as

t
snit (1) = / A" Y Y GOV (). (A25)

o ninz
Here we consider the perturbation by the external electric field
in the dipole approximation. Therefore the calculation can be
limited to the case [ = 0. In order to simplify notations, in the
following we omit the corresponding index by all variables
and coefficients.

Inserting the definition (A25) into Eq. (A22), changing the
order of integration in the second term on the right-hand side,
comparing again with Eq. (A25), and making use of the dipole
approximation, we get the following integral equation for the
response function:

Z Xn'n” .nin, (tvt/)fnlnz

ninp

t 2
oot e 1o
=T1"" (1) +/ dr” - " (t,1")
4 0

2 : "IN
X gn’n”.nlannlng,ngn4(t )t )rn3n4

niny,n3ng

t
+/ dt// " (l,t//) ZXn/n”,nlnz(t”,t/)Fnlnzs (A26)
t/

niny

where the matrix elements 7,, are given by 7y, =
% frz dr sy, (r)r and are calculated by us using the radial
functions for Cgy from our ab initio calculations. Here we
have also taken into account that in the dipole approximation
the identity Vevmmf,, = Vextnn'E | holds. The corre-

sponding time- and frequency-dependent response function
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is determined then by

2

e“g ™

T .

L (@,1) = c / dT €' E Xn’n”,nlnz(t’t - T)rnlnza
0 Jo ni,n;

(A27)

where g = 1/(3r¢) and €y is the vacuum permittivity. Here ry ~
6.745a, is the average radius of the Cgp atomic cage, where a,
is the Bohr radius. After inserting Eq. (A26) into Eq. (A27) we
arrive at the following system of integral equations for each
frequency value w:

Zn’n/(w’ t)

t
— / dl‘/elw(l_f)fn'n” wnn (l‘,l/)

o]

t
+ / dt/em)(t—l )Wn n (t,l‘/) Z gn’n”,nlnzznlnz(a),t/)

o0 ny,n;
t
+ f dt/eiw(tft’)In’n”(t’t/)zn/n/(w’t/)’
)
n'.n” =1,2;

(A28)

where &n'n nyny = gn’n”,mnz/g and

n'n” / eZg n'n" ’
Wt (@,t') = E—OH (1. (A29)
Here I1""" and 1" (t,t’) are given by Egs. (A23) and (A24),
respectively, with / = 1. The system of equations (A28) is
solved numerically.

It can be shown (see Appendix E) that the time- and
frequency-dependent dipolar polarizability can be written as

A(@.1) = —15 Y T 2 (@.1). (A30)

n'n"

APPENDIX B: CALCULATION OF THE INDUCED
POTENTIAL AND ITS MATRIX ELEMENTS

Here we determine the electrostatic potential ®(7) induced
by the change of the density in the spherical layer n(7). The
Poisson equation

AD(F) = _:;On@) (B1)

has then to be solved (SI units are used in this work). Its
solution can be written using the Green’s function G(¥,7"),

O(F) = —Eﬁ / GG dF, (B2)
0

where

. 1
G(r,r/) = =
4w |r — 7’|

(B3)
Using the spherical geometry of the problem we apply the
following decomposition for the Green’s function:

I

1 oo 1 4
T r * o
=YY G0, (B

=7 20+ 1,0
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where r. = max{r,r’} and r. = min{r,r’}. Then we get the
following expression for the potential:

e o A 1 rl
— | &’ - =
X Y (0,9)Y, (0", (). (B5)

To proceed further we decompose n(7') in spherical
harmonics,

D) =

n(r,0,9) =Y nm(r)Yim(0,4), (B6)

Im

where the radial-dependent angular components of the density
can be found as

Nim (7’)

ann A (B7)

with
sn’n”(r) = Rn’(r)Rn”(r)a (BS)

and finally expressed via the components of the density matrix
Pnim.w'i'm DECaUSE

nlm Z yll;n ;/ n Pnlm,n'l'm (B9)

I'm' I"m"

After inserting Eq. (B6) with Eq. (B7) into Eq. (B5) we get

O(F) = ZZ Z e 1" (r)Yin(0.6),  (B10)
nn' =0 m=—I
where
nn 1 2 rl< /
( )_ 2[——{—1 dr r ES,M/(}’ ) (Bll)

The determination of the induced electrostatic potential (B10)
entails the knowledge of the elements of the density matrix
(B9).

We calculated the matrix elements (n'l'm’|®(7)|n"1"m") =
D,y w1y Of the induced potential as

D wrtrmy = — Z N 8l ", (B12)
I‘l]nz lm
where yl/ " T is given by Eq. (A5) and
gf],n,,mé = / dr 128 (N (r). (B13)

The values of all matrix elements entering Eq. (B13) are
obtained numerically using the radial functions for Cgy from
our ab initio calculations.

As explained above, for Cs9 we may adopt the approxima-
tion of a spherical layer with the width of the layer d being
smaller than the sphere radius d < r¢. This enables us to write

S ny = 81 (n1n 8w Guvnt ymy + 88 ) (B14)
where
1 1
81 = Ar1 % (B15)
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gfl,n,m] = gi,n,,n]nl/gl ~ 1 and 5g,’1,n/,ynln2 < 1 so that the
second term in Eq. (B14) can be neglected to the leading
order of d/ry.

APPENDIX C: CHEMICAL POTENTIAL CALCULATION
0. = fY Eq. (A15)

. _ 0
With eu1m = € = & and f, =

can be written as

f o ’l’ I'm’ U'm’
lm I = Z Z ylm "m" yl”m” g (Cl)

Iz Ewlr — Epn1r m' m”

The last sum on the right-hand side of this equation we
evaluate using the following property of the Clebsch-Gordan
coefficients [53]:

jm Jj'm'
Z leml ]2m2C]lml Jamz

my,my

=8 S (C2)

Thereby we make use of the definition (A5) and rewrite

I'm’

ylml 'm’ yl//m// i = ( 1)m+myl/ —m'"m //yl/ — (C3)

Summing over m’ and m"” and using Eq. (C2) we find

§ I'm’ . i
ylml m”yl/ T 81,18,717”"11(””, (C4)

where Kll/l/, is given by Eq. (A18). With this finding Eq. (C1)
simplifies to

Mn 'n”

= S (C5)

where Ml”/"” is defined by Eq. (A17). Equation (A14) can be
then simplified to

snm = M s (C6)

and after dividing this by M, Z” " we get finally Eq. (A16).

APPENDIX D: APPROXIMATE STATIONARY SOLUTIONS

Utilizing the spherical shell approximation (d/rop < 1) we
find 8,1 0, <K 1and 7y, ,, <K 1forn; # ny whereas g, p,n, &
1 and 7,,,, &~ 1. As a consequence it follows from Eq. (A28)
that the intraband components z;i(w,?) and zx(w,t) of the
response function are only weakly influenced by the interband
components zjx(w,t) and zi2(w,t). Therefore, we obtain an
approximate solution by solving the equation system (A28)
considering only the intraband terms. This leads to a system
of two coupled equations for z;;(w,?) and 222 (w,1).

The equilibrium population of levels is determined by the
energetic order of the states. The expressions for W (¢,#") and
I"(¢,t") can thus be written approximately as

(1)) —1) sin[wg,, (t" — 1)]

W't = o, e — = (DD
’ WE n
1 ,
"1t = =V cos[wp, (' = D], (D2)
T
where
wr, €N, 1
Wpn = ' - (D3)
WE p — Eg €pmy 67'[}’0
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N, is the number of electrons in the nth radial subband. hiwg ,
are the energy distances between the highest occupied state in
the nth radial subband and the unoccupied state in the same
subband having the value of / that is greater by 1. This energy
distance can be written as

2

hog, = \/2Nnh—2 + E,, (D4)
2morg

where the first term on the right-hand side determines the

corresponding energy gap between the highest occupied state

and the lowest unoccupied state for N,, free electrons in a thin

spherical layer with the radius r¢ and E, is an additional band

gap appearing for the real “spherical” molecule Cg.

With kernels determined by Eqgs. (D1) and (D2) the system
of integral equations for z;;(w,?) and z(w,t) can be reduced
to two coupled ordinary differential equations, each of which
describes the plasmon dynamics in the respective radial band:

d? 1 . d
WZII(CUJ) + ;—21&) EZII(O)J)

2 = 2 2 W
+ (@p 18111 +op - —i= z1(w,t)

+ w;,lgll,zzzzz(w,l) = —w;l, (D5)

d? 1 ) d
ﬁZzz(w,I)‘F ;—2160 EZzz(wJ)

+ (@Pagnmt ot~ —i2) an(.0)
0,2822,220 T W ) —@W" —1 . n(w,
+ wﬁ,zgzz.nzll(w,t) = _(U;,z' (D6)
Here we made use of the fact that the corrections to 7} =
72p = 1 are of a second order in d/ry and can be neglected.

Then the time- and frequency-dependent dipolar polarizability
is expressed as

a(w,t) = —rglzi(w,1) + z0(w,1)]. (D7)

The stationary solution of the system (D5), (D6) can be
found as

2 2 .
zi(w) = D | o182
1)
2 2 - 2 2 .
- wpyl (wp,2822,22 + waz —w — l?)il? (DS)
2 2 .
Zn(w) = D | @182

~ N
—a)g’2<a)§’1g11,11 +a)§,1 —w? - z;)] (DY)

where g”,zz = g22!]| and

D= (w0 5mmtai, —w?—i2
= | Wpo822,22 t Wy —@ "7

~ -a) ~
X <Cl)§,1gll,ll +6012:1 —602 - l;) — wg’lwg,z(g”.zz)z.
(D10)

The stationary frequency-dependent dipolar polarizability is
given then by

a(w) = =13 [z211(w) + 222(w)] . (D11)
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The plasmon frequencies as retrieved from Eq. (D11)
derive from the zeros of denominator (for 1/ = 0). Since
w12:,1 — a)%2 < wg’lgn,n — wﬁngzz,zz we find two possible
frequencies w, and w_ such that

1 o ~
o} =y + E(w‘%,lwg,lg”,” + wp 05 )802),  (D12)
p
] 4 ~
W = E(wlzﬂwgignﬂ + w%,zwﬁ,lgn,n), (D13)
P
where
P =p18 p28 14
wp = p1811,11 + W, 582.2. (D14)

The amplitude of the peak centered around the frequency w_
has much smaller value because it contains terms of the order
(a)l%’1 — w}%qz)/(a);qlg“,n — a)g’zgzz'zz). From Eq. (D14) we
calculate w; = 25.4eV and w_ = 8 eV. Comparing the results
found so with those without making the above approximations
confirms the accuracy of the approximate expressions for the
peak positions.

APPENDIX E: TIME- AND FREQUENCY-DEPENDENT
DIPOLAR POLARIZABILITY

Given the time-dependent perturbation of the system
density 8n(¥,t) the induced dipole moment P(t) is determined
then by

P(t) = e/?an(7,z)d3?. (E1)
Inserting here Egs. (A1) and (A2) we find

Pih=e f FY sunr(r) Y 8np (0Yim(0.0)dF.  (E2)
n'n" Im

The components 8n/""" () can be calculated once we have the
components Vlffft’"/”u(t) of the external perturbation and the
response function X}i’n”,nlnz(t’t/) using Eq. (A25).

If we consider the response of the system to an external
spatially homogenous time-dependent electric field g(t), it
is enough to consider only the dipolar components of the
response function, i.e., the components with / = 0. We may
select the z axis to be parallel to the electric field. Then the
external potential reads

VEU(F, 1) = —ezE(1). (E3)

Considering the angular components of this potential we
conclude that only the component with / = 1 and m = 0 does
not vanish:

Vo' = —2\/§er5(t). (E4)

As aconsequence in Eq. (E2) only terms with/ = 1l andm = 0
survive and we infer that the induced dipole P(¢#) moment is

directed parallel to the electric field g (). Its magnitude is given
by

47 ! .
P(t) = —?62”3/ dt/ Z rn/n”Xn’n”,nlnz(t’t/)

=00 i ning

X o E(E), (ES)
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where
- 1 2
Fowr = — | 72 dr sy (r)r. (E6)
ro

For a perturbation with an electric field £(t) = Ee ' at
a particular frequency @ we derive using Eq. (A27) the
expression

P(w;t) = —4mrieq Y Fumrzunr(@,0)Ee ™. (ET)
n/n//

The time- and frequency-dependent dipolar polarizability
asi(w,t) in ST units is then found to be equal to

asi(@,1) = —4mery Y Fumr Zun(@,1). (E8)

n'n"

PHYSICAL REVIEW A 86, 013202 (2012)

In literature, however, the polarizability is more frequently
expressed as polarizability volume (as it happens naturally

when using Gauss units): o = ﬁam. Using this definition
we end up with
3 -
(1) = =rg Y FuwrZunr(@,0), (E9)
o

We note that the factors z,,,»(w,t) are dimensionless.
For d/ry « 1 and considering only the lowest-order con-
tribution we conclude #,,» =~ §,/ ,» and therefore

a(w,t) ~ —rg Zz,m(a),t). (E10)

With this expression we can describe the approximate response
given only by the intraband excitations.
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